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Abstract We design an adaptive procedure for approximating a selected eigenvalue and its eigen-
space for a second-order elliptic boundary-value problem, using an hAp finite element method. Such
iterative procedure judiciously alternates between a stage in which a near-optimal hp-mesh for the
current level of accuracy is generated, and a stage in which such mesh is sufficiently refined to
produce a new, enhanced approximation of the eigenfunctions. We identify conditions on the initial
mesh and the operator coefficients under which the procedure yields approximations that converge
at a geometric rate independent of any discretization parameter, using a number of degrees of
freedom comparable to the smallest number needed to get the achieved accuracy. We detail the
second stage for a single eigenvalue, relying on a p-robust saturation property.

Keywords hp-finite element method - Eigenvalue approximations - Adaptivity - Complexity
Mathematics Subject Classification (2010) 65N30 - 65N25 - 65N50

1 Introduction

Since the pioneering book [24], in which the first a priori error bounds for Galerkin approximations of
eigenvalues and eigenfunctions of self-adjoint elliptic operators was established, the achievements of
new results concerning the numerical discretization of source-type elliptic boundary-value problems
have always been accompanied by companion results about the related eigenvalue problems; we
refer to [1] and [5] for overviews on the subject.

In this framework, the analysis of adaptive finite-element methods for eigenvalue computations
was started at the beginning of this century, being essentially concerned with h-type discretiza-
tions. Using reliable and efficient a posteriori error estimators (see e.g. [25,22,15]), a mark-and-
refine strategy may be adopted to build successive approximations of a selected eigenvalue and
its eigenspace. At first, the convergence of such iterations was established [19,18,13] by proving
a suitable contraction property; subsequently, the optimality of the procedure was assessed [14],
providing a counterpart of the optimality analysis first developed in [12] for a source-type prob-
lem. More recent results concern the adaptive approximation of eigenvalue clusters [17,6], or the
availability of guaranteed, fully computable a posteriori error bounds [8] to be used in the adaptive
procedure.
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Results concerning hp-adaptivity for eigenvalue problems are more limited, being confined to a
posteriori estimators (see [20] for a residual-based estimator in the framework of hp-DG schemes,
and again [8] for an equilibrated-flux estimator which, unlike the former, is p-robust). On the other
hand, only recently a rigorous analysis of convergence and optimality for hp-adaptive finite-element
discretizations of source-type problems has appeared [9,10]. The procedure therein proposed and
analyzed consists of a judicious alternation between a stage in which the current error is reduced by
a prescribed fraction by suitably refining the current hp-mesh (this guarantees convergence), and a
stage in which a new hp-mesh is built, with the property that the cardinality of the corresponding
degrees of freedom is comparable to the minimal cardinality necessary for achieving the current
accuracy (this guarantees optimality). To realize the latter stage, a near-optimal hp-approximation
algorithm [3] is applied, which considers the current numerical solution (as well as the operator
coefficients and the right-hand side) as “data” to be approximated at best.

The purpose of the present paper is to adapt the general setting introduced in [9] to the case of
hp-adaptive approximations of eigenvalue problems. We design an iterative procedure for computing
a selected eigenvalue and its eigenspace, which at each step generates a near-optimal hp-mesh for
the current level of accuracy; such mesh is then sufficiently refined to produce a new, enhanced
approximation of the eigenfunctions. We identify conditions on the initial mesh and the operator
coefficients under which the procedure yields approximations that converge at a geometric rate
independent of any discretization parameter, while growing the number of degrees of freedom in a
way comparable to the optimal (i.e., the minimal) number. Our general convergence and optimality
result applies to the approximation of eigenvalues of any multiplicity. However, in order to keep
the complexity and length of the paper at a moderate level, a realization of the stage in which
the approximation error is brought below a given threshold is detailed only for the case of a single
eigenvalue; the extension to a multiplicity > 1 will be presented elsewhere. In this stage, we activate
an inner loop where a Dorfler-type marking is applied, which is based on a p-robust equilibrated-
flux estimator [7,16,8]. For such estimator, we establish a saturation result as in [10] which implies
a contraction property for the eigenfunction error in the energy norm. Overall, the number of inner
iterations and the complexity (number of activated degrees of freedom) of the proposed realization
of this stage is independent of the mesh-size, while depends in a very mild way (i.e., logarithmically)
on the largest polynomial degree used on the initial mesh.

The paper is organized as follows. In Sect. 2 we formulate the eigenvalue problem and we in-
troduce the hp-partitions and the function spaces built on them, that will be used throughout the
paper. In the two following Sects. 3 and 4, we present the two routines that constitute the building
blocks of the proposed algorithm. The former one, termed hp-NEARBEST, produces, for a given
function and a given tolerance, an hp-partition and an hp-approximation of the function, such that
a prescribed error functional is below the tolerance, while the cardinality of the partition is com-
parable to the minimal cardinality among all partitions that provide a similar accuracy (instance
optimality); the routine relies on the construction of [3]. The latter routine, termed EIGEN,
implements a Galerkin discretization of an eigenvalue problem with given piecewise-polynomial
coefficients, and produces an approximation of the eigenfunctions of a selected eigenvalue, with
prescribed error bound. The two routines are concatenated in Sect. 5 to create the main algorithm,
hp-AFEM-EIG, which outputs a sequence of hp-partitions and corresponding discrete eigenspaces
made of piecewise polynomial functions defined on such partitions. Under reasonable assumptions,
we prove that the sequence of discrete eigenspaces converges to the exact eigenspace of the target
eigenvalue, and the partitions satisfy an instance optimality property. Finally, in Sect. 6 we describe
an implementation of EIGEN for an eigenvalue of multiplicity 1, and we discuss its properties.

Throughout the paper, A < B means A < ¢ B for some constant ¢ > 0 independent of the
relevant parameters upon which the non-negative quantities A and B may depend. The symbol
A~ Bmeans A< B and B S A.
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2 Problem setting

In a polygonal domain 2 C R?, we consider the following second-order self-adjoint eigenvalue
problem:

—V-(vVw) = dow in £2, w=0 on 0, (2.1)

with v, o € L°°(£2) satisfying v > vp and ¢ > go a.e. in {2 for some constants vp > 0 and gp > 0.
Further assumptions on the coefficients will be made later on. Introducing the bilinear forms

a(v; u,v) ::/ v Vu-Vudx, b(o; u,v) ::/ uv odx
2] Q

defined in V := Hg(f2) and H := L*(£2), respectively, the problem can be given the following
variational formulation

weV : a(vyw,v) = Ab(g;w,v) Vv e V. (2.2)

It is well known that this problem admits a non-decreasing, unbounded sequence of strictly positive
eigenvalues \,,, n > 1, with corresponding eigenfunctions w,, € V satisfying

a(V; Wn, W) = b(0; W, wm) =0 whenever n # m.
We will be interested in approximating the j-th eigenvalue A := A; = --- = Ajyar—1, which we
assume of multiplicity M > 1, and the corresponding eigenspace Wy := span{wj, ..., wjrar—1}-
We suppose the generating functions wjim, m =0,...,M — 1, to be normalized in V.

