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GLOBAL ENTROPY WEAK SOLUTIONS FOR GENERAL
NON-LOCAL TRAFFIC FLOW MODELS WITH ANISOTROPIC
KERNEL

FELISIA ANGELA CHIARELLO AND PAOLA GOATIN®

Abstract. We prove the well-posedness of entropy weak solutions for a class of scalar conservation
laws with non-local flux arising in traffic modeling. We approximate the problem by a Lax-Friedrichs
scheme and we provide L* and BV estimates for the sequence of approximate solutions. Stability with
respect to the initial data is obtained from the entropy condition through the doubling of variable
technique. The limit model as the kernel support tends to infinity is also studied.
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1. INTRODUCTION

We consider the following scalar conservation law with non-local flux

Op+ 0. (f(p)u(Jy*p)) =0, xzeR, t>0, (1.1)

where

T+
Boptt)i= [0 - oty >0 (1.2)

In (1.1), (1.2), we assume the following hypotheses:

f e CYI;RY), I=1{a,b] CR",
(H) veC3(L;RT)s.t. v <0,
Jy € CH[0,7];R") s.t.  J, <0and []J,(z)dz := Jo, Yy >0, limy o0 J5(0) = 0.

This class of equations includes in particular some vehicular traffic flow models [4, 11, 16, 19], where v > 0
is proportional to the look-ahead distance and the integral Jy is the interaction strength (here assumed to be
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independent of 7). In this setting, the non-local dependence of the speed function v can be interpreted as the
reaction of drivers to a weighted mean of the downstream traffic density. Unlike similar non-local equations [2, 3,
6-8, 12, 20], these models are characterized by the presence of an anisotropic discontinuous kernel, which makes
general theoretical results [1-3] inapplicable as such. On the other side, the specific monotonicity assumptions
on the speed function v and the kernel J,, ensure nice properties of the corresponding solutions, such as a strong
maximum principle (both from below and above) and the absence of unphysical oscillations due to a sort of
monotonicity preservation, which make the choice (1.2) interesting and justified from the modeling perspective.
Adding an initial condition

p(0,2) = po(z), z€R, (1.3)

with pg € BV(R; I), entropy weak solutions of problem (1.1), (1.3), are intended in the following sense [2, 3, 14].
Definition 1.1. A function p € (L' NL*® NBV)(R* x R; 1) is an entropy weak solution of (1.1), (1.3), if

+oo
/0 /R {lp = Klepe +sgn(p — K)(f(p) — f(K)v(Jy * p) s
—sgn(p = (90 * 9)0u (T, P}t + [ on(o) — g0, 2)da 2 0 L)

for all ¢ € CL(R%;R*) and x € R.
The main results of this paper are the following.
Theorem 1.2. Let hypotheses (H) hold and pg € BV(R;I). Then the Cauchy problem (1.1), (1.3), admits a

unique weak entropy solution p” in the sense of Definition 1.1, such that

Irﬁ%n{po} <p'(t,x) < mﬂgx{po}, for a.e. x €R, t > 0. (1.5)

Moreover, for any T > 0 and T > 0, the following estimates hold:

TV(p7(T,)) < eCUT TV (o), (L6a)
107 (T, ) = 07T =7, Ylga < 7D (17 ol + ol £ 110" TV (o), (L.6b)

with C(Jy) = J50) (I (LS Wleoll + 21171 + 3Tl F ") -

Above, and in the sequel, we use the compact notation ||-|| for |||/;,«-

Corollary 1.3. Let hypotheses (H) hold and po € BV(R;I). Asy — oo, the solution p? of (1.1), (1.3) converges
in the Li, -norm to the unique entropy weak solution of the classical Cauchy problem

(1.7)

Op+ 0. (f(p)v(0)) =0, z€eR,t>0
p(0,2) = po(z), z € R.

In particular, we observe that C(Jy) — 0 in (1.6a) and (1.6b), allowing to recover the classical estimates.

