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Abstract

An advanced modeling technique for hygro-mechanical analyses has been discussed in the present

work. A three-dimensional closed-form solution of the diffusion equation has been developed and

used to evaluate the time evolution of the moisture concentration in a composite coupon. A refined

kinematic one-dimensional model, derived in the framework of the Carrera unified formulation,

has been extended to the hygro-mechanical analysis of composites. The present one-dimensional

model has been used to predict the stress evolution in a composite specimen using the moisture

concentration, deriving from the analytical solution, as boundary conditions. The results have been

compared with those from a solid model derived in by means of the commercial tool Abaqus. The

performances of the present approach have been investigated through a convergence analysis. The

results demonstrate the numerical efficiency of the present one-dimensional model that can provide

a three-dimensional solution with a reduction in the computational cost with respect to the classical

solid model.

Keywords: Composite aging, Hygro-mechanic analysis, Carrera Unified Formulation, Multi-field

analysis

1. Introduction

Nowadays composites are progressively replacing the conventional metallic materials, especially

in aeronautical applications, by contributing to significant weight and cost savings. The benefit

of these kind of materials lies in their enhanced specific strength and stiffness, design flexibility,

long life, as well as in their superior resistance to both, corrosion and fatigue with respect to their
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metal counterparts. The presence of the polymeric matrix makes fibre-reinforced composite mate-

rials liable to absorb moisture in a humid environment, eventually at elevated temperatures and,

in general, to undergo detrimental aging phenomena. The phenomenon of aging can be depicted

as a gradual process in which the properties of a material, structure, or system, change (for better

or worse) over time or with use, due to biological, chemical, or physical agents; corrosion, obso-

lescence, and weathering are examples of aging. As current economic conditions require the use

of most military and commercial aircraft beyond their original design service objectives, it is nec-

essary to understand composite aging and in-service-induced damage to ensure the airworthiness

and structural integrity of these airframes. The design guidelines for metallic components benefits

from many decades findings of studies about fatigue, culminating in mature methods for robust

stress concentration and fracture mechanics analyses, but, as more composite components are be-

ing certified and introduced in aircraft framework, it is mandatory to address the aging concern

for composite components as well. Due to inherent differences in the behaviour of metals and

composites, the application of metallic design and analysis tools to composites is limited. These

main differences in material behaviour have resulted in the development of composite specific design

and testing approaches, as shown in [1]. Additionally, an accurate prediction of deformations and

internal stresses caused by the hygro-mechanical effects is a key step in the design of a composite

structure exposed to harsh environmental conditions, such as high temperatures and moisture con-

centration. In the last few years, significant efforts have been done to numerically implement some

multi-field analyses. This is the context for analyses which couple the mechanical response of a ma-

terial, with thermal, hygroscopic or electrical effects, respectively. The employment of higher-order

theories would allow to precisely determine these parameters in composite structures. For instance,

the study of the thermo-elastic behaviour by means of classical or first-order theories are described

by Kant and Khare [2] and Khdeir and Reddy [3]. Recently, several higher-order, two-dimensional

models have been developed for such problems, which consider only an assumed temperature profile

through the thickness. Among these, of particular concern is the higher-order model by Zhen and

Chen [4], which depicts the displacement and stress fields due to the thermal bending in laminated,

by assuming a linear temperature profile across the thickness. Khdeir [5] et al. [6] assume a linear

or constant temperature profile through the thickness; in the former, the thermoelastic governing

equations for laminated shells are exactly solved; in the latter, a higher shear deformation theory

is given. An interesting method to analyse the thermal stresses in shells is the use of Cosserat sur-
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faces, as done by Birsan [7] for two given temperature fields and Iesan [8] for an assumed polynomial

temperature variation along the axial coordinate. During the last few years, many solutions have

been performed, based on the Carrera Unified Formulation (CUF), in order to analyse the thermal

effects in composite structures. In [9], Carrera deals with the influence of the through-the-thickness

temperature profile on the thermo-mechanical response of multilayered anisotropic thick and thin

plates considering a large variety of theories. Subsequently, the same [10] studies the transverse

normal strain effect on the thermo-elastic response of homogeneous and multi-layered plates with

the assumption of constant, linear, and higher-order forms of temperature distributions, respec-

tively. There is growing evidence that moisture plays a significant role in affecting the mechanical

behaviour and the long-term durability of polymer matrix composites (PMC). In fact, due to the

humidity of the atmosphere, water is always present as one of the environmental conditions and

the resin matrix has the detrimental tendency to absorb humidity. As a result, absorbed moisture

plasticizes the organic matrix with a decrease in the glass transition temperature Tg, and therefore

a fall in the material service temperature. Further likely consequences are dimensional changes and

losses in mechanical properties, as well as damage in terms of matrix cracking, matrix dissolution,

and peeling.

Some researchers have recently analysed the phenomenon of moisture uptake, even if fewer

outcomes have been obtained in this regard. For example, the moisture expansion coefficients of

a woven fabric carbon-epoxy composite plate and their behaviour while moisture changing were

analysed by Abot et al [11]. The two differents fields (temperature and moisture) can interact each

other; e.g., a heat flux may cause a moisture flux (Soret effect) or a moisture flux can generate a

heat flux (Dufour effect). The interdependence of heat, humidity, and mechanical deformations,

namely the hygro-thermo-mechanical coupling is modeled by means of the equations of heat con-

duction (Fourier’s equation [12]), moisture diffusion (Fick’s equation [13]), and Cauchy’s equations

of elasticity. To validate the results of numerical theories, Zhang et al. [14] presented a numer-

ical and experimental analysis for stiffened composite panels subjected to hygro-thermal loading

effects. In addition, a hygro-thermal load on laminated plates measured by the fringe projection

technique were proposed by Gigliotti [15]. Sereir et al. [16] investigated, instead, the impact of

the temperature and moisture variation in unidirectional laminated plates considering the associ-

ated variation of material properties. In addition, Benkhedda et al. [17] assessed an approximate

model to evaluate the hygro-thermo-elastic stress in composite laminated plates during moisture
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absorption, taking into account the change of mechanical characteristics induced by the variation

of temperature and moisture. Gigliotti et al. [18] pointed out the limits of the classical lamination

theory in the analysis of composite structures under transient hygro-thermal loads. Also Zenkour

