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Non-local multi-class traffic flow models

Felisia Angela Chiarello ! Paola Goatin '

August 2, 2018

Abstract

We prove the existence for small times of weak solutions for a class of non-local systems
in one space dimension, arising in traffic modeling.  We approximate the problem by
a Godunov type numerical scheme and we provide uniform L 1 and BV estimates for
the sequence of approximate solutions. We finally present some numerical simulations
illustrating the behavior of di<erent classes of vehicles and we analyze two cost functionals
measuring the dependence of congestion on traffic composition.

1 Introduction

We consider the following class of non-local systems of M conservation laws in one space
dimension:

@it x) + @ it X)Vi((r =)t x)) =0, i=1,.., M, (1.1)
where

X
r(t, x) := (L, X), (1.2)

i=1
Vi(<) == v " (<), (1.3)

Z X+

(r f=I)(t, x) := rit, y)! i(y x)dy, (1.4)

and we assume:

(H1) The cgg%yolution kernels ! i 2 €1([0, 3F: R*), 4> 0, are non-increasing functions such
that "'i(y)dy=Ji. We set Wy := max=1,..m i(0).

(H2) v ™ are the maximal velocities, with 0 < v 3 dvax J... Jv pax,

(H3) :R * IR * is a smooth non-increasing function such that (0)=1 and (r)=0 for
I 1 (for simplicity, we can consider the function (r)=max{1 r, Op).

We couple [1.1) with an initial datum

»i(0, x) = ~»?(x), i=1,..., M. (1.5)
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Model is obtained generalizing the n-populations model for traffic flow described in [3]
and it is a multi-class version of the one dimensional scalar conservation law with non-local
flux proposed in [4]] where i is the density of vehicles belonging to the i-th class, % is
proportional to the look-ahead distance and J is the interaction strength. In our setting, the
non-local dependence of the speed functions v describes the reaction of drivers that adapt
their velocity to the downstream traffic, assigning greater importance to closer vehicles see
also [6,[8]. We consider di<erent anisotropic discontinuous kernels for each equation of the
system, therefore the results in [1]] cannot be applied. The model takes into account the
distribution of heterogeneous drivers and vehicles characterized by their maximal speeds and
look-ahead visibility in a traffic stream. One of the limitations of the standard LWR traffic
flow model [10] 11] is the first in first out rule, conversely in multi-class dynamic faster vehicles
can overtake slower ones and slower vehicles slow down the faster ones.

Due to the possible presence of jump discontinuities, solutions to),) are intended
in the following weak sense.

Definition 1. A function >= (> 1 ---»#)2(L "WL* )0, T[ »R; K), T>0, isaweak
solution of ({TA), (-5} if
Z.Z, Z,
@+ > Vi(r 5@ (t, x) dx dt + D(x)'(0, x) dx =0
0 1 1
forall '2¢ 11 1, T[-R;R),i=1,..., M.

The main result of this paper is the proof of existence of weak solutions to (1 ,
locally in time.

Theorem 1.Let V(x) 2 (BV | L IYR:RY), fori=1,..., M, and assumptions (H1) -
(H3) hold. Then the Cauchy problem ({.1), (1.5)|admits a weak solution on [0, T [ =R, for
some T > 0 sufficiently small.

The paper is organized as follows. Section 2 is devoted to prove uniform L 1 and BV
estimates on the approximate solutions obtained through an approximation argument based
on a Godunov type numerical scheme,see[[7]. We have to point out that these estimates
heavily rely on the monotonicity properties of the kernel functions ! i. In Section 3 we prove
the existence in finite time of weak solutions applying Helly’s theorem and a Lax-Wendro <
type argument, see[S]. In Section ﬂNe present some numerical simulations for M = 2.

In particular, we consider the case of a mixed flow of cars and trucks on a stretch of road,

and the flow of mixed autonomous and non-autonomous vehicles on a circular road. In this

latter case, we analyze two cost functionals measuring the traffic congestion, depending on
the penetration ratio of autonomous vehicles. The final Appendix contains an alternative

proof of Theorem [’_T] based on approximate solutions constructed via a Lax-Friedrichs type
scheme, which is commonly used in the framework of non-local equations, segl[fl] 2! 4].

2 Godunov type approximate solutions

Firstof all, weextend! i(x)=0forx>2 i. Forj 2Zandn2N, letxyp =j X
be the cells interfaces, X; = (j 1/2) xthe cells centersandt " = n tthe time gesh.
We aim at constructing a finite volume approximate solution » * = 2% ..., 7* | with
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Xt x)=-0 for(t x)2C [ =[t" MV [y 4pr X Jandi=1, ..., M.
To this end, we approximate the initial datum -9 forj= 1, ..., M with a piecewise constant
function

Xjr172
0= T oyax,  j2z
X Xji
Similarly, for the kernel, we set
j+1/2
te= U oy dx, k2N,
X Xj
P R
sothat Xx 1, /K= 0#-’ i(x)dx =J i (the sum is indeed finite since ! ¥ =0fork  N;
sufficiently large). Moreover, we set Il’lk = "’fﬁk fork 2 N and
i=1
0 1
X
Vi =vrx @ x I AL =1, M, 22 2.1)

k=0

We consider the following Godunov- type scheme adapted to t- 0 (1.1), which was introduced fin [7]
in the scalar case: 98
W=l Vi Vi (2.2)

where we have set = —..