The paper is organized as follows. Section 2 is devoted to the proof of the stability of solutions with respect
to the initial data, based on a doubling of variable argument [14]. We observe that, for a close class of non-local
equations, uniqueness of solutions has been recently derived in [13] relying on characteristics method and a
fixed-point argument, thus avoiding the use of entropy conditions. In our setting, we prefer to keep the classical
approach to pass to the limit v — oc.
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In Section 3 we derive existence of solutions through an approximation argument based on a Lax-Friedrichs
type scheme. In particular, we prove accurate L*° and BV estimates on the approximate solutions, which
allow to derive (1.5) and (1.6). We remark once again that these estimates heavily rely on the monotonicity
properties of .J,, and do not hold for general kernels, see [2, 4]. Note that, regarding the Arrhenius look-ahead
model [19], our result allows to establish a global well-posedness result and more accurate L>° estimates with
respect to previous studies [16]. Moreover, to our knowledge, Corollary 1.3 provides the first convergence proof
of a limiting procedure on the kernel support. We present some numerical tests illustrating this convergence
in Section 4. Besides the mathematical implications of such result, Corollary 1.3 may give information on
connected autonomous vehicle traffic flow characteristics. Indeed, large kernel supports could account for the
information transmission range between connected vehicles. On the contrary, we have currently no hint on the
limit ¥ — 0, which was investigated numerically in [2, 4, 11], since in this case the constants in (1.6) blow up.
The counterexamples provided recently in [5] do not cover the problem studied here.

2. UNIQUENESS AND STABILITY OF ENTROPY SOLUTIONS

The Lipschitz continuous dependence of entropy solutions with respect to initial data can be derived using
Kruzkov’s doubling of variable technique [14] as in [3, 4, 11].

Theorem 2.1. Under hypotheses (H), let p,o be two entropy solutions to (1.1) with initial data po, o9
respectively. Then, for any T > 0 there holds

ot ) = ot g < e"Tllpo — ool Yt € 0,71, (2.1)

with K given by (2.5).

Proof. The functions p and o are respectively entropy solutions of

8tp(t"r) + 8x(f(p(t,x))V(t,x)) =0, V:= 1}(,0 * J’Y)) p(O,x) = PO($)7
0o (t,z) + 0 (f(o(t,z)U(t,z)) =0, U:=v(oxJ,y), 0c(0,z)=00(x).

V and U are bounded measurable functions and are Lipschitz continuous w.r. to x, since p, o € (L' N L> N
BV)(R* x R;R). In particular, we have

IVall < 22, @)1V [[[lell, sl < 275(0)[[v"[[[[o]].
Using the classical doubling of variables technique introduced by Kruzkov, we obtain the following inequality:

lp(T-) = o (T, )llea < llpo = ool

T
I / / 1palt, 2)|[U (¢, 2) — V (£, 2)|dardt
T
+ / / (ot 2) U () — Vit )], (2.2)
We observe that

Ut,z) = V(t,z)| < T, 0)[[0[[llp(t, ) = ot )L, (2.3)



166 F.A. CHIARELLO AND P. GOATIN

and that for a.e. x € R

|Ua(t,2) = Vo (t, )] < (2075 0))[" o, )+ 1[5 ]]) Nt ) = ot ) la
+ Iy (O (Ip = ol(t, z +7) + |p = ol(t, ). (2.4)

Plugging (2.3) and (2.4) into (2.2), we get

T
lp(T-) = o (T, )llga < llpo = oollps + K/O lp(t,-) = o(t, )l de

with
K = J,0)]| (IIf’I sup |[o(t,-)IBy @) +2 sup ||f(P(ta'))|>
te[0,T] te[0,T
+ sup |[[f(p(t,-))llps (2(J'y(0))2||””| sup IIP(tw)|+||v/||HJ~'y||>- (2.5)
t€[0,71] t€[0,T]
By Gronwall’s lemma, we get the thesis. O

3. EXISTENCE

3.1. Lax-Friedrichs numerical scheme

We discretize (1.1) on a fixed grid given by the cells interfaces Tip1 = JjAz and the cells centers z; =
(j —1/2)Ax for j € Z, taking a space step Az such that v = NAx for some N € N, and " = nAt the
time mesh. Our aim is to construct a finite volume approximate solution pa.(t,r) = pj for (t,x) € C} =
[t T [ x]a g /2, Tj41/2). We approximate the initial datum py with the piecewise constant function

0 1 Tj+1/2
Pj = Fx/ po(x)dz.

