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Assessment of classical, advanced, and layer-wise theories for

the vibration of rotating composite anisotropic blades

M. Filippi∗, D. Giusa, A. Pagani, E. Zappino, E. Carrera

Mul2 group, Department of Mechanical and Aerospace Engineering
Politecnico di Torino, Italy

Abstract

The present paper aims at studying composite cambered structures, tracking the sem-
inar work “Rotating Blade Vibration Analysis Using Shells” presented by Leissa in
Journal of Engineering for Power, in 1982, devoted to homogeneous metallic blades.
A refined unidimensional (1D) formulation is here implemented to overcome the
limitations of classical beam theories. With an appropriate choice of cross-sectional
expansions, it is possible to make the 1D model suitable for analyzing shallow blades.
This approach enables one to generate both layerwise (LW) and equivalent single
layer (ESL) descriptions of the problem unknowns. Furthermore, it is possible to
implement classic theories as special cases. Natural frequencies are determined for
isotropic and composite blades, showing the effects of changing the fiber lamination
angle of symmetric and unsymmetric configurations. Besides, this study investigates
the effects of thickness and rotational speed over the structure. Significant differences
between classic and high-order theories are found, concerning the accuracy and the
computational costs. The causes of these differences are discussed, and the results
can be used as a benchmark for future studies.

Keywords: Rotordynamics, Finite element, Beam, Carrera Unified Formulation

(CUF), Laminated Blades

1. Introduction

Vibration analysis of rotating blades is a central problem in the rotordynamics and

aerospace field, and they have been extensively carried out in recent decades. The

commercial interest of the rotating blade is well-known, and they find many applica-

tions in several components such as compressors, turbines, propellers, and helicopter

rotors. Several investigations have been understanding to reduce noise, increase effi-

ciency, and avoid catastrophic failure. To achieve these goals knowing the dynamic
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characteristics of these structures is essential, and a correct approach is required to

describe the modal aberrations correctly. A considerable number of references can

be found in the literature; many of them have been focused on beam formulations.

Rao [1] defined the governing equations in terms of a single coordinate corresponding

at the main axis of the structure. Putter and Manor [2] established a finite element

method (FEM) to study the natural frequencies of radial beams mounted on a ro-

tating disk. This FEM model incorporated shear effects, rotary inertia, and varying

centrifugal forces. Chandra and Chopra [3] carried out an analysis of composite box

beams utilizing a Newtonian approach along with the Galerkin method. Hodges

et al. [4, 5] proposed a variational asymptotic beam sectional analysis (VABS), in

which the blade analysis is divided into a linear two-dimensional (2D) problem over

the cross-section and a nonlinear analysis along the coordinate of the beam axis.

Beam formulations can be highly inaccurate in the case of thin-walled structures,

small aspect ratio, and large chordwise chamber. Many authors overcame these

limitations by employing shell formulation [6–8]. Yu et al. [9], extended VABS

to 2D problems, in which the analysis were performed through an equivalent sin-

gle layer (ESL) approach. The multi flexible-body code DYMORE is mentioned in

the literature [10], and it finds numerous applications in the rotorcraft field [11, 12].

Leissa and Ewing [13] presented an accurate survey of the one- and two- dimensional

theories and made quantitative comparisons of frequencies obtained for turboma-

chinery blades. Moreover, Leissa, with his coworkers, conducted several studies by

developing both beam and shell formulations [14, 15]. For composite structures a

shallow-shell theory was presented by Qatu and Leissa in Ref. [16], in which the

first known natural frequencies and mode shapes of laminated pre-twisted cantilever

plates were calculated. In recent years Sun et al. developed a two-dimensional model

for multilayer rotating blades using a quadratic layerwise theory. A comprehensive

description of this model can be found in Ref. [17], in which results of numerical

simulations are compared to the full three-dimensional model showing an excellent
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agreement.

Many papers have been recently published to extend Carrera Unified Formulation

(CUF) to the rotordynamics analysis. Carrera et al. [18] compared, with published

solutions, the natural frequencies of rotating beams with compact cross-sections and

open profiles made of either isotropic or orthotropic materials. Carrera and Filippi

[19, 20] investigated the dynamic behavior of metallic and composite rotors by utiliz-

ing both TE and LE beam elements. The formulation encompassed all contributions

due to the rotation, namely the Coriolis term, the spin-softening matrix, and the

stress-stiffening matrix. The several comparisons presented in those papers demon-

strated that beam CUF models were a viable alternative to FE solutions of higher

dimensionality. Moreover, an accurate nonlinear dynamics analysis was presented in

Ref. [21], showed relevant discrepancies when structures with deep curvatures were

considered. Despite the considerable amount of papers devoted to the dynamics of

rotating blades, it seems that there is a gap in the vibration analysis of evaluating

the accuracy of theories for rotating composite blades incompatible with the grow-

ing popularity of composite structures. The purpose of this paper is to providing

reference results for composite rotating blades that can be used as a benchmark for

future studies. The present research is inspired by Leissa’s paper [15] in which the

effects of the thickness, of the angular velocity, and the kinematic theories on the

natural frequencies of the blade were evaluated. This study is done in the framework

of CUF approach that permits to adopt two different models to the focus on the

composite blades, namely the equivalent single layer (ESL) theory and the layer-wise

(LW) models.