2.1 Compactness estimates

We provide here the necessary estimates to prove the convergence of the sequence of approx-
imate solutions constructed via the Godunov scheme|[(2.P).

Lemma 1.(Positivity) For any T > 0, under the CFL condition

1

R @9

the scheme [2.2) is positivity preserving on [0, T] =/R.

Proof. Letusassumethat »); Oforall j2Zandi21,.., M. Itsuffices to prove that
71 in (2:2) is non-negative. We compute
v *

T Vi e V0 @4

under assumption [2.3). .



Corollary 2. (L'-bound) For any n 2 N, under the CFL condition (Z.Me approximate
solutions constructed via the scheme) satisfy

A= P =1, M, (2.5)

where -7 = XP j »7/- denotes the 1 norm of the i-th component of » *.

Proof. Thanks to Lemma foralli2{1, ..., M} we have

>n+1 X >N+1 X ; 1 S n n n % X S
s e X 7 W Vit Vi o= X
j j j
proving (2.5). k-

Lemma 2.(L" -bound) if >, Oforall j2Zandi=1,..,M, and (2[3) holds, then the

approximate solution » * constructed by the algorithm|(2.) is uniformly bounded on [0, T ] =R
for any T such that Y .
1

0 max O
T< M-~ 1VM 1 W

Proof. Let »=max{~[; 4 7} Then we get

H % v H 5
S+l _ .n n n n x— n n
=i 1 Vi e Vi o 1+ Vi Vi (2.6)
and
0 1 0 1
vnoovno o —ymax o @ X% 1ken A @ x ken A
i it = Vi Tijak i jrke
k=0 k=0
max O | keon n
av] 1 X (g Fisk )
k=0
X
_ 0 n k 1 ky.n
=y nax ;X !,Orj + (i "i)rj+k
k=1
0
gvpax T xMk~"k; !i(0) (2.7)
where k-k; =(> 4, ---,#) ; =maxij “j . So,until k»-"K; JK, for some K -0
we get 23

S k="K MKy R O Wt

which implies
k-"k, g 0 €Nt
1

with C=MKv Jx  © W, Therefore we getthat ~(t, ) , JK for
!

1 | K g 1
MKv maxk (kl W, n -0 ] Me » 0 ] vmaxk Okl W0’

to
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where the maximum is attained fork =e » © , .

Iterating the procedure, attimet m m TwesetK=¢e
solution is bounded by K untilt ™' such that

™ 50 . and we get that the

m

tm gt™ 4+ .
Mem >0 vmaxk %, W,

Therefore, the approximate solution remains bounded, uniformly in  x, atleastfort T
with

1 X m 1
TO —J .
M- 0 1 Vmaxk q(l WO =1 en M- 0 1 Vmaxk q(l WO
Remark 1. Unlike the classical multi-population model [3], the simplex
8 9
< )Q/’ =
S:= »2RM: 291, % oOfori=1,...,M
) =1 ’
is not an invariant domain for (, see Figure for a numerical example.
Indeed, let us consider the system
@i(t, x) + @ “i(t, x)vi(rt, X)) =0, i=1,.., M, (2.8)

where r and v; are as in (1.2) and (1.3), respectively. We have the following:
Lemma 3.Under the CFL condition

5 1
vmax Kk ; +k %,

’

for any initial  datum >, 2 S the approximate solutions to (2.B) jomputed by the upwind
scheme h i
S —

/ i FCL ) Fe ) (2.9)
with F(»>], %4 )= > (r i1 ), satisfy the following uniform bounds:

>12S 82Z n2N.

