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Summary

The purpose of this PhD thesis is to investigate the miscibility properties of
bosonic binary mixtures in ring-lattice and few-site potentials. To this end, a num-
ber of different research topics are explored: on one hand, the study of the low
energy-excitations of a mixed and uniformly distributed mixture, whose dynamical
properties are investigated within a group-theoretic approach based on the applica-
tion of the dynamical-algebra method; on the other hand, the systematic analysis
of the mixing-demixing quantum phase transitions that can occur in these systems,
and the introduction of suitable quantum indicators to characterize them. The
latter are employed, among other things, to quantify the degree of entanglement
between different bosonic modes, but also the degree of mixing and localization of
the two quantum fluids. This analysis results in rather rich mixing-demixing phase
diagrams, which capture the impact of spatial fragmentation onto the miscibility
properties of the components. Our analysis indeed takes into account the possible
asymmetry between the atomic species and, going also beyond the pointlike ap-
proximation of potential wells (by means of a suitable Gross-Pitaevskii treatment),
constitutes an effective springboard towards an actual experimental realization. In
this regard, we remark that a part of our study has been developed in strict collab-
oration with the experimental group from Hannover University, with which we have
demonstrated that the investigated mixing-demixing quantum phase transitions are
within the reach of modern experimental setups. Our analysis has touched, also, on
excited states, as it has highlighted several dynamical properties of phase-separated
states, evidencing, among various aspects, that demixing can be robust and persis-
tent even in the presence of chaos. Eventually, we have have focused on attractive
interspecies interactions and on the emergence of a rather general mechanism of
formation of supermixed solitons.
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Chapter 1

Introduction

In this Chapter, we give an historical perspective and review the most relevant
theoretical and experimental advances in the field of Bose-Bose mixtures in optical
lattices, a class of particularly versatile model systems which offers the possibility
to probe a number of fundamental phenomena and quantum effects, including but
not limited to, nonlinear dynamics, entanglement, and strongly correlated phases
of matter. Then, we give some motivations behind the studies collected in this PhD
Thesis and sketch its outline.

1.1 Historical perspective and Physics of Bose-
Bose mixtures

1.1.1 Bose-Einstein condensation

The theoretical prediction of Bose-Einstein condensation dates back to 1925
when Albert Einstein, on the basis of a publication by the Indian physicist Satyen-
dra Nath Bose, envisaged the possibility of the occurrence of a phase transition in
a dilute gas of noninteracting ultracold atoms. The basic idea was that, due to
their bosonic quantum statistics, atoms, in particular conditions, could condense
in the lowest energy state [1]. More specifically, at temperatures T below a certain
critical temperature Tc (tipically of the order 100 nK - 10 µK), the characteristic
width of the atomic wave functions approaches the typical interparticle distance
(recall that the thermal de Broglie wavelength reads λdB = h/

√
2πmkBT , where m

1



1 – Introduction

is the atomic mass). As a consequence, below Tc, the wave packets of the individual
atoms start to overlap and the influence of quantum statistics force the system to
Bose condense.

For many years, this theory had no significant impact in the community of
theoretical physicists and lacked of any experimental validation. Only in 1938,
after the discovery of superfluidity in liquid helium, did Fritz London guess that
superfluidity could be intimately linked to Bose-Einstein condensation. Later on,
in 1947, Nikolay Bogoliubov extended the concept of Bose-Einstein condensation
to weakly interacting Bose gases and proposed the first microscopic theory for this
phenomenon. Subsequently, a series of papers by Landau, Lifshitz, Penrose and
Onsager introduced the concept of nondiagonal long-range order and clarified the
role thereof in Bose-Einstein condensates and superfluids [2]. This is a particularly
important point, as it provides the way to understand the spatial coherence of
an atomic cloud (i.e. the fact that distant portions of the same sample exhibit
correlated properties) [3]. To better explain this key concept, let us introduce the
particle creation and annihilation field operators Ψ̂†(r⃗) and Ψ̂(r⃗) and the one-body
density matrix

ρ(r⃗, r⃗′) = ⟨Ψ̂†(r⃗)Ψ̂(r⃗′)⟩, (1.1)

expressing the probability amplitude to annihilate a particle at location r⃗′ and to
create one at location r⃗. Notice that, for r⃗ = r⃗′, it corresponds to local density of
the system

n(r⃗) = ρ(r⃗, r⃗) = ⟨Ψ̂†(r⃗)Ψ̂(r⃗)⟩

which is indeed well normalized to the number of particles present in the system,
N , that means that

∫︁
ρ(r⃗, r⃗) dr⃗ = N . In general, the symbol ⟨·⟩ in expression

(1.1) represents, for a pure state, an usual quantum-mechanical expectation value,
namely:

ρ(r⃗, r⃗′) = N
∫︂

Ψ∗(r⃗, r⃗2, . . . , r⃗N) Ψ(r⃗′, r⃗2, . . . , r⃗N),

while, in the case of a statistical mixture, the average is meant to be an ensemble av-
erage, which therefore incorporates the probability of occupation of a certain state.
If one considers a homogeneous, noninteracting quantum gas at T = 0, with N par-
ticles confined in a volume V and takes the thermodynamic limit (N, V → +∞,
with N/V = n = const), one obtains a translation-invariant system [a circumstance

2



1.1 – Historical perspective and Physics of Bose-Bose mixtures

which implies that the one-body density matrix depends only on the distance be-
tween the considered points, i.e. it is of the type ρ(r⃗, r⃗′) = ρ(|r⃗ − r⃗′|)]. In such a
system, all N particles occupy the single-particle wave function |ψ⟩ and, therefore,
the system itself is described by the properly-symmetrized many-body wave func-
tion ψ(r⃗) =

√
N⟨r⃗|ψ⟩. The associated one-body density matrix is such that all the

matrix elements are equal to the constant value N/V . If one switches on the inter-
actions between bosons, even at T = 0, only N0 < N atoms will be in the ground
state, because of the quantum depletion and, as a consequence, the one-body den-
sity matrix ρ(|r⃗− r⃗′|) will decay to the constant value N0/V for large |r⃗− r⃗′| (over
a length scale given by λdB). Both in the noninteracting and in the interacting
case, the system is said to exhibit an off-diagonal long-range order. This is directly
related to the macroscopic occupation of a single-particle state (e.g., the k = 0
momentum mode). Conversely, in the absence of condensation, no single-particle
state is macroscopically occupied, and the elements of the one-body density matrix
ρ(|r⃗ − r⃗′|) will decay to zero for large distances |r⃗ − r⃗′|.

The experimental interest toward ultracold atomic gases came years later the
theoretical foundations were laid. In the 1970s, thanks to the advent of new tech-
niques for cooling and trapping atoms, some experimental groups started trying to
Bose condense some chemical elements. Initially, special attention was devoted to
hydrogen, in view of its very light mass but, despite the combined use of dilution re-
frigeration and evaporation cooling, Bose-Einstein condensation was not achieved.
In the 1980s, experimental physicist developed powerful and versatile laser-based
cooling techniques (see References [4, 5] for reviews) in order to trap and cool neu-
tral atoms (especially alkali atoms). The time was then ripe for the observation
of the first Bose-Einstein condensates: in 1995, the research group of Eric Allin
Cornell and Carl Wieman [6] and the one of Wolfgang Ketterle [7] managed to
observe Bose-Einstein condensation in gases of, respectively, 87Rb and 23Na. From
that moment on, several other elements were successfully condensed, e.g. 7Li [8],
spin-polarized hydrogen [9], metastable 4He [10, 11], and 41K [12]. It is important to
remember that, in the conditions of temperature and density normally available in
modern experimental apparatuses, the equilibrium state of the atomic system would
be the solid phase. Therefore, in order to observe Bose-Einstein condensation, one
has to keep the system in a metastable gas phase for a sufficiently long time. This is
indeed possible because three-body losses [13] constitute rare events in an ultracold

3



1 – Introduction

dilute gas, whose typically lifetime is hence long enough to perform experiments.
The latter usually involve 103 − 107 atoms confined in harmonic potentials, whose
trapping frequency ωho sets the characteristic length scale aho =

√︂
ℏ/(mωho) of the

atomic cloud, which generally turns out to be of the order of 10−6− 10−5 m (notice
that this length scale can significantly increase in the presence of interactions).

The experimental achievements of 1995, celebrated by the award of the Nobel
Prize in Physics in 2001 [14], opened the door to a number of theoretical and
experimental studies in the field of quantum gases, posed new fundamental ques-
tions and stimulated the curiosity of generations of young scientists. Some of these
problems have already been addressed and solved: there is now a very rich and
established literature on Bose-Einstein condensation (References [1, 15–19] repre-
sent actual milestones). Nevertheless, many questions concerning the Physics of
ultracold quantum matter remain unanswered and many areas of this research field
are still uncharted [20–24].

1.1.2 Mixtures of Bose-Einstein condensates

Mixtures of two spin states. The first bosonic binary mixture was produced
in 1997 by the research team of Wieman [25] and it consisted of two different spin
states (|F = 2, m = 2⟩ and |F = 1, m = −1⟩) of 87Rb. This pioneering experi-
ment showed that the rich scenario of phenomena, phase transitions and dynamical
regimes envisaged by Vijay Shenoy the year before (see Reference [26]) was within
the reach of experimental setups. A number of experiments based on mixtures of
atoms in different spin states immediately followed, which showed the intriguing
dynamics of component separation [27], the formation of spin domains [28], the
possibility of confining the bosons in optical dipole traps [29], and their collec-
tive oscillations [30]. It is important to remark that special attention has been
paid to the miscibility of these different components: at the theoretical level, af-
ter the seminal work of Shenoy [26], a three-dimensional Hartree-Fock treatment
to describe the coupled condensates observed by Wieman [25] was described [31],
different kinds of spatial phase separations were predicted [32], and the associated
wave functions numerically determined [33]. On the experimental side, the Fesh-
bach resonances between internal spin states have been used to control the phase
separation of different spin states of 87Rb atoms [34].

4



1.1 – Historical perspective and Physics of Bose-Bose mixtures

Mixtures of two atomic species. The second class of bosonic binary mixture
is represented by systems where two different atomic species are Bose condensed.
In 2002, the research group from Firenze (LENS), reported, for the first time, the
realization of a mixture of Bose-Einstein condensates of different atomic species,
namely 41K and 87Rb [35], opening also the door to the formation of ultracold
heteronuclear molecules (which are now a reality [36–38]). This simultaneous con-
densation of potassium and rubidium atoms, together with the possibility of tuning
the interspecies interactions [39], paved the way to a series of experimental and the-
oretical investigations. In 2011, a research group from Innsbruck (Austria) managed
to produce a dual-species Bose-Einstein condensate of rubidium and cesium, and a
striking phase separation thereof, revealing the mixture to be immiscible, was also
observed [40]. Two years later, in 2013, again in Innsbruck, a quantum degenerate
mixture of strontium and rubidium atoms was obtained [41], reaching more than
105 condensed atoms per element and thus constituting an important step toward
the formation of a quantum gas of polar RbSr molecules. Notice, in this regard,
that heteronuclear molecules such as KRb, RbCs and RbSr, can exhibit rather big
permanent electric dipole moments [42–45], which, in turn, when subjected to an
external polarizing electric field, can be responsible for long-range and anisotropic
dipole-dipole interactions. Consequently, at the conditions of densities and tem-
peratures normally present in modern experimental setups [46], dipolar effects are
expected to dominate over scattering and reaction dynamics [47] and to give place
to intriguing many-body phenomena [48–50]. More recently, there has been increas-
ing interest in the experimental investigation of the Feshbach resonance spectrum
of the bosonic pair 23Na + 39K. The measurements of these resonances and the
subsequent creation of a two-species Bose-Einstein condensate of 23Na + 39K atoms
have been reported by the Hannover group [51] in 2018.

This specific bosonic binary mixture plays an important role in this Thesis, not
only because the combination of two intra- and two inter-species resonances allow
for a smooth tuning of the scattering lengths, but also because the numerical sim-
ulations described in Chapter 4 involve coefficients and model parameters directly
linked with the measurements of the Hannover group.

Mixtures of two isotopes. The third way to realize a bosonic binary mixture
is to employ different isotopes of the same chemical element (see Reference [52] for

5



1 – Introduction

a review). In 2008, the research group led by Wieman published the observation
of controlled phase separation in a dual-species Bose-Einstein condensate made of
85Rb and 87Rb atoms [53] and, three years later, a mixture of 168Yb - 174Yb atoms
was Bose condensed in Japan [54], a demonstration that encouraged the study of
Bose-Einstein condensation in radioactive atoms.

Phenomenology of bosonic binary mixtures. Over the last two decades, two-
species Bose-Einstein condensates have been employed in the exploration of several
different phenomena, ranging from various dynamical phase-separation mechanisms
and modulation instabilities [55–58], to the presence of persistent currents (see
Reference [59] for an experimental realization and References [60–66] for extended
theoretical investigations) and collective excitations [30, 67, 68]. In particular,
the conditions under which spatial phase separation (also called “demixing”) takes
place have been thoroughly analized within mean-field treatments at zero [26, 32,
33, 69–71] and finite [72] temperature, and also by means of Quantum Monte Carlo
simulations in the case of hardcore repulsions [73, 74] and dipolar interactions [75].