2. Description of the employed theories

CUF for one-dimensional elements (1D) [22] expresses the displacement field uT =

[ux uy uz] as an arbitrary expansions of cross-sectional functions Fτ (x, z) and the
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generalized displacements uτ (y), along the beam axis y.

u = Fτ (x, z)uτ (y) τ = 1, 2, . . . ,M (1)

where M is the number of terms of the expansions. If the finite element method is

adopted, the generalized displacements are approximated using the shape functions,

Ni(y), and the vector of nodal displacement uiτ . Therefore the displacement field is

being approximated as:

u = Ni(y)Fτ (x, z)uiτ τ = 1, ...,M i = 1, ..., Nnodes (2)

where the number of beam element nodes are denoted by Nnodes, τ is related to

the expansion used for defining the cross-sectional kinematics and its maximum

value, M , is an input parameter of the analysis. Moreover the parameter M is

the number of expansions terms used to describe the cross-section behavior. N

defines the polynomial order for the Taylor-type models, named TEN . Theories

for multilayered structures can be developed by making an appropriate choice of

the variable description, in this sense it is possible to distinguish two categories:

equivalent single layer (ESL) models or layer-wise (LW) models. The ESLs theories

consider a number of unknown variables that are independent of the number of

constitutive layers. These theories lead to a homogeneous approach, indeed the

kinematics of the structure is insensitive to individual layers, unless Zig-Zag models

are used (more detail in Ref. [23]).

ESL models are based on theories that are originally developed for single layer

structures made of traditional isotropic materials. Their application on multilayered

structured lead to specific theories for composite plate and shells [24, 25]. The ESL

theories include the classical laminated theory, the first-order deformation theories,

and higher-order deformation theories. These theories will be briefly described below

and applied to the structure. More details for each theories can be found in Ref.
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[26].

2.1. Classical ESL theory

2.1.1. The Euler-Bernoulli Beam Theory (EBBT)

The EBBT is derived from three a-priori assumptions. The first assumes that the

cross-section is rigid on its plane. For the second hypothesis, the cross-section re-

mains perpendicular to the neutral surface during deformation. And for the last

assumption, the cross-section rotates around a neutral surface remaining plane.

Based on the first hypothesis, in-plane displacement are not considered for EBBT,

and consequently, the in-plane displacements ux(y) and uz(y) depend on the axial

coordinate y. For the second hypothesis, the out-of-plane or axial displacement uy

is linear versus the in-plane coordinates: For the third hypothesis and based on the

shear strains definition, shear deformations γyz and γyx are disregarded:

γyz = γyx = 0

The rotation angles can obtained as functions of the derivatives of the in-plane

displacements. The displacement field, uT = [ux uy uz], of EBBT is then:

ux = ux1

uy = uy1 − ux1,yx− uz1,yz

uz = uz1

(3)

where the comma denotes a spatial derivative and the subscript 1 is referred to the

displacement value with correspondence to the beam axis (x = z = 0)

2.1.2. The Timoshenko Beam Theory (TBT)

Timoshenko beam theory, or First order Shear Deformation Theory (FSDT), is an

extension of Euler-Bernoulli beam model. The third kinematic assumption of the

EBBT is removed for FSDT. The cross-section remains rigid on its plane, and it can
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Figure 1: Theories assumptions in one-dimensional cases
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rotate around a neutral surface while it remains plane. However, it is not constrained

to be perpendicular to it (see Fig. 1(c)). Shear deformations γxy and γyz are now

accounted for. The displacement field of the FSDT can be written as:

ux = ux1

uy = uy1 + φzx+ φxz

uz = uz1

(4)

where φz and φx are the rotation angles along the z- and the x-axis, respectively.

2.2. Refined theories or higher order theories (HOT)

2.2.1. Linear type expansion theory (TE1)

The complete linear expansion model involves a first-order (TE1) Taylor-like poly-

nomial to describe the cross-section displacement field,

ux = ux1 + xux2 + zux3

uy = uy1 + xuy2 + zuy3

uz = uz1 + xuz2 + zuz3

(5)

where subscripts 2 and 3 are referred to the in-plane stretching terms. The present

model introduces nine displacement variables: three constant (ux1 , uy1 , uz1) and six

linear (ux2 , . . . , uz3). The εxx, εzz deformations and γxz rotation have a constant dis-

tribution above the cross-section, instead εyy, γxy and γyz assume a linear behavior.