[19, 20, 21] examined the hygro-thermal bending effect for functionally graded material and cross-

ply laminated plates resting on elastic foundations. Likewise, Zidi et al. [22] dealt with the bending

response of functionally graded material plate resting on Winkler-Pasternak elastic foundations and

subjected to hygro-thermo-mechanical loads using a four-variable refined plate theory. Panduro et

al. [23] monitored the hygro-thermo-mechanical behaviour of classical composites using a new

trigonometrical shear strain shape function and a compact Layer Wise (LW) approach. Taking the

cue from some literature examples of thermo-mechanical CUF analyses, the novelty of this work

lies in seeking to extend the refined one-dimensional model methodology to the hygro-mechanical

analysis of composites. By exploiting the analytical formulation of the water diffusion problem,

the resulting concentration values have been at first assumed as reference for the validation of a

full 3D FE model and then used as boundary conditions for the solution of the hygro-mechanical

problem by means of the present higher-order one-dimensional model. The paper presents at first

the analytical solution of the three-dimensional Fick’s law, then the formulation of the present

refined one-dimensional model is introduced. The Carrera Unified formulation has been adopted

to derive the governing equations. Finally the present model has been adopted to investigate the

deformation and stress fields of a composite structure under hygro-mechanical loads.

2. Three-dimensional analytical solution of diffusion equations

Diffusion of matter into polymer composites is often modelled by using the Fick’s law of diffu-

sion. Moisture is transported into polymeric materials due to the random molecular motion of the

diffusing molecules; the Fickian model [13] is often implemented in describing these transport phe-

nomena. Similar to temperature gradient in conduction heat transfer [12], concentration gradient

in mass transfer drives the diffusion of molecules and the Fick’s first law can be written as,

f = −D (∇c) (1)
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where f is the mass flux vector, c is the concentration defined as mass of penetrating substance per

unit volume and D is the second order diffusivity tensor, which can be represented by a matrix,

D =











Dxx Dxy Dxz

Dyx Dyy Dyz

Dzx Dzy Dzz











(2)

The mass balance on an infinitesimal control volume can lead to write the concentration rate of

change as,
∂c

∂t
= ∇ • f =

∂fx
∂x

+
∂fy
∂y

+
∂fz
∂z

(3)

where fx , fy , fz , are the components of the mass flux vector f along x, y and z axes respectively.

Substituting Equation 1 into Equation 3, the governing mass diffusion equation can be obtained

and subsequently, assuming a spatially uniform diffusivity tensor, the governing equation becomes,

∂c

∂t
= Dxx

∂2c

∂x2
+Dyy

∂2c

∂y2
+Dzz

∂2c

∂z2
+ (Dyz +Dzy)

∂2c

∂y∂z
+ (Dzx +Dxz)

∂2c

∂z∂x
+ (Dxy +Dyx)

∂2c

∂x∂y
(4)

Two types of approaches are possible in order to study the mass gain in time as well as the

trend of concentration in time and space. The first approach is based on modelling the diffusion

process as a one-dimensional problem, and then adding corrections for the edge effects, according

to the Shen and Springer method (see [24, 25]); the second one instead refers to the solution of

the three-dimensional diffusion equation. The 1D nature of the method suggested by Shen and

Springer does not involve large errors for a sample geometry comparable with a slab domain with

good approximation; but in the engineering practice, the parts which undergo moisture absorption

often have finite dimensions, even in some cases approaching a cube rather than a slab. Then the

combined effects of multi-dimensional geometry and anisotropy can be best analysed by considering

the solution of the 3D diffusion equation in an anisotropic rectangular medium. In detail, the

specimen dimensions employed in this study would not require the use of the 3D approach under

isotropic conditions, but the anisotropy of the material necessitates the use of the multi-dimensional

equation. The full 3D Fick’s equation (second law) is written as,

∂c

∂t
= Dx

∂2c

∂x2
+Dy

∂2c

∂y2
+Dz

∂2c

∂z2
(5)

where x is the axial direction of the fibre and y and z are the transverse directions of the fibre.
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Figure 1: Reference system for the fiber-reinforced composite material

Generally, the appropriate initial and boundary conditions are,

c = ci for



































−
a

2
≤ x ≤

a

2

−
b

2
≤ y ≤

b

2

−
h

2
≤ z ≤

h

2

at t = 0 ; c = c∞ for



































x = ±
a

2

y = ±
b

2

z = ±
h

2

at t > 0 (6)

where ci is the uniformly distributed initial concentration of the diffusing substance in the medium,

c∞ is the concentration level of the surroundings (saturated moisture concentration): a sample

that has reached such a stage is said to be ’saturated’. According to the notation of Fig. 1, when

the symmetry axes of the system are aligned in the direction along the coordinates, Eq. 5 can be

written as,
∂c

∂t
= D11

∂2c

∂x2
+D22

∂2c

∂y2
+D33

∂2c

∂z2
(7)

By applying the variable separation in solving this partial differential equation, one can obtain the
closed-form solution (by Carslaw and Jaeger [26]):

c(t, x, y, z) − ci

c∞ − ci
=

64

π3

∞
∑

l=0

∞
∑

m=0

∞
∑

n=0

(−1)l+m+n

(2l + 1)(2m + 1)(2n + 1)
·

cos

[

(2l + 1)πx

a

]

cos

[

(2m + 1)πy

b

]

cos

[

(2n + 1)πz

h

]

e
−αl,m,n·t (8)

with,

αl,m,n = π
2

[

D11

(

2l + 1

a

)

