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    Abstract – This paper deals with the use of a set of indicators 
defined within a symmetrical component-based framework to 
study the characteristics of the Steinmetz compensation circuit in 
the presence of waveform distortion. The Steinmetz circuit is 
applied to obtain balanced currents in a three-phase system 
supplying a single-phase load. The circuit is analyzed without 
and with harmonic distortion of the supply voltages. The 
compensation effect is represented by the classical unbalance 
factor and by the Total Phase Unbalance (TPU) indicator defined 
in the symmetrical component-based framework. Comparing the 
two indicators, it is shown that the classical unbalance factor is 
insufficient to represent the effect of voltage distortion and fails 
to detect the lack of total unbalance compensation occurring with 
distorted waveforms. Correct information is provided by 
calculating the TPU indicator. 
 

Index Terms — Steinmetz circuit, harmonics, symmetrical 
components, balanced currents, waveform distortion. 

I.  INTRODUCTION 
HE compensation of a three-phase circuit for obtaining 
balanced currents is one of the basic contributions of 

Steinmetz [1]. These concepts have been applied to various 
types of unbalanced systems and discussed in the light of 
adopting shunt compensation with static devices, since the 
beginning of these applications [2]. The Steinmetz circuitry 
represents a common solution to balance industrial high-power 
single-phase loads, without resorting to specific solutions with 
active filters. However, due to the use of supplementary 
reactive elements, the Steinmetz scheme has an asymmetric 
resonance behaviour in a range of relatively high frequencies 
and, thus, determines an asymmetric effect on the voltage 
harmonics. As a result, the system cannot be completely 
balanced when operating in harmonic distortion conditions. 
The interest towards the conceptual meaning and performance 
of the Steinmetz circuit has been revitalized in recent years 
[3], in the light of new theoretical advances based on the 
application of the Poynting vector [4], as well as for 
investigating harmonic response properties [5-9]. 
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This paper addresses the Steinmetz compensation of 
unbalanced systems in the presence of distorted voltage and 
current waveforms. The symmetrical component framework 
developed in [10] and used in [11] is applied to show the 
benefits of using the extended indicators defined within this 
framework to combine the effects of unbalance and harmonic 
distortion. The specific features arising from the use of the 
extended indicators are compared to the classical unbalance 
factor uζ  (i.e., the negative-to-positive sequence current ratio) 
and Total Harmonic Distortion (THD). With respect to various 
methods used in the literature for dealing with harmonics in 
unbalanced systems, for instance [12-15], the framework [10] 
provides explicit definitions of a set of balance, unbalance and 
distortion components, able to assist the characterization of the 
properties of the Steinmetz circuitry under waveform 
distortion by identifying to what extent the desired operation 
of  such a circuitry is affected by the distortion components. 
The calculations are carried out on a simple scheme of 
unbalanced system taken from the recent literature [4], 
compensated by using the Steinmetz circuit with parameters 
set up according to the classical rules without considering 
waveform distortion. However, the nature of the results 
obtained is of general interest for any type of system to be 
compensated through the Steinmetz circuit.   

II.  EXTENDED PERFORMANCE INDICATORS FOR UNBALANCED 
THREE-PHASE SYSTEMS WITH DISTORTED WAVEFORMS 
Starting from the three-phase current phasors at the 

harmonic order h (
h
aI  at phase a, 

h
bI  at phase b and 

h
cI  at 

phase c), the transformed phase currents at the hth harmonic 
order, for h = 1,…, H (where for instance H = 40, as in the EN 
50160 Standard [19]) are obtained through the symmetrical 
component transformation:  
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where the subscripts 1 for positive-, 2 for negative-, 3 for  
zero–sequence) are preferred to the subscripts 1, 2, 0 for 
representing the three components of the current in the 
transformed space. Consistent notation is then set up for the 
definition of the extended indicators, formulated with 
reference to the transformed phase currents [10].  
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A.  Formulation of the extended indicators 
The extension of the THD to unbalanced systems is given 

by the Total Phase Distortion (TPD) indicator 
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The extension of the unbalance indicator to systems with 

distorted currents is provided by the Total Phase Unbalance 
(TPU) indicator:  
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More generally, the framework developed in [10] defines 

the balance, unbalance and distortion components of system 
currents and voltages, on the basis of which a number of 
related indicators are formulated. Furthermore, it provides an 
effective partitioning of the equivalent apparent power [20] 
into balance, unbalance and distortion components. The full 
notation adopts the superscripts b for balance, u for unbalance, 
d for distortion, 1 for the first harmonic, and the subscripts p 
for circuit phase, I for current and E for voltage.  

