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Abstract. This article presents the numerical analysis’ results of reinforced concrete elements
subjected to plane stress in early cracking stage. The elements are modelled by a concrete two-
dimensional matrix, discrete reinforcement bars and bond-slip elements. The aim of this study
is to investigate the behaviour of RC structures before and after the formation of the first
cracks to understand the influence on the crack spacing and width of bar orientation with
respect to the crack direction, bar spacing and diameter and presence of shear stresses on the
crack. Discrete crack non-linear analysis of elements with reinforcement both orthogonal and
skew to the crack directions are performed. The interaction between concrete and steel is
ensured by a non-linear bond slip law at the interfaces between the two materials. The crack
spacing obtained numerically are compared with the ones calculated using different design
codes. The analysis of models with different reinforcement geometries allows individuating
and discussing the main factors governing two-dimensional plane stress concrete cracking
behaviour.

1. Introduction

One of the most studied aspects of concrete, and reinforced concrete (RC) structures, is the cracking
process that almost always occurs during the service life of the structure. Cracking in RC structures,
even if it is almost unavoidable, is not only aesthetically unpleasant but also a possible cause of
structural degradation as the opening of a crack deteriorates the layer of concrete cover, increasing the
transport speed of oxygen and aggressive agent around steel bars.

Many studies on the prediction of the crack width grounded on experimental data are available in the
literature, like those by Gergely and Lutz [1], Oh and Kang [2], Frosch [3] and Gerstle [4]. Crack
width is related to the geometry and position of the reinforcing steel, and to the bond between steel
bars and concrete, as presented by Goto [5]. More recent research focuses on the factors that influence
the crack width itself, like the works of Balazs [6], Borosnyo6i et Balazs [7] and Beeby [8] that
evidenced how the transverse reinforcement plays a significant role on the crack spacing. Other
researchers investigated the effect of imposed strains on crack width and spacing [9-11].

Nevertheless, most of the literature regards the study of one-dimensional elements subjected to
pure tension or bending. Only a few pieces of research have focused on two-dimensional RC
structures or on the effect of the interaction between shear stresses and normal stresses on the crack
formation and opening [12-16].

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
BY of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.
Published under licence by IOP Publishing Ltd 1
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2. State of the art on cracks spacing in one and two-dimensional elements

The evaluation of crack spacing in one-dimensional elements subjected to pure tension can be done
following many different National and International Codes presented in Table 1. The meaning of the
symbols of each formulation will not be explained here due to lack of space, therefore the reader can
refer to the bibliography.

Table 1. Cracks spacing in one-dimensional elements subjected to pure tension

Code Expression
EN 1992-1-1:2004 [17] and Italian D.M.14/01/2008 [18] + A
Circ. 617/2009 [19] Tmax s R eff
ENV 1992-1-1:1991 [20] and ECP 203-2007 [21] Sym = 50 + 0.25 klkzpf
.
MODEL CODE 1990 [22] lsmax = bs
3.6 ps,eff
1
MODEL CODE 2010 [23] lymax = k ¢ + Lom s
4 Thms ps,eff
Italian D.M. 09/01/1996 [24] + Circ. 252/1996 [25] sm=2(c+ %) + k2k3p3
.
dy, ho b
CAN-CSA S474-2004 [26] and SN-NS 3473 E [27] sm=2(c+ %) + kg key 22 y ef
S
JSCE-2007 [28] Sor = 1.1 kykyks (4 ¢ + 0.7(cs — $))

Some observations about the equations of Table 1 should be introduced. EN 1992-1-1:2004,
D.M.14/01/2008 + Circ. 617/2009 and MODEL CODE 1990 provide formulations to calculate the
maximum values of cracks spacing in the “stabilised cracking” phase, therefore the minimum distance
at which two near cracks can occur is half of this value. The symbol [, ,,,,, in MODEL CODE 2010
indicates the minimum cracks distance. Therefore, the maximum spacing is double. In
D.M.14/01/2008 + Circ. 617/2009 the following link between average and maximum cracks spacing is
assumed:

Sromax = 1.7 Sy mean (1)

and in MODEL CODE 1990:

Sy mean = 2/3 Sy max (2)

For two-dimensional plane stress elements only EN 1992-1-1:2004, ENV 1992-1-1:1991, MODEL
CODE 1990, MODEL CODE 2010 and ECP 203-2007 propose a formulation that combines one-
dimensional results with the well-known geometric relation:

1
Sy = cos(8)_ sin(0) (3)
Sry Sr.x

in which s, , and s,.,, are one-dimensional crack spacing distances and 6 direction of principal stress
in concrete.