2

+ D22

(

2m + 1

b

)

2

+ D33

(

2n + 1

h

)

2
]

Referring to the specimen here considered, the initial concentration of the media can be set to

zero by assuming that the sample has been dried in a vacuum oven thereby removing the pre-

existing moisture content (ci = 0). Obviously it is not possible to use infinite terms to calculate
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the summation. For this reason, a convergence study has been done, in order to enhance the

numerical approximation of the analytical formula as much as possible. Varying the number of

summation terms and for different time steps, several curves could be plotted, in order to visualize

the concentration variation at different time steps along a mean line through the specimen thickness

zgl, at xgl = 0 and ygl = 0. The analytical analysis of the moisture concern is faced with two

prospects,

• To individuate reference concentration values which will be a touchstone in assessing a solid

element mesh, built by means of the software Abaqus (ABQ) [27];

• To assume a distribution of concentrations to apply as nodal loads in the CUF model, which

constitutes the object of this research.

In this context and in the light of the results here achieved, the trade-off choice for the analyti-

cal concentration values to implement hereinafter suggests to select the concentrations computed

by taking into account 100 terms of summation. This assumption stands for a good compromise

between a good level of accuracy in approximating the analytical formula and not too high compu-

tational costs.

3. Refined one-dimensional models formulation

The present research deals with 1D higher-order theories able to capture the hygro-mechanical

behaviour of laminated orthotropic plate-like structures and aims at implementing and assessing

the Higher-order Shear Deformation Theories (HSDT) in the framework of the so-called Carrera

Unified Formulation (CUF), which was formerly developed for plate and shell models [28, 29, 30]

and recently extended to the analysis of beams [31, 32, 33]. CUF is a hierarchical formulation,

which considers the order of the model, N, as a free-parameter (i.e. as an input) of the analysis

or in other words, it allows the governing equations (or equivalently, FE matrices) to be written

in terms of fundamental nuclei which have an invariant form. CUF 1D models have been recently

developed and two classes of models have been proposed: the Taylor-expansion class (TE) and the

Lagrange-expansion class (LE). TE models exploit N-order Taylor-like polynomials to define the

displacements field over the cross-section with N as a free parameter of the formulation. The LE

class is based instead on Lagrange polynomials to discretise the cross-section displacement field
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Figure 2: Geometry and adopted reference system

and the corresponding models only have pure displacement variables. In the present work, HSDTs

using CUF are obtained on the basis of Lagrange-type expansions (LE) of the three-dimensional

displacement field.

3.1. Preliminaries

This section is dedicated to introduce the notation, the beam geometry and to define the dis-

placement, strain and stress vectors. The rectangular cartesian coordinate system here considered

is shown in Fig. 2, together with the geometry of a beam structure. The cross-section of the

beam lies on the xz-plane and it is denoted by Ω, whereas the boundaries over y are 0 ≤ y ≤ Ly.

The displacement field u has ux, uy and uz as displacement components along x, y and z axes,

respectively,

u(x, y, z, t)T =
{

ux(x, y, z, t) uy(x, y, z, t) uz(x, y, z, t)
}

(9)

where superscript ’T’ represents the transposition operator; generally they are functions of the

spatial coordinates and of time t. The time variable (t) is omitted in the remaining part of this

paper for the sake of clarity. The strain (ε) and the stress (σ) components are expressed in

transposed forms as follows,

εT =
{

εxx εyy εzz εxz εyz εxy

}

(10)

σT =
{

σxx σyy σzz σxz σyz σxy

}

(11)
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In the hypothesis of small displacements with respect to a characteristic dimension in the plane Ω,

the strain-displacement relations are,

ε = Du (12)

where D is the linear differential operator matrix,

D =

































∂
∂x

0 0

0 ∂
∂y

0

0 0 ∂
∂z

∂
∂z

0 ∂
∂x

0 ∂
∂z

∂
∂y

∂
∂y

∂
∂x

0

































(13)

Under the assumption of linear elastic behavior of the material, the relations between stresses and

strains are enclosed in the Hooke’s law,

σ = C̃ε (14)

where C̃ is the (6× 6) material stiffness matrix of elastic coefficients. In the case of orthotropic

material, there are only 21 independent elastic coefficients for anisotropic materials due to the

symmetry of the material stiffness matrix (C̃ij = C̃ji, with i, j = 1, ...6).

C̃ =





























C̃33 C̃23 C̃13 0 0 C̃36

C̃23 C̃22 C̃12 0 0 C̃26

C̃13 C̃12 C̃11 0 0 C̃16

0 0 0 C̃44 C̃45 0

0 0 0 C̃45 C̃55 0

C̃36 C̃26 C̃16 0 0 C̃66





























(15)

Coefficients C̃ij depend on Young and Poisson moduli as well as on the fiber orientation angle θ

that is graphically defined in Fig. 3, where “1”, “2”, and “3” represent the Cartesian axes of the

material. The material reference system must be rotated of the angle θ to be aligned with the global

reference system. For the sake of brevity, the expressions for the coefficients C̃ij are not reported

here, but they can be found in standard texts, see for example Tsai [34] and Reddy [35].
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Figure 3: Fiber orientation

3.2. Kinematic model

A number of refined beam theories have been proposed over the last century to overcome the

limitations of classical beam modelling. Conversely, the Carrera Unified Formulation allows to

express the generic displacement field in a compact manner as an expansion in terms of arbitrary

functions Fτ , regardless of the theory order, which is considered as an input of the analysis,

u(x, y, z) = Fτ (x, z)uτ (y), τ = 1, 2, ...,M = M(N) (16)

where the functions Fτ depend on the cross-section coordinates x and z ; uτ is the vector of the

generalized displacements, depending on the axis coordinate y; M stands for the number of terms

used in the expansion and depends on the expansion order N (which is a free parameter of the

formulation and depends on the choice of the cross-section functions Fτ ); and the repeated subscript,

τ , indicates summation (Einstein’s notation). The choice of Fτ and M is arbitrary, that is different

base functions of any-order can be taken into account to model the kinematic field of a beam above

the cross section. LE models are herein exploited to describe the cross-section displacement field.