2.1 hp-partitions and hp-approximation spaces

In view of the hp-adaptive discretization of the spectral problem above, we introduce some notation
concerning partitions of the domain and function spaces built on them.

2.1.1 Partitions of the domain

We assume that we are given an essentially disjoint initial partition Ko of £2 (the root partition) into
finitely many closed subdomains, which will be the initial geometric elements. We assume that for
each element K that we encounter, there exists a unique way in which K can be split into elements
K’ and K", the ‘children’ of K, such that K = K’ UK" and |[K’' N K”| = 0. The set £ of all these
geometric elements forms an infinite binary ‘master tree’, having as its roots the elements of the
initial partition of £2. We require that the adopted rule of splitting maintains the ratio between the
diameter of an element and the diameter of the inscribed circle uniformly bounded; an example is,
for triangles, the ‘newest vertex bisection rule’. A subtree of the master tree is a finite subset of
R that contains all roots and for each element in the subset both its parent and its sibling are in
the subset. The leaves of a subtree form an essentially disjoint partition of 2. The set of all such
geometric partitions, or ‘h-partitions’, will be denoted as K. For K, € K, we call K a refinement
of I, and write K < K, when any K € K is either in K or has an ancestor in .

Starting from an h-partition K € K, we obtain an hp-partition D by associating an integer d > 1
to each element K € K. This integer will be related to the dimension of certain finite dimensional
spaces of functions defined in K; in turn, such spaces will depend on a polynomial degree p, defined
by a suitable function p = p(d). A pair D = (Kp,dp) € & X N formed by a geometric element
Kp and an integer dp will be termed an hp-element. Thus, a collection D = {D = (Kp,dp)}
of hp-elements is an hp-partition provided K(D) := {Kp : D € D} € K; the latter will be the
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associated h-partition. The collection of all hp-partitions is denoted as . The dimension of the
hp-partition D is the integer
#D:= > dp.
DeD
For D,D € D, we call D a refinement of D, and write D < D, when both K(D) < IC(ﬁ)7 and
di > dp, for any D € D, D € D with Kp being either equal to K5 or an ancestor of K.

We will also need to deal with conforming hp-partitions, i.e., partitions D € D whose associated
h-partitions K(D) are ‘conforming’ in the usual finite element sense. We denote by D¢ C D the
subset of such partitions. We assume that a mapping C : D — D has been selected, satisfying the
property

#C(D) = min{#D : D € D° and D > D}, (2.3)
and we will set D¢ := C(D).

2.1.2 Approximation spaces on hp-partitions

Given a partition D € D, we will have to build on it suitable piecewise polynomial approximations
of M functions v, € V (m=0,..., M — 1) related to the eigenfunctions of our spectral problem,
as well as of the coefficients v and p of the operator. To this end, from now on we assume that the
coefficients are smoother than just L°°-functions in each element of the initial partition; precisely,
we assume that v,0 € S(2) := {v € L™(2) : v, € H (Ko) VKo € Ko} for some 7 > 1.
Thus, setting z = ((vm),v,0) € Z = (H%:_Ol H§(02)) x S(£2) x S(£2), it holds 2x € Zg :=
(H%;Ol HY(K)) x H"(K) x H™(K) for each element K of the master tree f. For any h-partition
K € K, we introduce the infinite dimensional space consisting of (M + 2)-tuples of functions of
broken regularity in {2

Z)C::{z:Q%RMJrQ:z‘KEZK VK € K} = H 7K.
KeK

From now on, let us fix once and for all the mapping p = p(d) relating the dimension parameter
d to the polynomial degree p; this function should be non-decreasing and unbounded from above.
For instance, when K is a triangle, p = p(d) can be defined as the largest value in N such that
dimP,_1(K) = %p(p + 1) < d. Then, for any element K € £ and any integer d > 1, we introduce

the finite-dimensional subspace of Zx
M-—1
Zra =[] Poy(K)) X Ppiaysa(K) x Pyays(K),

m=0

where o, # > 0 are fixed constant integers. Note that Zx ¢ C Zk 441 and Zx g C Zg',a X Zkr 4
if K’, K" are the children of K. Finally, for any hp-element D = (Kp,dp) we set Zp := Zk, dp,
and for any hp-partition D € D we introduce the (broken) approximation space

Zp = [[ %o,
DeD

which is a finite dimensional subspace of Zx (p).

At last, let us define suitable local and global projection operators and error functionals. For
any r > 0, any element K € & and any polynomial degree ¢ > 0, let Py, : H"(K) — P4(K) be the
orthogonal projection in the norm of H"(K). Then, for any hp-element D = (Kp,dp), we define
the operator Qp : Zx, — Zp by setting

o 1 1 T T
Qp = (PKD7PD7 - '7PKD7PD7PKD,pDJrowPKD,pDJrﬂ)-
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The associated local error functional ep : Zp — R, which provides a measure of the squared
projection error, is defined for any z = ((vm), i, 9) € Zk, as follows

M—-1
en(2) i= > vm — Pk ppomllfr (o) +
— (2.4)

1 2 2
=5 (v = Py porse Ity + 10 = Py oo ellirr )

where £ > 0 will be chosen small enough later on, and will act as the reciprocal of a penalization
parameter. Note that such error functional ep = ep(z) is non-increasing under both ‘h-refinements’
and ‘p-enrichments’, i.e., it satisfies

ep’ +epr < ep when Kp/, Kp» are the children of Kp, and dp, = dp» = dp;

2.5
ep’ SeD when KD/:KD and dDI ZdD- ( )
For any hp-partition D € D, the global error functional Ep : Z — R is defined as
Ep(2) := Y en(zk,);
DeD
and, as a consequence of (2.5), it satisfies
E5(z) <Ep(z) VD >D. (2.6)

For the subsequent applications, it is convenient to use a separate, and more concise, notation
for eigenfunctions and coefficients. So, il z = ((vm), v, 0), we will set z = (v*,9) with v* = (vm)
and ¥ = (v,0). If z € Z, then v* € V:= V™ and ¥ € S := S(2). On the other hand, if zp € Zp,
then v € Vp := VA with Vp := [Tpep Pon(Kp), whereas ¥p € Sp := [[pep (Ppp+a(KD) X

Ppy,+5(KD)).
Finally, it is convenient to introduce a notation for conforming subspaces defined on hp-
partitions, namely we set V5 := Vp NV, and V% := (VS)M. The typical approximation of

eigenfunctions and coefficients we are going to build on some partition D € D will be a pair
zp = (vp,9p) € VH X Sp.