Tj—1/2

We denote J% := J, (kAz) for k =0,..., N — 1 and set

n .__ n
‘/j _U(Cj)7
where
N-1
no.__ k n
ci=Azx E 504
k=0

The Lax-Friedrichs flux adapted to (1.1) is given by

1 n 1 e}
Filyy o= §f(P?>VjL + §f(P?+1)Vﬂrl + 5(0? = Pi1)s (3.1)

a > 0 being the viscosity coefficient. In this way, we obtain the N 4 2 points finite volume scheme

Pyt =H(p} 1, PN (3.2)
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where

A
S (flpj-0)Viiy = Flpj+) Vi) s

A
salpj—1—2p; + pjt1) + 5

H(pj—1, . pj+n) = pj + 5

with A = At/Ax.
Assume p; € I fori=j5—1,...,j + N, we can compute:

OH A , ,
opy 2 (a4 Vim1f'(pj—1) + Az (cj-1) I3 f(pj-1)) »
J
OH 1 1
T =1 (o= 580 s0 (-0 22) =12 (320 O 1)
aH )\ 2 / 0
D2 (a+Azf(pj—1)v' (¢j-1)JF = ' (pit1) Vi1 — Az f(pjr)v'(¢j11) 7))
J
E)H A ’ k—1 / k+1
ap.ij = 7§A‘T (f(pj-‘rl)v (Cj+1)‘]'y - f(pj—l)v (cj—l)‘]’y ) ) k= 2,..., N — 2,
J
OH A _
m = 2A$f(PJ+1) (%‘H)J»]yv %
AN
OH A _
aper = 2A90f(Pg+1) (Cj+1)J$[ !
J

We have that (3.4e) and (3.4f) are non-negative. The positivity of (3.4b) follows assuming

2
At < Az
= 200+ Az, (0) || ][]l

which gives the CFL condition. Moreover, the bound

a > [f vl + Azt O ']

167

(3.3)

(3.4a)
(3.4b)
(3.4c)
(3.4d)
(3.4e)

(3.4f)

(3.6)

guarantees the increasing monotonicity w.r.t. p;,_1 and p;j41, respectively in (3.4a) and in (3.4c). The sign of
(3.4d) cannot be a priori determined and for this reason the numerical scheme (3.2), (3.3) is not monotone.

3.2. Maximum principle and L estimates

Proposition 3.1. Let hypotheses (H) hold. Given an initial datum p?, j € Z, such that p,, = mi% pg el and
JjE€

py = MaxX p? € I, the finite volume approzimation p7, j € Z and n € N, constructed using the scheme (3.2),
Jje

(3.3), satisfies the bounds
pm < pj < pu,

for all j € Z and n € N, under the CFL condition (3.5).

Proof. We follow closely the idea in [4]. We start observing that

H(pm, Py Py Pj25 - Pi+N—25 Pms Pra) = Prs
H(par, par, PM Pj425 o Pj+N—25 PM s PM) < PM-
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Indeed, we get

)\ n n
H(pm,vapm»PjJr% ~'~vpj+N72vpmapm) = pPm + §f(pm)(V]71 - Vj+1)v

and we have that

N-1

Vi = Vi = o(dy) —o(cf) = =0 (OAx Y TE(pjrkt1 — pjak-1) =0,
k=0

for some ¢ is between ¢}/_; and c7, ;. Indeed, due to the non-increasing monotonicity of .J,, we observe that

N-1 N-2
TS (piess = Pii-1) = pu (S 2+ LT = ) — I 4 Y pin (YT = I
k=0 k=1
N— 2
> pu (I3 2 I = T = ) + — )
k=1

N N-2
= pm (Z JE =N Jﬁ“) =0.

k=1 k=-1

In this way we have the inequality (3.7) and the same procedure leads to (3.8).
Consider now the points

R} = (p_1, P14 N)
and
Ry, = (va Pms Pmy P?+2a ooy P;'LJerza Pms Pm)~
Applying the mean value theorem and using (3.7) one has

pi ™t = H(R}) = H(R},) + VH(R¢) - (R} — Ry,
> pm + VH(Re) - (R? — R, (3.9)

for Re = (1 — )Ry, + ERY, for some § € [0, 1]. We note that

OH
Opj+k

(Re)(R} — Rk =0, k=2,...,N -2,

since (R} — Rp,), = 0for k =2,...,N — 2. Assuming (3.5) and (3.6), we conclude, from the discussion in
Section 3.1,

VH(Re) - (R} — Ry,) > 0,

which by (3.9) implies that p;”rl > Pm-
Similarly we can prove the upper bound by considering

Rr[(l/[ = (pM7pM?pM7p;‘l+25 --~7P?+N_2aPM7PM)
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and (3.8). O

3.3. BV estimates

The approximate solutions constructed using adapted Lax-Friedrichs numerical scheme have uniformly
bounded total variation.