The adoption of the N = 1 model is necessary to introduce a linear distribution of

the in-plane stretching, which cannot be detected by classical theories like EBBT

and FSDT.

2.2.2. Higher-order type expansion theories (TE2,TE3,...,TEN)

More refined models are needed to describe mechanical response of structures that

present complex boundary (e.g. torsion) or geometrical (e.g. thin walls) conditions.

These models are needed to predict a number of non classical effects such as warping,
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in-plane distortion and shear effects, a complete review of the major theories is

provided by Carrera et al. in Ref. [27]. One possible choice deals with adoption of

Taylor-like polynomials consisting of the 2D base xi zj, where i and j are positive

integers. An example is given for a second order model (see Fig. 1(d)) that exploits

a parabolic expansion of the Taylor-like polynomials,

ux = ux1 + xux2 + zux3 + x2ux4 + xzux5 + z2ux6

uy = uy1 + xuy2 + zuy3 + x2uy4 + xzuy5 + z2uy6

uz = uz1 + xuz2 + zuz3 + x2uz4 + xzuz5 + z2uz6

(6)

The 1D model given by Eq. 6 has 18 displacement variables: three constant

(ux1 , uy1 , uz1), six linear (ux2 , . . . , uz3) and nine parabolic (ux4 , . . . , uz6). The present

beam formulation is able to implement any-order theory by choosing the expansion

order, N.

2.3. Layer-wise theories

A layer-wise approach can be used if a detailed description of layers is required. An

overview of layer-wise theories for composite laminates and structures was provided

by Carrera [28]. The LW theories treat independent displacement fields in every

single layer and then impose compatibility conditions at the interfaces between lam-

inae. A linear and an high-order layer-wise z-expansion example are shown in Fig.

1(e) and 1(f), respectively. The unknown variables are only pure displacement if

Lagrange polynomials are adopted as expansion functions (Fτ ). Several types of

cross-sectional polynomials sets can be adopted, some examples are shown in Fig.

2. The displacement field is:

ukx = ukx1F
k
1 (x, z) + · · · + ukxNF

k
N(x, z)

uky = uky1F
k
1 (x, z) + · · · + ukyNF

k
N(x, z)

ukz = ukz1F
k
1 (x, z) + · · · + ukzNF

k
N(x, z)

(7)
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k = 1, . . . , Nlayers denotes each layers. F1(x, z), . . . , FN(x, z) are the 1st, . . . , N th

(a) LE4 - 1 layer (b) LE4 - 2 layers (c) LE9 - 1 layer

(d) LE9 - 2 layers

Figure 2: Cross-section L-elements for different numbers of layers. (a,b) Four-point element, LE4;
(c,d) nine-point element, LE9.

order Lagrange polynomials. The Lagrange polynomials are usually given in terms

of normalized - or natural - coordinates. This choice is not compulsory since LE

polynomials can also be implemented in terms of actual coordinates. However, the

normalized formulation was preferred since it offers many advantages. The simplest

quadrilateral Lagrange polynomials (LE4) are:

Fτ =
1

4
(1 + rrτ )(1 + ssτ ) τ = 1, 2, 3, 4 (8)

where r and s are the normalized coordinates and rτ and sτ are the coordinates of

the four points in a natural coordinate frame. In the case of an LE9 element, the

interpolation functions are given by:

Fτ =
1

4
(r2 + rrτ )(s

2 + ssτ ) τ = 1, 3, 5, 7 (9)

Fτ =
1

2
s2
τ (s

2 + ssτ )(1 − r2) +
1

2
r2
τ (r

2 + rrτ )(1 − s2) τ = 2, 4, 6, 8 (10)

Fτ = (1 − r2)(1 − s2) τ = 9 (11)
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These models include constrain conditions in order to enforce the compatibility

conditions at each layer interface. More details about LE models can be found in

the paper by Carrera and Petrolo [29].