More details about Lagrange polynomials can be found in the original work by Carrera and Petrolo

[33]. The weak form of the 1D CUF governing equations for static hygro-mechanical problems are

derived by means of the Principle of Virtual Displacements (PVD), in terms of finite element (FE)

approximation. In the framework of FEM, the CUF generalized displacements uτ (y) are expressed

as a weighted linear combination of arbitrary 1D test functions (or shape functions) Ni(y),

uτ (y) = Ni(y)qτi, i = 1, 2, ..., NN = p+ 1 (17)
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where qτi stands for the nodal displacement vector,

qτi =
{

quxτi
quyτi

quzτi

}T

(18)

Similarly to τ index, i represents a summation over the NN = p+ 1 nodes of the 1D finite element

of order p. Thus, summarizing, the kinematic approximation by the 1D CUF in the framework of

FEM holds,

u(x, y, z) = Fτ (x, z)Ni(y)qτi,
τ = 1, 2, ...,M

i = 1, 2, ..., NN = p+ 1
(19)

In this paper, the 1D Lagrange shape functions are used and they can be found in many reference

books, for instance in [36].

3.3. Hygro-mechanical constitutive equations

As far as the hygro-mechanical formulation is concerned, the primary variables remain the dis-

placements components u = (u, v, w) with the addition of the scalar moisture content c(x, y, z)

(referred to the external room humidity c0). By considering the higher spatial gradient of the

concentration field, the variable c is always modelled through the LW approach. The geometrical

relations for beams, in case of hygro-elastic problems, link the mechanical strains with the displace-

ment vector, already written in the framework of the mechanical formulation (see Eq. 12) and the

spatial gradient of concentration with the scalar concentration, as shown in Eq. 20,

cH = DH c (20)

where subscript H stands for ’Hygro’, vector cH = [c,x c,y c,z]
T

and DH represents a differential

operator whose expression is showed in Eq. 21,

DT
H =

[

∂
∂x

∂
∂y

∂
∂z

]

(21)

In the hygro-elastic analysis, the presence of another variable as the water concentration induces

supplementary deformations arising from the moisture effects, besides the pure mechanical strains;

as a consequence the Hooke’s law becomes:

σtot = C̃εe = σ + σH = C̃ (ε− βc) = C̃ε−Λc (22)

where σtot is the resultant stress vector, given by the summation of the mechanical stress σ and

the hygroscopic stress σH. The subscript ”e” stands for the elastic deformation, C̃ is the (6 × 6)
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material stiffness matrix, previously introduced in the context of the mechanical formulation (see

Eq. 15). Furthermore β and Λ represent the arrays of the hygroscopic expansion coefficients

and hygro-mechanical coefficients, which have dimensions (6 × 1), as shown in Eqs. 23 and 24,

respectively.

βT =
{

β1 β2 β3 0 0 0
}

(23)

ΛT =
{

Λ1 Λ2 Λ3 0 0 Λ6

}

(24)

These two vectors are connected through Eq. 25,

Λ = C̃β (25)

In this work, the pure hygroscopic problem is analysed as uncoupled from the mechanical one;

the resolution of the mass diffusion equation (Fick’s law) gives the values of concentrations to be

applied as input in the CUF code. The CUF FE formulation for the Fick’s law is,

J = −DcH (26)

where J is the (3 × 1) vector of mass flux and D defines the diffusivity tensor, with dimensions

(3× 3) (see Eq. 27).

D =











D11 D12 0

D12 D22 0

0 0 D33











(27)

3.4. Governing equations

By employing CUF along with the well-known Finite Element Method (FEM), the typical finite

element matrices are computed; starting from the unified form of the displacement field, stiffness

and loading arrays are herein obtained in terms of fundamental nuclei, whose form is independent

of the order of the model. Then, the relations of displacements and virtual displacements are

expressed through the 1D CUF FE approximation in Eq. 28,










u(x, y, z) = Fs(x, z)us(y) = Fs(x, z)Nj(y)qsj

δu(x, y, z) = Fτ (x, z) δuτ (y) = Fτ (x, z)Ni(y) δqτ i

, where
τ, s = 1, . . . ,M

ı, j = 1, . . . , NNE

(28)

where i,j refer to the shape functions used for the finite element discretization along the beam

axis y), and τ, s regard the expansion order above the cross section. On the other hand, also
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water concentration and virtual water concentration are formulated according to the 1D CUF FE

methodology,











c(x, y, z) = Fs(x, z) cs(y) = Fs(x, z)Nj(y) q̂sj

δc = Fτ (x, z) δcτ (y) = Fτ (x, z)Ni(y) δq̂τi

τ, s = 1, ...,M

i, j = 1, ..., NN

(29)

The virtual strain remains the same as the pure mechanical problem, whereas CUF FE formulation

of the actual stress changes in the light of its new expression (see Eq. 22):











δεT = (D δu)
T
= [D (Fτ INi)δqτi]

T
= δqT

τi [D (Fτ INi)]
T

σtot = C̃D(Fs INj)qsj −ΛFs Nj q̂sj

(30)

Likewise, recalling Eqs. 20, 26 and 29, the virtual variation of the concentration gradient and the

mass flux through the CUF FE method read,











δCT
H = (DH δc)

T
= Fτ DHCHτ

= [DH (Fτ Ni) q̂τj]
T

J = DDH (Fs Nj) q̂sj

(31)

The Principle of Virtual Displacements (PVD) (also called Principle of Virtual Work), which rep-

resents the weak form of the Minimum Potential Energy principle, states that the equilibrium of

the body requires that for any admissible virtual displacements imposed on the body in its state of

equilibrium, the internal virtual work is equal to the external virtual work [36],

δLint = δLext (32)

where the internal work Lint stands for the strain energy, Lext is the work done by the external

loadings, and δ represents the virtual variation.