Proposition 3.2. Let hypotheses (H) hold, po € BV(R; I), and let pay be constructed using (3.2), (3.3). If

a> [[f'llllvll + Az Q) [[ (L1 + 1£[1lpoll)
2Ax

At < ;
2a + Az Sy (0) [0 [+ 17 Hlpoll)

then for every T > 0 the following discrete space BV estimate holds

TV(paa)(T,) i= 30 |11 = /2] < cCUDT TV (), (3.10)

JEZ

where C(J) == Jy(0) ([l (£ Illlpoll + 2I1FI1) + 5 Joll/ Ml 1]) -

T
In (3.10) we have used the notation |T/At| := max {n eN:in< At}

Proof. At the mesh cell C7' there holds

A

2

" A
pit = pi+ S (pjo1 —2p; + pjs1) + §(f(,0j71)ij1 — f(pj+1)Vit1),

and at C'

A

A
5 (P5 = 2pj41 + pjv2) + 5(f(p3)Vi = f(pjr2)Vitra),

1
P = P + 5

where we omitted the superscript n to simplify the notation. Computing the difference between p;lill and p" Tt

j
and setting A?Jrkq/z =Pl — Prpg— for k=0,...., N +1 we get:

n pYe
Al = Dirryz+ o [Bgor2 = 285072 + Djrs ol

2
F2 Vit F o300V — Flog1)V; — s}V
—f(pj+2)Vitetf(pj+1Vire — f(pj+1Vire + f(pj+1) Vil (3.11)

Applying the mean value theorem we can rewrite (3.11) as:
n pYe
Ay = Djraye + 5 [Aj 12 = 28112+ Ajya)0]

A
+3 Vil (C—1y2)B -1y2 + Flpi—1) (Vi = Vic1) = Vigaf (Giasy2)Ajas2 + F(pie1) (Vigr — Viga)] -
(3.12)
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where (;_; /2 is between p;_; and p;. Applying the mean value theorem we have

N—-1
Vi = Vi1 =0'(§_1)2) Az Z J'I;Ajﬁ»kf%v
k=0
N-1
Viga = Vigr =0/ (Eaap) A Y IEA i3,
k=0

where ;35 is between ZkN;Ol J§Pj+k+1 and ij;ol J,épj+k+2. In this way we obtain

n A
Ajj:ll/z [a + Vil (Gmrj2) + Az (§5-1/2) f (pi-1)]1Aj-1/2
A
+1 - Ao+ §Aa:J$ V' (&5-172) F(pi-1)]Aj11/2

A
+3 [ = Vigaf'(Ciasya) = Ax T3 f(pj)0' (& 4872) + Az T30 (§5-12) F(pj—1)] Ajis)e

A
+ §A3«" Fpj—)V'(&—1p2) > JEA k12

A N—-1
- Az Floir )V (Ejaare) Y JEA kis)a.

Rearranging the indexes in (3.13d) and (3.13¢) we obtain

(3.13d) + (3.13e)

w\y
P
S

M

Fpi—)V (§-1y2) IET = flpjan)V (Eiaay2) TE ] Ajiny o
k=2

Az f(pjr1)0 (& aa2) I 20 jiN_1)2

w\»m\y

f(pJ"rl) (§J+3/2)JN_1A]‘+N+1/2.
Noting that adding and subtracting f(ijl)J,’f’lv’(gj_l/Q) in the sum we have

Flpi—0V (&5-1/2) I5TY = f(0j41)0 (Ejaay2) JE1
= (o )V (&1 ) (AT = 57
+ Jalf_l (f(ij1)U/(5;‘—1/2)+f(ﬂj—1)vl(§j+3/2) - f(ﬂjfl)vl(§j+3/2) - f(Pj+1)U/(§j+3/2))
= flpj—)V (&1 o) (JET = TEN) + 5 F (i) (V' (§521/2) — V' (§j4s2))
— JEN (Easp2) 11(G) (Bjoay2 + Ajiaga) s

