POLITECNICO DI TORINO
Repository ISTITUZIONALE

A note on product sets of random sets

Original
A note on product sets of random sets / Sanna, C.. - In: ACTA MATHEMATICA HUNGARICA. - ISSN 0236-5294. -
STAMPA. - 162:1(2020), pp. 76-83. [10.1007/s10474-019-01014-4]

Availability:
This version is available at: 11583/2858704 since: 2020-12-22T17:44:39Z

Publisher:
Springer Science and Business Media B.V.

Published
DOI:10.1007/s10474-019-01014-4

Terms of use:

This article is made available under terms and conditions as specified in the corresponding bibliographic description in
the repository

Publisher copyright
Springer postprint/Author's Accepted Manuscript

This version of the article has been accepted for publication, after peer review (when applicable) and is subject to
Springer Nature’'s AM terms of use, but is not the Version of Record and does not reflect post-acceptance improvements,
or any corrections. The Version of Record is available online at: http://dx.doi.org/10.1007/s10474-019-01014-4

(Article begins on next page)

02 July 2026



A NOTE ON PRODUCT SETS OF RANDOM SETS

CARLO SANNA

ABSTRACT. Given two sets of positive integers A and B, let AB := {ab:a € A, b € B} be
their product set and put A* := A--- A (k times A) for any positive integer k. Moreover,
for every positive integer n and every a € [0,1], let B(n,«) denote the probabilistic model

in which a random set A C {1,...,n} is constructed by choosing independently every el-
ement of {1,...,n} with probability . We prove that if Ai,..., A; are random sets in
B(ni,ai1),...,B(ns,as), respectively, ki, ..., ks are fixed positive integers, a;n; — 400, and

k ks
1/a; does not grow too fast in terms of a product of log n;; then |A¥* ... Aks| ~ % o %

with probability 1 — o(1). This is a generalization of a result of Cilleruelo, Ramana, and
Ramaré, who considered the case s =1 and k1 = 2.

1. INTRODUCTION

Given two sets of positive integers A and B, let AB := {ab:a € A, b € B} be their product
set and put A* := A-.. A (k times A) for any positive integer k.

Problems involving the cardinalities of product sets have been considered by many re-
searchers. For example, the study of M, := |{1,...,n}?| as n — +4oo is known as the
“multiplicative table problem” and was started by Erdés [2, 3]. The exact order of magni-
tude of M,, was determined by Ford [4] following earlier work of Tenenbaum [3]. Furthermore,
Koukoulopoulos [7] provided uniform bounds for [{1,...,n;}---{1,...,ns}| holding for a wide
range of ni,...,ns. Cilleruelo, Ramana, and Ramaré [I] proved asymptotics or bounds for
(AN {1,...,n})?| when A is the set of shifted prime numbers, the set of sums of two squares,
or the set of shifted sums of two squares.

For every positive integer n and every a € [0, 1], let B(n, ) denote the probabilistic model
in which a random set A C {1,...,n} is constructed by choosing independently every element
of {1,...,n} with probability . Cilleruelo, Ramana, and Ramaré [1] proved the following:

Theorem 1.1. Let A be a random set in B(n,a). If an — 400 and o = o((logn)~/?), then
|A2| ~ @ with probability 1 — o(1).

The contribution of this paper is the following generalization of Theorem 1.1.

Theorem 1.2. Let Ay, ..., As be random sets in B(ni,aq),...,B(ns, as), respectively; and let

ki,...,ks be fized positive integers. If a;n; — +oo and
K] _(k1+"'+ks_1)/2
a;j=o0 ((log np)k—t H(log nl)h) ,
i=2

k ks
fori=1,...,s, then \A’fl o Abs| ~ % e ‘A,jjl with probability 1 — o(1).