Concerning the system currents, in [10] the balance phase 
current component is defined as   
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Considering only the entry of (4) at fundamental 

frequency, it is possible to define the balance fundamental 
phase current component 
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From (4) and (5), the harmonic entries form the balance 

phase current distortion component 
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Likewise, the unbalance phase current component is 

defined as 
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and corresponds to the unbalance fundamental phase current 
component 
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as well as to the unbalance phase current distortion component 
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Finally, from the above definitions the phase current 
distortion component is expressed in the following forms: 
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The definitions of the current components have been 

associated in [10] to the formulation of a set of specific 
indicators, such as the phase current balanced distortion factor 

 
1b

p
bd
p

bd
pI II=ψ , (10) 

 
the phase current unbalanced distortion factor 
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p
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p

ud
pI II=ψ , (11) 

 
the phase current unbalanced distortion factor at fundamental 
frequency 
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and the phase current overall unbalance factor  
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p

u
pI II=ψ .  (13) 

 
Analogous definitions are set up for the system voltages. 

Furthermore, in [10] the symmetrical component-based 
definitions are provided also for the neutral current. 
Correspondingly, the expressions of the equivalent variables 
(current, voltage and power) representing the entire system in 
generic conditions of unbalanced and waveform distortion 
[14,16,17] are deducted, extending the results shown in [18]. 
The expressions of the equivalent variables consistent with the 
symmetrical component-based framework are recalled here in 
the case without neutral current, in the version highlighting the 
distortion components. The equivalent current and equivalent 
phase voltage are, respectively, 
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The equivalent apparent power is expressed in function of 

its balance, unbalance and distortion terms, as 
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where the individual terms are formulated as 
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III.  COMPENSATION OF AN UNBALANCED RESISTIVE SYSTEM 

A.   Test circuit scheme and compensation principles 
The test circuit used in this paper is composed of a 

resistive load connected to the node terminals a′ and c′ of the 
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three-phase system shown in Fig. 1. These terminals are 
connected to the supply point through a line represented 
through its series impedance mmm XRZ j+= . In the example 
shown in this paper, we assume Xm = 0 for the sake of 
simplicity in the interpretation of the results. The circuit 
parameters are R = 10 Ω and Rm = 0.1 Ω. According to the 
classical theory taking into account non-distorted voltage 
supply, this system can be compensated by using two reactive 
components connected as in Fig. 1. The values to be set up for 
achieving full compensation (i.e., balanced complex currents 
in the three phases) are RXX LC 3==  = 17.3 Ω. 
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Fig. 1. Unbalanced resistive system with Steinmetz compensation circuit. 

B.  Results for uncompensated cases  
The analysis described in this section is made by using 

example cases of distorted voltage supply with two 
superposed three-phase voltage components, one at 
fundamental frequency (RMS value E = 3/400  V), the 
other at the 5th harmonic order (RMS value E/5), with the 
same initial phase angle.  

For the initial uncompensated resistive system (without the 
components XL and XC), the results of the calculations with 
distorted voltage supply are shown in Table I for what 
concerns the RMS currents and voltages. The current 
unbalance leads to a unity value of the classical unbalance 
factor. The losses on the three phases (one of which is open) 
are also reported, as well as the total active power absorbed by 
the load and generated at the supply terminals. The 
components and indicators calculated in the proposed 
framework are indicated in Table II for what concerns the 
currents, and in Table III for the voltages at the supply 
terminals. Being the line and load in the system totally 
resistive, the currents contain the same type of distortion of the 
supply voltages. As such, the THD for voltages and currents is 
numerically the same. In this case, in the transformed 
framework, the TPUI indicator is numerically equal to the 
current unbalance factor u

Iζ , and the TPDI indicator is equal 
to the THDI. Table IV reports the equivalent apparent power 
quantities, as well as the total non-active power 

22
Ree PSN −=  at the load terminals. From the values 

reported, the system is mainly unbalanced, while the distortion 
components are relatively low. This initial situation is taken 
into account in order to show the properties of the Steinmetz 
circuitry, with the aim of reaching balanced conditions for the 
phase currents.  