3. Scope of the present work

In the present work, a nonlinear model for plane stress structures is developed to study the crack
spacing and crack opening in two-dimensional environment and compare it with code previsions. A
generic plane stress structure has been generated using non-linear finite element software taking into
account bond-slip interface between reinforcement bars and concrete matrix.

The structure is reported in Figure 1. It is a rectangular ABCD element with x4;,, and y4i,, €dge
dimensions. It is associated with a Cartesian [x,y] reference system that allows identifying the
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directions of reinforcement positions through a and 8 angles. Reinforcement bars can be positioned at
a constant spacing for each direction, called s, and sg. The reinforcement bars layout identifies
portions of concrete laying between the bars that will be called “concrete field” and is highlighted in
figure 1.

The loads are applied only to the end nodes of the a and S reinforcements lying on the side AB,
imagining that this side is a fully open crack. The stresses in the bars are called, respectively, g, and
ap whereas the reinforcement bars cross section A , and A, g .

When the horizontal resultant force Ry, acting on the AB side and calculated with eq. (4), is not
zero, tangential stress 745 should be acting on the edge AB to restore horizontal equilibrium.

Ry = Ng 04 As o sin(a) — Ng op Ag g cos (B) (@)

where N, and N are the total number of loaded bars in direction a and j respectively.
The tangential stress 7,5 is assumed to be uniformly distributed along AB as follows:

Ry
Tyg = ———— 5
AB Xdim Zdim ( )
D ﬁ) y C (1.1) 3 (1.2.1)
- AV AvaAvi Avi 2 AV 1 N
(l A WERAN PAY FARRNE:
\ A\ %} \Q
:D \\\ / \\\_ | .A\'\ / 4 \\\ a~
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Figure 1. (1.1) — RC element general model with dimensions, load stress and restraint layout. (1.2) —
Element type used in F.E.M. model: (1.2.1) triangular plane stress, (1.2.2) truss bar, (1.2.3) interface.

The structure presented in figure 1 can be considered a portion of a real element and therefore it is
necessary to discuss the boundary conditions. In the present work, the edge CD is placed at a distance
from AB that is more than enough to consider the diffusion of stresses from the steel bars to the
concrete matrix, completed in the element. Therefore CD edge is considered fully restrained in the
y direction. The sides AD and BC represent ideal cuts in a larger structure and are therefore restrained
in the x direction.

The concrete mesh is realised with a three-node triangular isoparametric plane stress element
(Figure 1.2.1). Reinforcement steel bars are modelled with two-node truss elements with two degrees
of freedom per node. Both concrete and steel are considered homogeneous isotropic linear elastic
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materials, as the level of stress related to cracking phase justifies this assumption. The interaction
between them (bond-slip) is realised using proper interface elements. Bond slip law for these elements
is calculated in accordance with specifications of MODEL CODE 2010 for pull out failure and good
bond conditions. Young modulus of steel is assumed 200 GPa and concrete class is C25/30.

Different case studies have been performed to approach increasing model complexity as will be
presented in the following paragraphs

4. Case study A: one-dimensional tensed element

The one-dimensional problem that has been widely studied and addressed in all codes is the starting
point for the calibration of the model. Reinforcing steel bars are parallel to the edge of the concrete
matrix so the angles « and S are null. Main reinforcement, called o, is placed in the y direction (red in
Figure 2) and zero reinforcement in the x direction.

Table 2. Subcases A: geometry of one-

D TY C : . : .
A Al A & A e o dlme_znsmngl tie model, ba_r diameter, _
geometrical reinforcement ratio and stress in
5 ¢ reinforcement
<3 Ep Sa H Oa Pa Oa
[mm]  [mm]  [mm]  [%] [MPa]
< o Al 190 100 12 0.60 447
. A2 140 100 12 081 333
3 o= T 531 X A3 90 100 12 127 219
) A4l 65 100 12 1.77 162
< & A5 270 125 16 060 446
4 y @ o A6 200 125 16 081 334
AT 128 125 16 127 219
o8 i > A8 92 125 16 1.78 161
A9 350 150 20 0.60 444
[{ J L L lL ‘B\ A10 260 150 20 0.81 334
o You o All 167 150 20 1.27 219
Xdim

‘ ‘ Al2 120 150 20 1.78 161

Figure 2: Case study A: one-dimensional tensed
element

The side AB is considered to be the first crack. The stresses g, , shown in Table 2, induce crack
formation in the tie. It is then possible to determine the distance of the second crack from the AB side,
Yer , @S shown in Figure 3. The stresses in the y direction in concrete are varying from zero (on the AB
side) to fum. They are not uniform along any line parallel to AB, because of the diffusion from rebars.
The red line plotted in figure 3 shows the average stress a,, in concrete in the function of the abscissa,
y. The blue points show the deviation of the stress o., from the average at any abscissa y. The first
point of the red curve that reaches the tensile strength f..,,, can be assumed as the new cracking point.