(3.13a)
(3.13b)

(3.13¢)

(3.13d)

(3.13e)
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with (; is between p;_1 and p;;1. Therefore we get

n+1
Aj+1/2

)\ N—-2
=5 [a F Vil (Go1y2) + Az IOV (§5-1/2) f(pim1) — Az (§45/2) 1 (¢ Z JE J+k+1/2i| Aj 12 (3.14a)
k=2

N-2
A
+ |:1 — A\ + EAI‘];U/(gj—l/Q)f(pj—l) ASCU £]+3/2 Z J"/ ]+k+1/2:| Aj+1/2 (314b)
k=2

A

T3 [a — Viraf'(Gyase) = Az ) f(pjen)v (€5 43/2) + AfﬁJ?,f(ijl)U/(fjﬂ/z)} AVEEY?: (3.14¢)
PO =

+ 547 > [f(pjfl)v’(éjfl/z)(ﬁ“ = I+ I (p-1) (V' (Erage) = 0 (EGysg2) ]Aj+k+1/2 (3.14d)

k=2

A _

- §A$ Fpj)V (Ej432) I T DNjin_1)2 (3.14e)
A _

-5 Floir)V (&ias2) I Ajyngaye: (3.14f)

Observe that the assumption o > || f'||[|v]| + Az (0) ||| (| £]| + [l F/ Il pol|) guarantees the positivity of (3.14a).
Similarly for (3.14c) we get o > || f'||||[v|| + Az J,(0)|| f||]|v'|] and for (3.14b) we have the following CFL condition

2Ax
A ) 3.15
S et A, @ T+ 17 Teol) (319

Rearranging the indexes and taking the absolute values

> ‘A?ﬁm’ (3.16a)
i
<Y A (3.16b)
A N-2
x [5 (a + Vi1 (Ggage) + Az IO (4172) Fpg) = Az (€5152) F (G1) D Js_lAj+k+3/2> (3.16¢)
e
A A N-2 ’
+1-Ada+ §A33 Jiv/(qum)f(ﬂj—l) - §A$ V' (&3/2) () Z Jnlf_lAjJrkH/z (3.16d)
k=2
A
+ 5 (0= VinrF Gragz) = Do I F 0V (§41/2) + Do 20 (& 3/2) fpj-2) ) (3.16¢)

N-—-2
* %Ax< > F (k) (& gem1y2) (TETE = TN+ TE () [0 (& m1y2) — v/(fj—k—&-S/Z)’) (3.16f)
k=2

A _ A _
—§A$ f(ﬂij+2)”l(§j—N+5/2)Jaj,v 2 - §A9C f(pij+1)v/(€j—N+3/2)J']yV 1] . (3.16g)
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Due to some cancellations, the coefficient of the right-hand side of (3.16) becomes

At N=2 N-2
ey [ = V(&) (G41) Z Iy A eage = 0 (Eiraa) /(G D IV Njinrya
+ Jl“/(fj 1/2)f (Pj—1) TV (&5-372) f(pj—2) -
( Z Fpjmr=1)0" (&Gopm1 /o) (5T = IS + I5 (0o 1)V (€ —k-1/2) — ”/(gj—k+3/2)})
— Fpimn2)V (€ n52) T2 = F (im0 (& wras2) 1 7 (3.17)

Following ([10], pp. 11-12), applying the mean value theorem to v’ and using the monotonicity of the kernel .J,,
we have

V" (&—h—1/2) — V' (§j—ppsy2)| < TJ5(0)[[0" ]| Az

Therefore we have

At
(3.17) < 14— (2, O) [l Wllooll + 215 O) [ £

N-2 N-2
+ A Y (= T 7Ll £ Az Jé“‘l]-

k=2 k=2

S AT <o

Substituting in (3.16) we get

. At
S [Arta] < [1+ 5 @AW IO Mool + 2071+ 7,05l ] A%,
therefore we recover the following estimate for the total variation

T/At
] TV(pas(0,)

TV(paa(T,")) < {1 + % L, )1 UL Mol + 2ILF1) + 775,0)JolL £ 1[0 1)

< OIS Meol+2151)+ T 151+ DT Ty ().

From Proposition 2, the following space-time BVestimate can be derived (see [9], Cor. 5.1).