Proof. Assuming that -/ 2 S for all j 2 Z, we want to prove that » [*' 2'S. Rewriting 2.9).

we get
1 h i
S N max -/1. n max -1, n
ij = iy vi i (r ) Vi ij o1 (rj) -
Summing on the indexi=1,..., M, gives
1 1 W ¥ h [
n+1 — SNt Sl max /1. n max -1, n
ri= = ij = if Vi ij (r +1 ) Vi i o1(rj)
i=1 =1 =1
_ . n n max -1, n max -1,
Srjp+(roj) VT (rj) Vi

=1 =1
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Figure 1: Numerical simulation illustrating that the simplex S is not an invariant domain for
(1.1). We take M = 2 and we consider the initial  conditions »1(0, x) =0.9 | ¢5 o3 and
7(0,x)=0.1 | 100 + 10+1 depictedin (a), the constantkernels! (x)=! 2(x)=1/%,
J£= 0.5, and the speed functions given by v’ =0.2, VJ'* =1, (<) = max{1 « 0} for
< 0. The space and time discretization stepsare x=0.001and t=0.4 x. Plots
(b) and (c) show the density profiles of 1, % and theirsumrattimest=1.8, 2.8. The
function maxyor r(t, x) is plotted in (d), showing that r can take values greater than 1, even
if r(0, x) = » 1(0, x) + »2(0, x) 4 1.

Defining the following function of 9,’-’

n n n n . n .
(- Mj)=rp+ (roj) v g (rje) VI
i=1 i=1

we observe that
W
(0,...,0)= (0) vmax st Okk ; viEx g1
if J1/nv Je*kk ; and

(Ao R ) =1 () VM O



P
for »7 2 Ssuchthatr ' = . % =1. Moreover

@
@T(“’P)=1+ o(r/n) vnaxsli g (r ;-7!-1 im0
& i=1
i 3
if J1vfEx kk, + %, . Thisprovesthatr™' 1.
To prove the positivity of (2.9), we observe that

H S
Bl U VI ) v P ) 0

if v kK ;. e
Lemma 4.(Spatial BV-bound) Let # 2(BV\L ') (R R")forall i=1,.., M.If (2.3)

holds, then the approximate solution ~*(t, -) constructed by the algorithm ) has uniformly
bounded totalyariation for t 2 [0, T ], for any T such that

TJ min 2.10
i=t..M  HTV (> 9)+1 (2.10)
¥ 3
where H = k-k ; ViP*WoM  6MJ ok, 2, + ©°, .
Proof. Subtracting the identities
1 n ; N n S \/n %
N+ —_ - -
Tt = i i Viie2 ] \Si’é’jﬂ s (2.11)
=Rl Vi YT (2.12)
and setting f,',-+1/z = -l 7ij, we get
1 n \ N n n n n n %
n+ — .
[Ny R 2 V7 ij+1 Vi,j+2 21, Vi,j+1 + i 1V
Now, we can write
1 v n g:g n
n+ —
ij+172 "~ 1 Vi,j+2 ij+1 (2-13)
+Voij
S i”n " n n 3:8
G Vipe o 2% *+ Vi (2.14)

Observe that assumption guarantees the positivity of (2.13). The term (2.14] can be
estimated as

v 2V .+ v =

o Tt 1 0 1 0 11
X X X

vy @ xT 1k, A 2 @xT kL A @ x 1k AR
k=0 k=0 k=0



0
—, max 0. x@ !krn kpn A
=V (5+1) i jrk+2 i jrk+1
=0 =0
0 1
[0 kyn kyn
+ve Yq) x@ g, i e A
=0 =0
0 1
—,, max 0 @XL k1 pky.n 10pn A
=vit? Age1) X (i Fil e e
k=1
0 1
v Qq) x@ (¢ F O Ny +1 Pr7A
k=1
0 1
[0 [0 k k
=V ) M) X@ T e TP A
=1
0 1
max O . X@ p k1 kyn rn I YPL Y RN
+v, (‘]) ( i T )(I’ j+k+1 jrk )+- /(f/ j+1 )
=1
0 W 1
X
00%. . k
= v ?(j+1/2 N1 ) X@ PO ks
k=1 =1
0 W 1
1
o0 . k 1 k n n
+v'* Tq) x@ (i D B ! g1z T
=1 k=1
ith «j 21 : XP+1 ] kpn xP+1 I krn ¥ d*« 21« j, « h t
Wi ) N k=0 " i l+k :(_ k=0 " i j+k+1 an j+1/2 ] l+1 , where we se
I(a, b) = min{a, b}, max{a, b} . For some #, u 2 [0, 1], we compute
X Ik)Q” X ’k)Q”
G+1 G=# X T ke T #) X i k1
k=0 =1 k=0 =1
X Ik)Q/’ X Ik)Q/’ ;7
H X i Jjrk+1 1 w x +k
k=0 =1 k=0 =1
XL X M
=# X ke T #) X Jrk+1
=1 =1 =0 =1
X X
k k+1
H X L Jrk+1 1 w X I Jk+1
=0 =1 =1 =1
- x #1k 1 |k I k | k+1 | N
= X +(1 K (1 W Jrk+1
k=1 =1
+(1 # xp pu x!o ~>”J.+1



By monotonicity of ! i we have
I GOV T C BT I AR B

Taking the absolute values we get

8 9
<X—I h k k k | -
GG 0 o x o #HETe@ Wl T 4P Mk "k,
g ? 9
<% h k i - n
X eI v a1 D Mk "k
T k=2 ’

d x6WMk>"k; .