The distances y,,- can be considered the minimum crack distances. Their values obtained from the
numerical analyses are compared with the relative ones calculated in accordance with the formulations
proposed by the codes. The results are summarized in Table 3.

The minimum cracks spacing distances [;,- have been also calculated according to the well-known
approach for transmission length calculations derived by a combination of equations (6) and (7).
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dos As = Ac feem (6)
Tp = do Ag/(ler T P) (7

A graphic representation of the result of Table 3 is presented in Figure 4: graph (a) compares the
minimum crack spacing, whereas graph (b) compares the mean crack spacing for the same geometrical
configurations. The subcases 1 to 12, listed in Table 3, are arranged along the x axis in Figure 4. The
results, in terms of crack spacing [mm], are plotted along the vertical axis y.

Numerical results can be directly compared to minimum crack spacing in figure 4(a) and are
generally between the results obtained with the formulations proposed by the codes. Crack distance
calculated with finite element analysis is generally less sensitive to increasing reinforcement ratio (p«
varying from 0.6% to 1.78% in figure 4(a) whereas the codes provide a higher dependency on this
parameter. A good overall agreement between code provisions and numerical simulations can be
observed.

R | R M TR - Table 3. Minimum crack spacing [mm]. F.E.M
if results compared with rule value. — Case A
21l
i =E R MODEL MODEL
oo F.E.M. 'i_lelz%%i' CODE CODE
o 2010 1990
= Al 327 415 322 278
- A2 268 325 249 205
°s A3 232 235 175 131
A4 214 190 138 94
8 A5 430 547 425 371
ovmma| A6 340 428 329 274
2|l 25 A7 280 306 229 175
K A8 256 246 179 125
= A9 530 675 526 461
k! | A10 425 529 407 342
‘ All 326 378 284 219
Al2 295 302 221 156
Figure 3. Example case - Concrete o, stresses
i _T\,W (a) 1000 Mean crack spacing | (b
EN 1992-1-1:2004 960% £ ENV 1992-1-1:1991
St 0 o
——— n \0.81% CAN-CSA S474 & SN-NS 3473E
sool ¢ X - JSCE 2007 &\69%
b.60% . i ! 600 250% \ :
s00t % = 5 W81%
0.81% ] " x L = 60% \\éam ; " \‘\
ot ) 227% 7 % S ho = '\\\\&27%
27% 78% ‘@\5\'% '3 " \\3.27% % "o
200 . 377% e . 300F “\,\‘ﬁ"m 3 \';‘i\sq"m"’ 8 b
¥ 200 o2 ~g 7% ] i
& 7' Geometrical Parameters 100 Geometrical Parameters
u H = 100{mm) - ¢ = 12{mm] H = 125jmm] - ¢ = 16{mm) H = 150mm) - & = 20fmmi | 0 H = 100[mm)] - ¢ = 12mm] H = 125{mm] - ¢ = 16{mm] H = 150(mm] - 6 = 20{mm)|
1 2 3 4 5 6 7 8 9 10 " 12 1 2 3 4 5 6 7 8 9 10 1" 12

Figure 4. (a) — Minimum cracks spacing (b) — Mean cracks spacing
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5. Case study B

This second case study introduces skew reinforcement with 45° inclination respect to the crack.
(angles a = = 45°) and the spacing distances s, = sz as shown in Figure 5 and described in detail
in Table 4. This new structure can still be seen as a simple tie as the stresses in the bars are imposed in
order to achieve a uniform tensile stress in the concrete matrix in direction y and almost nil resultant in
direction x.

The tensile stresses in reinforcement bars o, and o are calculated as explained in case A in order
to reach stress o, equal to the tensile strength f., after diffusion. Only the elements at a certain
distance from the sides AD and BC are considered not to take into consideration the perturbations due
to the boundary conditions applied on those sides. In fact, stress intensification areas are present along
the sides AD and BC (edge effects) caused by the anchoring forces of reinforcing steel bars on the
sides. Such anomalies were not present in case study A.