The basic rule when dealing with harmonically-confined condensates in the
mean-field approximation is that, if intra- and interspecies scattering lengths aij
verify the condition a12 <

√
a11a22, then the two quantum fluids are miscible [76–

80]. Conversely, if the interspecies repulsion ∝ a12 gets bigger than the (geomet-
ric average of the) intraspecies repulsions ∝ √a11a22, then, already in the rather
simple case of bosonic binary mixture trapped in a harmonic potential, two phase
separation mechanisms are available, depending on the ratio of the atomic masses
and of the interaction strengths: either a two-asymmetric-blob configuration, or
in-out spherical separation.

A particular and noticeable class of phase-separated systems is the one where
a bosonic binary mixture features dark-bright soliton configurations [57, 81, 82].
These structures, first predicted in Reference [83], are frequently termed as “sym-
biotic solitons” [84] because the bright component, being endowed with repulsive
intraspecies interaction, could not exist if the dark component did not play the role
of an effective confining potential. The same symbiotic relationship was shown to
constitute the mechanism underlying the robustness of vortex-bright soliton com-
plexes [85], i.e. the topological extension of the dark-bright soliton configuration to
the case where a component hosts one or more vortices. The aforementioned study

6



1.1 – Historical perspective and Physics of Bose-Bose mixtures

paved the way to a series of further investigations which highlighted, among vari-
ous aspects, the spontaneous generation of vortex-bright soliton structures [86], a
rich dynamical scenario for the bright-solitary component [87], and for the massive
vortices [88].

Eventually, it is worth mentioning that considerable attention has been recently
paid to quantum liquid droplets [89, 90], a particular class of quantum fluids whose
existence is due to the balance between attractive forces, which hold them together,
and repulsive ones, that prevent them from collapsing. In ultracold atomic droplets,
part of this repulsion originates from a beyond-mean-field effect, well described (to
the first order) by the Lee-Huang-Yang repulsive energy [91, 92]. Leaving aside
the early works on helium nanodroplets (see References [93, 94] for a review), in
2016, the groups of Tilman Pfau [95–99] and Francesca Ferlaino [100] reported the
observation of droplets in quantum gases featuring repulsive contact interactions
and dipolar attraction. The following year, the group of Leticia Tarruell published
the observation of droplets in a confined system with pure isotropic contact inter-
actions [24] and, soon after, the Firenze group reported the formation of droplets
in a homonuclear bosonic binary mixture in free space [46]. The latter experiment
opened the door to the study of other important properties, such as self-evaporation,
energy dissipation, effect of reduced dimensionality, excitation spectra, etc.

1.1.3 Ultracold atoms in optical lattices

The possibility of storing ultracold atoms in artificial periodic potentials of light,
allowed by the unprecedented controllability of matter at the nanoscale, has paved
the way to the direct probing of fundamental condensed-matter physics problems
[101]. Ultracold quantum gases in optical lattices represent, in fact, quantum sim-
ulators, i.e. highly controllable quantum systems that can be employed to mimic
and simulate the static or dynamical behavior of other complex quantum systems.
Proposed by Richard Feynman [102, 103] in 1985, quantum simulators give a par-
ticularly pristine access to several classes of Hamiltonians (some of them coming
from solid state physics, atomic physics, quantum optics, or quantum information
theory) and therefore constitute almost ideal systems where to test fundamental
theoretical concept and to observe quantum many-body effects.
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1 – Introduction

Optical lattices can be produced simply by superimposing two counter- prop-
agating laser beams, whose interference gives place to an optical standing wave
which, in turn, can trap atoms. Depending on the number of laser beams used,
it is possible to obtain 1D, 2D, or 3D optical periodic potentials, whose sites can
be effectively modeled as tight harmonic wells. The striking feature of these ex-
perimental apparatuses is that the properties of the resulting periodic potential
(geometry and depth) are under the complete control of the experimentalist (the
tuning being both static and dynamic). As a consequence of the lattice structure,
the motion of single particles in such potentials is usually described in terms of
Bloch waves, following the same well-known methodologies used to describe elec-
trons in crystalline structures. In this regard, it is important to remark that, when
the interactions in a Bose-Einstein condensate (confined in an optical lattice) get
high enough, the particles description in terms of Bloch waves gives way to col-
lective behaviors ruled by nonlinearity. The ensuing phenomenology can be well
captured by a description in terms of arrays of bosonic Josephson Junctions [104].
In the context of ultracold atoms, the most essential example of bosonic Joseph-
son Junction is represented by a double-well potential [105]. Observed for the
first time by the group of Markus Oberthaler in 2005, but already theoretically
extensively studied within different approximation schemes [106–112], this rather
simple system discloses a very peculiar and intriguing dynamics, featuring anhar-
monic Josephson oscillations if the initial population imbalance of the two wells
is below a certain critical value, and macroscopic quantum self-trapping (a regime
where large-amplitude Josephson oscillations are inhibited) for initial population
differences above the critical threshold.

Weakly and strongly interacting regimes. One of the most important fea-
tures of ultracold atomic systems trapped in optical lattices is the possibility to
generate and observe strongly correlated quantum regimes (in spite of their ul-
tralow densities, which is more than five orders of magnitude lower than that of the
air around us). We recall, in this regard, that a quantum many-body system featur-
ing weak interactions, can be effectively described by a macroscopic wave function,
whose time evolution is ruled by a suitably-modified version of the well-known
Schrödinger equation, namely the Gross-Pitaevskii equation [1], which does in-
clude a nonlinear term incorporating the interaction between particles. Conversely,
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1.1 – Historical perspective and Physics of Bose-Bose mixtures

in the presence of strong interactions (compared to the kinetic energy), the system
cannot be described in terms of a simple matter wave, its state being ultraquantum
and highly correlated [113]. The investigation of this kind of states represents a
theoretical and computational challenge in condensed-matter Physics. A typical
example of such a transition from the weakly to the strongly interacting regime is
represented by the superfluid-to-Mott-insulating quantum phase transition. Firstly
predicted to occur in liquid helium [114] and, subsequently, in ultracold atom sys-
tems [115], this zero-temperature phase transition has been observed in 2002 by
the group of Immanuel Bloch [116]. It can be easily understood by resorting to the
Bose-Hubbard Hamiltonian, a second-quantized model which well describes inter-
acting bosons in an optical potential (whose energies are such that only the first
band is occupied):

Ĥ = −J
∑︂
⟨i,j⟩

(︂
â†
i âj + h.c.

)︂
+ U

2
∑︂
i

n̂i(n̂i − 1) (1.2)

The first part constitutes the kinetic energy term, incorporating the tunnel coupling
J between adjacent sites and including operators â†

i and âi which, respectively, cre-
ate and destroy a boson at site i. The second part represents the onsite repulsive
energy term U and includes operator n̂i, which counts the number of particles at
site i. According to which of the two terms prevails in the energy competition, one
can observe two different kinds of ground states: for U/J ≪ 1 (weakly interact-
ing regime), each atom is delocalized over the entire lattice and one has an actual
Bose-Einstein condensate, a phase of matter which can be described by a macro-
scopic wave function and such that the atom number per well follows a poissonian
statistics. Conversely, for U/J ≫ 1 (strongly interacting regime), the system is a
Mott insulator, a phase of matter where bosons are localized to single lattice sites
and that cannot be described in terms of a coherent matter wave: phase coherence
gives the way to a complete correlation in the particle numbers per site.

Since the experimental observation of the superfluid-Mott insulator transition
[116], ultracold atoms have increasingly become a tool to study and probe strongly
interacting quantum systems, problems that are so complex that cannot be solved
not even by the most powerful supercomputer on Earth. Nowadays, due to their
extreme controllability, ultracold atomic and molecular systems are considered to be
the best platform where to study several important problems of condensed-matter
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1 – Introduction

physics, statistical physics, quantum chemistry and high energy physics. [22, 113,
117]. Among the rest, an important class of quantum simulators is employed to
mimic and study magnetic systems and the associated intriguing phenomenology,
part of which is still not fully understood. Classical frustrated magnets, for example,
can indeed be realized in the context of ultracold atom systems by trapping bosons
in an elliptically shaken triangular optical lattice (as the shaking induces controlled
complex tunneling processes between the different sites of the triangular plaquettes)
and taking the local phase of the bosons as a classical spin orientation. Quantum
Ising-like magnets, on the other hand, can be realized encoding two-state spin
variables in the occupation difference between two neighboring sites [118].

Ultracold atoms in optical lattices allow to explore, also, fundamental phenom-
ena in statistical physics. In this regard, there is a remarkable interest in under-
standing whether a closed quantum system always thermalizes after a long quantum
evolution [119–121], and the impact of disorder on its thermalization and localiza-
tion properties [122]. It is strongly believed that quantum simulation with ultracold
atoms will probably open new research branches in the field of quantum electro-
dynamics, quantum chromodynamics, and quantum chemistry, possibly leading to
the discovery of new phases of matter.

1.1.4 Binary mixtures in optical lattices

The first experimental observation of a Bose-Bose mixture in an optical lattice
dates back to 2008 and was reported by the Firenze group [123], which managed
to produce a degenerate mixture of 87Rb and 41K atoms in a 3D optical lattice. In
the same article, it was shown that, despite the reduced overlap of the two atomic
clouds, the presence of superfluid 41K atoms affects the phase coherence of the
87Rb atoms. This effect was possibly interpreted in terms of generation of polarons
[124], quasiparticles which, in this context, are composed by localized atoms (87Rb),
plus a cloud of superfluid 41K atoms. Polarons hinder the tunneling processes in a
twofold way: at zero temperature they simply make what they dress (87Rb atoms)
heavier; at finite temperature they undergo incoherent scattering, further damaging
the hopping properties of 87Rb atoms.

This is just an example of the the incredibly rich scenario of physical phenomena
offered by bosonic binary mixtures in optical lattices. Already in 2003, the group
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1.1 – Historical perspective and Physics of Bose-Bose mixtures

of Peter Zoller envisaged the possibility of creating a molecular dipolar superfluid
by means of two-atom processes occurring in an optical lattice [125]. More specif-
ically, starting from a Mott-insulator phase with exactly one atom of each species
per lattice site and resorting to a photoassociation process, they showed that one
heteronuclear dipolar molecule could be produced in each lattice site, effectively
constituting a molecular Mott insulator, whose melting, in turn, could result in a
polar molecular superfluid. Always in 2003, Kuklov and Svistunov [126] discussed
the possibility of counterflow superfluidity in a two-species ultracold atom system,
i.e. the possible existence of two equal and opposite currents of the two atomic
species such that the net number-of-atoms transport is zero. This kind of combined
flow is made possible by the presence of two species in the optical lattice since, in
the Mott phase of single-species atoms, any low-energy transport process is well
known to be suppressed [114]. Interestingly enough, the same paper by Kuklov and
Svistunov also highlighted the possibility of writing, in the strong-coupling regime,
the effective Hamiltonian for the super-counter fluids in terms of s = n/2 isospin
operator (the integer n is the filling factor) with ferromagnetic coupling, thus giving
the possibility to interpret critical phenomena of spin system within boson system.

The coupling between two different species can be conveniently exploited in order
to build cooling schemes that can be used to damp the motional state of neutral
atoms encoding a series of entangled qubits in a non-destructive way [127]. The
idea is that the atom carrying the (quantum) information dissipates its motional
excitations by creating excitations in the superfluid it is immersed in. So, if one has
an array of (possibly entangled) atoms, trapped in the sites of an optical lattice, it
is indeed possible to keep them into their ground motional state whilst preserving
their initial internal state (and their possible entanglement) by submerging them
in a superfluid.

Strongly interacting bosonic binary mixtures in optical lattices can also give
place to metastable quantum emulsions featuring the properties of a Bose glass
[128, 129]. This particular kind of states exhibits finite compressibility (in absence
of superfluidity) and microscopic phase separation, a circumstance which is remi-
niscent of emulsions in immiscible fluids. The basic principle is that the presence
of a barely-hopping second bosonic species (prepared in a random configuration)
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1 – Introduction

produces an effective quasi static disorder potential [130, 131] which, in turn, trig-
gers the emergence of a Bose glass [114, 132] (or Anderson localization [133]) in the
first species.

At the theoretical level, bosonic binary mixtures in optical lattices can be con-
veniently described by means of a two-species Bose-Hubbard Hamiltonian [134], a
generalization of the already introduced single-species Bose-Hubbard Hamiltonian
(1.2) which incorporates the density-density coupling Uab between the two bosonic
species:

Ĥ = −Ja
∑︂
⟨i,j⟩

(︂
â†
i âj + h.c.

)︂
+ Ua

2
∑︂
i

n̂i(n̂i − 1)+

−Jb
∑︂
⟨i,j⟩

(︂
b̂†
i b̂j + h.c.

)︂
+ Ub

2
∑︂
i

m̂i(m̂i − 1)+

+ Uab
∑︂
i

n̂im̂i. (1.3)

This kind of Hamiltonian has been used, also, to model spin exchange inter-
actions [135], to investigate the system phase diagram in extended lattices [136–
139], to determine the properties of the model at unitary filling [140], to study the
superfluid-Mott insulator phase transition of both spin-1 bosons with (anti)ferromagnetic
interactions [141] and homonuclear mixtures [142], and to highlight the presence
of phases including charge and spin density wave orders [143]. Moreover, Hamil-
tonian (1.3) has been extended in order to include non-local dipole-dipole interac-
tions [144], to model the formation of polar molecules [145], to investigate the Ising
antiferromagnetic phase [146], and it was employed to explore mixing-demixing
transitions [147].