2. NOTATION

We employ the Landau—Bachmann “Big Oh” and “little oh” notations O and o, as well as
the associated Vinogradov symbol <, with their usual meanings. Any dependence of implied
constants is explicitly stated or indicated with subscripts. For real random variables X and
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2 C. SANNA

Y, we say that “X = o(Y) with probability 1 —o(1)” if P(|X| > ¢|Y|) = 0-(1) for every € > 0,
and that “X ~ Y with probability 1 —o(1)” if X =Y + o(Y) with probability 1 — o(1).

3. PRELIMINARIES

In this section we collect some preliminary results not directly related with product sets.

Lemma 3.1. Let m be a positive integer. We have
Z 1am < (logz)™
for all x > 2.
Proof. This is a standard application of Rankin’s method: For ¢ := m/log z, we have

Z 71 <zl Z —1 <zt ilm
ar -Gy (ag - am)tHt = altt

alam <x ai-am < T a=1
1 m
<zt <1 + t) L (logz)™
as claimed. OJ

The next lemma is an upper bound on the number of matrices of positive integers with
bounded products of rows and columns.

Lemma 3.2. Let m and n be positive integers. Then, for all x1,...,Zn,y1,.--,Ym > 2, the
number of mxn matrices (c; j) of positive integers satisfying [[" ¢in < xp and H?:l ki < Yk,
forh=1,....nandk=1,...,m, is at most

1/2

n m n—1 m—1
(1) Oma | | TT 2 [T v (H log 961)

i=1 j=1 i=1
Proof. We follow the same arguments of [5, p. 380], where the case m = n and 1 = --- =

Ty = Y1 = -+ = Y, is proved.
The number of choices for ¢, ,, is at most

1/2
. Tn ym TnYm
min — < .
[T5 cinm H] 1Cm,J | ) anJ 1Cm,J

We shall sum this latter quantity over all the choices of ¢;, and ¢, ;, with i = 1,...,m — 1
and j =1,...,n— 1. Since ¢;, < y;/ HZ;% cik and ¢y j < xj/HZ;l ch,j, we have
1 1/2 1 1/2
Yi xT;
e () om0 Tare (i)
Cin Cz,n k=1 CZJ{" Cm,j mj h= 1 Chy]

fori=1,...,m—1and j=1,...,n— 1. Consequently,

1/2
Z (Hm T Tniim ) < (@nym)'? H Z 1/2 H Z 1/2

ClinserCm—1,n i=1 CMLHJ 1cm,J i=1 \¢in Cin ) j=1 \cm,; Cm,j
Cm,1y+sCm,n—1

1/2

n m m—1 n—1 -1
Lm,n H Zj H Yi (H H Ch,k) .

j=1 =1
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It remains only to sum over all the possibilities for ¢y, with h = 1,...,m — 1 and k =
1,...,n — 1. Thanks to Lemma 3.1, we have

Z(HH) ST

-- - cl’k-o
¢he \h=1k=1 k=1lcipCm1,k Tk

1 m—1
T <Km.n ( H logack> ,

and the desired result follows. OJ

The next lemma is an upper bound for the number of solutions of a certain multiplicative
equation with bounded factors.

Lemma 3.3. Let m and n be positive integers. Then, for all x1,...,Zn,y1,.--,Ym > 2, the
number of solutions of the equation ay - - - a, = by -+ - by, where ay, ..., an,b1,. .., by are positive
integers satisfying a; < x; and bj <vy;, fori=1,...,nand j=1,...,m, is at most (1).