2.4. Rotordynamics equations

For the rotordynamic analysis of the blade, it is necessary to derive the equation

of motion in a compatible form with the condensed formulation of the CUF. The

equations of motion are derived through Hamilton’s principle, which in the usual

form reads:

δ

∫ t1

t0

(T − U) dt = 0 (12)

where T and U are the kinetic and the potential energies in the rotating reference

frame and δ represents the virtual variation of the functional. The equation of

motion is written in a form compatible with CUF:

Mq̈ + GΩq̇ + (K−KΩ + Kσ0)q = 0 (13)

The homogeneous equation is solved for the computation of natural frequencies, for

more details see Ref. [30]. The arrays at Eq. 13 assume the following denomination:

� the mass matrix Mijτs

� the stiffness matrix Kijτs

� the Coriolis matrix Gijτs

� the centrifugal softening matrix Kijτs
Ω

� the centrifugal stiffening matrix Kijτs
σ0

� the load vector Fijτs
Ω

Explicit form of these arrays can be found in previous authors’ works [20, 31].
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3. Numerical results

3.1. Geometry and material of the blade

To validate the methodology several benchmark problems available in the literature

have been considered to examine the effect of the theory approximation order and

the material anisotropy (material properties are shown in Table 1). Then, the effects

of thickness and stacking sequences are investigated. The geometrical features of

the blade are shown in Fig. 3, where L = b = 30.5 cm, t = L/100 and Rx = 2b. In

the following analysis the hub-radius is considered equal to rh = 0.0 m.

3.2. Finite elements adopted for the considered blade

Layerwise models are obtained by using a combination of 48 cubic LE9 polynomi-

als over the blade cross-section as shown in Fig. 4. These elements are opportunely

distributed so that the theory kinematics is independent for each layer, for both

the two- and three-layer configurations. Along the y-axis have been used 8 beam

elements with 4 nodes (B4). A detailed analysis of the effects of the number and

the type of finite elements along the beam axis can be found in [26].

z

x

y

L

rh

t

b

z

x

45°

-45°

45°

Figure 3: Sketch of a blade with an example of fibers lamination angles
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Figure 4: FEM nodes mesh along the y-axis and cross-sections discretization for ESL and LW
models

Isotropic Graphite/epoxy

E ν ρ E1 E3 G13 ν13 ν13 ρ

GPa - Kg/m3 GPa GPa GPa - - Kg/m3

200 0.3 7860 181 10.3 7.17 0.28 0.33 1600

Table 1: Material properties

3.3. Free vibration analysis

For validation purposes, natural frequencies of an isotropic rotating blade were first

calculated and compared to both experimental and analytical predictions. Higher-

than-second-order Taylor models and Lagrange model showed a good agreement

with those obtained with shell and solid solutions [15, 32], and with a Nastran

analysis [21]. The results are tabulated in Tab. 2. Low-orders models revealed a

low accuracy both in computing the values of the frequencies and in identifying the

shape modes.

For the orthotropic material, several stacking sequences have been analyzed. All

plies were assumed to have the same thickness. Histograms in Fig. 5 show dif-

ferences in terms of natural frequencies between the various models (more details

in Tab. 3 and 4), considering the same mode shapes among the first six modes

of the structure (an example is provided in Fig. 6 for [45◦/ − 45◦/45◦] stacking

sequence). Comparing the results with the reference case LE9, only TE5 and TE6
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models have provided similar frequencies and comparable mode shapes. Frequencies

of TE4 models were slightly different, and in some cases, this theory cannot detect

correctly the mode shapes. For TE3, a satisfactory level of accuracy was found only

for the first frequency, which was always the first torsional one. The poor accuracy

of models TE1 and TE2 was evident, even for low-frequency modes. Finally, EBBT

and FSDT models can provide natural frequencies only for bending modes with ac-

ceptable accuracy.

Model Natural frequencies DoFs

EBBT 176.77 1f 1,102.22 2f 2,264.59 1l 3,061.56 3f 4,134.70 5,931.11 4f 75
FSDT 176.38 1f 1,085.85 2f 1,782.37 1l 2,959.05 3f 4,134.70 4,785.38 4f 125
TE1 204.49 1f 1,253.49 2f 1,928.68 1l 2,564.23 1t 3,395.13 3f 4,187.46 225
TE2 166.02 1f 431.76 1t 640.77 2f 1,116.03 3f 1,457.35 2t 1,503.67 2f/1t 450
TE3 87.50 1t 151.59 1f 360.40 2f/1t 507.72 2t 610.08 2f/2t 798.29 3f/1t 750
TE4 86.17 1t 143.74 1f/2t 266.17 2t 342.65 2f/1t 403.59 2f/2t 732.00 3f 1125
TE5 84.84 1t 137.83 1f/2t 243.92 2t 340.25 2f/1t 384.88 2f/2t 575.75 3t 1575
TE6 84.72 1t 137.31 1f/2t 242.73 2t 338.82 2f/1t 380.34 2f/2t 525.66 3t 2100
LE9 84.67 1t 137.16 1f/2t 242.48 2t 338.06 2f/1t 379.07 2f/2t 514.94 3t 12375
Exp. [15] 85.6 134.5 259.0 351.0 395.0 514.94 -
Shell [15] 85.9 137.8 248.6 342.9 387.4 531.9 -
Shell FEM [32] 85.7 138.4 249.9 346.4 389.5 541.0 3456
FEM 3D [21] 84.8 137.3 240.9 338.4 377.8 507.1 6354