3 An instance optimal hp-approximation algorithm

In this section, we recall the principles of near-best adaptive hp-approximation, based on a greedy
algorithm proposed by P. Binev [3].

Let us fix a vector of functions z = (v*,9) € Z. For any hp element D, let ep = ep(z|k,,) be
the local error functional defined in (2.4), and for any hp-partition D let Ep = Ep(2) = ) pcpeD
be the corresponding global error functional.

Denote by R > 1 the cardinality of the initial geometric partition Ko. Using property (2.5),
Binev’s algorithm builds a sequence of hp-partitions Dy, N > R, satisfying #Dn = N; the
construction is incremental, in that going from Dy to Dyy1 one exploits the work already done
to build Dy . The main feature of the algorithm is its instance optimality, expressed as follows.

Theorem 3.1 ([3]) Forn > R let

on = iInf FEp
#D<n

be the smallest error achievable with an hp-partition of cardinality < n. Then, the hp-partitions
Dn produced by Binev’s algorithm yield error functionals E'p, satisfying the bounds

2N

E < —
DN*N—n—i—lU

n VYn<N. 0 (3.1)
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Binev’s construction can be easily used to produce an instance optimal hp-partition for which
the error functional is below a given threshold.

Corollary 3.1 ([9]) Let B > 1 arbitrary. Given € > 0, let D € D be the first partition in Binev’s
sequence for which Ep < 2. Then, setting b = ,/%(1 - %) < 1, it holds
#D < B#D

for all partitions DeD satisfying Ex < (be)?. 1]

The proof is by contradiction: the existence of a D for which #D > B #ﬁ would imply, using (3.1),
that D is not the first partition in Binev’s algorithm to satisfy Fp < 2; see [9, Corollary 2] for
the details. Note that ¢ is raised to the power 2 as a consequence of the quadratic structure of the
functional Ep (recall (2.4)).

This result motivates the introduction of the following routine, which will constitute one of the
two major building blocks of our proposed hp-adaptive algorithm for eigenvalue computations.

e [D,9p] := hp-NEARBEST (¢,v*, %)
The routine hp-NEARBEST takes as input € > 0, and (v*,9) € Z, and outputs D € D as well
as ¥p € Sp such that ED(’U*,’@)% < ¢ and, for some constants 0 < b <1 < B, #D < B#YS for
any D € D with Ex(v*,9)2 < be.

The approximation ¥p of the data ¥ is just the element-wise projection given by the operator Qp

associated with the partition D, i.e., we set

(vD,9p) = Qp(v", V). (3.2)
The following L -error estimate will be useful in the sequel.

Proposition 3.1 There exists a constant Co > 0 such that
1
[v = vplle(2) + llo — epllL~(2) < Cok Ep(v*,¥)? Y(v*,9) € Z.

Proof Consider the function v, the argument being identical for . Let D € D be an element such
that ||v — vpl|p=(2) = ||V — vpllL~(x,), and let Kp be an affine image of Kp with [Kp| = 1.
For ?onvenience7 let us set ¢ := (v — VD)‘KD = VK, — PITfD,pD-i-aV\KD; and let <;A5 it§ aﬂjne image
on KD.ABy the Sobolev embedding theorem, we have ||¢|| Lo (k) = ||¢||L>°(RD) < Cl||¢||Hf(f<D)v
where C1 > 0 is an absolute constant. Actually, since by construction ¢ has zero-mean in Kp,

by a Poincaré-type inequality the norm on the right-hand side can be replaced by the reduced
norm ||l - (%, in which the L?(Kp)-contribution is missing. It is easily seen that lolg-(z,,) <

Co||9ll 7 (k) < C2ll@llm7 (k) for some absolute constant Cz > 0. In conclusion, setting Co = C1C2
and recalling (2.4), we have

=

A A * 1 A *
|[v=vp|lL=(2) = [v—vpllL=~ k) < Collv—vp|la-(k,) < Corep((v™,9)k,)? < Cok Ep(v™,9)2,

which proves the result, with Co = 2Co. ]

Remark 3.1 Note that from a call to hp-NEARBEST we also obtain an approximation v} =
(vm,p) of the functions in v* = (vm) (which in the subsequent application will be discrete eigen-
functions); however, we prefer to discard such approximations, since in general they are discontin-
uous at the interelement boundaries. Yet, the output partition is adapted to approximating the
functions in v* as well, since they enter the definition of the error functional; this will be important
for the optimality of the proposed algorithm.
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4 Galerkin approximations of the spectral problem

Let ¥p € Sp be an approximation of the data ¥ on a hp-partition D € D. This might be generated
by a call to hp-NEARBEST, as it will be the case in the sequel.

Keeping into account Proposition 3.1, we may assume that the error between ¥ = (v, ) and
Yp = (vp,op) in the broken H"-norm is sufficiently small to guarantee ||V — vp||e(g) < %uo
and [|¢ — op||Le(2) < %QQ. This implies vp > %Vo and op > %Qo. As a consequence, the infinite-
dimensional spectral problem with perturbed coefficients

weV : a(vp;w,v) = Ab(op;w,v) Yv eV, (4.1)

admits a non-decreasing, unbounded sequence of strictly positive eigenvalues AP n > 1, with
corresponding eigenfunctions w? € V satisfying a(vp;w?h, w) = b(op; wl, wE) = 0 whenever
n #m.

If ¥9p is sufficiently close to ¥, we expect the M perturbed eigenvalues )\jD < - < )\J-D+M_1
to be close to the exact eigenvalue \,, and the subspace WP := span {ij, . ,ij_,_M_l} spanned
by the corresponding eigenfunctions to be close to the eigenspace W, of A.. Let us recall that the
‘distance’, or gap, between two subspaces X and Y of V is defined as

SV(X, Y) := max(dv (X, Y),dv (Y, X)), with oy (X,Y) = sup inf |l —ylv.
2€X,||z|ly=1YEY

Problem (4.1) is discretized by a G_alerkin method, built on conforming partitions D € D¢ that
are refinements of D, i.e., they satisfy D > D. For such a partition, we consider the discrete spectral
problem

w€Vp : alvpyw,v) = Ab(op;w,v) Yv € Vp, (4.2)

whose eigenvalues and eigenfunctions, resp., will be denoted by Ap ,, and wp ,,, resp., (they actually
depend on D as well, yet we prefer this simpler notation). In particular, assuming the dimension
of Vp large enough, we are interested in the M eigenvalues Ap ; < -+ < Ap ;4 pr_¢ and in the
subspace W := span {w@,j . ,w@)jJrM,l} spanned by the corresponding discrete eigenfunctions.