 
TABLE I 

RMS LINE CURRENTS AND VOLTAGES AT THE LOAD TERMINALS FOR THE 
INITIAL RESISTIVE CIRCUIT WITH DISTORTED VOLTAGE SUPPLY 

aI  [A] 39.992 aE′  [V] 232.06 aP∆ [W] 160 

bI  [A] 0 bE′  [V] 235.51 bP∆  [W] 0 

cI  [A] 39.992 cE′  [V] 232.06 cP∆  [W] 160 

aITHD  0.20 aETHD ′  0.20 totP∆  [W] 320 

bITHD  0 bETHD ′  0.20 RP  [W] 15994 

cITHD  0.20 cETHD ′  0.20 totP  [W] 16314 
u
Iζ  1.000 u

E′ζ  0.010 - - 
         

TABLE II 
UNBALANCE AND HARMONIC DISTORTION COMPONENTS AND INDICATORS OF 

THE CURRENTS FOR THE INITIAL RESISTIVE CIRCUIT  
RMS
TI 1  [A] 23.090 u

pI  [A] 23.090 bd
pIψ  0.200    

RMS
TI 2  [A] 23.090 1u

pI  [A] 22.641 ud
pIψ  0.200 

RMS
TI 3  [A] 0 ud

pI  [A] 4.528 1u
pIψ  1.000 

b
pI  [A] 23.090 d

pI  [A] 6.404 u
pIψ  1.020    

1b
pI  [A] 22.641 eI  [A] 32.654 ITPD  0.200 
bd
pI  [A] 4.528 - - ITPU  1.000 

 
TABLE III 

UNBALANCE AND HARMONIC DISTORTION COMPONENTS AND INDICATORS OF 
THE SUPPLY SIDE VOLTAGES FOR THE INITIAL RESISTIVE CIRCUIT  

RMS
TE 1′  [V] 233.20 u

pE′  [V] 45.79   bd
Ep ′ψ  0.002    

RMS
TE 2′  [V] 2.31   1u

pE ′  [V] 2.26 ud
Ep ′ψ  0.200   

RMS
TE 3′  [V] 0 ud

pE ′  [V] 45.74 1u
Ep ′ψ  0.010     

b
pE′  [V] 228.68 d

pE′  [V] 45.74 u
Ep ′ψ  0.200    

1b
pE′  [V] 228.68  eE ′  [V] 233.22 ETPD ′  0.200    
bd

pE′  [V] 0.453 - - ETPU ′  0.200    
 

TABLE IV 
EQUIVALENT APPARENT POWER COMPONENTS AND TOTAL NON-ACTIVE 

POWER FOR THE INITIAL RESISTIVE CIRCUIT  

eS  [VA] 22846 u
eS  [VA] 15534   eN  [VA] 16314 

b
eS  [VA] 15532   d

eS  [VA] 6275 - - 

C.  Results for compensated cases  

For the compensated system with RXX LC 3== , the 
results of the RMS currents and voltage calculations with the 
same distorted voltage supply considered in the previous 
section are shown in Table V. In the absence of voltage supply 
distortion, perfect compensation would be obtained. However, 
the presence of a distorted supply voltage waveform leads to 
imperfect phase current balancing, and the nature of the load 
and of the added Steinmetz circuitry determines relatively 
different values of THDI at each phase, while the differences 
among the THDE values are clearly much lower. The current 
unbalance factor u

Iζ  is reduced to zero. Apparently, another 
effect of the Steinmetz compensation is a reduction of the line 
losses.  
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 Table VI shows the current components and indicators. 
The current unbalance factor u

Iζ  corresponds to the indicator 
1u

pIψ , referred to the fundamental harmonic. In this case, it can 

be noticed that 1u
pIψ  = 0, but the TPUI indicator representing 

the phase unbalance with distorted waveforms has a non-null 
value. Indeed, in the framework adopted the TPUI indicator is 
able to incorporate the reasons why perfect compensation has 
not been obtained by using the classical set-up for the 
Steinmetz circuitry. Since u

pI  =  ud
pI , the effect of unbalance 

is totally due to the current distortion. Perfect compensation of 
the phase current unbalance would correspond to TPUI = 0.  