Table 2: Natural frequencies [Hz] of the rotating isotropic blade by using different theories.

f : flapwise, l: chordwise, t: torsional frequency.
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Figure 5: Comparisons of the frequencies between Taylor-type and Lagrange-type models for
different stacking sequences
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0◦ / 90◦ / 0◦ DoFs

EBBT 310.20 1f 1,933.39 2f 3,924.59 1l 5,366.82 3f 7,222.93 10,387.94 4f 75
FSDT 305.72 1f 1,628.78 1l 1,761.94 2f 4,425.80 3f 4,794.14 2l 7,222.93 125
TE1 308.76 1f 1,631.52 1l 1,777.09 2f 1,735.04 1t 4,459.92 3f 4,811.47 2l 225
TE2 208.70 1f 395.62 1t 687.27 2f 1,319.80 2t 1,340.96 3f 1,630.92 1l 450
TE3 102.90 1t 178.47 1f 443.69 2t 454.19 2f/1t 634.10 2f 1,094.88 3f/1t 750
TE4 100.56 1t 141.71 1f/2t 243.74 2t 442.56 2f/1t 452.50 2f/2t 639.32 3t 1125
TE5 99.60 1t 129.35 1f/2t 238.00 2t 376.56 3t 439.40 2f/2t 441.61 2f/1t 1575
TE6 99.09 1t 128.56 1f/2t 237.76 2t 341.80 3t 436.69 2f/2t 436.35 2f/1t 2100
LE9 98.94 1t 127.52 1f/2t 237.23 2t 323.19 3t 434.21 2f/1t 435.26 2f/2t 17325

45◦ / −45◦ / 45◦

EBBT 142.45 1f 888.18 2f 1,834.06 1l 2,466.78 3f 3,305.63 4,778.20 4f 75
FSDT 142.06 1f 871.63 2f 1,540.76 1l 2,364.09 3f 3,229.04 4,438.57 4f 125
TE1 206.64 1f 1,250.94 2f 1,830.38 1l 2,330.30 2l 3,285.81 1t 3,753.05 3f 225
TE2 162.23 1f 496.39 1t 637.13 2f 1,028.03 3f 1,216.68 2t 1,432.28 4f 450
TE3 106.34 1t 140.93 1f 387.73 2f/1t 490.26 2t 631.23 2f/2t 810.72 3f/1t 750
TE4 89.15 1t 133.81 1f 251.13 2f/2t 371.49 2f/1t 428.96 2t 718.77 3f 1125
TE5 85.42 1t 131.16 1f 234.70 2f/2t 343.55 2f/1t 369.28 2t 557.69 3t 1575
TE6 85.21 1t 130.86 1f 233.98 2t/2t 337.43 2f/1t 359.74 2t 526.76 3t 2100
LE9 83.21 1t 128.65 1f 230.79 2f/2t 325.63 2f/1t 351.60 2t 509.52 3t 17325

45◦ / 0◦ / −45◦

EBBT 241.24 1f 1,503.98 2f 3,105.11 1l 4,176.40 3f 5,617.17 8,087.93 4f 75
FSDT 239.05 1f 1,423.91 2f 1,943.81 1l 3,713.03 3f 5,315.15 2l 5,620.02 125
TE1 270.22 1f 1,602.34 2f 1,834.70 1t 2,738.07 1l/1t 4,113.86 3f 5,526.36 1l 225
TE2 226.19 1f 504.19 1t 732.60 2f 1,057.12 3f 1,208.81 2t 1,319.50 4f 450
TE3 99.11 1t 197.13 1f 403.50 2f/1t 473.06 2t 664.17 1f/2t 795.95 3f/1t 750
TE4 97.13 1t 152.08 1f 272.03 2t 399.52 1f/2t 388.16 2f/1t 717.98 2f/3t 1125
TE5 95.77 1t 139.67 1f 259.87 2t 372.25 2f/1t 380.44 2f/2t 451.44 3t 1575
TE6 95.42 1t 137.74 1f/2t 258.60 2t 374.53 2f/2t 361.59 2f/1t 419.40 3t 2100
LE9 102.60 1t 148.48 1f/2t 278.06 2t 368.51 439.13 2f/2t 503.98 3t 17325

Table 3: Natural frequencies [Hz] for triple-layers composite blade by different theories

f : flapwise, l: chordwise, t: torsional frequency.
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0◦ / 0◦ DoFs