By choosing a sufficiently refined partition D, we are able to bring the distance between the
eigenfunction spaces WP and W5 below any prescribed threshold. This may be accomplished by
adopting a suitable refinement strategy, based on the information given by some a posteriori error
estimator. An explicit realization will be discussed in Sect. 6.

For the moment, we formalize this procedure by assuming the availability of the following rou-
tine, which will constitute the second major building block of our proposed hp-adaptive algorithm
for eigenvalue computations.

e [D,w}] := EIGEN(e, D, ¥p)

The routine EIGEN takes as input ¢ > 0, D € D, and data Jp € Sp. It outputs a partition
D € D° with D <D and a vector wh = (wp ;.- .,wp j1p—1) € Vp of eigenfunctions of Problem

(4.2), such that 6y (WP, W) <e.

5 The general hp-adaptive algorithm

In this section, we concatenate the two routines hp-NEARBEST and EIGEN introduced above,
and we generate an adaptive algorithm with convergence and optimality properties.
To this end, we need the following properties of the global error functional Ep.
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Proposition 5.1 i) There exists a constant C, > 0 with the following property. For all D € D and
all z = (v*,9) € Z, let 9p € Sp be the projection of ¥ as defined in (3.2), and let WP the M-
dimensional space spanned by the eigenfunctions w}), . ,w;DJr]VI,1 of the perturbed problem (4.1)
with coefficients (vp, op) = Up. Then, it holds

Sy (Wi, WP) < CurEp(v*,0)2, (5.1)

where K is the penalization parameter introduced in (2.4).
it) For all D € D, v*,w* €V and ¥ € S, it holds

| Ep(w”,#)2 — Ep(v*,9)%| < [w” - v* v, (5.2)
where the norm in V= V™ is the usual graph norm.

Proof i) Let T : H — V be the operator associated with the eigenvalue problem (2.2), i.e., such
that for any f € H
TfeV : a(v;Tf,v) =0b(o; f,v) Yv eV, (5.3)

which implies Tw = A~ w. Similarly, let Tp : H — V be the operator associated with the perturbed
eigenvalue problem (4.1), i.e., such that for any f € H

TofeV : a(vp;Tpf,v) =blop; f,v) Yv e V. (5.4)
Then, one easily checks that for any v € V'
a(;Tf —Tpf,v) =a(vp —v;Tpf,v) +ble — op; [, v)
< C(lv = volL=(a) +lloe = epllL=@)flrz) llvlv,

whence by coercivity and Proposition 3.1

1
ITf = Tofllv < C'(Iv = vpllr=(2) + lle = eplli=(2)Ifllz2(2) < C"6Ep (0™, 9) 2| fllL2(e)-

The result follows from the bound (see e.g. [1])

5 Tv—T
6V(W*’ WD) < C’7D7 with YD = Ssup M
vEW, lvllv

ii) The bound follows from a double application of the triangle inequality, and from the mini-
mality property of the orthogonal projection.
]

Assumption 5.1. Let b < 1 < B the constants that appear in the statement of the instance
optimality property for the routine hp-NEARBEST. We assume that the penalization parameter
k in (2.4) is chosen small enough, so that it holds

C*’i: < L

2/ M

Let us introduce the parameters and the input data in our algorithm:

Parameters: two real numbers € € (0,1), w > 0 satisfying Cyx < 2;M(1_§) andw € (XM, \/15215’1).

Input data: the coefficients 9 = (v,0) € S of the eigenvalue problem (2.1), a set wy € V of M
approximations of the exact eigenfunctions wj, ..., w;+nm—1, , and an initial tolerance ¢ € (0,1)
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such that: i) SV(VV*7 Wo) < €0, where Wy := spanwyg, and ii) Cokweo < %rnaux(uo7 00), where Co
is defined in Proposition 3.1.

Algorithm hp—AFEM-EIG(z?, wg,€0)
forv=1,2,.
(D;, 0] fhp-NEARBEST(wEZ L wi g, 9)
[Di, w}] := EIGEN(WEZ 1, Di, Up,)
= (\[C*nw + £)Ez—1

end do

Note that the constraints imposed on € and w immediately imply v2Cxx w—+€ < 1 and bw—+v2M >
0. Also note that the assumption on ¢ and Proposition 3.1 guarantee that all data approximations
generated by the algorithm satisfy ||[v—vp, || (o) < %l/o and ||o—op; ||Le(2) < %go, thus implying
uniform continuity and coercivity properties of the approximate bilinear forms a(vp,,u,v) and
b(op,;u,v) in V and H, respectively.

Theorem 5.1 Under Assumption (5.1), let (w}) and (D;) be the sequences of approzimate eigen-
functions and hp-partitions produced in hp-AFEM-EIG. Setting W; = Wp = spanw), the
following properties hold:

Sy(We,Wi) <e; Vi>0,  Ep,(w,9)7 < VMw+v2)ei_1 Vi>1, (5.5)

and
bw

#D; < B#D  for any D € D with Ep(w*,9)? < (W —V2)ei_1. (5.6)
Proof We proceed in several steps.

i) An auxiliary result. In a Hilbert space with norm || - ||, if w satisfies ||w|| = 1 and v satisfies
[w—wvl| = a <1, then 9 := 7y satisfies [[w — 0| < daq, with do := ﬁivl_a V1=0% Tndeed, the
worst case occurs when the half-line tv, ¢t > 0, is tangent to the ball B(w, ) of center w and radius
a; in this case, w — v is orthogonal to v, thus by Pythagoras one easily gets |[v]> = 1 — o and
lw— 9> = ||lw—v||* + ||o — v||* = 2(1 — v/1 — a2), whence the result. Note that do € (1,/2) and
is strictly increasing with a.

i) Proof of the first inequality in (5.5). The bound 8y (Wy, Wo) < & is valid by assumption.
For i > 1, in order to prove that oy (Wi, W;) < &;, we consider any w € W, with |w|y = 1.
By (5.1) and the property of hp-NEARBEST, there exists v € WP such that ||w — vy <
Cy«rEp;, (w{,l,ﬁ)% < Cykwei—1 < 1. Setting © = v/||v|v, we have by i) ||lw —0||v < V20, kwe;—1.
On the other hand, by the property of EIGEN, there exists wp, € Wp, such that [|0 — wp, [|v <
%si_l. We conclude that |w — wp [|[v < (V2Cskw + %)51_1 < .