Corollary 3.3. Let hypotheses (H) hold, po € BV(R; I), and pa, be given by (3.2), (3.3). If

aZ | flllll + AzZy Q) IS+ 1L eolD,

At < 28z
= 2a 4 Az, (O) V(LI -+ 1L o))
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then, for every T > 0, pas satisfies the following Total Variation estimate in space and time
1
TV(paz;R x [0,T]) < T )T (1 1Mol + 5Az Ly )" G+ 11 Hlleoll) + Jo||f||v'|> TV(po).
(3.18)

Proof. Let us fix T € R*. If T < At, then TV (paz;[0,7] x R) < T TV(pp). Let us assume now that 7 > At.
Let M € N\{0} such that MAt < T < (M + 1)At. Then

M-1 M-1
TV(paciRx [0,T]) = Y7 Y Atlpfyy = pf | + (T = MAY Y |py = o) [+ D D Aafof™ —pf|.
n=0 jEZ JEZ n=0 jEZ

The spatial BV estimate yields

M—-1
DD Atpp = pf |+ (T = MAY Y ot — p}| < T eI TV (py) (3.19)
n=0 jEZ JEL

where C(J,) is the constant in Proposition 3.2. We are left to bound the term

M—-1

o> Aafp = ppl.

n=0 j€Z

Let us make use of the definition of the numerical scheme (3.2), (3.3). Applying the mean value theorem to the
function f we obtain

Pj+1 —pj = ?(ij -pj)+ 7(Pj+1 - p7)
>\ n n n n n n n n
+ 3 (f(pj—l)‘/j—1+f(pj—l)‘/j+l = f(Pi_1)Vii — Vj+1f(Pj+1))
A

= s(a+ ‘/jz-lf/(Cj—l/Q))(p?—l - p7)

[\

+ S(=a+ Vi (Gga2) (0 — Pfa)

A
+ 55 (VL = Vi) + PIAGEY, (V' = Vi),

N> | >

where ;19 is between p}_; and p7. Applying again the mean value theorem, we obtain

N-1

Vit, =V =0'(§12)Ax Z TP ka = Pan)s
k=0

and

N-1

V= Vi =0 (Gaga) A Y TR (0 — P sn)-
k=0
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Therefore we can write

T s )\ n 'l ' 7
Pj i —pPj = 9 (04 + Vj+1f/(Cj—1/2) + f(ij1)U/(fjf1/2)A93J2) (/J‘jq - Pj)
>\ 7 s n
t3 (= + VI (Gargz) + F(OF_ )V (§j-1/2) Ax T + f(pf )0 (§511/2) Az ) (0 — pfiy)
\ N-1
+ Ef(P? D' (& 172)Ax Z J (Pf k-1 = Pitr)
k=2
A N-1
if(ﬂj v /(§j+1/2)A93 J$(P?+k - P;'L+k+1)'
k=1

Rearranging the indexes of the last two terms, we can write

A
pitt —pf = 3 (@ + VL (Gorge) + F(OF- )V (&1 /2) AxT]) (pF—1 = P}) (3.20a)
A
3 (o =V 1 (Ggage) — FOG DV (o1 2) Axdl — F(p- )V (§551/2) Az D) (pf = plfyy)
(3.20D)
\ N2
AT Y W T4 ) P~ i) (3200)
k=1
A / — n n
gf(p] DV (E172) B2 pf vt — Pfn)- (3.20d)

Observe that the coefficients in (3.20a) and (3.20b) are positive if o > || f'|| ||v|| + AzJ4(0)|| f] ||v’|]. Therefore,
taking the absolute values in (3.20) we get

(o 4+ Vi £ (Gim2) + F(P)— )V (§5-1/2) A2 Y) [0y = pf|

(a0 =V (Caaye) = F(OF- )V (Ery2) Andy — f(ph_ )V (551 /2) AnTY) |p} — pf iy

k=1

A
2
)\ N—
5 p] 1Az Z §J 1/2 + +v (§J+1/2 5) ’P;'L+k *P?+k+1|
)\ 7 n

§f(/’j v (fy+1/2)A37J |pj+N71 _Pj+N"
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Summing on j and rearranging the indexes we obtain

n , At
> Aalpitt = pif < 23 e = pf|
JEL JEZ
< [t Grane) (Vo = Vi)
+ Az f (P} (§j41/2) ) — Az f(p) )0 (&5-1/2) 1
N-2