EBBT 372.69 1f 2,322.94 2f 4,737.30 1l 6,448.30 3f 8,718.03 12,481.63 4f 75
FSDT 364.98 1f 1,661.06 1l 2,040.96 2f 4,938.68 2l 4,979.15 3f 8,400.22 4f 125
TE1 367.33 1f 1,662.27 1l 2,051.85 2f 1,735.04 1t 4,949.27 2l 5,004.09 3f 225
TE2 214.76 1f 422.79 1t 600.27 2f 858.49 2t 1,152.52 3f 1,661.71 1l 450
TE3 109.10 1t 180.25 1f/2t 447.46 2t 455.28 2f/1t 550.17 2f/2t 1,081.72 3f/1t 750
TE4 105.18 1t 133.87 1f/2t 239.15 2t 441.75 2f/1t 451.20 2f/2t 629.78 1125
TE5 104.33 1t 122.28 1f/2t 235.69 2t 329.15 3t 440.03 2f/2t 440.29 2f/1t 1575
TE6 103.90 1t 121.20 1f/2t 235.47 2t 290.90 3t 436.98 2f/2t 435.75 2f/1t 2100
LE9 103.73 1t 120.86 1f/2t 235.36 2t 282.95 3t 436.11 2f/2t 434.50 2f/1t 12375

0◦ / 90◦

EBBT 268.87 1f 1,676.03 2f 3,454.781l 4,653.33 3f 6,338.34 9,009.96 4f 75
FSDT 265.93 1f 1,560.56 2f 1,598.681l 3,997.82 3f 4,647.34 2l 6,337.28 125
TE1 268.35 1f 1,573.24 2f 1,601.121l 1,735.04 1t 4,027.57 3f 4,663.04 2l 225
TE2 188.22 1f 369.39 1t 602.812f 1,072.71 3f 1,448.15 2t 1,524.09 4f 450
TE3 83.11 1t 163.09 1f 323.852f/1t 442.86 2t 544.99 2f 688.22 3f/1t 750
TE4 81.40 1t 147.96 1f 248.342t 311.72 2f/1t 345.16 2f/2t 659.12 3f/2t 1125
TE5 80.00 1t 138.50 1f 236.902t 309.87 2f/1t 324.58 2f/2t 466.25 3t 1575
TE6 79.82 1t 138.00 1f 236.612t 305.76 2f/1t 321.07 2f/2t 454.12 3t 2100
LE9 79.74 1t 136.30 1f 234.922t 304.23 2f/1t 319.06 2f/2t 438.69 3t 12375

90◦ / 90◦

EBBT 90.45 1f 563.96 2f 1,162.05 1l 1,566.43 3f 2,104.15 3,034.46 4f 75
FSDT 90.33 1f 559.15 2f 1,006.80 1l 1,535.85 3f 2,104.15 2,931.07 4f 125
TE1 94.47 1f 584.38 2f 1,037.29 1l 1,603.66 3f 1,735.04 1t 2,113.94 225
TE2 85.47 1f 273.18 1t 406.12 2f 834.69 3f 907.80 2f/1t 996.70 1l 450
TE3 52.21 1t 82.66 1f 203.99 2f/1t 363.28 2f 452.14 3f/1t 505.69 2t 750
TE4 51.79 1t 82.23 1f 199.82 2f/1t 313.65 2f 358.01 2t 434.72 3f/1t 1125
TE5 51.12 1t 82.14 1f 197.46 2f/1t 306.85 2f 347.76 2t 432.46 3f/1t 1575
TE6 51.09 1t 82.12 1f 197.28 2f/1t 305.47 2f 345.61 2t 430.56 3f/1t 2100
LE9 51.07 1t 82.11 1f 197.21 2f/1t 305.39 2f 345.57 2t 430.21 3f/1t 12375

45◦ / −45◦

EBBT 142.45 1f 888.19 2f 1,834.54 1l 2,466.90 3f 3,305.90 4,778.64 4f 75
FSDT 141.66 1f 869.37 2f 1,557.10 1l 2,358.41 3f 3,305.89 4,429.39 4f 125
TE1 207.41 1f 1,258.94 2f 1,831.00 1l 2,370.16 1t 3,308.85 3f 3,785.62 225
TE2 163.33 1f 503.44 1t 630.80 2f 966.99 3f 1,203.49 4f/2t 1,241.69 4f 450
TE3 85.59 1t 138.92 1f 345.23 2f/1t 444.53 2t 615.36 2f 740.28 3f/1t 750
TE4 83.44 1t 125.29 1f 223.66 2t 337.67 2f/1t 378.86 2f/2t 673.16 3f 1125
TE5 82.19 1t 119.68 1f 209.65 2t 326.59 2f/1t 359.41 2f/2t 459.82 3t 1575
TE6 81.50 1t 118.31 1f 207.53 2t 320.61 2f/1t 349.64 2f/2t 420.98 3t 2100
LE9 79.69 1t 116.90 1f 205.06 2t 312.30 2f/1t 341.28 2f/2t 407.53 3t 12,325

Table 4: Natural frequencies [Hz] for double-layers composite blade by different theories

f : flapwise, l: chordwise, t: torsional frequency.
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Figure 6: Mode shapes for the [45◦/− 45◦/45◦] composite blade

The number of degrees-of-freedom (DoFs) for each structural model is also given

in Tab. 2, 4 and 3, in order to show the numerical efficiency of the approaches.