In order to prove that v (Wi, W) < e;, we argue in a similar manner: given any wp, € Wp,
with ||lwp, ||[v = 1, one can find w € Wy such that ||lwp, —w|ly < (Cukw +&)ei—1 < €.

iii) Proofof the second inequality in (5.5). For any selected eigenfunction wj4ym, (m =0,..., M—
1) in w*, let wpl Ljt+m = argmin disty (Wj4m, Wi—1), and let Wp, |, j+m = WD, ;. j+m/ || DD 1, j+mllv-
Let us set wi_y = (Wp,_,,js---,WD,_,,5+M—1). Then, by (5.2),
1 * Ak
ED (w 19 3 < ED ( W, 1,19)2 + ||w —wi_1||v. (57)

By the first inequality in (5.5) with ¢ replaced by ¢ — 1, we have ||wjt+m — WD, |, j+mllv < €i—1,
thus by 1) ||wjtm — Wp, 4 j+mllv <de;gi-1 < V/2e;_1. Hence,

1
M-1 2
[w® — @i v = (Z wjtm — ’lfJDH,j+m|‘2/> < V2Mei-1.

m=0
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On the other hand, expanding each wp, ,,j+m along the computed orthonormal eigenfunctions in
wi_1 as Wp,_, j4m = ZQ/[:BI BmkWp,_,,j+k With ZQ/[:BI B2, = 1, one has for any D € D;

M-1
”w'Dz—lajer - PIl{DaprDi—17j+m||Hl(KD) = H Z /Bmk(wDi—lyj+k - PIl{DvPDwDi—hj"rk)”Hl(KD)
et
< Z |Bmk”|w'Di—1J+k - PIl(D7PDw'Di—17j+kHHl(KD)
k=0
M-—-1 2
< (Z lwp, 1, j+k — PéD,prD“,jJrkH%ﬂ(KD)) :
k=0

Squaring and summing over m and D, one immediately obtains Ep, (0;_, 19)% <VMEp,(w;_,9) 3.
Then, (5.7) and the property of hp-NEARBEST yield the desired result.

iv) Proof of (5.6). Let D € D with Ep(w*,0)z < (% — V/2)e;—1. Starting from the M
computed eigenfunctions in w;_1, let us define a vector w* of M normalized eigenfunctions in W,

by a minimization procedure similar to the one used in iii). Then, arguments as in iii) yield

Ep(w}_1,9)? < Ep(d*,0)2 + |[0* — wi1|lv < VM Ep(w*,9)7 + V2Mei_1 < bwei_1.

The desired result follows from the optimality property of hp-NEARBEST. ]

Finally, the bound on the gap between the eigenspaces W, and W; given in (5.5) yields an error
estimate for the approximation of the chosen eigenvalue A, of Problem (2.1).

Corollary 5.1 Fori > 1, let Ap, jim, 0 <m < M —1, be any of the M eigenvalues of Problem
(4.2) computed in EIGEN at the i-th iteration of hp-AFEM-EIG. Then, there exists an index
i0 > 0 (depending on Ax) and a constant Cy > 0 (independent of Ay ), such that the following bound
holds for alli > ip and 0 <m < M — 1:
A = Ap, jtml <o+ )\1/2)61‘-

Ax
Proof Let wp, ;. ,,, € W; be an eigenfunction associated with Ap, ;,, and normalized by
|lwp, jimllv = 1. For convenience, from now on we will set \; := Ap_ ;1. and w; := wp, ;1. Let
w € W, be an eigenfunction associated with A, and satisfying ||w — w;||yv < e;, which exists by
(5.5). Then,

a(v;w, w) a(vp,; ws, w;)
A* = "0, >\1 = — -7 7 7 ,
b(o; w, w) b(op,; wi, wi)
which easily gives
)\* — )\7, B b(QD”w“wZ) —b(,g,w,w) )\* a(u;w,w) _a(V’Dl;wi’wi). (58)

b(op,; ws, ws) b(op,; wi, ws)

In order to bound the right-hand side, let us observe that ||w|v — 1] < &; < eo < 1. Hence,
a(v;w,w) ~ |lw||} ~ 1; consequently, b(g; w,w) ~ ||w||? ~ A\;*. We have
la(v;w, w) — a(vp,; wi, wi)| < la(v;w, w) — a(v;wi, wi)| + |a(v; wi, wi) — a(vp,; wi, wi)|
2
Swlize @) llw + willv lw — willv + [l — v, L= (@) willv

S llw = willv +[lv = v, || L= (2)-
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Recalling Proposition 3.1 and the property of hp-NEARBEST, we obtain
la(v; w, w) — a(vp,; ws, ws)| S €5 + Cokwe;—1 ~ &;. (5.9)
Similarly, we have
b5 w, w) — blop, s wi, w)| < llell(aylw + will arllw — willir + llo = op, = (e will3r- (5.10)

Since b(op,; wi, w;) ~ ||w;||%, we have for suitable constants 0 < ¢1 < 1 and c2 > 1 and arbitrary
a>0

2 2 2 2 1 2 2
crllwillz < eallwllf + lloll Lo (o) (alllwllz + llwillz) + %Hw —willf) + llo — op, |l L= (2 lwill v,

whence

2 2 1 2
(1 —allollL=(2) = llo — op; || L~ (@) lwillzr < (2 + allol| L~ 2) W E + %HQHLw(rz)Hw —wi|H

Choosing « small enough and ig large enough so that Cokwe;,—1 < c1 and &5, < cgAy Y2 for some
c3 € (0,1] to be defined later on, then for all i > 4 it holds |0 — ¢p,||L~(2) < c1 by Proposition
3.1 and ||lw — wi|lg < [Jw—willv < e <& S ||w||m, which implies

lwillg < llwlla;
then, going back to (5.10), we conclude that
1b(0; w, w) — b(op,; wi, wi)| < Ax e (5.11)
At last, from this inequality we get the existence of constants ca4,cs5 > 0 such that
« Zeab(op;wi, wi) +esAe e <eab(op,; wis wi) + esAs T Tei, < cab(op,; wi, wi) + esezA,
A < eablop,; wi, i) + eshi Y Pes < cablop,; wi, wi) + esA Y %ei, < eablop,iwi, wi) + cscad;!
Choosing c3 such that cscz < 1 yields
A< b(op,; wi, w;). (5.12)

The result follows from (5.8)-(5.12). O

Remark 5.1 Since EIGEN is based on a Galerkin projection (recall (4.2)), by classical results
[24] we expect the discrete eigenvalues AD j+m assciated with the output eigenfunctions WH jtm
to converge quadratically (i.e. proportionally to €2) to the corresponding exact eigenvalues AjDHn
of the perturbed problem (4.1). In turn, these eigenvalues approximate the target eigenvalue A«
of Problem (2.1) with an error bounded by the approximation error of the coefficients, which is
proportional to ke (remember Proposition 3.1). Thus, choosing x proportional to £ should guarantee
overall quadratic convergence. On the other hand, Banerjee and Osborn [2] have indicated that the
use of a suitable quadrature rule guarantees overall quadratic convergence even when the coefficients
are nodally interpolated. In our setting, this would correspond to reducing the projection error for v
and o in (2.4) by choosing the constants o and S large enough. The study of a suitable combination
of these strategies will be the object of future work.