In order to investigate the characteristics of the system 
unbalance, Fig. 2 shows a comparison between the classical 
unbalance indicator u

Iζ  at fundamental frequency, and the 
TPUI indicator, considering as parameters the multipliers mL 
and mC applied to the reactances RXX LC 3== , in such a 
way to insert in the circuit the inductive reactance LL Xm  and 
the capacitive reactance CC Xm , applying the same distorted 
supply voltage adopted above. The results show that in terms 
of the classical unbalance indicator the solution with mL = mC 
= 1 provides a null value, whereas the unbalance values 
change by varying the reactance values. However, this 
evolution does not reflect the true behavior of the system 
unbalance, since the components at harmonic frequencies are 
neglected. Looking at the TPUI indicator, it can be seen that 
this unbalance indicator does not approach zero, and remains 
rather far from indicating perfect circuit compensation even by 
changing the values of the inductive and capacitive reactance 
of the compensation circuit. For the sake of comparison, Fig. 3 
shows that in case of sinusoidal voltage supply (i.e., removing 
the 5th harmonic from the supply voltage) the TPUI indicator 
becomes coincident to the classical unbalance factor. In any 
case, this evolution cannot be generalized, since it depends on 
the parameters of the harmonic distortion (amplitude and 
phase  of the individual harmonics). 

Table VII shows the components and indicators referred to 
the load terminal voltages. Again, the classical unbalance 
factor, equal to the indicator 1u

Ep ′ψ , is null, but the non-null 

ETPU ′ indicates the presence of residual voltage unbalance. 
Finally, Table VIII reports the power quantities. The null 
value of the unbalance apparent power u

eS  is determined by 

substituting the null components 1u
pE ′  = 0 (the specific voltage 

at the load terminals) and 1u
pI  = 0 in the general expression 

(18). 
 

 
Fig. 2. Unbalance indicators for different multipliers of the Steinmetz 
compensating reactance values (distorted supply voltage). 

 

 
Fig. 3. Unbalance indicators for different multipliers of the Steinmetz 
compensating reactance values (non-distorted supply voltage). 
 

TABLE V 
RMS LINE CURRENTS AND VOLTAGES AT THE LOAD TERMINALS FOR THE 

COMPENSATED CIRCUIT  

aI  [A] 28.285 aE′  [V] 233.35 aP∆ [W] 80 

bI  [A] 32.086 bE′  [V] 233.03 bP∆  [W] 103 

cI  [A] 23.995 cE′  [V] 233.14 cP∆  [W] 58 

aITHD  0.728 aETHD ′  0.204 totP∆  [W] 241 

bITHD  0.984 bETHD ′  0.197 RP  [W] 15557 

cITHD  0.318 cETHD ′  0.199 totP  [W] 15798 
u
Iζ  0 u

E′ζ  0 - - 
         

TABLE VI 
UNBALANCE AND HARMONIC DISTORTION COMPONENTS AND INDICATORS OF 

THE CURRENTS FOR THE INITIAL RESISTIVE CIRCUIT  
RMS
TI 1  [A] 26.650 u

pI  [A] 13.689 bd
pIψ  0.418 

RMS
TI 2  [A] 9.569 1u

pI  [A] 0 ud
pIψ  0.599 

RMS
TI 3  [A] 0 ud

pI  [A] 13.689 1u
pIψ  0 

b
pI  [A] 24.787 d

pI  [A] 16.702 u
pIψ  0.599 

1b
pI  [A] 22.865 eI  [A] 28.316 ITPD  0.730 
bd
pI  [A] 9.569 - - ITPU  0.552 
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TABLE VII 
UNBALANCE AND HARMONIC DISTORTION COMPONENTS AND INDICATORS OF 