The latter aspect has recently received considerable attention in extended lat-
tices both at zero [75, 139, 147–149] and finite [150, 151] temperature, and, more
recently, in the simplest possible lattice, i.e. the two well-potential. The dynami-
cal properties of two-species ultracold atoms in a double well have been studied by
means of a semiclassical approach that allowed one to map the quantum system into
a classical model and hence to investigate the stability of fixed point solutions [152],
the presence of symmetry-breaking [153] and symmetry-restoring [154] dynamical
regimes, and its possible description in terms of two-species atomic Josephson junc-
tions [155, 156]. The presence of Josephson-like oscillations has been evidenced also
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in spin-orbit coupled [157–160] and spinor [161] Bose-Einstein condensates, both in
the two-mode approximation [162] and in the full framework of the Gross-Pitaevskii
equation [1].

1.2 Motivations and Outline

For a number of reasons, a fully-quantum approach to bosonic binary mixtures
in few-site potentials deserves a treatment too. First, because when the number
of trapped bosons is low enough, a mean-field Gross-Pitaevskii treatment is not
justified, and neither is its semiclassical description in terms of discrete nonlinear
Schrödinger equations. If one aims at a realistic description of microscopic processes
occurring in the system at essentially zero temperature, one indeed needs to for-
mulate the model in terms of second-quantized space modes. Second, because even
the rather simple models consisting of mixtures trapped in few-site potentials can
disclose complex dynamical behaviors and non-trivial quantum effects originating
from the competition among tunneling processes and intraspecies and interspecies
interactions. Such a competition has an impact, not only on strongly-excited states,
but also on weakly-excited ones, including the ground state. It is therefore inter-
esting to revisit symmetry-breaking phenomena and nonlinear behaviors, originally
explored within a not-too-problematic mean-field treatment, by means of a fully-
quantum approach. In this regard, several well-known methods, both theoretical
and computational, seem to be applicable to study few-site Bose-Hubbard models.
Despite such circumstances, a rather small attention has been focused on genuinely
quantum properties of these systems [163–167]. All these studies, published be-
tween 2010 and 2017, are restricted to the two-well system (also known as “dimer”)
and touched on different aspects, such as the determination of energy eigenvalues
and eigenstates by means of perturbation theory [163], the huge number fluctua-
tions (of particles belonging to the different gas components) present in the system
ground state in the vicinity of the mixing-demixing phase transition [164], the link
between the presence of singularities in the entanglement entropy, the onset of
phase separation and the collapse of the energy levels [165, 166] and the analytical
determination of the latter [167].

In this Thesis, we investigate the miscibility properties of bosonic binary mix-
tures loaded in ring lattices, paying particular attention to the simplest possible
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closed circuit, i.e. the three-well potential (also known as “trimer”). Although
it is well known that the competition between intra- and interspecies interactions
underpins the rich phenomenology exhibited by bosonic binary mixtures, in this
Thesis we point out that there is another key aspect that must be considered when
studying the miscibility of quantum fluids: the fragmented character of the confin-
ing potential. We show that it is indeed the discreteness ensuing from the presence
of some (or many) lattice sites that gives place to a rich scenario of quantum phases
differing in the degree of mixing and localization.

The latter are evaluated in a quantitative way by means of suitable indicators
[168] imported from Statistical Thermodynamics, but, so far, never employed in the
realm of ultracold atoms. The various quantum phase transitions that have been
found (i.e. transitions from phase-separated regimes to uniform and homogeneous
configurations and, then, to states where a localized soliton begins to emerge) are,
among the rest, characterized in terms of entanglement between the species [169]
and shown to be related to the emergence of particular types of Schrödinger-cat-
like states [170–172]. Within a semiclassical framework [173–175], we investigate
a number of dynamical regimes, both regular and chaotic, showing that demixing
can persist even in the presence of chaos. Interestingly, a considerable part of the
models and physical phenomena theoretically analyzed in this Thesis have been
shown to be within the reach of modern experimental apparatuses (see Reference
[176], published in collaboration with the experimental group of the Institute of
Quantum Optics of Hannover University).

With this Thesis, we sincerely hope we have collected, summarized and prop-
erly linked the results of a three-year study which, although it touched on different
problems and theoretical aspects (e.g. the formation of currents in ring geome-
tries, entanglement properties, quantum phase transitions involving spatial phase
separation of the quantum fluids, dynamical simulations, emergence of solitons),
should provide new and original insights in the field of bosonic binary mixtures and
some links among different view points. Eventually, we recall that other two pub-
lished studies (see References [177] and [88] concerning, respectively, ring-ladder
and massive-vortex systems), have not been included in this Thesis.

The outline of this manuscript is the following:

• In Chapter 2, we investigate the low-energy excitations of a miscible binary
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mixture uniformly distributed in a Bose-Hubbard ring. The model Hamilto-
nian, after a suitable approximation, is recognized to be an element of a 10-
dimensional Lie algebra. This uncommon property allows one to shine light
on important microscopic processes occurring in the system, and to make use
of a group-theoretic approach consisting in the application of the dynamical-
algebra method. We therefore find an important conserved quantity (cor-
responding to the Casimir operator of the algebra), we determine the time
evolution of many meaningful physical observables (in particular, we evidence
the possibility of angular-momentum transfer between the two fluids and vor-
tex formation), and compute the energy spectrum. The latter, derived in a
fully-analytic way, is compared with exact numerical results, and shown to
collapse when the interspecies interaction exceeds a precise critical value, a
circumstance which heralds the onset of a mixing-demixing quantum phase
transition.

• Chapter 3 is devoted to the analysis of a genuinely quantum indicator, the
bipartite Von Neumann entanglement entropy, in the different phases exhibited
by a bosonic binary mixture trapped in a two-well potential. The critical
character of this indicator, i.e. its effectiveness in capturing quantum phase
transitions is therefore pointed out in the simplest possible lattice geometry
and investigated according to different partition schemes. Moreover, a fully-
analytic computation based on the coherent-state approach is presented in
order to gain further physical insights into the problem.

• In Chapter 4, we determine the mixing-demixing phase diagram of a repulsive
bosonic binary mixture confined in a three-well potential. We show that, in
spite of the rather large number of parameters characterizing the model, such a
diagram is naturally spanned by only two effective variables, incorporating the
possible asymmetry between the two species and the ratio between inter- and
intraspecies interactions. The four possible phases are characterized in terms
of the Entropy of Mixing, both at a semiclassical and at a fully-quantum level,
i.e. analyzing the tomography of the ground state. Several quantum indicators
are also employed to evidence the occurrence of quantum phase transitions,
including but not limited to, the Entanglement Entropy, the energy fingerprint
and the ground-state energy. The experimental feasibility of the system and
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the observability of the phenomena associated to it are carefully discussed,
also thanks to a mean-field Gross-Pitaevskii treatment, which allows one to
go beyond the pointlike approximation of potential wells.

• Chapter 5 is focused on some dynamical properties of a repulsive mixture
trapped in a three-well potential. We investigate the system dynamics resort-
ing to a suitable set of discrete nonlinear Schrödinger equations and discuss
the properties of several dynamical regimes. The energetic and dynamical
stability of whole classes of fixed points are analyzed and extended sets of tra-
jectories are numerically simulated. Interestingly, we show that the onset of
chaos (i.e. the presence of a non-zero Lyapunov exponent) does not necessarily
involve the mixing of the two species. Conversely, because of either energetic
or dynamical constraints, phase separation is shown to be a possibly robust
and persistent property.

• Chapter 6 is devoted to the analysis of ring-lattice systems featuring attractive
interspecies coupling. We show that, irrespective of the number of lattice sites,
supermixed solitons (i.e. solitons composed of both species) emerge in a rather
universal way upon increasing the interspecies attraction. More specifically, we
recognize three different quantum phases differing in the degree of miscibility
and localization of the two quantum fluids.

• Eventually, Chapter 7 is devoted to an overview of the experimental setups
that could be employed in order to probe the effects described in the previous
chapters of this manuscript. Part of the developed discussion is the fruit of the
collaboration with the experimental team of the Institute of Quantum Optics
of Hannover University.

Each chapter is self-readable, although the numerous links with aspects discussed
in other chapters are properly pointed out.
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Chapter 2

Low-energy excitations of a
miscible binary mixture

2.1 Introduction

In this Chapter1, we investigate the low-energy excitations of a miscible binary
mixture uniformly distributed in a Bose-Hubbard ring. To develop our analysis,
we move from the site-mode picture (where the expectation values of operators are
local order parameters of the lattice sites), to the momentum-mode picture (where
the expectation values of operators are collective order parameters in momentum
space). In the momentum domain, we perform the well-known Bogoliubov proce-
dure, assuming that momentum mode k = 0 is the one macroscopically occupied
for both atomic species. The resulting model Hamiltonian is thus shown to de-
couple into many sub-Hamiltonians Ĥk, one for each pair of momentum modes.
Each sub-Hamiltonian Ĥk is then proved to belong to the dynamical Lie algebra
so(2,3). The presence of a certain dynamical algebra in a physical model is an
important and uncommon property, which has been used to find dynamical invari-
ants, the spectrum and the time evolution of several quantum systems [112, 179–
184]. In our case, once again, the dynamical algebra proves to be the key-element
for the analytic solution of the model under scrutiny. The remarkable importance

1Note to the reader: part of the content of this Chapter has been published in [178], while
further details on the Dynamical Algebra Method have been discussed in [177].
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of this abstract mathematical property is that it provides an effective diagonaliza-
tion scheme and helps to find conserved quantities. Moreover, as it allows one to
recognize the important microscopic processes occurring in the system, the time
evolution of several meaningful observables belonging to the dynamical algebra can
be obtained by solving a linear system of ordinary differential equations.

The solution scheme presented for a generic many-site Bose-Hubbard ring is
then applied to the simplest closed circuit: the trimer (a three-site Bose-Hubbard
ring). Within a fully-analytic treatment, we compute the low-energy spectrum of
this specific system as a function of model parameters. The quantum dynamics
of the two-species-trimer low-energy excitations (corresponding to weak currents)
is then explored by taking into account different initial conditions (corresponding
to simple but significant rotational states) and by solving the relevant system of
Heisenberg equations. Interestingly, we observe that angular momentum can indeed
be transferred between the two condensed species and we point out the condition
under which this phenomenon occurs. Eventually, we focus our attention on the
stability of the system and derive an inequality in the parameters’ space giving
the condition under which the spectrum is well defined and the mixed phase is
stable. Approaching the border of this stability region, the energy levels collapse
and many physical observables feature a diverging behavior, a circumstance which
heralds the onset of a mixing-demixing quantum phase transition (see Chapter 4
for an exhaustive description thereof).

2.2 Model presentation

The Hamiltonian describing a mixture of two condensates loaded in a L−site
ring lattice and coupled by an interspecies repulsive term is given, in the formalism
of second-quantization, by

Ĥ = Ua
2

L∑︂
j=1

Nj(Nj − 1)− Ta
L∑︂
j=1

(︂
A†
j+1Aj + A†

jAj+1
)︂

+Ub2

L∑︂
j=1

Mj(Mj − 1)− Tb
L∑︂
j=1

(︂
B†
j+1Bj +B†

jBj+1
)︂

18



2.2 – Model presentation

+W
L∑︂
j=1

NjMj, (2.1)

where Ta and Tb represent the hopping amplitudes, Ua and Ub the intra-species
repulsive interactions, andW is the inter-species repulsion (labels a and b are indeed
referred to the two species that make up the mixture). Aj and Bj are standard
bosonic annihilation operators, which respectively destroy a species-a and a species-
b boson in the j-th site. They feature commutators [Aj, A†

k] = δj,k = [Bj, B
†
k],

and [Aj, B†
k] = 0. The total number of particles N = ∑︁L

j Nj (for species a) and
M = ∑︁L

j Mj (for species b) are both conserved. Nj = A†
jAj and Mj = B†

jBj are
number operators which count the number of species-a and species-b bosons in the
j-th site. Parameter L is the number of sites in the ring lattice and L+ 1 ≡ 1 due
to the periodic boundary conditions associated to the ring geometry.