— Az f(p] )V (§a1y2) T = Az D> (P 1) (V' (&Gmrmry2) IET 4+ 0 (€5 —kgry2)IE)
k=1

Az ()0 (€ wrap2) ) ]

At n n
=5 D10 = | ac+ Az Ty 0)10'| B+ 1 Wlpoll) + 2ol £11V'1)

JEZ
which yields
M—1
1
Al = pp| < T (ot 28z T OV G+ 1 Weoll) + ol £1o'] ) TV (po),  (3.21)
2
n=0 j€Z

since MAt < T. Taking a = || f'|| ||v]| + AzJ,(0)|| f|| [|v'||, we obtain the bound (3.18) with

- 1
C =TT (1 + 1Mol + 5Az ) G+ 11 Hleoll) + J0||f||U/> TV(po)-

Note that (3.21) allows to recover (1.6b) as Az — 0. O

3.4. Discrete entropy inequalities

Following [2, 4, 11], we derive a discrete entropy inequality for the approximate solution generated by (3.2),
(3.3), which is used to prove that the limit of Lax-Friedrichs approximations is indeed a weak entropy solution
in the sense of Definition 1.1. We denote

Gjar ) = 5 F@V] + 3 @)V + 5 (u = w),

Fiyp(uw) = Gippu Nk, w A k) = GippuVewV k),
with a A b = max(a,b) and a V b = min(a, b).
Proposition 3.4. Under hypotheses (H),let pl}, j € Z, n € N, be given by (3.2), (3.3). Then, if a > || f'||[]v]]
and A < 1/a, we have

|P;—L+1 - H| - ’P}L - ’f‘ +A (FJE+1/2(P?7P?+1) - Fﬁl/z(P}Lh P?))

)\ 7 n n
+ 5 sen(oj " = B)F(R) (Vi = VL) <0, (3.22)

foralljeZ,neN, and k € R.
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Proof. The proof follows closely [2, 4]. We detail it below for sake of completeness. We set

Hj(u,w,z) =w— X (Gji1/2(w,2) — Gj_1/2(u, w)) .

The function H; is monotone non-decreasing with respect to each variable for aX < 1 and a > || f'||||v]|, which
are guaranteed by (3.5) and (3.6). Indeed, we have

Hj(uyw,2) = w— 2 (F)VE — F@)V + (2w —u— 2)) |

2
so the partial derivatives are
OH; X .
(‘3u] T2 (f'(Viti+a),
OH,
=1-A
ow “
0OH; A

5. — 3 (o= f(2)Vi).
Moreover, we have the identity

f[j(p?_l N K, P3N K, P AN K) — f{j(pg‘_l VK, pf VK, pfq VK)
= lpj — Kl = A (F]E+1/2(P;L7P?+1) - F}iuz(p}lhp}l)) :
By monotonicity,

Hj(pj_y N6, pj N6, pjpa AK) = Hj(pj 3 V K, 0 V K, pg V K)

Hy(
(pj—h Pj an+1) A Hj(”a Ky K) — ﬁj(ﬂ?—p P;'la P?-H) v gj(’iv K, K)

%

J
FI (p?—lvp?ap?-i-l) _Hj(’i7’€a H‘)‘
p] l’pj ’p]Jrl) H’(’iv"@ﬁ)) X <Hj(p?71,p?,p;b+1) - Hj(ﬁa ’iv’%))

(ﬁ] s ) = 4 ARV VL))x(ﬁj(p?_l,py,pyH) Kt S FR(V V"_1>)

> sgn (B ()10 r) — ) (fmpyl,py,p;ul) o IOV = V)
‘H pg 1apjap]+1 ‘"‘V‘*Sg pj lvpjap]Jrl) )f( )(‘/Jﬁrl ij‘n,l)
n A n
= [pj " = n| 4 Ssen(pf T = 0)F(8) (Vi = Vi),
by definition of the scheme (3.2), (3.3), which gives (3.22). O