P
Until = ; "; 0K for =1,..., Mforsome K;
and rearranging the indexes, we have

j %, taking the absolute values

X oo
RPE g 1 Vi Vi o+ THKG,
) J
H 8
where H = k-k ; ViIPXWoM  6MJ ok-k ; 001 + 0 ;- Therefore, by (2.7) we get
n+1 J X n t HK
ij+1/2 ijpe (11 tG)+ 1
) J
with G =v fix %, WoMk-k ; . We thus obtain
X X
n Gn t 0 HK n t
e 9@ e Te 1,
j j

that we can rewrite as

TV (i ) t) 68 TV () e T
gerin LTy (941 1,

since H G and itis not restrictive to assume K 1 1. Therefore, we have that TV (» *) d
K, for
!
1 K1 + 1

to
A IE e

AK



where the maximum is attained for some Ky <€ TV (»f) + 1 1 such that
!
Ki+1 LY

| = .
TWEDHT T Ky

Therefore the total variation is uniformly bounded for

1
He TV (»P) + 1

lterating the procedure, attimet™, m 1wesetkK;=e™ TV (»?)+1 1 and we get that
the solution is bounded by K 1 until t ™' such that

m
tm1 gt™m 4 . 2.15
He™m Tv (-0) + 1 ( )

Therefore, the approximate solution has bounded total variation for t d T with

1
HTV (> ) + 1

—

Corollary 3. Let A 2 (BV L 1 ) (R; RY). If (2.3) holds, then the approximate solution
> X constructed by the algorithm has uniformly bounded total variation on [0, T] —/R,

for any T satisfying (2.10))

Proof. IfTJ t thenTV (»;*;[0, T] #/R) dTTV (). Letus assume now that T> L
Letnt 2NY{0}suchthatn 7 t<Td(n 7+1) t Then

TV (» %;[0, T] #/R)

X 1 X n N X ST ST X 1 X +1 N
= t ij+1 ij * (T nr 1) ij+1 ij T X ij ij -
2z

{z

n=0 j2z ) n=0 j2z
ITsup o7y TV(> i “)t-)

We then need to bound the term
™ 1X

sntl
X 70 i

n=0 joz

From the definition of the numerical scheme [2.2), we obtain

Y %
B N N R VL RV
T ij = oaVie o i Vijer
v H £ H 36*
] n n n N
= o1 Vi Vi Vi hoa i

Taking the absolute values and using|[(2.T) we obtain
v .

SN+ . 0 n . Ny . .
W 9 v T Mk "k i) Xl g +vMkky g

10



Summing on j, we get

X n+1 S 0 n X n
Xt o = T M-k Hi) T Xl
j2z j2z
X
+V’maxkk1 t {7] 1 i
j2z
which yields
XX +1 LD
X0
n=0 j2z
gvpekk ; Tsup TV (2 )t ) +vi* ©, MW Tsup =%t ) (@t )
2[0,7] 12[0,7] ! 1
that is bounded by Corollary £,|Lemma Pland Lemma ff] =

3 Proof of Theoreml1

To complete the proof of the existence of solutions to the problem (1 (1.5), we follow a
Lax-Wendro+« type argument as in [4], see also[[9],to show that the approximate solutions
constructed by scheme [2.2) converge to a weak solution of (1.1). By LemmaP] Lemmal4|

and Corollary B] we can apply Helly’s theorem, stating thatfori=1,..., M, there exists a
subsequencestill denoted by ~ *, which converges to some »2 (L 11 BV)([0, T] #/R; R")
inthe L L-norm. Letusfixi2{1,...,M}. Let'2C ([0, T[ —»R) and multiply by
(t " X). Summing overj2Zandn2{0, ..., nT}we get
& 11X v ¥
« "X
n=0 J
o1X v ¥
= ") Vi oA
n=0 J

Summing by parts we obtain

X n X 0 AX v " ] %,n
(T N LA+ 0 - ") )
) J n=1 J
X TX n n n n
+ ¢ " K1) (") Vi g =0, (3.1)
n=0 j

Multiplying by  x we get

X ' t X\ T X ! -\ .0
X (7 1) LX), + X (0, x j)~ij (3.2)
j )
TX 1x (t n, X; (t n1 X
+ X t ( I) ; I) ,7'7] (33)

n=1 J

11



IX M x ", X
+ X t ( j+1 )X ( /) \/ig+1 {7] =0. (3_4)

n=0 j

By L\, convergence of »* ! > i, itis straightforward to see that the terms in (3.2), | (3.3)

loc
converge to

z . w Z7Z

v"’,o(x)'(O, X) si(T, x)(T, x)  dx+ %i(t, X)@'(t, x) dx dt, (3.5)
R 0 R

as x!0. Concerning the last term (34), lve can rewrite

1 1} 1}
tnx X (t n’Xj+1 ) (t n’)(j)vn N

X X i+ b
n=0 j
K 1X ", X 't”X-i EiS
» Xjq : ) )
- x 2 ) B v, 4wy (36)
n=0 j
1 i 1
. x trb( Xt " %) (€"%)
X i Vij -
n=0 j
By (.7} we get the estimate
Vil Vi ovime O xMkok §1i(0).
SetR >0suchthat(t, x)=0for x| >Randj ¢ J12Zsuchthat R2 X, 1 Xj o+ %] and