We assume that Ta (Tb) is sufficiently larger than Ua (Ub) in order to avoid the
emergence of Mott-insulator states; we also assume that W is sufficiently smaller
than Ua and Ub in such a way that the two quantum fluids are miscible. These
assumptions not only imply that the system’s ground state is superfluid, but also
that the two components are completely mixed and delocalized among all the avail-
able L sites (see, for example, [139]). This uniform boson distribution (among the
lattice sites) entails the macroscopic occupation of momentum modes with k = 0
for both species, a circumstance which suggests, in turn, the application of the Bo-
goliubov approximation scheme. In order to properly enact it, we take advantage
of the ring-structure of the system, and move to momentum-mode basis. Momen-
tum-mode operators, ak and bk, (which, respectively, annihilate a species-a and
a species-b boson in momentum mode k) can be defined in terms of the already
presented site-mode operators

Aj =
L∑︂
k=1

ak√
L
e+ik̃aj, Bj =

L∑︂
k=1

bk√
L
e+ik̃aj,

with k̃ = (2π/d)k and d = La. Parameter a is the lattice constant, d is the ring
circumference, N (M) is the number of atoms of atomic species a (b) and the
summations are restricted to the first Brillouin zone. Momentum-mode operators
ak and bk are also characterized by standard bosonic commutators [aj, a†

k] = δj,k,
[bj, b†

k] = δj,k and [aj, b†
k] = 0. In view of the ring geometry, number operators
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nk = a†
kak and mk = b†

kbk count the number of bosons having (angular) momentum
equal to ℏk̃ and therefore taking part to a current. After this change of basis, which
leads one from the site-mode picture to the momentum-mode picture, the model
Hamiltonian (2.1) can be recast into the form

Ĥ = Ua
2L

L∑︂
p,q,k=1

a†
q+ka

†
p−kaqap − 2Ta

L∑︂
k=1

a†
kak cos(ak̃)

+Ub
2L

L∑︂
p,q,k=1

b†
q+kb

†
p−kbqbp − 2Tb

L∑︂
k=1

b†
kbk cos(ak̃)

+W
L

L∑︂
p,q,k=1

a†
p+k b

†
q−k ap bq.

If the system is in the superfluid phase (Tν/Uν , ν = a, b large enough) and both
species are uniformly distributed in the lattice (W/Uν , ν = a, b small enough in
order to fulfill the miscibility condition), both atomic species are characterized by
a macroscopically occupied momentum mode, namely k = 0, and the Bogoliubov
procedure [185, 186] can be easily enacted.

2.2.1 The Bogoliubov procedure

The two terms corresponding to intraspecies interactions and the term corre-
sponding to the interspecies interaction can be simplified neglecting those addends
that include less than two r-mode operators (recall that mode r = 0 is the one
macroscopically occupied).

L∑︂
p,q,k=1

a†
q+ka

†
p−kaqap ≈ n0(n0 − 1) + 4n0

∑︂
k /=0

nk + (a0)2 ∑︂
k /=0

a†
ka

†
−k +

(︂
a†

0

)︂2 ∑︂
k /=0

aka−k

Of course, the same is true also for the second atomic species. The interspecies
repulsion term can be simplified as follows

L∑︂
p,q,k=1

a†
p+k b

†
q−k ap bq ≈ n0m0 + n0

∑︂
k /=0

mk +m0
∑︂
k /=0

nk+

a†
0b

†
0
∑︂
k /=0

a−kbk + a†
0b0

∑︂
k /=0

a−kb
†
−k + a0b

†
0
∑︂
k /=0

a†
kbk + a0b0

∑︂
k /=0

a†
kb

†
−k
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The Bogoliubov approximation is based on the identification of the most populated
mode. Such mode is then made semiclassical and the relevant operator turned into
a complex order parameter (the phase is usually chosen to be null). After enacting
the substitutions a†

0 →
√
n0, a0 →

√
n0, b†

0 →
√
m0, b0 →

√
m0 and writing n0

as N −∑︁k /=0 nk and m0 as M −∑︁k /=0 mk, the Hamiltonian can be written in the
following form:

Ĥ = Ĥa + Ĥb + Ĥab

where
Ĥa = −2Ta

[︄
N +

∑︂
k /=0

(︂
cos(ak̃)− 1

)︂
nk

]︄
+

UaN

2L

[︄
N − 1 +

∑︂
k /=0

(︂
nk + n−k + a†

ka
†
−k + aka−k

)︂]︄

Ĥb = −2Tb
[︄
M +

∑︂
k /=0

(︂
cos(ak̃)− 1

)︂
mk

]︄
+

UbM

2L

[︄
M − 1 +

∑︂
k /=0

(︂
mk +m−k + b†

kb
†
−k + bkb−k

)︂]︄

Ĥab = Uab
2LNM+

Uab
2L
√
NM

∑︂
k>0

[︄
akb−k + a−kbk + a†

kb
†
−k + a†

−kb
†
k + a†

kbk + a†
−kb−k + akb

†
k + a−kb

†
−k

]︄

2.2.2 Effective Hamiltonian

The resulting Hamiltonian

Ĥ = E0 +
∑︂
k>0

Ĥk, (2.2)

can be written as the sum of an unessential constant term

E0 = ua(N − 1)/2− 2NTa + ub(M − 1)/2− 2MTb + w
√
NM −

∑︂
k>0

(γk,a + γk,b),
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2 – Low-energy excitations of a miscible binary mixture

and (L − 1)/2 decoupled (and therefore independent) Hamiltonians Ĥk, each one
involving just one pair of opposite momentum modes,

Ĥk = 2(γk,aA3 + γk,bB3) + ua (A+ + A−)

+ ub (B+ +B−) + w(K+ +K− + S+ + S−). (2.3)

In the latter expression, two-boson operators

A+ = a†
ka

†
−k, B+ = b†

kb
†
−k,

A− = aka−k, B− = bkb−k,

A3 = nk + n−k + 1
2 , B3 = mk +m−k + 1

2 , (2.4)

S+ = a†
kbk + a†

−kb−k, K+ = a†
−kb

†
k + a†

kb
†
−k.

S− = akb
†
k + a−kb

†
−k, K− = a−kbk + akb−k

and effective parameters

γk,a = ua − 2Ta (ck − 1) , γk,b = ub − 2Tb (ck − 1) ,

ua = UaN

L
, ub = UbM

L
, w = W

√
NM

L
,

where ck = cos(ak̃), have been introduced to lighten the notation.

2.3 The dynamical algebra method

In general, a dynamical algebra A is a Lie algebra, i.e. n−dimensional vector
space spanned by n generators (operators) ê1, ê2, . . . , ên closed under commutation
(see Figure 2.1 for a pictorial representation). The closure property means that the
commutator of any two algebra elements is again an algebra element. A Lie algebra
is univocally specified once all the commutators [êj, êk] = i

∑︁
m fjkm êm are given,

namely when the set of the so called “structure constants” {fjkm} is specified [180].
A model Hamiltonian Ĥ belongs to a dynamical algebra A = span{ê1, ê2, . . . , ên}
whenever Ĥ can be expressed as a linear combination Ĥ = ∑︁

j hj êj of the generators
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2.3 – The dynamical algebra method

Figure 2.1: Pictorial representation of the dynamical algebra as a vector space.
Hamiltonians (2.3) and (2.5) corresponds to vectors and unitary transformations
(2.6) correspond to rotations.

of A. The important consequences of this property are that

(a) Conserved physical quantities correspond to algebra’s invariants,

(b) The diagonalization process of Ĥ becomes straightforward,

(c) The Heisenberg equations can be shown to form a simple linear system of
ordinary differential equations.

Hamiltonian Ĥk [see formula (2.3)] is recognized to be an element of the dynami-
cal algebra A = so(2,3), a 10−dimensional Lie algebra spanned by operators (2.4)
where operators {A+, A−, A3}, associated to species a, generate a su(1,1) alge-
bra marked by the well-known commutators [A+, A−] = −2A3, [A3, A±] = ±A±,
and operators {B+, B−, B3}, relevant to species b, feature the same su(1,1) struc-
ture (an application of this dynamical algebra can be found in [187] for a trapped
condensate).

However, the important term in Ĥk is the inter-species interaction term which is
responsible for an algebraic structure considerably more complex than the simple
direct sum of two su(1,1) algebras. The defining commutators of this 2-boson
realization of algebra so(2,3) are given in Figure 2.2.

Interestingly, the same algebra was found to feature the completely different
model of a single condensate trapped in a two-ring ladder [177]. In that model,
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2 – Low-energy excitations of a miscible binary mixture
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 Figure 2.2: Characteristic commutators of the dynamical algebra so(2,3). The
various sub-algebras discussed in the main text are evidenced with different colors.
The presence of two extra rows and columns (the ones corresponding to S3 and K3,
which are not linearly independent generators) is indeed intended to highlight the
presence of the sub-algebras. Notice that this table is antisymmetric because, in
general [O1,O2] = −[O2,O1], for any pair of operators O1, O2.

terms S± described the angular-momentum transfer between two coupled rings via
tunnelling effect. In the present model, in addition to terms S±, the new operators
K± appear, and they correspond to two-boson creation and destruction processes
that were absent in the two-ring model. This difference comes from the density-
density inter-species coupling term characterizing the current model which replaces
the inter-ring tunneling term of the two-ring model (compare term W

∑︁L
j=1 NjMj

in (2.1) with term −T ∑︁L
j=1

(︂
AjB

†
j +BjA

†
j

)︂
in [177]).

Concluding, we note that this approximation scheme, based on the macroscopic
occupation of momentum modes k = 0, is valid also in the case Ua, Ub < 0, describ-
ing attractive interactions among bosons of the same species, provided that i) the
ratio Tν/|Uν | (ν = a, b) is sufficiently large, in order to guarantee a superfluid phase,
and ii) the ratio W/|Uν | is small enough to determine uniform boson distributions
[188].
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2.4 – Diagonalization of the model

2.4 Diagonalization of the model

In order to diagonalize our model, we choose the set {|nk, n−k, mk, m−k⟩} as
a basis of the Hilbert space of states associated to sub-Hamiltonian Ĥk. The four
quantum numbers n±k and m±k which label a basis vector, correspond to the num-
bers of bosons endowed with angular momentum±k in either the condensed species.
Since the numbers of particles in each species are conserved, the number of bosons
in momentum modes r = 0 (modes that have been made semiclassical) are

n0 = N −
∑︂
k /=0

nk, m0 = N −
∑︂
k /=0

mk.

2.4.1 Energy eigenstates and eigenvalues

The information that a Hamiltonian belongs to a certain dynamical algebra
allows one to calculate its spectrum in a straightforward way. In general, one
can exploit the algebra structure to numerically diagonalize the Hamiltonian. In
the particular but significant case where ua = ub =: u and Ta = Tb =: T , the
diagonalization process is fully analytic, and sub-Hamiltonian

Ĥk = 2γk (A3 +B3) + u (A+ + A− +B+ +B−)

+ w(K+ +K− + S+ + S−) (2.5)

can be put in diagonal form (see Appendix A for detailed calculations) by making
use of a unitary transformation Uk belonging to group SO(2,3)

Uk = e
φ
2 (S−−S+)e

θa
2 (A−−A+)e

θb
2 (B−−B+). (2.6)

A proper choice of angles φ, θa and θb, allows one to get rid of those operators
which are not diagonal in the Fock-state basis. By choosing

φ = π

2 , th θa = u+ w

γk + w
, th θb = u− w

γk − w
, (2.7)

one obtains the diagonal Hamiltonian

Ĥk = U−1
k Ĥk Uk = 2A3

√︂
(γk − u)(γk + u+ 2w)
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2 – Low-energy excitations of a miscible binary mixture

+ 2B3

√︂
(γk − u)(γk + u− 2w) (2.8)

in which operators A3 and B3 are linear combinations of number operators [see
formulas (2.4)], and thus are diagonal in the Fock-state basis. Since Ĥ = ∑︁

k Ĥk,
then the energy spectrum of Ĥ takes the form

E({nk, n−k,mk,m−k}) =

−4TN + U

L
(N2 −N) + W

L
N2 +

∑︂
k>0

[︄
4T (ck − 1)− 2u

+ℏωk(nk + n−k + 1) + ℏΩk(mk +m−k + 1)
]︄

(2.9)

where k̃ = 2πk/(aL) in ck = cos(ak̃), k ∈ [1, (L− 1)/2] is an integer index, and

ωk = 1
ℏ

√︂
2T (1− ck)[2T (1− ck) + 2u+ 2w], (2.10)

Ωk = 1
ℏ

√︂
2T (1− ck)[2T (1− ck) + 2u− 2w]. (2.11)

are characteristic frequencies associated to each Hamiltonian Ĥk together with
quantum numbers n±k and m±k.

Comparison with matrix method. Hamiltonian (2.5) can be diagonalized also
by means of a different approach, which bypasses the recognition of the underlying
dynamical algebra. This Hamiltonian, in fact, can be regarded as a quadratic form
of boson operators [recall definitions (2.4)], and, as such, it can be diagonalized in
a straightforward way according to the general scheme discussed in reference [189].

Preliminary, Hamiltonian (2.5) can be written (up to an additive constant C0

which affects the zero-point energy but not the characteristic frequencies) in the
form

Ĥk = C0 + (a†
k, a

†
−k, b

†
k, b

†
−k, ak, a−k, bk, b−k)M (ak, a−k, bk, b−k, a

†
k, a

†
−k, b

†
k, b

†
−k)t

(2.12)
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where matrix

M =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

γk

2 0 w
2 0 0 u

2 0 w
2

0 γk

2 0 w
2

u
2 0 w

2 0
w
2 0 γk

2 0 0 w
2 0 u

2
0 w

2 0 γk

2
w
2 0 u

2 0
0 u

2 0 w
2

γk

2 0 w
2 0

u
2 0 w

2 0 0 γk

2 0 w
2

0 w
2 0 u

2
w
2 0 γk

2 0
w
2 0 u

2 0 0 w
2 0 γk

2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(2.13)

encodes the coefficients of the quadratic form (2.5). Notice, in passing, that M is
Hermitian and that, due to the bosonic characters of the associated operators, it
features the following block structure:

M =
⎛⎝ A B

B∗ A∗

⎞⎠
where A and B are suitable matrices.