For bending modes, with a slight torsional deformation, EBBT and FSDT models

provided acceptable results with high computational saving. It is interesting to

note that a mode shape mainly dominated by bending deformation appears only

in some types of lamination schemes. The third-order Taylor theory TE3 provided

comparable results with more refined theories for the 1st (torsional mode) and 2nd

(bending mode usually coupled with a torsional one) frequencies. Also in this case,

the computational saving was considerable; DoFs were reduced by 2.8 and 23.1 times

compared to TE6 and LE9 models, respectively. The forth-order Taylor theory TE4

predicted frequencies with high precision up to the second torsional frequency; for

following modes TE4 overestimated the frequencies values. Moreover, it is worth

note that frequencies predicted by the TE5 e TE6 theory are essentially the same

compared to those calculated with LE9 models. Comparing the degrees of freedom,
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Figure 7: Errors on natural frequencies versus DoFs savings with f∗ = (f − fLE9)/fLE9 - Loga-
rithmic scale on y axis
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it is evident that the TE models are computationally advantageous with respect to

the LW solutions.

In Fig. 7 the effects of the order of approximation are shown in terms of percentage

error. The trend is related to the computational savings of each theory compared to

the LE9 theory. Through these plots, it is possible to evaluate the effectiveness of

a given kinematic model in terms of accuracy and computational cost with respect

to a reference solution.

The correspondence of mode shapes related to different orientation angles has been

investigated by using the Modal Assurance Criterion (MAC), whose graphic rep-

resentation is shown in Fig. 10. MAC matrix shows a low similarity between the

various mode shapes for the different configurations; in most cases, the MAC value

is very different from the unit. As expected, the MAC matrices show sparse corre-

lations due to coupling phenomena for the various stacking sequences. Eigenvectors

have little correspondence with the others, thus demonstrating that the fibers lam-

ination angle has an important effect on the deformation modes.

It is interesting to study the effect of thickness on the rotating blade. In Tab. 5 the

natural frequencies are listed for three significant stacking sequences for t = L/50.

The most evident effect is a general increase of the frequencies that settles around

60% compared to the thinner case. The mode shapes detected are essentially the

same, for some modes there is an exchange in the order of appearance. In Fig. 8 the

effects of the computational cost of each model versus the errors on the solutions are

shown. Of course, for higher modes, the difference would become greater. One note

that significant differences are found only in [45◦ / −45◦ / 45◦] stacking sequence

case. A clear representation is provided in Fig. 9. For thin blade the first bending

frequency is well computed both with EBBT and FSDT theories, instead for thick

blade the FSDT theory provide worse results. The 1f/2t trend is almost the same for

both blade thicknesses, but the cubic expansion for the thick case seems to provide

highly accurate values even better than sixth order Taylor expansion. This result
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ISOTROPIC DoFs

EBBT 204.841f 1,275.062f 2,362.411l 3,532.153f 4,134.70 6,817.114f 75
FSDT 236.721f 1,440.262f 1,974.991l 3,857.433f 4,797.24 5,127.092l 125
TE1 236.721f 1,440.562f 1,975.721l 2,564.231t 3,863.163f 4,189.16 225
TE2 192.111f 477.531t 760.142f 1,459.313f 1,612.402t 1,686.642f/1t 450
TE3 146.081t 178.771f 574.882f/1t 656.272f 784.682t 1,334.083f 750
TE4 143.501t 177.671f/2t 440.512t 551.852f/1t 644.932f 1,004.752f/2t 1,125
TE5 141.291t 175.571f/2t 398.162t 545.282f/1t 630.292f 985.172f/2t 1,575
TE6 141.021t 175.361f/2t 394.902t 544.192f/1t 623.582f 931.443t 2,100
LE9 140.761t 175.151f/2t 392.402t 543.142f/1t 620.452f 903.953t 12375