R2xj, 1%, 1] then
XT X r(t n X ' n X;
$Xer ) (X)) )
Xt e (7 Vi 0 Vi)
n=0 J
RT X
J x tk@k vmax 0 Mok 2 15(0) X
n=0 j=j o

ok@k , vmax 0 Mk-kZ2!i0) x2RT,

which goes to zeroas x /0.

Finally, again by the L1 _ convergence of

X ! >
loc

i, we have that
Z:Z

XX e ", x, " X
Xt %) %) pyn Q'(t, x)» i(t, X)vi(r /=) dx dt .
0 R

_ X WG
n=0 J

4 Numerical tests

In this section we perform some numerical simulations to illustrate the behaviour of solutions
to ( for M = 2 modeling two di<erent scenarios. In the following, the space mesh is set
to x=0.001.

12



4.1 Cars and trucks mixed traffic

In this example, we consider a stretch of road populated by cars and trucks. The space
domain is given by the interval [ 2, 3] and we impose absorbing conditions at the boundaries,
adding N1 = 2/ x ghost cells for the first population and N, = 2/ x for the second one at
the right boundary, and just one ghost cell for both populations at the left boundary, where
we extend the solution constantly equal to the last value inside the domain.The dynamics is
described by the following 2 —/2 system

(
@(t, x) + @ 1(t, )P ((r=! 4)(t, x)) =0,

4.1
@t X)+ @ ot VI (- 2)(t, X)) =0, @1

with
2 v x*
Fapx) = 1 : #=0.3,
i
!Z(X)= %, 1 %, , %=0.1,
(<)=max{1 « 0}, < 0,

Vi =0.8, Vo' =1.3.

In this setting, 71 represents the density of trucks and - is the density of cars on the road.
Trucks moves at lower maximal speed than cars and have grater view horizon, but of the same
order of magnitude. Figure|2|describes the evolution in time of the two population densities,
correspondent to the initial configuration

?1(0,x)=0.5 [ 11, 16
720, X) =0.5 [ 16 197

in which a platoon of trucks precedes a group of cardDue to their higher speed, cars overtake
trucks, in accordance with what observed in the local casel[3].

4.2 Impact of connected autonomous vehicles

The aim of this test is to study the possible impact of the presence of Connected Autonomous
Vehicles (CAVs) on road traffic performances. Let us consider a circular road modeled by
the space interval [ 1, 1] with periodic boundary conditions at x = +1. In this case, we
assume that autonomous and non-autonomous vehicles have the same maximalspeed, but
the interaction radius of CAVs is two orders of magnitude grater than the one of human-driven
cars. Moreover, we assume CAVs have constant convolution kernel,modeling the fact that
they have the same degree of accuracy on information about surrounding traffic, independent
from the distance. In this case, model ) reads

8
@")1 (t’ X) + @ ")1 (t7 X)V[]nax ((r/4_’ 1)(t' X)) = 0! i= 1! ey M;
@7y(t, X) + @ 2t X)VE* ((r! 2)(t X)) =0,
E ”1(0, x) = (0.5 + 0.3 sin(5 %)),
© (0, x)=(1 ) (0.5 + 0.3 sin(5 7x)),

(4.2)

13
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v .

2 X
I J(x) = 1 , =0.01,
2(X) 7 7 7%
(Jmax(t 0}, .
VTaX = Vg’ax =1

Above ~1 represents the density of autonomous vehicles,” the density of non-autonomous
vehicles and 2 [0, 1] is the penetration rate of autonomous vehicle. Figure displays the
traffic dynamics in the case =0.9.
As a metric of traffic congestion, given a time horizon T > 0, we consider the two following
functionals:
Zr
J()= d| @r| dt, (4.3)

T

()= VP 06X + ol VEF ()G X) dE, (4.4)
0

wherex = x o *0. The functional J measures the integral with respect to time of the spatial
total variation of the total traffic density, see [5]. Instead, the functional measures the
integral with respect to time of  the traffic flow at a given point X, corresponding to the
number of cars that have passe through x in the studied time interval.  Figure E|disp|ays
thevaluesofthefunctionalsJ and fordi<erentvaluesof =0, 0.1, 0.2,...,1. We can
notice that the functionals are not monotone and present minimum and maximum values.
The traffic evolution patterns corresponding these stationary velues are reported in Figuré b,
showing the (t, x)-plots of the total traffic density r(t, x) corresponding to these values of
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Appendix A Lax-Friedrichs numerical scheme