Reminding the classical PVD for the pure mechanical problem, the extended hygro-mechanical

formulation of PVD can be written. In particular, the hygroscopic internal virtual work is added to

the mechanical internal virtual work (better known as strain energy), so that the internal virtual

work has the following expression,

δLint =

∫

V

δεT σ dV +

∫

V

δCH
T JdV (33)
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Figure 4: Fundamental nuclei of the Stiffness Matrix for the hygro-mechanical problem

Thus, substituting Eqs. 30 and 31 in Eq. 33, the virtual internal work develops into,

δLint = δqT
τi

{

∫

V
[D (Fτ INi)]

T C̃D(Fs INj) dV
}

qsj+

−δqT
τi

{

∫

V
[D (Fτ INi)]

T C̃β(Fs Nj) dV
}

q̂sj+

−δq̂Tτi

{

∫

V
[DH (Fτ Ni)]

T
DDH(Fs Nj) dV

}

q̂sj

(34)

Equation 34 highlights that the virtual internal work consists of three terms, i.e. pure mechanical,

pure hygroscopic and hygro-elastic coupling contributions, respectively. For sake of clarity, it can

be explanatory to use a compact notation, as shown in Eq. 35,

δLint = δqT
τi {Kuu} qsj − δqT

τi {Kuc} q̂sj + δq̂Tτi {Kcc} q̂sj (35)

where Kuu, Kuc and Kcc are the pure mechanical, pure hygroscopic and hygro-mechanical coupling

stiffness matrices, respectively. Thus, the stiffness matrix becomes a (4× 4) tensor, as shown in Fig.

4. It is noteworthy that the effect of mechanical deformation on external environment is negligible.

What remains, therefore, is to compute the fundamental nuclei referring to Kuc and Kcc, avoiding

to report the pure mechanical contribution, which is already mentioned in many papers about CUF.

Hence, starting from the expression of Kuc in Eq. 36

Kuc = −

∫

V

[D (Fτ INi)]
T
C̃β(Fs Nj) dV (36)

14



separating the integral in two contributions over the cross-section and along the beam axis re-

spectively, the corresponding hygro-mechanical coupling fundamental nuclei are expressed in Eq.

37,

Kijτs
14 = −

[

Λ1

∫

Ω Fτ,xFsdΩ
∫

l
NiNjdy + Λ6

∫

Ω FτFsdΩ
∫

l
Ni,yNjdy

]

Kijτs
24 = −

[

Λ2

∫

Ω FτFsdΩ
∫

l
Ni,yNjdy + Λ6

∫

Ω Fτ,xFsdΩ
∫

l
NiNjdy

]

Kijτs
34 = −

[

Λ3

∫

Ω Fτ,zFsdΩ
∫

l
NiNjdy

]

(37)

Likewise for Kcc in Eq. 38,

Kcc = −

∫

V

[DH (Fτ Ni)]
T
DDH(Fs Nj) dV (38)

from which the referring pure hygroscopic fundamental nucleus arises (see Eq. 39 ),

Kijτs
44 = −

[

D11

∫

Ω Fτ,xFs,xdΩ
∫

l
NiNjdy+

+D12

(∫

Ω Fτ,xFsdΩ
∫

l
NiNj,ydy +

∫

Ω FτFs,xdΩ
∫

l
Ni,yNjdy

)

+

+D22

∫

Ω FτFsdΩ
∫

l
Ni,yNj,ydy +D33

∫

Ω Fτ,zFs,zdΩ
∫

l
NiNjdy

]

(39)

In the case of FEM, the virtual internal work assumes the form of Eq. 40,

δLint = δqTKq (40)

where q is the global vector containing the generalized nodal unknowns and K is the assembled

global stiffness matrix. On the other hand, the virtual external work is,

δLext = δqTP (41)

where P is the vector of the generalized nodal forces. The loadings vector can be derived with

relative ease in the case of a generic concentrated load F =
{

Fx Fy Fz

}T

acting on the

application point (xp, yp, zp). Any other loading conditions, such as line and surface loads, can be

similarly treated. The external virtual work due to F is,

δLext = δuTF (42)
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Tomography Voxel FEM mesh Homogenized Model

Figure 5: Material homogenization process, from left: the tomographic image, the full three-dimensional model and

the homogenized model.

After using Eq. (19), Eq. (42) becomes,

δLext = δqT
τiFτNiF = δqT

τiP
τi (43)

where Fτ and Ni are evaluated in (xp, zp) and yp, respectively. The last equation allows the

identification of the components of the nucleus that have to be loaded; i.e., it allows the proper

assembling of the loading vector by detecting the displacement variables that have to be loaded. In

conclusion, by substituting Eqs. (41) and (40) into Eq. (32), the final algebraic system of equations

is obtained:

Kq = P (44)

4. Results

The results presented concern a specimen of a complex textile organic matrix composite, made

up by 6 textile layers, produced by interlacing warp (0o) and weft (90o) fibres in a regular pattern

or weave style. This study forms part of a research project from the university ENSMA in Poitiers,

where a solid mesh based on the sample tomographic image was built for the heterogeneous material,

in order to yield the homogenized properties of the equivalent orthotropic material (see Fig. 5).

The sample geometry and material properties here referred to, are presented by Sinchuk et al.