Proof. If ay - - - a, = by - - - by, then there exists a m x n matrix of positive integers (¢; ;) such
that ap = [} ¢;p and by, = H;'L:1 cpj, forh=1,... ,nand k =1,...,m. Indeed, a | []" b;
implies the existence of positive integers ¢y 1,...,¢cmp,1 such that a; = Hﬁl ¢i1oand ¢ | by,
for i = 1,...,m. Then as | [[;%, bi/ci1, which similary implies the existence of positive
integers ci1,2,...,Cm2 such that as = [/~ ¢;2 and cz 162 | by, for i = 1,...,m. Then ag |

[Ti2, bi/(ciiciz2), and so on, until a,, = [[}Z, b;/(TTj=, c”), when we set ¢, == b; /H] 1 Cij
fori=1,...,m. Applying Lemma 3.2 we get the desired result. O

4. PROOF OF THEOREM 1.2
First, we need an asymptotic for the kth power of the size of a random set A in B(n, a).
Lemma 4.1. Let A be a random set in B(n,«), and fiz an integer k > 1. If an — +oo, then:
(i) E(JA[*) ~ (an)*; and
(ii) |A|F ~ (an)® with probability 1 — oy (1).

Proof. Clearly, |A| follows a binomial distribution with n trials and probability of success a.
Consequently, (i) is known (see, e.g., [0, Eq. (4.1)]). In turn, (i) implies that

V(|A") = E(|AP*) —E(|A[")? = o (E(|A[*)?).
Hence, by Chebyshev’s inequality, for every € > 0 we have

k
P11 ~ E(AP)] 2 <B(1AM) < g = ou)

so that |A|* ~ E(JA[*) ~ (an)* with probability 1 — ox(1). O
The next lemma is an easy bound on the size of a product set.

Lemma 4.2. Let Aq, ..., As be finite sets of positive integers, and let k1, ..., ks > 1 be integers.

fher T ¢ <H<|A|+k—1>

=1 =1

Proof. The claim follows easily considering that (‘A|2k_1) is the number of unordered k-tuples

of elements from a set A. O

For the rest of this section, let Ay, ..., As be random sets in B(n1, 1), ..., B(ns, as), respectively;
and let kq,..., ks be fixed positive integers. Also, assume a;n; — +0o and

9

s — (k14 ths—1) /2
(2) a;=o0 ((log np)k—t H(log nz)k>

1 =2

for i =1,...,s. For brevity, we will omit the dependence of implied constants from kq, ..., ks.
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Lemma 4.3. We have E(JA™ ... AFs|) ~ (aan)*r (as”s‘)ks.

Ep! k!
Proof. Hereafter, in operator subscripts, let a := (a1, ..., as), where each a; := {a;1,...,a;1,}
runs over the unordered k;-tuples of elements of {1,...,n;}. Also, put |la| :=][;_; Hf;l a;j.

With this notation, for each positive integer x, we have

P(z € Af*-- AF) =P \/ Ea|,
la ==

where
S

Ea = /\ (ai Q Az)
i=1
Consequently, by Bonferroni inequalities, we have

Pz At A =P \/" E.| +0| Y P(E

lal = lall==

_ Z* P(E,) + O Z* P(EqAEg) | +0 Z** P(Eq) |,

lall == a#a lall==
lall=lla'||==
where the superscript * denotes the constraint |a;| = k; for every i € {1,..., s}, the superscript
** denotes the complementary constrain |a;| < k; for at least one i € {1,...,k}, and @’ :=
(a},...,al) follows the same conventions of a. Therefore,
(3)  E(AY---AV)= Y Plre Ay AY)

k1 k
z<ny -ng®

=S URE) O Y P(ElAEw) +0<Z** P<Ea>) -

a#a' a
lall =lla’|l

Since Aq,..., As are independent and each A; belongs to B(n;, «;), we have

s

P(Ea) = /\ P(a; C A)) Ha“”'.