We provide here an alternative existence proof for (, based on approximate solutions
constructed via the following adapted Lax-Friedrichs scheme:

3 3
. — n n n
=l Fiin  Fij an (A1)
with - 1, U 1, n ‘uiﬂﬂ > 3
ez =50 Y 5T Vi T T T (A.2)
where « 1 is the viscosity coefficientand = —-
Lemma 5.For any T > 0, under the CFL conditions
~<1, (A.3)
< VKK (A4)

the scheme [A.2)-(A.1) is positivity preserving on [0, T] =/R.
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Proof. Letusassumethat »); Oforall j2Zandi21,.., M. Itsuffices to prove that
1 in (A1) is non-negative. Compute

v E:
ol 0 Ny NN A yn N yn
o =it 5(_(7,/41 27 + 2 q)t 5 i Vi 1 e Vijer (A.5)
v 3 v E:
_n n n n n
= i 15 ~+Vii ¢ +~ij(1 )+ i+ 2 < Vi,j+1 ’ (A.6)
under assumptions [A.3) and (A.4), we obtain that - ;"' is positive. =

Corollary 4. (L' bound) For any T >0, under the CFL conditions (A.3)-(A.4)|the scheme
(A.2] (E preserves the L1 norm of the i-th component of > .

Proof. See proof of Corollary[2. e

Lemma 6. (L’ -bound) if *; Oforall j2Zandi=1,..,M, andthe CFL condi-
tions (P\.3)-(A.4)|hold, the approximate solution » * constructed by the algorithm[(A.2){A.1)

is uniformly bounded on [0, T] =/R for any T such that
v .
T< M»0 i oW, . (A7)

Proof. From we can define

v 38 ¥ 38
= 5"’:‘7/ etV (1 A+ §Ji?j+1 < Vi
B n o)
Let »=max “; 4 7j» 71 - Then we get
0 H 3
e 1+§ Vi 1 Vi
and by
0
Vil 1 Vi o2vl T, x!i(0)Mkok 4 - (A.8)
Therefore, until k»"K; JK, for some K >0 1, we get
o 36
St 5k"’nk1 1+ MKv j* 0 1 Wo t,
1
and we can reason as in the proof of Lemmg 2. -

19



Lemma 7. (BV estimates) Let ¥ 2(BVIL 1) (R R")foral i=1,..,M. If (A4]
holds and

2
taZ«—J+ xk %, Wyvmax -k, X (A-9)

then the solution constructed by the algorithm (A.2)-(A.1) has uniformly bounded total vari-
ation for any T such that

1
TJd min (A.10)
i=1,...M DTV (> 9)+1
\ 00 0 %
where D = k~k ; VII*WoM  3MJ ok-k; , +2 P
Proof. Subtracting the following expressions
Y %
Hn+1 — ., n n n ,n S n Y n
e =i YAl 200 i )t s Vi e Vipe
i #
o =iyt 54{7/ 1 27 t 2 )t 5 WVij i1 Vi
we get
n+1 = _« n¥l n _« n*l
j+1/2 5 W1 +(1 ) it 5 i3
0 H % H £
n n n n n n n n
+ 5 Vil et Vi Vi Vika ipae * it Vipr Vi
Now, we can write
vh ovyn o —ymax G, XX_’ IK)M =y N
i Vij 1=V (5 1) i Jj+k k1
=0 =
—max O XXL Ik X n
=vi™ 9 1p) i Jtk AR
=0 =1
1
max O X x k1 k+1 10 A
=vi (5 1) X@ (S R SRS W BTl
=1 k=0
and
VA vh o _—,max O XXL IK)M oy N
ij+2 i1 = Vi (]+3/2 ) 1 Jrk+2 Jrk+1
k=0 =1
—,max O_ XXL I K X n
=v] (5322 ) i k432
=0 =1
1
—,max O _ X @ X p k1 ky, 19%5» A
=V (54372 ) (/i i) ke 32 e PN
=1 k=1
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n+1 =
ij+1/2 ,
v ng:g n n v n 3:g n
=3 77 V'lé it D e t 5 7 Vg e 1
0 1
X x
N 0 K 1,0 N
T 1&‘/:"13’( (5 1n) X@ ¢CF TENY e 1 1Ag
=1 k=0
0 0 11
XX
. 0, kK 1 ky .n
> ’f,-ﬂ % fax (‘/+3/2 ) xX@ (! i)” JHk+1 lOﬂ/+1 Ag
=1 k=1
- V(_/+V’78:g n + (1 n + v(—J (VAL * n
=5 o ioap Vg tp 23R
H *
+ 5("’?] v e ) ViEViT
2 1
X x
] 0. k k+1\.n ;
* 5 i gvlmax (5 1) X@ (i ey e YA
=1 k=0
0 1
+ymax G X@Xﬂ |k T k¥t 1057 A
v (54322 ) (D R A
=1 k=0
0 13
X X
0 K K .
Vimax ("j+3/2 ) X@ (-’i ! "i)"’n,j+k+1 'IiOﬂ,j+1 Ag
=1 k=1
— ‘I((_J+ \/ng:g n + (1 n + V(—/ v n
=5 (] i 1e t( ) ij+1/2 5 ij+2 ij+3/2
2 % % 2
‘voooyn o
5 Vi i1 i 172 ij+1/2
2 0 " 1
X
SN 0 ) . k k+1y\ N i}
* 5 i gvlmax (51 )5 12 “Gap ) X@ (i Y e YA
=1 k=0
0
XX ¥
0 K k1N N n N
+v* Aan ) X@ ¢ TEDE ez ) PO 1)
=1 k=0
Y %
_ n
=5 “~+Vii ¢ i e (A.11)
v H 36*
n n n
+ 1 < 5 Vi Vij ij+172 (A.12)
V n gzg n
3 < Vik2  ijan (A-13)
0 1
X X
N 00~. .. k n
5 ’f,-+1 gvlmax ?(j+1 W5 12 ar ) x@ ! Jtk 12
k=0 =1
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0