[37]; in detail the specimen has a volume of Lx×Ly×Lz, where Lx = 9.930mm, Ly = 7.332mm and

Lz = 1.716mm, as shown in Fig. 6. Hence, the elastic material properties can be extracted from

the compliance matrix: the Young’s moduli are E1 = 70443.864 MPa, E2 = 60825.362 MPa, E3 =

16



Figure 6: Tomographic specimen view, see also [37]

12687.586 MPa; the Shear ModuliG12 = 5088.466 MPa, G13 = 4141.472 MPa, G23 = 4136.963 MPa;

and finally the Poisson’s ratios ν12 = 0.0433, ν13 = 0.417, ν23 = 0.414, ν21 = 0.037, ν31 =

0.075, ν32 = 0.086, where the lack of symmetry in the model geometry is the cause of the dif-

ferent values assumed by the Poisson coefficients. Homogenized mass diffusivity properties are also

reported: D11 = 8.1294 · 10−14 m/s2, D22 = 8.3469 · 10−14 m/s2, D33 = 4.7830 · 10−14 m/s2

are the diffusivity tensor diagonal terms, the terms out of the diagonal are considered equal

to zero, whereas the average moisture expansion vector has the following values β =
εY

c∞
=

[ 0.148 0.180 1.825 ] · 10−4 m
3

Kg
, where c∞ = 0.0211 g/cm3 stands for the concentration at satura-

tion.

4.1. Research approach

The approach adopted for the study is based on different steps. The purpose is to demonstrate

the computational efficiency of CUF models respect to the full three-dimensional models in com-

puting the transient hygro-mechanical response of the sample lying in a humid environment. The

specimen is considered subjected to uniform moisture over the external surfaces. In detail and in

accordance to Fig. 7, since only one eight of the entire volume is considered by taking advantage of

the symmetry of the specimen, the value c∞ of concentration at saturation is applied on external

surfaces, whereas symmetry conditions are applied at internal boundaries. Figure ?? shows the flow

chart of the approach used in the present paper. First of all, the analytical reference concentration

contents evaluated along the thickness at precise time steps, act as reference values in assessing dif-

ferent solid meshes and in choosing the 3D FE model, as depicted in Fig. 9, the solid models have
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(a) C∞ on the external surfaces (b) Symmetry conditions on the internal surfaces

Figure 7: Boundary conditions

Analytic solution 

3D diffusion equations

Evalaution of the moisture 

concetration at a given time 

Application fo the moisture concentration 

as boundary condition of the refined 

one-dimensional FEM model 

Solution of the Elastic problem

and evaluation of the stress field

f = �D (∇c)

c(t)

cFEM(x,y,z)=cAnalytical(x,y,z,t)

[K]q=P

u, ε, σ uABQ, εABQ, σABQ 

Comparison with 

ABAQUS

Figure 8: Workflow of the solution approach adopted.
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Figure 9: Visualization of analytical and numerical (ABQ) concentration trend at the internal side along z-axis

(0, 0, z) for different time steps

been obtained using the commercial tool ABAQUS [27], hereafter referred as ABQ. In general, the

time steps taken into account are dictated by the numerical stability condition ∆t > ∆x2/ (6Dmin),

where ∆t is the time increment, Dmin is the minimum value between the 3 orthotropic diffusivity

coefficients, and ∆x is a typical element dimension (such as the length of an element side ). The

formula relates the minimum usable time step and the element size, in order to avoid spurious os-

cillation. The validated solid model is in turn assumed as basis for the comparison with the present

one-dimensional refined models. At this point, it is worth noting that the CUF transient analyses

are actually performed as a number of subsequent steady-state simulations, in which the moisture

field is imposed as an external loading and comes from the previously outlined analytical solution.

In detail, the static problem to be studied is Ku(t) = P(t), by neglecting the inertial effects. In

essence, the chosen 3D analytical solution allows to yield the analytical concentration values at the

nodes of interest in the higher-order model and at certain time steps (according to those settled by

ABQ); these values are used as input components of the loading vector P(t). So, to summarize, for

each time step (tk), different analytical concentrations P(tk) are applied at the structural nodes

and, as result, the CUF static system resolution gives the nodal displacement values u(tk) step

by step. It is clear from the analyses that the hypothesis of neglecting inertial effects is definitely
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reasonable, because the phenomenon under consideration (water absorption) is very slow.

4.2. Numerical results

Different CUF models are presented in this section. The idea has been to refine the mesh, in

order to enhance the agreement between the resulting displacements and stresses from CUF and

3D finite element analyses. The common thread of this refinement is mainly the convergence of

the CUF methodology results to the reference ABQ outcomes obtained using a regular mesh model

with 41 × 30 × 10 quadratic brick elements. The discretization strategy involves 4-nodes beam

elements along the axis direction y for all the considered meshes; the transverse section meshing is

instead increasingly refined as it approaches the external surfaces of the specimen, where the higher

concentration gradients occur, overall during the first time phases of the water diffusion process.

More specifically, Fig. 10 represents the three several cross-sectional discretizations in question,

based on 9-node or 16-node Lagrange shape functions.

Case 1: 20B4 L9 (2x2)

In the first hygro-mechanical analysis, a 2 × 2 L9 CUF model is considered. The cross-section

discretization is shown in Fig. 10(a), whereas Fig. 11(a) shows the path A along which the

displacement results are evaluated first; in fact, the most significant displacements values pertain the

external side of the material. Table 1 quotes the displacement components by CUF and ABQ at the

external vertex and at various time steps and, moreover, the percentage difference between the two

computational models considered are presented in Table Table 2 . In detail, a good match between

displacements results over long time is observed, while it is clear that the main discrepancies (until

the 30% of deviation) between CUF and ABQ displacement components are visible at the beginning

of the simulation, at lower times, when the concentration gradients are more severe. Although, the

advantages of CUF are clear in terms of computational efforts: the degrees of freedom (dofs) and

the CPU time required from both analyses are reported in order to underline the major efficiency

in terms of computational costs of the refined theory approach implementation compared with the

3D FE method (6100 dofs and 174 s of the CUF processing against the 312728 dofs and 3743 s of

CPU time in ABQ).