After introducing matrix

E =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 −1 0 0 0
0 0 0 0 0 −1 0 0
0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 −1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (2.14)

the characteristic frequencies of Hamiltonian (2.5) can be easily found by comput-
ing the eigenvalues λi (with i = 1, . . . , 8) of matrix 2EM. Among the 8 eigenvalues
output by this procedure, one focuses just on the 4 λi’s which are positive. Eventu-
ally, one can easily notice that these 4 positive eigenvalues are pairwise equal. So,
one remains with just two independent characteristic frequencies, which perfectly
correspond to frequencies ωk and Ωk, obtained, in turn, within the dynamical-
algebra method [see equations (2.10) and (2.11), where the extra factor ℏ−1 therein

27



2 – Low-energy excitations of a miscible binary mixture

simply comes from the way these frequencies are defined in equation (2.9)].

Comparison with numerics. We have compared the results obtained within
the Bogoliubov approximation scheme with the exact results obtained by means
of exact numerical diagonalization of Bose-Hubbard Hamiltonian (2.1). As Figure
2.3 clearly illustrates, the agreement between analytic and numerical results is very
good, particularly for the ground state and for the first excited states. Notice that
the numerical diagonalization has been performed with a relative low number of
bosons (N = M = 10) and that, increasing the number of particles, Bogoliubov
approximation scheme gets more and more valid and accurate. The discussion
relevant to the degeneracy of the eigenlevels can be found in [177].

0 5 10 15 20 25 30
Eigenstate index

-26

-24

-22

-20

-18

-16

-14

-12

E/
T

Comparison between Bogoliubov and numerical diagonalization

Bogoliubov
Numerical

Figure 2.3: Comparison between the spectrum obtained via Bogoliubov approxima-
tion scheme [see formulas (2.9)-(2.11)] with the exact spectrum of Hamiltonian (2.1)
obtained via exact numerical diagonalization for L = 3, T = 3, U = 1, W = 0.5
and N = M = 10.

2.4.2 Time-evolution of physical observables and microscopic
processes

The knowledge of the dynamical algebra of an Hamiltonian allows one to repre-
sent it as a linear combination Ĥ = ∑︁

i hiêi of the algebra generators êk. For our
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effective model [see Hamiltonian (2.3)], these coincide with the two-mode operators
(2.4) of the set A. Thanks to the characteristic commutators of the algebra (see
Figure 2.2), the Heisenberg equation of any êk is readily found to be

iℏ
d
dt êk = [êk, Ĥ] = i

∑︂
m

ρkmêm, (2.15)

Then, the time evolution of any observable O belonging to the algebra (i.e. that can
be written in the form O = ∑︁

k okêk) is easily determined within the algebra. For
example, from Equation (2.15) one easily discovers that operator Ck = nk − n−k +
mk − m−k (the angular momentum carried by bosons populating the momentum
modes±k) is a constant of motion. Another example concerns the number of bosons
N∗ = A3 + B3 = nk + n−k +mk +m−k with angular momentum (proportional to)
±k, whose equation is

iℏ
dN∗

dt = −2u (A+ − A− +B+ −B−)− 2w (K+ −K−)

= −2u
(︂
a†
ka

†
−k − aka−k + b†

kb
†
−k − bkb−k

)︂
− 2w

(︂
a†
kb

†
−k + a†

−kb
†
k − akb−k − a−kbk

)︂
. (2.16)

This equation shows how the time evolution of N∗ depends on and implicitly defines
two generalized currents of boson-pairs whose distinctive trait is to flow from the
macroscopic modes2 a0 and b0 to the excited modes a±k and b±k. Remarkably,
while the intraspecies repulsive interaction u accounts for the creation of opposite-
momentum boson pairs within the same atomic species through the terms A± and
B±, the interspecies coupling w causes the formation of opposite-momentum boson
pairs in a twisted fashion (i.e. one boson in an atomic species and one in the other)
through the terms K±. We remark that this second process is due to operators K±

which were absent in the two-ring model [177]. Some of these microscopic processes
are illustrated in Figure 2.4.

2One should remember that, in the Bogoliubov scheme, a0 and b0 have been incorporated in
the effective interaction strengths u, w in terms of the parameters

√
N and

√
M .
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A bigger algebra for finer-grained observables. Another application of for-
mula (2.15) consists in computing the dynamical equations of finer-grained observ-
ables such as the single-mode number operators n±k and m±k related to excited
modes. To this end, one must consider the enlarged dynamical algebra so(2,4) [in-
cluding so(2,3)] in which n±k and m±k can be seen as algebra elements. The 15
generators constituting the two-boson realization of so(2,4) are given below:

A+ = a†
ka

†
−k, A− = A†

+, A3 = 1
2(nk + n−k + 1),

B+ = b†
kb

†
−k, B− = B†

+, B3 = 1
2(mk +m−k + 1),

Q+ = a†
kbk, Q− = Q†

+, G+ = a†
−kb

†
k, G− = G†

+

H+ = a†
kb

†
−k, H− = H†

+, R+ = a†
−kb−k, R− = R†

+,

T = 1
2 [(nk − n−k)− (mk −m−k)] .

Within this wider algebraic framework, the equation of motion for the excited-
mode number operator nk therefore reads

iℏṅk = [u a†
ka

†
−k + w(a†

kb
†
−k + a†

kbk)]−H.C. (2.17)

A similar equation holds for operators mk in which operators ak and bk are ex-
changed. This equation clearly shows that a time variation of nk is caused both
by intraspecies (u /= 0) and by interspecies (w /= 0) interaction processes. Such
processes are depicted in Figure 2.4.

2.5 Dynamics on a ring trimer

The theory and the formulas we have discussed so far are valid for a ring having
an arbitrary site number L. In the present section, we investigate the simple model
with L = 3, the so-called two-species ring trimer. This particular geometry has been
thoroughly analyzed in the last decade, because of the rich scenario of nonlinear
phenomena triggered by the non-integrable character of a system featuring three
spatial modes [175, 183, 190–200]. In the trimer case, k takes just three values,
namely, ±1, and 0 (whose relevant momentum mode will be made semiclassical
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Figure 2.4: Some important microscopic processes that occur in the mixture. Blue
and red colors are used to distinguish the two species. Faded colors denote particles
that belong to the two macroscopic modes, a0 and b0, that have been made semiclas-
sical. Left panel: U determines the creation and annihilation of excited boson-pairs
within the same species. Right panel: W determines the creation and annihilation
of twisted boson-pairs (left side) and is responsible for scattering processes between
particles of different species (right side).

in the Bogoliubov picture). Therefore, the only sub-Hamiltonian is Ĥk = Ĥ1 [see
(2.3)], associated to parameter

γ1 = 2T [1− cos (2π/3)] + u.

To diagonalize Ĥ1, the proper choice of generalized angles is thθa = (u+w)(γ1 +w),
thθb = (u−w)/(γ1−w) and φ = π/2 which gives Ĥ = E0 + 2ℏω A3 + 2ℏΩ B3 with
the two characteristic frequencies

ω =
√︂

3T (3T + 2u+ 2w)/ℏ, (2.18)

Ω =
√︂

3T (3T + 2u− 2w)/ℏ. (2.19)
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2 – Low-energy excitations of a miscible binary mixture

The energy eigenvalues then read

E(n±1,m±1) =Eg + ℏω(n1 + n−1) + ℏΩ(m1 +m−1) (2.20)

where Eg = E0 + ℏ(ω + Ω). The good agreement of eigenvalues (2.20) with the
numerically computed spectrum of Hamiltonian (2.1) is illustrated in Figure 2.3.

The frequencies (2.18) and (2.19), and the expressions of angles θa and θb are cor-
rectly defined only in a portion of the three-dimensional parameter space (T, U,W ).
This region of the parameter space, where the spectrum is discrete, classically cor-
responds to the region where the system exhibits a stable dynamics. At the border
of such stability region, the energy cost to create excitations tends to zero and the
system manifest unstable behaviors. From the point of view of the dynamics, in
fact, one can observe the divergence of many physical observables. This aspect will
be resumed in Section 2.6.

2.5.1 Time evolution of excitations

In the same spirit of reference [177], it is possible to describe the dynamics of
the momentum mode operators in terms of their expectation values. The latter are
represented by the four (complex) order parameters

a±1 = √n±1e
iϕ±1 , b±1 = √m±1e

iψ±1 .

Over the remainder of this subsection, we will show that one can trigger different
dynamical regimes by performing different choices both for the initial state (i.e.
the complex order parameter at t = 0), and for the Hamiltonian parameters T ,
u, and w. The plots that we present below correspond to the analytic solutions
of the dynamical equations (2.17) for the excited populations n±1(t) and m±1(t)
for four different choices of initial conditions. Note that the excitation of angular-
momentum modes corresponds to excite weakly-populated vortices.

(1) Absence of excitations at t = 0. Although, at the beginning of the dynamics,
none of the condensates feature any excitation, the presence of interactions w /= 0
and u /= 0 causes the periodic formation of excited bosons within the mixture,
according to the formula

n±1(t) = m±1(t) =

32



2.5 – Dynamics on a ring trimer

0 2 4 6 8 10
0

0.005

0.01

0 2 4 6 8 10
0

0.005

0.01

0 2 4 6 8 10
0

0.005

0.01

0 2 4 6 8 10
0

0.005

0.01

Figure 2.5: Dynamics of excitations for n1(0) = 10, n−1(0) = m±1(0) = 0 and
W/U = 0.19 (upper panels) and W/U = 0.9 (lower panels), with T = 2, U = 0.01,
N = 1000 and ℏ = 1. Left (right) panel concerns atomic species A (B). Red
dashed (blue) color corresponds to bosons with k = +1 (k = −1). The fact that
n1(t) features a maximum when m1(t) is zero and vice-versa entails the periodic
and complete angular momentum transfer between the two species. Increasing W
strongly changes the time scale of population oscillations.

1
2ℏ2

[︄
(u− w)2

Ω2 sin2(Ωt) + (u+ w)2

ω2 sin2(ωt)
]︄
.

In other words, the fact that interactions u and w are non zero causes fluctuations
in the vacuum state |n1, n−1, m1, m−1⟩ = |0, 0, 0, 0⟩.

(2) Vortex-like excitation in condensate A, no excitations in condensate B. If,
at time t = 0, one of the two atomic species exhibits a non-zero population (e.g.
n1 /= 0, namely a vortex excitation with k = +1), one observes, apart form minor
quantum fluctuations (the high-frequency ripple in the figure), a periodic transfer
of angular momentum between the two atomic species. This effect is illustrated
in Figure 2.5 for W << U (upper panels) and W ≃ U (lower panels). Of course,
this case is equivalent to the case with condensate B excited and condensate A
unexcited at t = 0.
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Figure 2.6: Dynamics of excitations for n1(0) = m1(0) = 10, n−1(0) = m−1(0) = 0,
and T = 2, U = 0.01, W/U = 0.19, N = 1000 and ℏ = 1. Left (right) panels
concern species A (B). Red dashed (blue) color is used to depict n1(t) and m1(t)
(n−1(t) and m−1(t)). Upper panels: for an initial phase difference ϕ1(0)−ψ1(0) = 0
the system features a trivial dynamics, entailing that the inter-species angular-
momentum transfer is suppressed. Lower panels: Conversely, the periodic angular-
momentum transfer is active if ϕ1(0)− ψ1(0) is non-zero (e.g. equal to π/2).

The relevance of the inter-species parameter on the population dynamics is high-
lighted in the lower panels of Figure 2.5: Increasing W clearly shows how the
periodic collapse and revival of populations n−1, m−1 is replaced by an essen-
tially regular oscillation while the oscillation of n+1, m+1 as well as the angular-
momentum transfer take place on a much smaller time scale. The same periodic
angular-momentum transfer is also observed when, in addition to a vortex, the
initial configuration includes an anti-vortex in the same species.

(3) Vortex in condensate A and equal vortex in condensate B. Let us assume
that, at t = 0, species A exhibits a weakly-populated vortex while an equal vortex
is present in species B. This is an interesting situation, because different initial
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Figure 2.7: Upper panels: Dynamics of excitations for n1(0) = m−1(0) = 10,
n−1(0) = m1(0) = 0 and W/U = 0.19, T = 2, U = 0.01, N = 1000 and ℏ = 1. The
left (right) panel concerns species A (B). Red dashed (blue) color corresponds to
bosons with k = +1 (k = −1). Note, up to quantum fluctuations (high frequency
ripple), the periodic and complete transfer of excitations between the two species.
Lower left panel: for W/U = 0.9 the frequency of oscillations increases (the color
code is the same as in the upper panels). Right lower panel: Gray (dashed black)
lines describes the time evolution of the inter-species angular-momentum difference
for W/U = 0.19 (W/U = 0.9).

phase differences ϕ1(0)− ψ1(0) can trigger different dynamical regimes. Namely, if
the complex quantities a1 and b1 are in phase at t = 0, the two condensates seem
to be decoupled and just feature quantum fluctuations (upper panels of Figure
2.6). Conversely, an initial non-zero phase difference allows for a periodic angular-
momentum exchange between the two condensates (lower panels of Figure 2.6).
Once more, we note that the same dynamics is observed by exchanging A and B at
t = 0.