h W *
0 k+1 k n n

+ V™ A i ) x@ (¢ ') k12 T ke

k=0 =1
13
N %
_O n . n
+ it e Ag'

X /k)eﬂ N X lk%’ N
G Sjezp =H# X7 Tk (1 #H X 7k 1
k=0 =1 k=0 =1
x oW x oW
poxo k2 (1o x ket
k=0 =1 k=0 =1
X ,k)eﬂ ) | k+1 X 0
=# x ! e T(1#H X I ik
k=0 =1 k=1 =1
X X X X
k k
H X II 2 ﬂ,j+k (1 H) X !I ! ﬂ,j+k
k=2 =1 k=1 =1
X h X
R e G T A ("
k=2 1 =1
+# X@I,O ﬂ}] +/ ,'1 ﬂ,j+1 A
=1 =1
0 1
N 1%’ N N
(1 # x@) g vl Tyt T A
=1 =1 =1
0 1
(1 W x@p A
=1
By monotonicity of ! s#we have
MEe@ W 2oyt oo,
Taking the absolute values we get
8 9
<X h k k k | ) n
G Gap 9 X, pli2e@ ot UO#T 1 s T +3060(0). Mk-"k;
8 ' ) 9
< I}2 i =
o) X_ 'Ilk 2 .’Ik+1 + 3/ ,(O) Mk—»nkl
T k=2 ’

J x6!i(0)Mk~>"k; .
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Observe that assumption (A.4) guarantees the positivity of ~ (A.11) and (A.13)] ~ Similarly,
ensyres the positivity of (A.12).

P
Untl  ; "; 0K yfor =1,..,MforsomeK i 9; . taking the absolute
values and rearranging the indexes, we have

X v *
j j
H ¥
where D = kk ; ViP*WoM 3MJokk; %, +2 %, . Therefore, by we get
X
:",7/:11/2 g imp (1+ tC)+ DK,
) J
with C=v iex %, WoMk-k ; . In this way we obtain
X
1 Cn t 0 DK .n t
e € i e 1,
j j

that we can rewrite as
TV (>, x)n t-)de" tTV:(--»P)+eDK1"3; 1
gePkam tpy P+ 1, (A.14)

since D 2C and it is not restrictive to assume Kj % Therefore we have that TV (4 x) d

K, for
!

1 K1+1

td [
DK, n TV(~>,°)+1

where the maximum is attained for some K4 € TV (»f) + 1 1 such that
Ki+1 | K,
TV +1 K+t
Therefore the total variation is uniformly bounded for
1
De TV (»0) + 1

In

lterating the procedure, attimet™, m 1wesetkK;=e™ TV (»!)+1 1 and we get that
the solution is bounded by K 1 until t ™' such that
m
tmel gtm 4 . A15
Dem TV (»9) + 1 (A-15)
Therefore, the approximate solution satisfies the bound ) for t & T with

1
DTV (> )+ 1
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Corollary 5. Let § 2 BV(R; [0, 1]). If (A.3}-(A.4) holds, then the approximate solution > *
constructed by the algorithm M—QAJ } has uniformly bounded total variation on [0, T] —=/R,

for any T satisfying (4. 1 O)]