In Fig. 12(a), the same results are given in a graphical form, by showing the variation of the

displacement magnitude along path A for this first meshing configuration.
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Figure 10: Cross-sectional meshing configurations
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Figure 11: Paths along which external displacements (Path A) and internal stresses (Path B) are evaluated, respec-

tively.

CUF (6100 dofs) ABQ (312728 dofs)

t (∗) 106 · ux 106 · uy 106 · uz CPU time 106 · ux 106 · uy 106 · uz CPU time

[m] [m] [m] [s] [m] [m] [m] [s]

t1 0.081 -0.9955 3.522 23.9 0.439 -0.434 2.933

3743.1

t2 1.278 -1.290 3.643 23.5 1.304 -1.205 3.619

t3 1.592 -1.466 3.640 19.4 1.587 -1.439 3.640

t4 1.659 -1.505 3.638 22.1 1.654 -1.492 3.638

t5 1.689 -1.523 3.636 21.6 1.686 -1.517 3.636

t6 1.700 -1.529 3.636 41.3 1.699 -1.526 3.636

t7 1.704 -1.531 3.635 22.5 1.703 -1.530 3.635

(∗): For sake of brevity, the time steps are here listed and named t1 = 3.8335 · 105 s, t2 = 4.6998 · 106 s,

t3 = 1.079 · 106 s, t4 = 1.514 · 107 s, t5 = 2.036 · 107 s, t6 = 2.558 · 107 s and t7 = 3 · 107 s

Table 1: 20B4 L9 2x2: Resultant displacements at the external vertex (LxCUF
/2, 0, LzCUF

/2) along Path A.
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(a) 20B4 L9 2x2

(b) 20B4 L16 6x3

(c) 20B4 L16 8x5

Figure 12: 20B4 L9 2 × 2: Comparison of the ABQ and CUF resultant displacements along the external thickness

(LxCUF
/2, 0, zCUF /h)
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z

h

uCUF − uABQ

uABQ

· 100 [%]

t1 t2 t3 t4 t5 t6 t7

0.000 27.99 1.76 0.74 0.42 0.21 0.10 0.05

0.250 32.80 1.52 0.50 0.27 0.13 0.06 0.03

0.500 22.15 0.97 0.27 0.15 0.07 0.03 0.02

Table 2: 20B4 L9 2x2: relating percentage deviations of CUF from ABQ along Path A.

It is clear that some convergence analysis needs to be performed in the CUF model by means

of a wise mesh refinement over the cross-section, because some important differences in terms of

displacements and stresses are visible.

Case 2: 20B4 L16 (6x3) not uniformly - spaced

As regards the mesh reported in Fig. 10(b), a not uniform distribution of (6x3) L16 CUF

expansions over the cross-section is used, with the purpose to refine the mesh close to the boundaries

of the diffusion problem, where higher concentration gradients are encountered. Likewise to the

previous analysis case, Tables 3 and 4 list the outcomes about the displacement field from the

refined CUF and ABQ models along Path A. Once again the CUF analysis with 46360 dofs and

a CPU time of 2547 s appears to be saving in term of computational requirements with respect to

Abaqus. It can be stated that the finest mesh above the cross section gives a better agreement in

terms of displacement components between the two models, also at the initial time steps, with a

considerable drop in percentage deviation (about 2% of error), as it is evident by Fig. 12(b).

The stress values along the thickness at the internal side have been studied, too. These also make

a comparison between the CUF model under consideration and ABQ. As a first mechanical analysis

of the stresses can highlight, σxx and σyy result in being the most significant stress components if

compared with the others, as clearly depicted by Fig. 13(a), where the variation of all the stress

components at the first time step t1 are plotted. Then, for the sake of completeness, the main

stress components are evaluated along the Path B, which coincides with the internal side at the

center of the composite sample, as showed in Fig. 11(b). Both the cross-sectional mesh considered

provide accurate results if compared with the ABQ solution. Figures 14(a) and 14(b) give the

distributions of the main stress components along the internal thickness (Path B) and for various
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CUF (46360 dofs) ABAQUS (312728 dofs)

t 106 · ux 106 · uy 106 · uz CPU time 106 · ux 106 · uy 106 · uz CPU time

[s] [m] [m] [m] [s] [m] [m] [m] [s]

t1 0.394 -0.501 2.985 342.87 0.439 -0.434 2.933

3743.1

t2 1.315 -1.260 3.632 511.50 1.304 -1.205 3.619

t3 1.598 -1.461 3.640 479.14 1.587 -1.439 3.640

t4 1.661 -1.503 3.638 339.15 1.654 -1.492 3.638

t5 1.690 -1.522 3.636 324.83 1.686 -1.517 3.636

t6 1.701 -1.529 3.636 302.75 1.699 -1.526 3.636

t7 1.704 -1.531 3.635 245.95 1.703 -1.530 3.635

Table 3: 20B4 L16 6x3: Resultant displacements at the external vertex (LxCUF
/2, 0, LzCUF

/2) along Path A.

zgl
h

uCUF − uABQ

uABQ

· 100 [%]

t1 t2 t3 t4 t5 t6 t7

0.000 1.94 1.66 0.76 0.43 0.21 0.10 0.05

0.250 2.32 1.25 0.50 0.28 0.13 0.06 0.03

0.500 1.83 0.79 0.28 0.15 0.07 0.03 0.02

Table 4: 20B4 L16 6x3: relating percentage deviations of CUF from ABQ along Path A.
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(a) 20B4 L16 6× 3 (b) 20B4 L16 8× 5

Figure 13: Comparison of the ABQ and CUF stresses at the internal corner along the thickness at the initial time

t1 = 3.8335 · 105 and for different meshes

time steps; judging by the numerical values, these normal stresses appear to be relatively high

when comparing with the typical material strength. The maximum stress values appear at the free

surface, z/h = 0.5, where the moisture penetrates at first. It can be of concern to emphasize that

the most critical phases of the water uptake process do refer to the short time range, rather than

to the final time phases; this due to the fact that the higher stresses come at the initial time steps,

when the diffusion gradient is significantly higher than in the successive steps. It is in fact at the

initial times, that the stress results from the two models do not match each other exactly, but CUF

stresses still approximate the ABQ data with an acceptable accuracy. Conversely, at the final time

phases ,corresponding to the saturation state, the stress values are very small and they seem to be

practically zero in the graphs.