i=1 1=1
Hence, for every positive integers ml, ...,mg, with m; < k;, we have

_ mi _ m; _ m; [ TV ki —1
> or)= X [er=Ilem ¥ =T (M)(E7Y).
a:la;|=m; a:la;|=m;i=1 i=1 lai|=m; i=1
where we used the fact that the number of unordered k-tuples of elements of {1,...,n} having

cardinality equal to m is () (kil). Therefore,

m—1

(4) 3 R H O‘““ and Z**P(Ea):o<H(ami)ki>’

a = i=1

as aun; — +o0o, for i = 1,...,5. We have

S S
(5) P(Ea VAN Ea/) = H ]P’(ai U a; - Az) = H alaZUaﬂ
i=1 i=1
Suppose that a and a’, with a # a’ and ||a|| = ||@’||, satisfy the condition of *, that is, |a;| =
lal| = k; for i = 1,...,s. We shall find an upper bound for (5). Clearly, |a; U al| > |a;| > k;

for i = 1,...,s. Moreover, since a # a’, there exists i; € {1,...,s} such that a;, # aj,.
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Since |a;, | = |aj, | = ki, it follows that |a;, Uaj | > k;; + 1. On the one hand, if there exists
iz € {1,...,8} \ {i1} such that a;, # a},, then, similarly, we have |a;, Ua},| > k;, + 1. Hence,
S
P(Ea VAN Ea/) < oy, 0y H Oéfl
i=1
On the other hand, if @; = a] for every i € {1,...,s} \ {1}, then from |a| = ||@’|| it follows

ki ki
that [[;2; ai, j = [[;2; ¢}, ;- In turn, this 1mphes that |a;, Uaj, | > ki, + 2. Hence,

P(Eq A Eq/) < o2, H o
i=1
Therefore, using Lemma 3.3 and recalling (2), we obtain

S
© X P<EaAEa/><(123}28%%)11&? >, 1

a#a i=1 af=]la]
lall=lla]

k1+"'+ks_1 S
< (1 B O‘lO‘J) <logn1 - H log ;) ) l_Il(ozmi)ki
1=
S
= 0(H(ami)ki> )
i=1

Finally, putting together (3), (4), and (6), we obtain the desired claim. O
Proof of Theorem 1.2. Define the random variable

R ()

=1

[T 45

i=1

Thanks to Lemma 4.2, we know that X is nonnegative. Moreover, from Lemma 4.1(i) and

Lemma 4.3, it follows that
S

i=1
Hence, for every € > 0, by Markov’s inequality, we get

° ‘ E(X
#(xze fTomr ) < e =o

i=1
which in turn implies X = o(J[;_; (cin;)*) with probability 1—o(1). Therefore, by Lemma 4.1(ii),

: ki| _ > ‘A’l| + kl -1 _ > |Al’k : ki
L N 1 R E]

=1 =1 =1 =1

with probability 1 — o(1), as claimed. O

REFERENCES

1. J. Cilleruelo, D. S. Ramana, and O. Ramaré, Quotient and product sets of thin subsets of the positive integers,
Proc. Steklov Inst. Math. 296 (2017), no. 1, 52-64.

2. P. Erdds, Some remarks on number theory, Riveon Lematematika 9 (1955), 45-48.

, An asymptotic inequality in the theory of numbers, Vestnik Leningrad. Univ. 15 (1960), no. 13,

41-49.

4. K. Ford, The distribution of integers with a diwisor in a given interval, Ann. of Math. (2) 168 (2008), no. 2,
367-433.

5. A. Granville and K. Soundararajan, Large character sums, J. Amer. Math. Soc. 14 (2001), no. 2, 365-397.

6. A. Knoblauch, Closed-form expressions for the moments of the binomial probability distribution, SIAM J.
Appl. Math. 69 (2008), no. 1, 197-204.



6 C. SANNA

7. D. Koukoulopoulos, On the number of integers in a generalized multiplication table, J. Reine Angew. Math.
689 (2014), 33-99.

8. G. Tenenbaum, Un probléme de probabilité conditionnelle en arithmétique, Acta Arith. 49 (1987), no. 2,
165—-187.

UNIVERSITA DI GENOVA, DEPARTMENT OF MATHEMATICS, GENOVA, ITALY
FE-mail address: carlo.sanna.dev@gmail.com



	1. Introduction
	2. Notation
	3. Preliminaries
	4. Proof of Theorem 1.2
	References