(4) Vortex excitation in condensate A, and equal anti-vortex in condensate B.
Finally, let us consider the case where a weakly-populated vortex of species A
(n1 /= 0) is superimposed to an equal but counter-propagating anti-vortex of species
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2 – Low-energy excitations of a miscible binary mixture

B (m−1 /= 0). It turns out that the two kinds of excitations are periodically
transferred from a species to the other (see upper panels of Figure 2.7). The left
lower panel of Figure 2.7 confirms the relevance of parameter W : As discussed in
the case (2), increasing W implies that the population oscillations and the angular-
momentum transfer take place on a much smaller time scale. In particular, the
right lower panel of Figure 2.7 illustrates the angular-momentum transfer through
the quantity ∆L = n+1 − n−1 − (m+1 − m−1) where the signs ± in front of the
mode population takes into account the clockwise (or anti-clockwise) rotations of
bosons.

It is important to note that the equation governing the dynamics of the angular-
momentum transfer ∆L in the cases (2 )-(4 )

iℏ
d∆L
dt

= 2w(a†
kb

†
−k + a−kbk + a†

kbk + a−kb
†
−k −H.C.)

clearly shows how the microscopic processes involved by operators S± and K± both
contribute to activate the angular-momentum transfer. This circumstance is due to
the fact that, unlike the two-ring ladder model [177], where the transfer is controlled
by the inter-ring tunneling, in the current model the transfer is triggered by the
inter-species interaction.

2.6 Towards dynamical instability

In this section we resume the discussion on the diagonalization procedure of
Section 2.4 and comment on the stability of the system. One can observe that
the angles associated to generalized rotations, θa and θb, [see Equations (2.7)] are
subject to some constraints. The same constrains can also be found in relation to
the diagonal Hamiltonian (2.8), i.e., in the expressions of characteristic frequencies
(2.10) and (2.11). Recalling that T , U and W have been assumed to be non-
negative, all the dynamical results and the solution scheme that we have discussed
up to now are valid provided that

w < T (1− ck) + u. (2.21)
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2.6 – Towards dynamical instability

When w approaches this upper limiting value, the energy spectrum collapses, i.e.,
the energy difference between two adjacent energy levels tends to vanish (Figure 2.8
well illustrates the collapse). As a consequence, each Ĥk is associated to a specific
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Figure 2.8: Energy levels vs interspecies interaction W for a trimer. If the two
atomic species do not interact (W = 0), the two characteristic frequencies ω1 and
Ω1 coincide. When W/U approaches the limiting value 1.009, one can observe
the collapse of the energy spectrum relevant to the second generalized harmonic
oscillator. Parameters T = 2, U = 1, N = 1000 have been chosen.

limiting value for w, namely T (1− ck) + u. Recalling that 1− ck = 1− cos(ak̃) is
an increasing function in the interval k ∈ [0, (L− 1)/2], the global limiting value is
always found at the smallest momentum, i.e., for k = 1, irrespective of site number
L. In other words, increasing w, the sub-Hamiltonian which could first be affected
by the spectral collapse is Ĥ1, no matter the number of ring-lattice sites L.

With reference to the most elementary closed circuit, the trimer, the stability
condition becomes

w <
3
2T + u, (2.22)

or, in other words,
W

U
< 1 + 9

2
T

UN
, (2.23)

an inequality which guarantees the correctness of formulas (2.18), (2.19) and (2.20).
As far as excited populations, they reveal a diverging evolution when one approaches
the border of the stability region. Figure 2.9 clearly depicts this situation. In view
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2 – Low-energy excitations of a miscible binary mixture
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Figure 2.9: Time evolution of populations for U = 0.01, T = 2, W/U = 1.895,
ℏ = 1, N = 1000, n1(0) = 10 and n−1(0) = m±1(0) = 0. Notice that W is close
to the critical value Wc, i.e. W/Wc = 0.997. n1(t) and m1(t) are depicted in red,
while n−1(t) and m−1(t) are represented in blue. All the excited boson populations
quickly grow and soon get unphysical.

of this, the inequality (2.22) is particularly significant in that, in addition to setting
the limits of validity for our model, it can be seen as the hallmark of a quantum
phase transition [188], [183]. Finally, we note how the more general inequality
(2.21) reproduces, for a generic ring lattice, the spectral-collapse conditions related
to the demixing effect for a mixture in a 2-well potential [167].

2.7 Conclusions

In this Chapter, we have studied the weak excitations of a two-species bosonic
mixture uniformly distributed in a L-site Bose-Hubbard ring. In Section 2.2, we
proved that, after enacting the well-known Bogoliubov approximation scheme (jus-
tified by the fact that the two species are miscible and uniformly distributed in
the ring lattice), the model Hamiltonian reduces to the sum of (L − 1)/2 inde-
pendent sub-Hamiltonians Ĥk involving pairs of (opposite) momentum modes. In
particular, we showed that each Ĥk belongs to a specific dynamical algebra, the
algebra so(2,3). Thanks to the knowledge of the dynamical algebra, in Section 2.4,
we diagonalized the effective Hamiltonian, determined the energy spectrum, found
the conserved quantities, computed the Heisenberg equations for various physical
observables, and highlighted several microscopic processes characterizing the mix-
ture.
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2.7 – Conclusions

In Section 2.5, we applied the proposed solution scheme to the simplest but non
trivial ring, the Bose-Hubbard trimer, featuring k = 0 as macroscopically occupied
momentum mode. The corresponding energy spectrum was determined and shown
not only to provide the two frequencies that characterize the trimer dynamics, but
also to well match the one computed via exact numerical diagonalization. We
computed the time evolution of excited populations for different choices of model
parameters and different values of initial conditions. More specifically, we pointed
out the presence of fluctuations in the vacuum state, the possible coherent periodic
transfer of angular momentum between the two species and its relation with their
initial phase difference. Also, we emphasized the influence of the interspecies in-
teraction W on the population dynamics by comparing the population oscillations
in the case when W is smaller than the intraspecies coupling U and when W ≃ U .
We showed that an increase of W makes the angular momentum transfer faster and
more efficient.

As a conclusion, in Section 2.6, we identified the region where the mixed phase is
stable, and observed that, for W → U+9T/(2N), the system approaches instability,
a possible signature of the mixing-demixing quantum phase transition [167]. The
latter issue will be analyzed in Chapter 4 while the analysis of attractive interactions
will be considered in Chapter 6.
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Chapter 3

Entanglement entropy and
mixing-demixing transitions

3.1 Introduction

In this Chapter1, we study the behavior of the bipartite Von Neumann entan-
glement entropy (EE) as a function of the interspecies coupling in a system where
two condensed species are confined in a two-well potential (dimer). Depending on
the magnitude and on the sign of the interspecies coupling W , this system is known
to feature three different quantum phases, which differ in the degree of mixing and
spatial localization of the two quantum fluids: mixed, demixed and supermixed
[165, 167]. In this regard, making the coupling W more repulsive, drives the mix-
ture from the uniform and delocalized configuration (mixing) to a state exhibiting
a macroscopic spatial separation of the two species (demixing). On the attractive
side, instead, making W more attractive, the uniform ground state gives the way
to a configuration where atoms of different components tend to occupy the same
well (supermixing). The two-species dimer can be conveniently described in terms
of a four-mode Bose-Hubbard Hamiltonian (a spatial mode per species per site)
which, in addition to single-component interwell tunnelling processes and onsite
intraspecies interactions, also incorporates a density-density interaction between
atoms of different species.

1Note to the reader: part of the content of this Chapter has been published in [201].
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3 – Entanglement entropy and mixing-demixing transitions

In order to characterize the macroscopic changes in the ground-state structure
upon a variation of W , we present different kinds of entanglement entropies, each
one associated to a different way of partitioning the system. We indeed show
that they all strictly depend on the specific quantum phase exhibited by the mix-
ture, a circumstance which corroborates their role of critical indicators in detecting
quantum phase transitions (in view of this, the entanglement entropy will be con-
veniently used as a critical indicator to characterize the quantum phase transitions
described in Chapters 4 and 6).

Our analysis is based on the exact numerical diagonalization of extended sets
of Bose-Hubbard Hamiltonians (which share the same structure but differ in the
values of model parameters). The obtained ground states are then used to construct
the associated density matrices which, in turn, offer the possibility to enact the
chosen partition scheme. Eventually, the quantum correlation between the two
identified partitions is quantified by computing the Von Neumann entropy of the
reduced density matrix of the sub-system obtained after tracing out the degrees
of freedom of the other one. Eventually, to provide a deeper physical insight into
the relationship between entanglement and quantum phase transitions, we apply a
fully-analytical variational approach based on su(2) coherent states, showing that
it can provide a considerably good approximation of these entanglement entropies.

3.2 The model and the ground-state properties

As already discussed in Section 2.2 of Chapter 2, an effective description of
ultracold bosons trapped in homogeneous arrays of potential wells is provided by
the Bose-Hubbard model [114] in which local boson operators Ai and A+

i represent
the microscopic annihilation and creation processes, respectively, at the ith well.
In the simplest possible case of a two-site lattice (a double-well potential), the
Bose-Hubbard Hamiltonian is given by

Ha = Ua
2

[︃
A†
LA

†
LALAL + A+

RA
+
RARAR

]︃
− Ja

(︂
A+
LAR + A+

RAL
)︂
,

where L and R refers to the left and right well, respectively, Ua is the boson-boson
interaction and Ja is the hopping amplitude controlling interwell boson exchange.
Boson operators AL, A+

L , AR, and A+
R satisfy the standard commutator [Aσ, A+

σ ]
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3.2 – The model and the ground-state properties

= 1 with σ = L,R. If, in addition to species A, a second species B is introduced,
the spatial modes become four, AL, AR, and BL, BR, for the species A and B,
respectively. The resulting mixture is thus described by the two-species dimer
Hamiltonian [165]

H = Ha +Hb +W
(︂
NLML +NRMR

)︂
(3.1)

in which, apart from the single-species Bose-Hubbard Hamiltonians Ha and Hb, a
term proportional to the density-density interspecies interaction is present. This
term couples the two species through the local boson populations described by the
number operators Nσ = A+

σAσ and Mσ = B+
σ Bσ with σ = L,R.

When the interspecies interaction |W | is low enough, the two quantum fluids
are equally distributed in the two wells (mixing) [165, 167]. Conversely, when |W |
becomes sufficiently strong, the two species give place to macroscopic localization
effects. In particular, a repulsive interaction W > 0 tends to spatially separate the
species into different wells (demixing) while an attractive W < 0 interaction tends
to gather both species in the same well (supermixing). These effects constitute
delocalization-localization (DL) transitions [165, 167].

The deep change in the ground state properties across these DL transitions is
confirmed by the numerical calculation of the ground state of Hamiltonian (3.1) for
different values of W . To illustrate this, we decompose the energy eigenstates in
the basis of space-mode Fock states:

|nL,mL, nR,mR⟩ := |i, j⟩L|N − i,M − j⟩R, i ∈ [0, N ], j ∈ [0,M ], (3.2)

where labels nσ and mσ, describing the local boson populations, are the eigenvalues
of number operators Nσ and Mσ, respectively. The parametrization nL = i, mL = j,
nR = N − i and mR = M − j has been assumed to include the property that both
operator N = NL + NR and operator M = ML + MR (representing the total
boson numbers of the two species) commute with Hamiltonian H and thus are
conserved quantities. The factorized form of (3.2) aims to better distinguish left-
well from right-well populations. A generic quantum state of Hamiltonian (3.1) can
be therefore written as
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3 – Entanglement entropy and mixing-demixing transitions

|Ψ⟩ =
N∑︂
i=0

M∑︂
j=0

wi,j |i, j⟩L|N − i,M − j⟩R (3.3)

Determining the energy eigenstates thus amounts to calculating coefficients wi,j for
which the eigenvalue equation H|E⟩ = E|E⟩ is fulfilled. For values of |W | small
enough, the ground state |E0⟩ is approximated in terms of su(2) coherent states
[202]

|E0⟩ ≃
1

2(N+M)/2
√
N !M !

(︂
A+
L + A+

R

)︂N (︂
B+
L +B+

R

)︂M
|0, 0⟩L|0, 0⟩R

whose dominating components |i, j⟩ can be shown to feature i ≃ N/2, j ≃ M/2,
namely, boson populations equally distributed in the two wells (delocalized ground
state). For large values of |W |, |E0⟩ can be approximated by

|E0⟩ ≃
1√
2

(︃
|N, 0⟩L|0,M⟩R + |0,M⟩L|N, 0⟩R

)︃
(3.4)

|E0⟩ ≃
1√
2

(︃
|N,M⟩L|0, 0⟩R + |0, 0⟩L|N,M⟩R

)︃
, (3.5)

in the repulsive and attractive regime, respectively. The latter states constitute
Schrödinger cats whose constituting components exhibit strong localization.