Fourteen cases are studied: the first ten are characterized by uniform reinforcement ®, = ®g and
therefore p, = pp, the remaining four with the same reinforcement in o direction and variable
reinforcement in [ direction. For the last four sub-cases, it is necessary to determine tangential stresses
on the “first crack” AB, 45 , to provide equilibrium in the x direction in accordance with eq. (4) and
(5). Crack spacing results from numerical analyses are calculated as shown in Case A. These values
should be compared with ones calculated in accordance with eqg. (3).

Only EN 1992-1-1:2004, ENV 1992-1-1:1991, Model Code 1990, Model Code 2010 and ECP 203-
2007 present equations (3). The results of case study B are shown in Table 5.

In Figure 6 graphic representation of Table 5 data is presented. Along the x axis, the numbers of
sub-cases of Table 5 are reported, then along the y axis, the minimum cracks spacing (mm).

Ydim

dim y

Figure 5. (a) — Case B model with highlighted tie
elements in direction a and 8. (b) — AB edge
zoom with a load applied to steel reinforcement
and tangential AB stresses to restore horizontal
equilibrium, if necessary.

Xdim

Table 4. Subcases B list with geometry and stress applied to fictitious one-dimensional tie models.

Bg[mm] Bo [mm] H [mm] @, [mm] ®p [mm] pa [%0] pp [%6] oo [MPa] op [MPa]
B.1 130 130 200 14 14 0.6 0.6 449 449
B.2 130 130 150 14 14 0.8 0.8 340 340
B.3 130 130 120 14 14 1.00 1.00 275 275
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B.4 130
B.5 130
B.6 130
B.7 130
B.8 130
B.9 130
B.10 130
B.11 130
B.12 130
B.13 130
B.14 130

130 90 14
130 70 14
130 73.5 12
130 100 14
130 130 16
130 165 18
130 203 20
130 145 14
130 145 14
130 145 14
130 145 14

14
14
12
14
16
18
20
12
16
18
20

1.33 1.33
1.72 1.72
1.2 1.2
1.2 1.2
1.2 1.2
1.2 1.2
1.2 1.2
0.82 0.6
0.82 1.08
0.82 1.37
0.82 1.69

210
166
231
231
230
231
230
329
329
329
329

210
166
231
231
230
231
230
443
255
205
168

Table 5. Minimum crack spacing [mm]. F.E.M results compared with rule value — Case B

One-dimensional model

EN 1992-1- MODEL MODEL
1:2004 CODE 1990 CODE 2010

a p a B o B
B.1 | 558 | 558 326 326 419 419
B.2 | 415 415 244 244 312 312
B3 329 329 195 195 248 248
B.4 | 243 | 243 146 146 184 184
BS5 186 @ 186 113 113 141 141
B.6 | 223 | 223 139 139 170 170
B.7 | 272 | 272 162 162 205 205
B8 323 323 185 185 242 242
B.9 | 380 & 380 208 208 282 282
B.10 | 438 438 231 231 322 322
B.11 | 400 451 236 276 302 343
B.12 | 400 @ 362 236 206 302 271
B.13 | 400 332 236 183 302 246
B.14 | 400 @ 307 236 164 302 226

450
400}
30 f
3004
250
200 |
150 F
100

50

Min. Crack Spacing
ENV 1992-1-1:2004
Model Code 1990
= 9= -Model Code 2010
— «— - NUMERICO

(a) (b)

B 60%, .

DBO%y, <
1.00% y R
1.33%_ 12

172%

Geometrical Parameters

=5 =14 [mm)] =p =120%]

| I I i I 1 I

p,=0.82[%]- ¢ =1
: :

()

4 [mm)

Two-dimensional eq. (3)

EN 1992- MODEL MODEL FEM

1-1:2004 CODE 1990  CODE 2010 T
394 231 297 263
293 173 221 232
233 138 175 201
172 103 130 185
131 80 100 185
157 98 120 185
192 115 145 188
228 131 171 205
269 147 199 239
310 163 228 256
300 180 227 232
269 156 202 223
257 146 192 213
246 137 183 211

2

Figure 6. Minimum cracks spacing distance and stress distribution of o.,, in concrete matrix




WMCAUS 2020 IOP Publishing
IOP Conf. Series: Materials Science and Engineering 960 (2020) 022095 doi:10.1088/1757-899X/960/2/022095

6. Case study C — Moment anomaly

In this chapter is presented a phenomenon that will be called "momentum anomaly". It shows up
whenever tangential equilibrium stresses 7,5 are present on the side AB so it has been noticed in
previous sub-cases B.11 to B.14. Tangential stress in these examples had very small intensity so the
problem was not evident. In order to detect it, 7,5 must have appreciable value, so the stresses in
reinforcement o, and a5 should be significantly different.