0◦ / 90◦

EBBT 306.851f 1,908.952f 3,597.291l 5,283.053f 6,336.25 10,186.514f 75
FSDT 305.401f 1,613.571l 1,756.702f 4,394.663f 4,677.812l 6,391.16 125
TE1 305.341f 1,614.491l 1,757.562f 1,735.041t 4,412.693f 4,697.502l 225
TE2 213.711f 409.571t 720.722f 1,388.623f 1,537.572t 1,613.462l 450
TE3 122.291t 192.671f 489.722f/1t 625.662t 666.402f 1,115.843f/1t 750
TE4 121.511t 191.391f 387.002t 480.172f/1t 579.332f/2t 845.823f/2t 1,125
TE5 118.591t 187.471f 354.822t 474.482f/1t 559.202f/2t 834.313t 1,575
TE6 118.421t 186.941f 353.192t 472.662f/1t 547.552f/2t 808.463t 2,100
LE9 118.231t 185.821f 346.802t 471.372f/1t 542.182f/2t 770.113t 12375

45◦ / −45◦ / 45◦

EBBT 138.721f 865.162f 1,791.041l 2,403.823f 3,305.63 4,658.834f 75
FSDT 204.861f 1,244.482f 2,277.301l 3,327.613f 4,724.06 6,124.914f 125
TE1 202.151f 1,225.362f 1,819.341t 2,296.411l/1t 3,228.733f 3,740.064f 225
TE2 161.491f 503.371t 707.472f 1,318.893f 1,368.592t 1,615.604f 450
TE3 138.351f 195.581t 589.022f/1t 633.492t 860.822f/2t 1,205.233f 750
TE4 133.831f 171.851t 435.122f/2t 556.702f/1t 695.332t 1,017.863f 1,125
TE5 131.661f 169.631t 404.012f/2t 537.862f/1t 657.392t 963.953t 1,575
TE6 130.881f 169.091t 401.022f/2t 531.982f/1t 639.612t 923.473t 2,100
LE9 127.561f 165.411t 391.832f/2t 513.972f/1t 621.572t 889.133t 17325

Table 5: Natural frequencies [Hz] for triple-layers composite blade by different theories - Thickness
equal to L/50. f : flapwise, l: chordwise, t: torsional frequency.

may have been altered by comparison of non-identical modal shapes.
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3.4. Rotating blades

Figure 11 shows the frequency values computed with TE4, TE5, TE6 and LE9

models as function of the rotational speed for the [45◦/ − 45◦/45◦] configuration.

To enable the comparison with the results presented in Ref. [21, 32], the circular

frequencies (ω) and the speed have been reported in the following nondimensional

forms ω∗
n = ωn(

√
12ρL4(1 − ν2)/Et2) and Ω∗ = Ω/ω1, where ω1 is the natural fre-

quency, E the Young module for an isotropic plate and ν the Poisson coefficient.

These Campbell diagrams demonstrate the differences between the various compu-

tational models. Indeed, for the TE4 model, the first frequencies trend revealed a

considerable agreement with LE9; instead, some discrepancies can be observed for

higher frequencies. Rising the Taylor expansions order can be highlighted as an

increasing similarity between the models.

It is interesting to note that, varying the fibers’ lamination angle, mode shapes are

different with the increasing rotational speed. Fig 12 and 13 show a MAC com-

parison between two different nondimensional rotational speed, for [45◦/− 45◦/45◦]

and [0◦/90◦/0◦] configurations respectively. In the latter case a mode exchange

among the first two frequencies can be pointed out. Therefore the lamination angle

influences the shape of the vibration modes as the rotation speed changes.
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Figure 11: Evolution of natural frequencies versus rotational speed for the [45◦/− 45◦/45◦] com-
posite blade
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4. Conclusions

In the present paper, refined theories have been used to study the dynamic response

of composite rotating blades. Several structural models and lamination schemes

have been considered to assess their accuracy. In light of the proposed results, it is

possible to draw the following conclusions:

1. For both the isotropic and orthotropic blades, the use of finite elements based

on higher beam models leads to accurate results regardless of the lamination

scheme.

2. Classical theories yield acceptable qualitative results for a limited range of

problems.

3. Higher-than-sixth-order TE models provide natural frequencies values similar

to the LE9 reference model, with a high computational saving.

4. When torsional or bending-torsional coupling mode shapes occur, higher the-

ories are mandatory to predict correct values of frequencies.

5. For TE higher-order models, frequencies as a function of the rotational speed

show an analog trend with the LE9 models.

6. The lamination scheme affects the dynamic behavior of the blade. For rotat-

ing structures, different lamination cause a frequency switching that does not

appear for every stacking sequences.

7. An increase in thickness leads to frequencies at higher values. Among the

different structures with several thickness the modes of vibrating are very

similar in most cases.

The results obtained can be used as a benchmark for future studies, furthermore

this study lays the basis for further analysis, such as the study of the time response

of a rotating plate.
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