Figure 3.1, obtained by numerically calculating the ground state of Hamiltonian
(3.1) for different values of W , allows one to appreciate the occurrence of a DL
transition by illustrating the macroscopic changes occurring in the ground-state
structure.
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3.2 – The model and the ground-state properties

Figure 3.1: Ground-state probabilities |wi,j|2 vs i (left occupation number of species
A) and j (left occupation number of species B) associated to space-mode Fock
states |i, j⟩L|N − i,M − j⟩R of equation (3.3) for boson numbers N = 30, M = 40,
J = 1 and U = 0.1. Panel (a) (obtained for W/J = 0.15), features delocalized
populations; Panel (b), obtained for W/J = 0.168, shows the germ of localization;
Panel (c), obtained for W/J = 0.2, corresponds to full localization and demixing.
A similar behavior characterize the DL transition in the attractive regime (W < 0),
but the two emerging peaks finally localize around i = j = 0 an i = 30, j = 40.

The critical behavior of the DL transition has been studied analytically by resort-
ing to the semiclassical approach where boson number operators are approximated
in terms of continuous variables [167]. This method (see Chapter 4 for a detailed
description) has provided the critical value of W at which the transition takes place
in the case of twin species (Ja = Jb = J , Ua = Ub = U). In this approach, the Fock
states essentially become wave functions depending on the new continuous variables
while, for energies low enough, the energy-eigenvalue equation takes the form of the
Schrödinger problem for a multidimensional harmonic-oscillator Hamiltonian. The
extremal points of the associated effective potential allow one to determine the
ground-state configurations, and, in particular, to find the formula

W

U
= 1 + 2J

UN
(3.6)

defining, for large boson numbers (N = M ≫ 1), the transition critical point in the
parameter space. Interestingly, when W approaches this critical value, the energy
spectrum of Hamiltonian (3.1) has been shown to undergo a collapse in which the
inter-level separation tends to zero [167]. This spectral collapse can be seen as the
hallmark of the transition corresponding to the macroscopic change in the structure
of the ground state and of the relevant low-energy excitations [167]. Notice that the
generalized version of formula (3.6) for a mixture loaded in a L-well ring lattice has
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3 – Entanglement entropy and mixing-demixing transitions

been derived Chapter 2 [see formula (2.21)] within the Bogoliubov approximation
scheme.

3.2.1 Quasi-degeneracy of the ground-state

As already mentioned, if ratio |W |/J is big enough, the system ground state
approaches cat-like states of the type (3.4) or (3.5) depending on the sign of the
iterspecies interaction W . In parallel, the system spectrum may appear quasi-
degenerate, due to the quasi-collapse of the energy levels [165, 167].

However, the degeneracy of the ground-state is only apparent, as Hamiltonian
(3.1) is always non-degenerate [203, 204] (provided that ratios Ja/N and Jb/M are
non-zero). As shown in Figure 3.2, in fact, the energy gap between the ground-
state energy E0 and the first excited level, E1, rapidly diminishes if one increases
the number of particles per species (N and M) but remains finite. This has been
verified in Figure 3.2 down to computational limit fixed by the machine precision.
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Figure 3.2: Energy gap between the ground state energy E0 and the first excited
level E1, as function of the number of particles per species (N = M = Np), J = 1,
U = 0.1, W = 0.2.
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3.3 – Bipartite Von Neumann entanglement entropy as a critical indicator

3.3 Bipartite Von Neumann entanglement entropy
as a critical indicator

3.3.1 A standard way to quantify the entanglement

A standard indicator to quantify entanglement in a many-body quantum pure
state is the Von Neumann entropy of either the reduced density matrices of the sub-
systems. Given ρ̂, the density matrix corresponding to a pure state of the quantum
system, and having defined two partitions A and B of the relevant Hilbert space H
such that H = HA

⨂︁HB, the bipartite Von Neumann entanglement entropy (EE)
is defined as [205]

EEA−B = S(ρ̂A) = −TrA( ρ̂A log2 ρ̂A), (3.7)

where ρ̂A = TrB( ρ̂) ( ρ̂B = TrA( ρ̂)) is the reduced density matrix of partition A

(B) obtained tracing out the degrees of freedom of B (A). Notice that, in principle,
there exists infinitely many possible ways to partition the same Hilbert space H
into two parts.

Although the partition of the Hilbert space is obviously independent from the
choice of the basis in which the density operator is represented (i.e. S(ρ) = S(UρU †)
for any unitary transformation U which enacts the change of basis), to perform
calculation (3.7), it is convenient to represent the density operator associated to
the system ground state

ρ̂0 = |E0⟩⟨E0| (3.8)

in a basis which is suitable to enact the chosen partition A-B. In other words, a
suitable choice of the basis can give easy access to a partition that, in another basis,
would be hard to computationally handle. An example of this is shown in Section
3.3.3, where we consider the partition between momentum modes.

In practice, one can start with expanding the ground-state

|E0⟩ =
∑︂
i

∑︂
j

wi,j |ϕi⟩A|ϕj⟩B , (3.9)

with respect to a basis {|ϕi⟩} which is convenient for the enacting of the partition.
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3 – Entanglement entropy and mixing-demixing transitions

The corresponding density operator (3.8) therefore reads

ρ̂0 =
∑︂
i

∑︂
j

∑︂
i′

∑︂
j′
Ci,j,i′,j′|ϕi⟩A|ϕj⟩B B⟨ϕj′|A⟨ϕi′| , (3.10)

where
Ci,j,i′,j′ = wi,jw

∗
i′j′ . (3.11)

One can then trace away the degrees of freedom of a subsystem and plug the
resulting reduced density matrix into formula (3.7) to obtain the entanglement in
quantum state |E0⟩ with respect to the partition A-B.

In the sequel, we will consider three different kinds of EEs, each one associ-
ated to a different way of partitioning the system. First, we consider the quite
natural partition in terms of left-well bosons and right-well bosons, suggested by
the representation of physical states in the space-mode Fock basis (3.2). Then, by
representing physical states in the momentum-mode Fock basis, we partition the
system in terms of zero-momentum and non-zero-momentum bosons. Finally, we
consider the partition of the system distinguishing species-A from species-B bosons,
which is again suggested by definition (3.2) where populations nL, nR and mL, mR

refer to species A and B, respectively.

3.3.2 Entanglement entropy for a partition characterized
by spatial modes

Let us start by computing the EE by considering the partition of the system
ground state in terms of left-well bosons and right-well bosons. Given the system
ground state

|E0⟩ =
N∑︂
i=0

M∑︂
j=0

wi,j |i, j⟩L |N − i, M − j⟩R (3.12)

and the corresponding density operator

ρ̂0 = |E0⟩⟨E0| =

=
N∑︂
i=0

M∑︂
j=0

N∑︂
i′=0

M∑︂
j′=0

wi,jw
∗
i′,j′ |i, j⟩L |N−i, M−j⟩R R⟨N − i

′, M − j′| L⟨i
′, j′| (3.13)
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where
wi,j = ⟨i, j, N − i,M − j|E0⟩,

the reduced density matrix relevant to the right-well bosons, is obtained tracing
out the degrees of freedom of the left-well bosons:

ρ̂R =
N∑︂
k=0

M∑︂
l=0

L⟨k, l|ρ̂0|k, l⟩L =
N∑︂
i=0

M∑︂
j=0
|wi,j|2 |N − i, M − j⟩R R⟨N − i, M − j|.

The latter is diagonal, and one can therefore easily compute the EE [see formula
(3.7)] as

EEL−R = S(ρ̂R) = −
N∑︂
i=0

M∑︂
j=0
|wi,j|2 log2 |wi,j|2. (3.14)

The solid line in Figure 3.3 illustrates the functional dependence of indicator (3.14)
on ratio W/J which, in turn, determines the degree of localization and mixing of the
two quantum fluids. This plot exhibits two sharp peaks where the DL transitions
occur. The emergence of the two peaks in the proximity of the W/J critical values
is, in fact, caused by the bigger and bigger number of Fock states which have
a non-zero weight wi,j in decomposition (3.12). In this regard, looking at Figure
3.1b, one can appreciate the fact that the two Gaussian-like distributions involve the
maximum number of Fock states when they are about to merge and the transition
takes place. In the region between the two peaks, bosons are delocalized and the
quantum fluids fully mixed; the left tail corresponds to supermixed states (states
where both species are localized in a single well); eventually, the right tail is the
region where the two species localize in different wells (demixing). Both tails feature
a genuinely quantum character because the relevant ground states correspond to
Schrödinger cats, in which the species localization gets more and more pronounced
as |W |/J increases [see Formulas (3.4) and (3.5)]. In fact, the entanglement entropy
asymptotically tends to 1, a value which is reminiscent of the double-faced structure
of cat states (3.4) and (3.5) because both their components contribute to Formula
(3.14) with 1

2 log2 2. It is worth noticing that EEL−R is always different from zero in
that, even for noninteracting species (W = 0), the presence of a non-zero J couples
the left and right modes of either species. As expected, one can show numerically
that the height of the central minimum of EEL−R decreases more and more (tending
to zero) as the interwell hopping J becomes smaller and smaller.
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3 – Entanglement entropy and mixing-demixing transitions

Figure 3.3: EEs as a function of W/J for three different partitions of the Hilbert
space: partition L-R [continuous line, see formula (3.14)], partition S-D [dashed
line, see formula (3.15)], and partition A-B [dotted line, see formula (3.16)]. N =
30, M = 40, J = 1, U = 0.1.

3.3.3 Entanglement entropy for a partition characterized
by momentum modes

Let us introduce the following momentum-mode operators obtained summing
and subtracting usual site-mode operators

Sa = 1√
2

(AL + AR), Da = 1√
2

(AL − AR),

Sb = 1√
2

(BL +BR), Db = 1√
2

(BL −BR),
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together with the corresponding number operators

NS = S†
aSa, ND = D†

aDa, MS = S†
bSb, MD = D†

bDb,

which count the number of bosons having vanishing (S) or non-vanishing (D) mo-
mentum in the two species. The momentum-mode Fock basis {|NS, N−NS, MS, M−
MS⟩} can be chosen as a new basis against which it is possible to expand the system
ground state

|E0⟩ =
N∑︂

nS=0

M∑︂
mS=0

wnS ,mS
|nS,mS⟩S|N − nS,M −mS⟩D,

where we have set |nS, N − nS,mS,M − mS⟩ = |nS,mS⟩S|N − nS,M − mS⟩D in
order to emphasize the difference between zero and non-zero momentum quantum
numbers. As a consequence, the density matrix relevant to the ground state reads

ρ̂0 = |E0⟩⟨E0| =
N∑︂

nS=0

M∑︂
mS=0

N∑︂
n′

S=0

M∑︂
m′

S=0
wnS ,mS

w∗
n′

S ,m
′
S
·

·|nS,mS⟩S|N − nS,M −mS⟩D D⟨N − n
′
S,M −m′

S| S⟨n
′
S,m

′
S|.

The reduced density matrix relevant to the sub-system of bosons having non-
vanishing momentum (modes D’s) is obtained by tracing out the degrees of freedom
relevant to the sub-system of bosons having zero momentum (modes S’s)

ρ̂D =
N∑︂

nS=0

M∑︂
mS=0

S⟨nS,mS|ρ̂0|nS,mS⟩S =

=
N∑︂

nS=0

M∑︂
mS=0

|wnS ,mS
|2 |N − nS,M −mS⟩D D⟨N − nS,M −mS|.

Since the obtained reduced density matrix ρ̂D is diagonal, the associated Von Neu-
mann entropy simply reads

EES−D = S(ρ̂D) = −
N∑︂

nS=0

M∑︂
mS=0

|wnS ,mS
|2 log2 |wnS ,mS

|2. (3.15)
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3 – Entanglement entropy and mixing-demixing transitions

The dashed line in Figure 3.3 shows the EE associated to the partition between still
and circulating bosons as a function of the ratio W/J . This plot (black dashed line)
exhibits two sharp discontinuities at the two values of W/J for which the DL phase
transitions occur. Such discontinuities separate three quasi-plateaus corresponding
to supermixed, mixed and demixed phases.

The central region (mixed species) features a quite small entanglement between
circulating and still bosons. In fact, if the interspecies couplingW is small compared
to the tunneling J and if the ratio U/J is small enough to guarantee superfluid and
delocalized bosons, momentum modes Sa and Sb are macroscopically occupied,
while Da and Db are poorly populated. If the intraspecies repulsion U tends to
zero, one can show that the latter momentum modes are not populated at all and
that the EE vanishes for W/J = 0.

3.3.4 Entanglement entropy for a partition characterized
by boson species

A third way to compute the EE consists in partitioning the system in terms of
species-A and species-B bosons. We use the representation in terms of space-mode
Fock states, although the momentum-mode Fock basis is equally convenient to the
job. Starting from density matrix (3.13), the reduced density matrix relevant to
species-B sub-system is obtained by tracing out the degrees of freedom relevant to
species-A sub-system

ρ̂B =
N∑︂
k=0

L⟨k| R⟨N − k|ρ̂0|k⟩L|N−k⟩R =
M∑︂
j=0

M∑︂
j′=0

Cj,j′ |j⟩L|M−j⟩R L⟨j
′| R⟨M − j

′|,

where we have defined

Cj,j′ =
N∑︂
k=0

wk,jw
∗
k,j′ .

The diagonalization of ρ̂B provides the eigenvalues {λj} necessary to compute the
relevant Von Neumann entropy

EEA−B = S(ρ̂B) = −
M+1∑︂
j=1

λj log2 λj. (3.16)
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The dotted line in Figure 3.3 represents the bipartite Von Neumann entangle-
ment entropy relevant to species-mode partition scheme as a function of W/J .