12 Claudio Canuto

6 Realizations of the routine EIGEN

This section is devoted to the discussion of a possible realization of the routine EIGEN, introduced
in Sect. 4.

From now on, we consider the case of a simple eigenvalue A; for Problem (2.2), i.e., we set M =1
(the case of multiplicity > 1 will be investigated elsewhere). Then, Proposition 5.1 guarantees
that the j-th exact eigenvalue )\jD of the perturbed problem (4.1) is simple as well, provided the
approximate data ¥p on the input partition D are close enough to the exact data 1. In turns, this
may be guaranteed within the algorithm hp-AFEM-EIG by assuming that the initial tolerance
go be sufficiently small, thanks to Proposition 3.1.

In the sequel, the input partition D in EIGEN will be denoted by D;,, whereas the symbol
D will be used to denote any refinement of Dj, generated by the procedure. Similarly, to avoid
cumbersome notation, we will set a(u,v) := a(vp,,;u,v) and b(u,v) := b(pp,, ;u,v), where ¥p, =
(vp,,, 0D,,) is the input data. It is convenient to introduce the norms ||v]|q := \/a(v,v) and ||v||p :=
v/b(v,v), resp., which are uniformly equivalent to the norms in V' and H, resp..

The target exact eigenvalue )xjpi“ will be denoted by A, with eigenfunction w € V satisfying

weV : alw,v)=Ablw,v) Vv e V. (6.1)

From now on, we assume that w is normalized to satisfy ||w||, = 1, whence |Jw]||2 = \.

Let Df, := C(Din) denote the conforming partition associated with the input partition through
the mapping (2.3). In the sequel, we will only consider conforming refinements D > Df; the
associated conforming space V5 will be simply denoted by Vp. For any such partition, we denote

by Ap the j-th eigenvalue of the discrete Galerkin eigenvalue problem
wp € Vp : a(wp,v) = Ap b(wp, v) Vv € Vp, (6.2)

with eigenfunction wp satisfying ||wp||s = 1 (hence ||wp||2 = Ap), and b(w, wp) > 0. We introduce
the eigenfunction error
ED =W — Wp;

note that in the present setting the target output condition of EIGEN, namely 5V(WD‘“, Wp) <e,
is equivalent to ||lep||v < e. We also introduce the residual

rp = ’I“(/\D,’LUD) = )\Db(wp, ) — a(wp7 ) S Vl. (6.3)

We now collect some useful relations involving the error. Let us begin with the following represen-
tations (see [24, Lemma 6.3] and [13, Lemma 3.1]):

1

lenllz = Mlenlls + (Ao — A) = 5 +Nllenlls + vi(rp,en)v, (6.4)
which imply the inequalities
Ap — A < |lep]l2 (6.5)
and
lenlla < (o + Mlenlls + [Irpl - (6.6)

Next, we introduce an assumption on the initial conforming mesh Df,, which guarantees that
all the discrete eigenvalues we are going to consider are well separated from the exact eigenvalues
different from A (see [24]). To this end, let A~ (AT, resp.) denote the largest (the smallest, resp.)
eigenvalue of Problem (6.1) satisfying A\~ < A < AT (with the obvious adaptation if X is itself the
smallest eigenvalue of the problem). Let us assume that Df, is sufficiently refined, so that there
exists a € (0,1) for which

0<Ape —A" <a(A=A7) and  0<Ape —A<a(At =) (6.7)

in
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This has the important consequence that the norm |lep||s is asymptotically smaller than the norm
llep|la- Indeed, note that for any conforming refinement D > Dy, the property A < Ap < Ape
(which follows from the minmax principle for the Rayleigh quotient) implies that (6.7) is satisfied
with Dy, replaced by D. In turns, this implies (see [24, pp. 234-235], [14, Lemma 3.3]) the existence
of a constant C > 0, depending on A but independent of D, such that

leplls < Cllw — Gpwlls, (6.8)

where Gpw € Vp is the Galerkin projection of w in the a-scalar product, defined by a(w—Gpw,v) =
0 for all v € Vp. On the other hand, since we have assumed that (2 is a polygon, there exist constants
r € (0,1] and Cp,» > 0 for which

fel?(2) = 2l 1er 2y < Carllfllz2 (o) where z € V solves a(z,v) =b(f,v) YveV
(6.9)
(see, e.g., [21]). Then, it is proven in [14, Lemma 3.4], using an Aubin-Nitsche argument, that for
a suitable constant C' > 0 it holds

lw = Gpwlly < Cllhp||Sllw — Gpwla, (6.10)

where hp := (hp)pep. Concatenating (6.8) and (6.10), and using ||hp|leo < ||hp,,||oc, We obtain
the following result.

Proposition 6.1 Under assumption (6.7), there exist constants r € (0,1] and C, > 0 (depending
on \) such that

leplls < Cyllhp,,

%lleplla, VD €D, D> D5 (6.11)

An important consequence of this result together with (6.6) is the following ‘abstract’ a poste-
riori bound.

Corollary 6.1 Under assumption (6.7), suppose that Din is such that
-+ 2 2r C
AT+ NGy b, s < Ti¢ for some fized ¢ > 0. (6.12)

Then

lepllz < (L+OlrpllV-

Remark 6.1 Since any partition D; built inside hp-AFEM-EIG is a refinement of the initial
partition Ko (in the sense that IC(D;) > Kop), assumptions (6.7) and (6.12) may be satisfied by
choosing a sufficiently refined Ko ]

At this point, we have to specify how to build a refined partition D from D, in such a way that
a suitable measure of the error ep is reduced by a fixed amount. To this end, we introduce an a
posteriori error estimator, which will be used inside an iterative procedure of the form SOLVE —
ESTIMATE — MARK — REFINE.
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6.1 Equilibrated-flux estimator

A posteriori error estimators based on the construction of local ‘equilibrated fluxes’ have been pro-
posed in the last years (see e.g. [16] and the reference therein) for their feature of avoiding constants
which are not known explicitly; another relevant property, as opposed to classical residual-based
estimators (see [23]), is their p-robustness [7]. Recently, an application to the adaptive discretization
of eigenvalue problems has been given in [8].

Let us recall a few notation. For the sake of definiteness, hereafter we assume that the geometric
elements in which (2 is partitioned are triangles, although quadrilaterals could be considered as
well. Let Ap be the set of all vertices a of the partition D. Let wa = wp a denote the star centered
at a, i.e., the interior of the patch of elements Kp € K(D) containing the vertex a. Let 1a € Vp be
the piecewise linear ‘hat function’ w.r.t. X(D), that has value 1 at a and that is zero at all other
vertices; one has suppa = Wa. Let us set H; (wa) := {v € H'(wa): fwa v = 0} if a is an interior

vertex, or H} (wa) := {v € H'(wa): v = 0 on dwa N 9N} if a is a boundary vertex; both spaces are
equipped with the H'-seminorm.
One localizes the residual rp introduced in (6.3) by setting

rp,a(v) :=rp(Wav)  YveV; (6.13)

note that rp a(v) only depends on v|,,,. Then, one introduces the (squared) local error estimators

1D,a(Ap, wD) = |IrD all{H1 (wa)) ac Ap, (6.14)

and the (squared) global error estimator

772D(>\D7U)D) = Z n%,a()"D7wD)-
acAp

The reliability and efficiency of such estimator are stated in the following result.