Case 3: 20B4 L16 (8x5) not uniformly - spaced

In the final analysis case, a further refined CUF model is considered, in order to confirm the con-

vergence of the results. It is made of 8 × 5 L16 cross-sectional elements, with graded refinement
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(a) σxx (b) σyy

Figure 14: 20B4 L16 6×3: Comparison between ABQ and CUF main stresses along the internal thickness at different

time steps.
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Figure 15: Displacement trend along the external thickness at the initial time step t1 = 3.8335 · 10
5

close to the structure boundaries, see Fig. 10(c). Figure 12(c) shows that the displacement mag-

nitude between ABQ and the proposed CUF model perfectly match each other for the entire time

domain. To conclude, it can be stated that the mesh refinement has achieved the convergence in

displacement results, as it is clearly represented in Fig. 15, which shows the convergence study

for the three different CUF meshes. For the sake of completeness, the corresponding tables for the

displacements components and the relating percentage errors respect to the reference results are

reported (see Tables 5 6); however they match obviously the Abaqus results, also with identical

percentage deviations to that associated to the previous mesh choice. Figure 16 show the conver-

gence of the solution, using different cross-sectional mesh, considering the error on the displacement

evaluated at
zgl
h

= 0 and at the first time step, t1.

The CUF simulation appears to have a lower efficiency in terms of the computational time

involved (5360 s) with respect to the ABQ analysis, even if the refined model dofs (97600) remain

lower than those from the 3D FE method.

As final results and for completeness reasons, Figs. 17(a), 17(b) and 13(b) show the stress

components along path B, respectively for the various time steps when significant components

are considered, and for initial time step as all the stress components are addressed. As with the

displacements, the CUF stresses appear to keep the same values of the preceding mesh, thereby
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Figure 16: Convergence analysis considering the error on the displacement, evaluated at
zgl

h
= 0, at the first time

step.

CUF (46360 dofs) ABAQUS (312728 dofs)

t 106 · ux 106 · uy 106 · uz CPU time 106 · ux 106 · uy 106 · uz CPU time

[s] [m] [m] [m] [s] [m] [m] [m] [s]

t1 0.393 -0.503 2.985 342.87 0.439 -0.434 2.933

3743.1

t2 1.315 -1.260 3.632 511.50 1.304 -1.205 3.619

t3 1.598 -1.461 3.640 479.14 1.587 -1.439 3.640

t4 1.661 -1.503 3.638 339.15 1.654 -1.492 3.638

t5 1.690 -1.522 3.636 324.83 1.686 -1.517 3.636

t6 1.701 -1.529 3.636 302.75 1.699 -1.526 3.636

t7 1.704 -1.531 3.635 245.95 1.703 -1.530 3.635

Table 5: 20B4 L16 8x5: Resultant displacements at the external vertex (LxCUF
/2, 0, LzCUF

/2) along Path A.
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zgl
h

uCUF − uABQ

uABQ

· 100 [%]

t1 t2 t3 t4 t5 t6 t7

0.000 1.99 1.66 0.76 0.43 0.21 0.10 0.05

0.250 2.37 1.25 0.50 0.28 0.13 0.06 0.03

0.500 1.85 0.79 0.28 0.15 0.07 0.03 0.02

Table 6: 20B4 L16 8x5: relating percentage deviations of CUF from ABQ along Path A.

proving that the CUF results have reached convergence levels. Hence, although the refinement

of the model, the discrepancies in terms of stresses still occur. Once again, the most significant

percentage errors in stress components occur close to the boundary surfaces, where the highest

diffusion gradient are experienced, as well as at the first time steps, which are the most critical

phases of the moisture uptake process.

5. Conclusions

Adavanced modelling techniques for hygro-mechanical analyses have been discussed in the

present work, whose main novelty lies in the use of refined one-dimensional theories based on the

Carrera Unified Formulation (CUF). By employing the Fick’s law, the coupled hygro-mechanical

problem has been formulated according to the CUF. With the support of the analytical solution of

the water diffusion problem, the moisture uptake in the equivalent orthotropic material sample has

been simulated by means of the refined methodology and compared with the full three-dimensional

results, assumed as reference solution. The refined beam formulation, based on the CUF, has been

then extended to deal with coupled hygro-mechanical analyses of homogeneous composite struc-

tures. Preliminary results have suggested an evident advantage of CUF in terms of computational

costs. The results have supported the following conclusions:

• The three-dimensional closed-form solution of the first Fick’s has shown higher concentration

gradients in the proximity of the boundary external surfaces and at the initial time steps and

this involves also numerical oscillation problems in the analytical solutions inherent to the

short-time analyses.

• Referring to the ”quasi-static” hygro-mechanical problem, after some attempts of CUF mesh
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(a) σxx (b) σyy

Figure 17: 20B4 L16 8x5: Comparison between ABQ and CUF stresses
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refining, a reasonable agreement between the displacements results of the CUF and the ABQ

analyses has been achieved (differences of roughly 1% between the two).

• As far as the stress field is concerned, the analyses have highlighted the need of increasing

the CUF theory order, because of the high humidity gradients (close to the external surfaces)

which affect the stress distribution considerably.

To summarize, it can be stated that the convergence study leads to a perfect agreement in terms

of displacements between 3D FE and CUF models, respectively; furthermore the refined model is

reasonably useful and efficient in capturing with a good approximation the trend of the main stress

components along the thickness.
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