The example-model used in this section ha the following input data: g = 100 MPa, o, = 12.5
MPa, N, = 5, Ng = 5, ¢q = 16 mm, ¢ﬁ =16 mm, s, = 150 mm, Sg = 150 mm and the concrete
thickness is 100 mm. Steel bars angle a and  are 45°. Applying equation (5) results that 7,5 = 0.59
MPa is necessary to restore horizontal equilibrium. The concrete displacement field w,, relative to this
case is reported in Figure 7(a).

7.

_ Field i NR— [
; \ /\\'\-},\
™

N\,
b O |
N
i

- i
b —
Figure 7. (a) — Concrete displacement field w,,. The dashed line indicates the portion of concrete

matrix zoomed in figure (b). (b) — Mechanism of “Momentum anomaly”.

It is clear that the displacement field is not symmetric respect to y axis. This is the physical
representation of the “Momentum anomaly”. The explanation of this missed symmetry can be
obtained with the following resisting mechanism. If a simplified triangular bond stress distribution is
assumed for bond stresses (between concrete and steel bars), it is possible to define, from F.E.M.
results, the forces R, ; and Rp ;. These are the resultant of bond slip stress distribution related to the i-

th concrete field as shown in Figure 7(b). The forces Rgl,l- and Rgi , horizontal components of R, ; and
Rp i, equilibrate horizontally the 7,5 ; stresses, but also generate a moment Mg ; with respect to the
AB side. In fact, assuming triangular bond slip stress distribution, Rgi and R,’;l-are applied to 1/3 of the
diffusion bond slip stress height h,, or hg. The total parasite moment M ; is:

Myp = Zi MAB,i (8)

that is the cause of the non-symmetrical concrete displacement field. To restore local rotation
equilibrium, it is possible to apply uniformly distributed tangential stresses to the vertical sides of the
concrete element up to mean diffusion height [ starting from point A and from point B , as shown in
Figure 8. The value of these stresses is:
x _ __ Myp
v Xdim Zdim | ©)
As it can be seen in Figure 8(b), the new concrete displacement field after the correction with t*
stresses results symmetric in the central part where discontinuity anomalies along the vertical edges
can be disregarded.
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Figure 8. (a) — Mechanism to restore local rotational equilibrium avoiding “Momentum Anomaly” —
(b) Concrete displacement field w,, after the application of 7*.

7. Conclusions

Observing figure 4 it is clearly evidenced that crack spacing is mainly influenced by the following two
parameters: reinforcement steel diameter and geometrical reinforcement ratio. In fact, considering
subcases with the same diameter but increasing geometrical reinforcement ratio cracks spacing
decreases. Considering the subcases with the same reinforcement ratio but with increasing diameter,
the crack spacing also increases. F.E.M. analysis results have a similar trend of respect to code ones. It
is interesting to observe that the actual trend of minimum crack spacing F.E.M. results are less
sensitive to bar diameter and reinforcement ratio than code results. A similar trend can be recognised
in Japanese, Canadian and Norwegian mean crack spacing.

From the observation of Figure 7, the subcases from 1 to 5 present the same bar diameter but an
increasing reinforcement ratio, therefore crack spacing decreases. The following subcases from 6 to 10
have the same reinforcing ratio with an increasing diameter: crack spacing increases. The last four
cases from 11 to 14 are obtained modifying diameter and reinforcing ratio only in one direction. The
effect is a compensation and crack spacing is almost constant.

According to the analyses shown in paragraph 5, it is possible to say that cracking behaviour of
two-dimensional RC element seems to be well represented with the model proposed in the codes and
derived from the one-dimensional case. The presented two-dimensional model can therefore be
validated and highlights some aspects that cannot be seen in the simple one-dimensional tie model,
like concrete stress concentration near steel bars or parasite local effects couple that alter local
equilibrium for some load conditions. As a conclusion, the proposed F.E.M. approach will be used in
the future to study in detail the crack opening in the presence of shear stresses on the crack.
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