Proposition 6.2 Under the assumptions of Corollary 6.1, one has
lenllz <31+ Onp(Ap,wp),  1H(Ap,wp) < Chllenllz,
where the constant Cy only depends upon \ and 2.

Proof The first inequality is an immediate consequence of Corollary 6.1 and the general bound
lroll3 < 3 acAp HTD,aH?Hl(wa))/ (see e.g. [10, Proposition 3.1]). In order to prove the second

inequality, let us fix any a € Ap and let v € H} (wa) be arbitrary. Let us subtract from the relation

rD,a(v) = Apb(wp, Yav) — a(wp, Yav)

the identity

0 = Ab(w, Yav) — a(w, Yav), (6.15)
to get
7"'D73(U) = _)‘b(e'Dv ¢av) + (AD - )\)b(’LU'D, djav) + a(B'D, ’lf)a’U)
< (Mlenll,wa + (A = Ml[wpllowa)[Yavlls.wa + lenllawallPavllaws
(with an obvious meaning of || - [|a,w. and || - [[p,w,)- Since [[tav||p2(w,) S |wa\1/2||Vv||Lz(wa) and

IV (%av)l|22(wa) S IVVIL2(w,) (see e.g. [16]), we obtain the local efficiency estimate

1/2

Irp.all(a1(way S (AMllenllows + (A = N[wpllo,w.)wal = + llenllaw,-
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Squaring and summing-up over a, and using (6.5), we get

> lrpalta ey S (llelli + o = 22 lwolf) max wal + flen|l:
acAp

S (Vlenlls + (o = Allenll)[92] + llenll,

and we conclude using (6.11). O

The local estimators n%,a()\p, wp) defined in (6.14) are obviously not computable in practice.
However, following [7,16], it is proven in [8] that one can find piecewise-polynomial vector fields
o, in certain Raviart-Thomas spaces over the star wa, such that a suitable expression defined in
terms of their LQ—norms7 say 7p,a(Ap, wp), is uniformly equivalent to the dual norm of rp a. In
other words, one can define computable equivalent local estimators

i1D,a(Ap, WD) 2 ||IrD all{m (wa))y = 1D,a(Ap, wD), ac Ap. (6.16)

We recall that ﬁ%’a()\'p, wp) can be efficiently computed by solving local finite-dimensional saddle-
point problems, whose data depend upon Ap and wp restricted to the star wa; we refer to [8, Sect.
4] for the details.

Next, we extend to the eigenvalue problem some results given in [10] for a source problem,
and we introduce a saturation property, that will be crucial in defining the refinement D of the
partition D. To this end, let D, denote the set of elements D € D such that a € Kp, and let us set
pa = max{pp : D € Da}. Furthermore, for any integer ¢ > 0, let us define Pg¢(Da) := {v : wa —
R:v g, € Pg(Kp) for all D € Da}.

Proposition 6.3 There exists a non-decreasing function q : N — N satisfying p < q(p) < p for
any p, such that

||7"D,a||(Hi(wa))’ = ||TD,a||(Hl(wa)ﬂIP’q(pa)(’Da))/, ac Ap.

Proof Let £ denote the collection of the edges of the elements in Da which are internal to wa.
Then, one has for any v € H} (wa)

ra(v) = Z /K TDYav + Z Telal,

DED, e€gint 7€

with rp := Apop,,wp + V - (vp,, Vwp) and re := [vp, Vwp - n]e. Recall that the coefficients
vp,, and pp,, are piecewise polynomials on the input partition Dj, of the routine EIGEN; hence,
we may assume that on the star wq they belong to some Py, . (Da) with pa,in < pa (since, as we
will see below, we never decrease the polynomial degree in EIGEN). Consequently, each rp is
a polynomial of degree at most pa in + pa < 2pa, and each r. is a polynomial of degree at most
Pa,in+DPa—1 < 2pa. Therefore, we are in the same situation considered in [10, Theorem 6.3], with pa
replaced by 2pa. The desired result follows from that theorem, after noticing that its assumptions
have been numerically checked in Sect. 7 of the cited paper. We also refer to [11], where a property
similar to any of these assumptions has been proven for a quadrangular element; the proof indicates
that a function of the form ¢(pa) := (1 + ¢)2pa for any fixed ¢ > 1 guarantees the validity of the
result. O
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6.2 The contraction property

The refined partition D > D is defined through a star-based Dérfler-type marking followed by an
increment of the polynomial degree in the elements belonging to the marked stars. Suppose that all
the local estimators 7jp ,(Ap, wp) introduced in (6.16) have been computed. Let us fix a constant
0 € (0,1], and let us find a subset Mp C Ap of minimal cardinality such that

> iipa(Ap,wp) =0 Y ipa(An, wp). (6.17)
aEMp acAp

Definition 6.1 For any D = (Kp,pp) € D, set D = (Kp,pp) with K5 = Kp and

{ PD if MpnNnKp= @,
Pp = 1, otherwi
ae/{/{ngﬁ}(g(pa) + 1, otherwise.

Then, the new conforming partition D is the collection of such D.

Let V D Vp denote the conforming space associated with the partition D. Let A5 denote the
j-th eigenvalue of the discrete problem analogous to (6.2) but with Vp replaced by Vj, and let
wp € Vp denote the corresponding eigenfunction (such that ||wplls = 1 and b(w,ws) > 0). Let
us set for convenience ep p := wp — wp. Then, we have A < Ap < Ap, inequality (6.5) has the
counterpart

A —Ap < lleppll2, (6.18)

and, under the same assumption, Proposition 6.1 extents to ep p as well (see [14, Lemmas 3.3-3.4]),
i.e.,
lep,plls < Gollhp,llscllenplla, VD, D €D, D>D > Di,. (6.19)

Next property provides an inequality analogous to the second one in Proposition 6.2.

Proposition 6.4 Under assumptions (6.7) and (6.12), there exists a constant Cx > 0 such that

2 ~ 2
Z ||T'D,a||(Hi(wa)ﬂpq(pa)('Da))’ < CA||€75,D||a~
acEMp

Proof Following the proof of Proposition 6.2, we observe that (6.15) is now replaced by
0= )‘ﬁb(w‘ﬁ7 1#311) - a’(wﬁ7 ¢av)

fora € Mp and v € H} (wa) NPy(p.)(Da); indeed, the definition of pp given above guarantees that
1av € V5. Then, proceeding as in that proof, we arrive at

2 2 2 2 2
Y lIrpalltr wonk, . @y S Oblles plls + (Ao = Ap)lep plla)I2] + lles plla,
aeEMop

and the conclusion follows from (6.19) and the assumptions. O

We now prove that the given definition of D guarantees the validity of a saturation condition.