Proof of Theorem 1.2. Thanks to Proposition 3.1 and Corollary 3.3, we can apply Helly’s theorem stating that
there exists a subsequence pa, that converges to some p € (L' N L NBV)(RT x R; ) in the L -norm. One
can then follow a Lax-Wendroff type argument to show that the limit function p is a weak entropy solution of
(1.1), (1.3), in the sense of Definition 1.1. We just observe that the numerical flux also depends on Az, therefore
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the classical argument on flux consistency and Lipschitz dependence must be replaced by direct estimates, like
in [4, 10]. O

Proof of Corollary 1.3. When the look-ahead distance v — oo, the non-local flux in (1.1) becomes a local one.
Since the bounds (1.5), (1.6) are uniform as v — oo, the solution p? of problem (1.1), (3.3), tends up to a
subsequence to the solution p of the local problem (1.7) in the L -norm when v — oco. In fact, applying
Lebesgue’s dominated convergence theorem in (1.4), since

[sen(p — w)(f(p) = f(R))o(Jy * p)| < 2| f] |[o]

and
Isgn(p — k) f ()V' (5 p) 0 (Jy % p)| < 3£l 175"l
we obtain
“+oo
| [0+ sento = 0)(70) = F:)00)22 + [ o(@) = rlg0.2)d0 > 0
0
which is the definition of entropy weak solution for the classical equation (1.7). O

4. NUMERICAL TESTS

In this section, we perform some numerical simulations to illustrate the result of Corollary 1.3, taking two
different choices for the speed law v, the convolution kernel J, and the function f. More precisely, we consider
the models studied in [16, 19] and [4], which consist in the following equations:

Orp + Oy (p(1 - p)e—“w*f’)) =0, zeRt>0, (4.1)
for the Arrhenius look-ahead dynamics [19], and
Op+ 0. (p(1 —Jyxp)) =0, zeR,t>0, (4.2)

for the Lighthill- Whitham-Richards (LWR) model with non-local velocity [4].
Equations (4.1) and (4.2) correspond to the following choices of f € C*([0,1];RT) and v € C2([0,1]; RT):

flp)=p(1—p), v(p) =e
flp) =p, v(p) = (1 —p), (4.4)

respectively. Besides, we will consider the following kernels J, € C*([0,7];RT), see [4, 15]:

constant: Jy(x) =

linear decreasing: Jy(x) = 5 (1 - :) .

For the tests, the space domain is given by the interval [—1, 1] and the space discretization mesh is Az = 0.001.
We impose absorbing conditions at the boundaries, adding N = ~v/Ax ghost cells at the right boundary and
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— - — - gamma=1
"""" gamma=0.1
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density
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(A) Jy constant
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X

(B) Jy linear decreasing

Figure 1: Density profiles corresponding to the non-local equation (4.1) with increasing values of v = 0.1, 1, 10.
We can observe that the nonlocal solution tends to the solution of (4.5) (red line) as v — oo (color online).
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density at time t=0.500099
T T T
— — gamma=10
1r —-—- gamma=1 7
"""" gamma=0.1
local
0.8 4
0.6 - =
2
@
C
o)
©
04 =
0.2 bl
0
1
-1 -0.8 -0.6 -0.4 -0.2 0.2 0.4 0.6 0.8 1
(A) J constant
density at time t=0.500400
T T T
"""" gamma=0.1
1r —-—-gamma=1 |
— — gamma=10
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0.8 bl
0.6 : 4
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B : ’/ T
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[} |
° X
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|
|
0.2 | =
1
|
/
0
1 1
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
X

(B) Jy linear decreasing

Figure 2: Density profiles corresponding to the non-local equation (4.2) with increasing values of v = 0.1, 1, 10.
We can observe that the nonlocal solution tends to the solution of (4.6) (red line) as v — oo (color online).
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just one at the left, where we extend the solution constantly equal to the last value inside the domain. Our aim
is to investigate the convergence of (4.3) to the solution of the LWR model [17, 18]

Op+ 0z(p(1 = p)) =0, (4.5)
and the convergence of (4.4) to the solution of the transport equation
Ogp+ Ozp =0, (4.6)
as 7 — 00. We study both problems with the initial datum

0.8 for — 0.5 <x < —0.1,
po(x) = : (4.7)
0 otherwise,

that describes the case of a red traffic light located at = —0.1, which turns green at the initial time ¢ = 0.
Figures 1 and 2 illustrate the behavior for models (4.1) and (4.2), respectively, in agreement with the theoretical
results.
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