THE LOAD TERMINAL VOLTAGES FOR COMPENSATED CIRCUIT  
RMS

TE 1′  [V] 233.17 u
pE′  [V] 45.68 bd

Ep ′ψ  0.004 
RMS

TE 2′  [V] 0.96 1u
pE ′  [V] 0 ud

Ep ′ψ  0.200 
RMS

TE 3′  [V] 0 ud
pE ′  [V] 45.68 1u

Ep ′ψ  0 
b

pE′  [V] 228.66 d
pE′  [V] 45.69 u

Ep ′ψ  0.200 
1b

pE′  [V] 228.65 eE ′  [V] 233.17 ETPD ′  0.200 
bd

pE′  [V] 0.957 - - ETPU ′  0.200 
 

TABLE VIII 
EQUIVALENT APPARENT POWER COMPONENTS AND TOTAL NON-ACTIVE 

POWER FOR THE COMPENSATED CIRCUIT  

eS  [VA] 19807 u
eS  [VA] 0 eN  [VA] 12260 

b
eS  [VA] 15685 d

eS  [VA] 12096 - - 

D.  Variation of the supply voltage distortion parameters  
Other analyses have been carried out in order to study the 

effects of the variation of the amplitude and phase angle of the 
supply voltages on the various indicators. For instance, the 
variation of the fifth harmonic has been considered, expressed 
by the 5th harmonic voltage amplitude multiplier with respect 
to the fundamental supply phase RMS voltage E. Fig. 4 shows 
the unbalance representation through the TPUI indicator. The 
classical unbalance indicator is null in all the cases shown, and 
is clearly unsuitable to represent the compensation effect in 
the presence of waveform distortion.  

Fig. 5 shows the variation of the transformed phase current 
components. Since the system is not perfectly balanced, the 
effect of the 5th harmonic waveform distortion is not totally 
rooted into the unbalance component, but in part goes to 
increase the balance current component. Fig. 6 illustrates how 
the TPDI indicator can provide a single information (in this 
case very close but anyway not coincident with the THD of the 
current at phase 1) that synthesizes the three THD values of 
the currents at the different phases. 
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Fig. 4. TPUI indicator for the compensated circuit with different values of the 
5th harmonic amplitude multiplier. 
 

In more detail, the variation of the TPUI indicator has been 
addressed for different values of the 5th harmonic multiplier 
(from 0 to 0.5) and for different phase angles of the 5th 
harmonic (from 0 to 1.2 radians, with the upper limit chosen to 
be close to 2π/5 radians). Fig. 7 shows the resulting values of 

the TPUI indicator. In this case, for the same 5th harmonic 
multiplier, the characteristics of the circuit lead to reaching the 
maximum unbalance for a certain 5th harmonic phase angle.  
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Fig. 5. Balance, unbalance and distortion current components for the 
compensated circuit with different values of the 5th harmonic amplitude 
multiplier. 
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Fig. 6. Harmonic distortion indicators for the compensated circuit with 
different values of the 5th harmonic amplitude multiplier. 
 

Concerning the equivalent power components, by varying 
the 5th harmonic multiplier and the 5th harmonic phase angle in 
the ranges shown below, in all cases the b

eS  component is the 

same, equal to 15685 VA, and the u
eS  component is always 

null. For the d
eS  component (Fig. 8), its maximum values are 

reached around the 5th harmonic phase angle of π/5 radians. 

IV.  CONCLUSIONS 
This paper has shown how the properties of the Steinmetz 

compensation circuit in an illustrative case of single-phase 
load balancing depend on the waveform distortion. A tutorial 
example with the 5th harmonic as distorting component has 
been constructed, varying its amplitude and phase angle. 

The results shown confirm the effectiveness of the 
indicators defined in the symmetrical component-based 
framework to explain the properties of the Steinmetz circuitry 
operating under waveform distortion. In particular, the TPU 
indicator provides the correct information also when the 
classical unbalance indicator is unable to detect lack of circuit 
balancing because of the effects of waveform distortion. 
Results for more general cases of application of the concepts 
proposed here will be reported in the future. 
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Fig. 7. TPUI indicator for the compensated circuit with different values of the 
5th harmonic phase angle and amplitude multiplier.  
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Fig. 8. d

eS  component in the compensated circuit with different values of the 
5th harmonic phase angle and amplitude multiplier. 
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