Proposition 6.5 Under assumptions (6.7) and (6.12), there exists a constant C's > 0 depending
only on \ and 2, such that

lepllz < Cslles,plla-
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Proof The first inequality in Proposition 6.2 together with (6.16) yields

lella £ > mbalro,wp) $ Y ib.alAp, wp).
acAp acAp

On the other hand, using (6.17), again (6.16) and Proposition 6.3, we get

Z D .a(Ap,wp) <07 Z b a(Ap, wp)

acAp acMp
2 2
S Y lrpalltriway S Y. Irpallte wone,g., 0.y
aEMop acMp
and we conclude by Proposition 6.4. ]

The saturation result just stated can be suitably perturbed in order to be applied in the forth-
coming proof of the contraction property.

Corollary 6.2 Under assumptions (6.7) and (6.12), one has
leplla < Cs(L+ O llep plla = Aplles,plls)-

Proof Since Ap < XA+ AT by (6.7), we use (6.12) and (6.19) to get Ap(1 +C)||e@,D||§ < C||e@71)||§.
Applying Proposition 6.5, we obtain

leplla < Cs(1+llep plla = CsCllep plla < Cs(1+ Ollep,plla — CsAp (1 + Olles i,

which is the desired result. 0

We are ready to state the crucial contraction property concerning the mapping D + D.

Theorem 6.1 Under assumptions (6.7) and (6.12), there exists a constant p € (0,1) depending
only on \ and 2, such that

lesllz = Allesllz < p*(lenlla — Alenlls) VD €D, D >Df,,
where D > D is defined in Definition 6.1.

Proof At first, note that the differences on both sides are positive, due to the assumptions and
inequality (6.11); actually, we have

lenll2 ~ (len |2 — Alenll?) uniformly in D. (6.20)

Our target result is a consequence of the following quasi-orthogonality property (see [14, Lemma
3.1)):
2 2 2 2 2 2
leslla = Aleslle = (leplla = Allenlls) = (llep,plla = Apllen,plls)-
Indeed, we use Corollary 6.2, in which it is not restrictive to assume that C' := Cs(1 4+ ¢) > 1, to
get

leslla = Alleslls < (1 —C™Hllenlla = AMlenlls < (1 —C~ ) (llenlla — Alenlls),

whence the result with p := (1 — C~H)1/2, O
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6.3 The definition of EIGEN

The iterative procedure that produces the output of EIGEN can be defined as follows. Let us
set DO = Dy, and, recursively, DO .= DU-1) for ¢ = 1,2,.... Then, under all the previous
assumptions, we have by Theorem 6.1

lepwlla = Alepo i < p*(lepo 12 — AMlepo |I7)-

Recalling (6.20) and the equivalence of || - || and || - ||v, there exists a constant K > 0 such that

lepw v < Kp'llepo v (6.21)

Assuming that an estimate of ||ep ||y is available, say |lepw ||v < do, the procedure may be
terminated at iteration ¢., where ¢, is the smallest £ such that Kpééo <e.

Definition 6.2 The output [D,wj] of the routine EIGEN(e, D,¥p) introduced in Sect. 4 is
defined as follows: D := D¢, WhH = Wpe.)-

When EIGEN is used inside the loop of Algorithm hp-AFEM-EIG, an estimate on the initial
error ||ep ||v can be obtained as follows. Suppose EIGEN is called at the i-th iteration, after
[Di,9p,] :=hp-NEARBEST (we; 1, w}_1,9); in this case, D(¥) = DS, := D§. By (5.5), we know
that

||w* - wf,1||v S Ei—1- (6.22)
On the other hand, recalling that w = w®* € V is the exact j-th eigenfunction of Problem (4.1)
with data (vp, op) := (vp,, 0p,) = Ip,, (5.1) tells us that

|w* — wllv < CekEp, (wi_1,9)? < Crrwei_. (6.23)

Finally, we recall from [9, Theorem 4] that there exists a constant Cp, > 0 such that

1
inf wi_y —vllv < Cp, Ep, (v*,0)% < Cp,weics, (6.24)

vEVE.
with Cp, ~ (1 + logppi)% for pp, := maxpep, pp. Concatenating the three last inequalities via

the triangle inequality, and recalling that Vﬁg is nothing but V) according to the notation used
in the present section, we deduce that
inf |Jlw—v|lv <1+ (Cis+ Cp,)w)ei—1.
UGVD(O)

This allows us to find the desired upper bound d¢ for ||w —wp) ||v, since it is shown in [1, formulas
(8.21) and (8.45)], that there exists a constant C' > 0 depending only on A and {2 such that

lw—wpo|v <C inf |Jw—o|yv.
vEVp(0)

Recalling that the target accuracy in the call of EIGEN at iteration ¢ is proportional to €;—1,
we conclude that the number ¢, of iterations inside EIGEN grows at most like a multiple of
log Cp,, i.e., it exhibits a very mild dependence on the largest polynomial degree in D; = D(D;).

At last, let us discuss the complexity of EIGEN, expressed in terms of the cardinality of
the partitions built during one call, say the i-th one, from hp-AFEM-EIG. Recall that DO =
Di = C(D;), where C satisfies (2.3). As already noted in [9], without further assumptions on
the construction of D;, the cardinality of C(D;) cannot be controlled by that of D;, although
counterexamples are rather pathological (see [9, Sect. 5.1]). Work is in progress on a realization
of hp-NEARBEST which outputs near-optimal conforming partitions if the root partition Ko is
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conforming [4]. On the other hand, we are able to control the growth of #D(Z) with respect to
#D© . To this end, first observe that while going from D to D according to Definition 6.1, one has

#D < Cyu #D (6.25)

for a constant Cx > 0 independent of the initial partition. Indeed, it is easily seen from the
assumptions on the mapping p — ¢(p) that

vDeD, 3ID' €D such that KpNKp #0 and pp Sppr.

Then, the existence of C'x follows from the fact that each geometric element in D intersects at
most a fixed number of other elements, depending on the root partition Ko. Applying (6.25), we
get #DY) < CQ#D(O) for any ¢ > 0. From this inequality, recalling that ¢, can be bounded by

a multiple of log C'p, where Cp, ~ (1 + logppi)%7 we deduce that the cardinality of the output
partition D**) of EIGEN satisfies

#D) < Cp #D,

where C~’Di may grow with D; at most as a (fixed) power of 1 + log pp,.
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