Proof. Letusfix T2R * suchthat (A.10) and (A.7)lhold. IfTJ t thenTV (»i x;R =
[0, T)) dTTV (»o) Letusassume now that T . Let M 2 N{{0} suchthatn 1 (<
Td(n t+1) t Then

TV (»i, x;R =0, T]) (A.16)
’b( 1X n N X ST ST rX 1X n+1 N
= U2 7 +(T N hy i X7
|n=0 j2z {7 j2z } n=0 2z
aTsup o711 TV(> i “)(t-)
(A.17)
We then need to bound the term
”X 1X n+1 "y
X "),'J' Cij o (A18)
n=0 j2z

Let us make use of the definition of the numerical scheme|[(A.2)-[A.1)), we obtain

U A
fj Ij

=5 <t Vit (Pij 1 7ij) 2 < Vi (Gij Vi)
+ E"’i,j 1 Vi 1 Vi
If holds, we can take the absolute value

S+ S
1J L]

=5 F Viper P10 Vi 5 < Vi i i

+ 5% 1 Vi1 Y
2

N

ij+1

Summing on j and rearranging the indexes we get
X

Xt
j2z
t X
= —= Zir T 24 Vo Vi
j2z
t X
+ = Y1 Vi1 Vi
j2z
t X v 0 *
= - 2 Y 2+ YPRX P x! so)m k=K,
j2z
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1
jez
which yields
X 1X
Xt (A.19)
n=0 j2z } v 1 .
ITeS™ 1 TV (-0) + 1 «J+§vmax 0, xWyMk~k, (A.20)
F Thk VP 0 WoMk—k, . (A.21)
Proof of Theorent 1.Let us define
n Iy = doyn, T yn T, #
(o [Q ERRY ij+N )= PR + 5 i1 Vi + PR ij+1

Fixi2{1,...,M} Let'2C ([0, T] —/R)and multiply (A.T)|by (t ", %). Summing over
j2Zandn2{0,1, ..., n 7} we get

X 1X n C o N %*
" X)) R i
n=0 J
X X v ®

_ e Ny, n e n 9
= ¢ %) g(wijr = Gpn ) 90 e et )
n=0 j

Summing by parts we obtain

X h X 0 XX v N ] 3@){7
(n 7 1) LX)+ (0, x )7 + X)) " X))
i J n=1
X 1X n n n p
+ " Xer ) €75 %) 9(ijr o e ) =0. (A.22)
n=0 J

Multiplying by X

X X KAX @ "x)y @ x
T ) b X o) e X ¢y w A g
J J n=1
(A.23)
KX ") ")
+ x t * X / g(--»fl-, ciey .€j+N )=O (A24)
n=0 J
By L\ convergence of”, x !> i, itis straightforward to see that the first two terms in
(A.23) converge to
z Z1Z
(-2(x)(0, x) 2i(T, X)(T, x)) dx + Ji(t, X)@'(t, x) dx dt (A.25)
R 0 R
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as x!0. Concerning the last term, we can observe that

0 » RVl
g(ijr - dpn ) i Vi
g I FINYL ) “yn \/_r?a'%g
5 i ot 5 G ij WVije1 ij Vi i
+ Vrl\Td]an k 1 1 n ax 0
g 5 "),r',]j+1 {]/ + §W0 XTV (>, x(t", )vm 1
—~+ vexk k
o A
g — 5 i o tJox

where J = v O, WoTV (»i, x(T, -)). Therefore, the last term in (A.22)| can be rewrit-
ten as

XX T ) )

7 N+ n .
X / = g(--»l-,/— g ey fj+N )
n=0 |
1 1 1 .
_ KX " Xy ) X)) poun
= x t ii Vi
. X I
n=0 J
1 1 1 .
e XX X))

. . n
> QCHy - T ) TV
n=0 j

By L. convergence of i> x ! > i and boundedness of {, the first term in the above decom-
position converges to Z.Z

2i(t, X)v(r f=15@ (L x) dx dt.
0 R

Set R > 0 such that (¢, x) = 0 for |x| >R and j ooJ12Zsuchthat R2Ixj, 12 Xge1s2 [
and :‘?Z]X]1 127 Xj1+1/2 [, then

(XX X))

X ‘ X (C[GARERS 'fjw\/ ) Vin)
n=0 J

o Y axk k *

& x tk@k AT S R B
n=0 j= o 2

— + ymaxk k , b GD'¢ ,
= %k@k ;X t ”);,7]+1 ’?j +k@k1 J x2R
n=0 j= o
g —+ Vixk k

Lk@k ; TV (>, x(T,") x+k@ak ;J x2R

which goes to zero when x /0.  Finally, again by the L. convergence of”; * ! > i, we
have that

XX ¢ "x (", X Z1Z
x t ( 1 )x ( /) V! Q@(t, x)~ i(t, X)vi(r #= %) dx dt.
n=0 j 0 R
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