As in the case of the L-R partition, two sharp peaks, at which the DL tran-
sitions occur, separate the three regions corresponding to the supermixed, mixed
and demixed phase. Also in the present case, the outer regions consist of two
quasi-plateaus whose height quickly converges to 1, a limiting value which is, once
again, reminiscent of the two-faced character of cat states (3.4) and (3.5) (recall
that 1 = 2×

(︂
−1

2 log2
1
2

)︂
). As noted in the previous Subsections, where we showed

that the EE relevant to partition L-R and to partition S-D features a central mini-
mum tending to zero for J → 0 and U → 0, respectively, in the current case, where
the species-mode separation is adopted, the vanishing of the minimum of indicator
(3.16) is obtained when the two species are non interacting, namely, for W = 0.

3.4 Calculation of the entanglement entropy in
the coherent-state picture

The coherent-state variational approach has found large application in the study
of many-body quantum systems [180] since, due to their semi-classical character,
they provide an effective description of physical systems and allow one to gain
insights into their properties. Also, from the experimental point of view, coherent
states have an important role since their semi-classical character enables one to
achieve a realistic approximation of the quantum state describing the real system.

An su(2) coherent state describing single condensate trapped in a dimer is given
by [202]

|ξL, ξR⟩ = 1√
N !

(︂
ξLA

†
L + ξRA

†
R

)︂N
|0⟩, (3.17)

where |0⟩ = |0, 0⟩ is the boson vacuum state and the normalization condition |ξL|2+
|ξR|2 = 1 must be assumed. Since ⟨ψa|A†

σAσ|ψa⟩ = N |ξσ|2, with σ = R,L, is the
expectation value of number operator Nσ = A†

σAσ then |ξσ|2 represents the fraction
of bosons in the well σ. In the following, we employ combinations of coherent states
(3.17) (for a single species in a double well) to approximate the cat structure of
the ground state relevant to the two-species dimer in the strong-interaction regime,
both for W/J > 0 and for W/J < 0.
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3 – Entanglement entropy and mixing-demixing transitions

1. Supermixing (attractive cat). If the interspecies attraction (W/J < 0) is large
enough, the two species aggregate together in the same well. Since none of the
two wells is privileged with respect to the other, quantum mechanically both
configurations are equally probable, and the system lives in both states at the
same time. By using the notation of Formula (3.17), the resulting cat state
can be written as

|Ψ⟩ = 1√
2

[︄
|Loc⟩a,L|Loc⟩b,L + |Loc⟩a,R|Loc⟩b,R

]︄
=

= 1√
2

[︄
|λa, ηa⟩|λb, ηb⟩+ |ηa, λa⟩|ηb, λb⟩

]︄
,

where "Loc" stands for "localized" and entails the fact that |ηc|2 ≪ |λc|2. Fol-
lowing the scheme discussed in Reference [193], one can show that the expec-
tation value of the model Hamiltonian reduces to

E(λa, ηa, λb, ηb) = U

2 N(N − 1)
(︂
|λa|4 + |ηa|4

)︂
− 2JN(Re{λaηa})

+U2 M(M − 1)
(︂
|λb|4 + |ηb|4

)︂
− 2JM(Re{λbηb}) +W

(︂
|λa|2|λb|2 + |ηa|2|ηb|2

)︂
where the local order parameters λa, λb, ηa, and ηb are complex quantities
defined as

λa =
√

1− xaeiθa , ηa = √xaeiϕa , λb =
√

1− xbeiθb , ηb = √xbeiϕb .

After these substitutions, the variational energy reads:

E(xa, θa, ϕa, xb, θb, ϕb) =

= U

2 N(N − 1)
(︂
2x2

a + 1− 2xa
)︂
− 2JN

√︂
xa(1− xa) cos(ϕa − θa)+

+U2 M(M − 1)
(︂
2x2

b + 1− 2xb
)︂
− 2JM

√︂
xb(1− xb) cos(ϕb − θb)+

+WNM [2xaxb + 1− xa − xb]
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In order to minimize E, we look for stationary points, namely we solve

∂E

∂xa
= 0, ∂E

∂xb
= 0, ∂E

∂(ϕa − θa)
= 0, ∂E

∂(ϕb − θb)
= 0.

From the last two equations one deduces that the minimum-energy configura-
tion is obtained for ϕa = θa and ϕb = θb. Substituting this information in the
first two equations, one gets:

√
xa
(︂
−UN2 + 2NMWxb −NMW +NU

)︂
+ x3/2

a

(︂
2N2U − 2NU

)︂
+

+3NJxa
2 −NJ = 0

√
xb
(︂
−UM2 + 2NMWxa −NMW +MU

)︂
+ x

3/2
b

(︂
2M2U − 2MU

)︂
+

+3MJxb
2 −MJ = 0

Since xa and xb are ≪ 1, we perform a Taylor expansion and we neglect all
the terms whose order is bigger than 1/2. Eventually, we get:

√
xa
(︂
−UN2 −NMW +NU

)︂
−NJ = 0

√
xb
(︂
−UM2 −NMW +MU

)︂
−MJ = 0

The minimum-energy configuration is therefore reached for ϕa = θa, θb = ϕb

and
xa = J2

(NU − U +MW )2 , xb = J2

(MU − U +NW )2 .

These formulas give the fraction of bosons characterizing the minority compo-
nent and, correctly, give zero in the limit W → −∞.

2. Demixing (repulsive cat). If the interspecies repulsion (W/J > 0) is large
enough, the two condensed species separate in different wells. Similarly to
what explained in the previous paragraph, the ground state features a two-
sided cat-like structure, because left (right) well can indistinctly host species
A (B). Hence, the quantum state consists of an equally-weighted superposition
of the two possible arrangements
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3 – Entanglement entropy and mixing-demixing transitions

|Ψ⟩ = 1√
2

[︄
|Loc⟩a,L|Loc⟩b,R + |Loc⟩a,R|Loc⟩b,L

]︄
=

= 1√
2

[︄
|λa, ηa⟩|ηb, λb⟩+ |ηa, λa⟩|λb, ηb⟩

]︄
,

where λc, ηc are such that |ηc|2 ≪ |λc|2 and (obviously) |λc|2 + |ηc|2 = 1,
with c = a, b. Following the variational approach described in the previous
paragraph, and adopting the same conventions, we obtain that the variational
energy

E(xa, θa, ϕa, xb, θb, ϕb) =

= U

2 N(N − 1)
(︂
2x2

a + 1− 2xa
)︂
− 2JN

√︂
xa(1− xa) cos(ϕa − θa)+

+U2 M(M − 1)
(︂
2x2

b + 1− 2xb
)︂
− 2JM

√︂
xb(1− xb) cos(ϕb − θb)+

+WNM [xa + xb − 2xaxb]

is minimized for θa = ϕa, θb = ϕb and

xa = J2

(NU − U −MW )2 , xb = J2

(MU − U −NW )2

Parameters xa and xb represent the fractions of bosons which do not aggregate
with the others and thus make the "demixed phase" not ideal. Notice that,
correctly, if W → +∞, then xa,b → 0, i.e. the demixing gets more and more
complete.

Both for the supermixing and for the demixing scenario, after computing the
fraction of bosons in each well, it is possible to reconstruct the cat state by
superimposing two coherent states. This procedure, described in the next
subsection, allows one to analytically compute the EE between left-well and
right-well bosons [193].

3.4.1 Entanglement entropy and coherent states

On the basis of the coherent-state approach derived in Section 3.4 and in the
same spirit of Reference [193], we compute the entanglement entropy between left-
well bosons and right-well bosons. To begin, let us define ρn,m(i) as the probability
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3.4 – Calculation of the entanglement entropy in the coherent-state picture

of having n bosons of species A and m bosons of species B at site i. The normal-
ization of probability requires that

N∑︂
n=0

M∑︂
m=0

ρn,m(i) = 1

where N is the total number of bosons of species A and M is the total number of
bosons of species B. Let us define the single site entropy Si as follows:

Si = −
N∑︂
n=0

M∑︂
m=0

ρn,m(i) log2 ρn,m(i)

Neglecting the possible presence of cat states (a situation that will be re-inserted a
posteriori), a generic coherent state can be written in the factorized form

|Ψ⟩ =
[︄

1√
N !

(︂
ξLA

†
L + ξRA

†
R

)︂N
|0⟩
]︄ [︄

1√
M !

(︂
νLB

†
L + νRB

†
R

)︂M
|0⟩
]︄

Of course the normalization conditions |ξL|2 + |ξR|2 = 1, |νL|2 + |νR|2 = 1 must
hold. State |Ψ⟩ can be recast into the form

|Ψ⟩ =
[︄
N∑︂
n=0

√
N !

n! (N − n)!ξ
n
L

(︂
A†
L

)︂n
ξN−n
R

(︂
A†
R

)︂N−n
|0⟩
]︄
·

·
[︄
M∑︂
m=0

√
M !

m! (M −m)!ν
m
L

(︂
B†
L

)︂m
νM−m
R

(︂
B†
R

)︂M−m
|0⟩
]︄

=

=
⎡⎣ N∑︂
n=0

√
N !

√
n!
√︂

(N − n)!
ξnLξ

N−n
R |n,N − n⟩a

⎤⎦ ·

·

⎡⎣ M∑︂
m=0

√
M !

√
m!
√︂

(M −m)!
νmL ν

M−m
R |m,M −m⟩b

⎤⎦
We calculate the reduced density matrix ρ partitioning the system into two sub-
systems (left-well bosons and right-well bosons) and tracing out the degrees of
freedom relevant to one of them. For example

ρ =
N∑︂
n=0

M∑︂
m=0

R⟨n,m|Ψ⟩⟨Ψ|n,m⟩R

Taking into account the orthogonality of the states, the reduced density matrix
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which originates from a coherent state can be written as

ρn,m = N !M !
n!m!(N − n)!(M −m)!ξ

n
Lξ

(N−n)
R νmL ν

(M−m)
R (ξ∗

L)n(ξ∗
R)(N−n)(ν∗

L)m(ν∗
R)(M−m) =

=
[︄(︄
N

n

)︄
|ξL|2n(1− |ξL|2)(N−n)

]︄ [︄(︄
M

m

)︄
|νL|2m(1− |νL|2)(M−m)

]︄

where the expressions of coefficients ξL = ξL(J, U,W ), ξR = ξR(J, U,W ), νL =
νL(T, U,W ) and νR = νR(T, U,W ) can be computed within the variational ap-
proach. In passing, notice that the probability distribution is correctly normalized,
i.e. ∑︁N

n=0
∑︁M
m=0 ρn,m = 1. The Von Neumann entropy of the reduced sub-system

can be thus computed as

S = −
N∑︂
n=0

M∑︂
m=0

ρn,m log2 ρn,m

This quite general procedure needs to be slightly modified in case one is con-
sidering cat states. In fact, the reduced density matrix must take into account the
two-sided nature of a cat state and so it must be written as the average of the
densities matrices relevant to simple coherent states, namely

ρside Ln,m =
[︄(︄
N

n

)︄
|ξL|2n(1− |ξL|2)(N−n)

]︄ [︄(︄
M

m

)︄
|νL|2m(1− |νL|2)(M−m)

]︄

ρside Rn,m =
[︄(︄
N

n

)︄
|ξL|2(N−n)(1− |ξL|2)n

]︄ [︄(︄
M

m

)︄
|νL|2(M−m)(1− |νL|2)m

]︄

implying
ρcatn,m = 1

2
[︂
ρside Ln,m + ρside Rn,m

]︂
As shown in Figure 3.4, the result perfectly matches the numerical EE, of course

in the validity range of this approximation, i.e. in the whole range of |W |/J except
the central region (mixed phase) between the two critical values.
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Figure 3.4: Entanglement entropy between left-well bosons and right-well bosons:
comparison between the results derived within the coherent-state approach and the
numerical ones.

3.5 Conclusions

In this Chapter, we have investigated the effectiveness of the bipartite Von Neu-
mann entanglement entropy (EE) in detecting the occurrence of mixing-demixing
(or localization-delocalization) transitions in a two-species Bose-Hubbard dimer.

In Section 3.2 we have introduced the model and highlighted the importance
of W (the interspecies repulsion) in determining the quantum phase of the system
(supermixed for W/J ≪ 0, mixed for small |W |/J and demixed for W/J ≫ 0,
where J represents the hopping amplitude).

Section 3.3 has been devoted to the analysis of the EE for three different partition
schemes. We have evidenced the fact that different ways of partitioning the sys-
tem into two sub-systems, correspond to different kinds of entanglement entropies.
In all three cases, EE features discontinuities where the localization-delocalization
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phase transitions occur and quasi-plateaus where two dominating macroscopic con-
figurations emerge. Interestingly, we have evidenced that i) a non-zero hopping
J causes a non-zero entanglement between spatial modes, ii) the intraspecies in-
teraction U contributes to the entanglement between momentum modes, and iii)
the interspecies interaction W is responsible for the entanglement between species
modes.

In Section 3.4, we have introduced su(2) coherent states and developed a fully-
analytic variational approach apt to describe the supermixed and the demixed
phases which, in turn, feature cat-like ground states. The superposition of two
such coherent states has provided a good approximation of the ground state of the
system in a non-small range of W/J , as demonstrated by the comparison with the
numerical results.
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Chapter 4

The mixing demixing phase
diagram of bosonic mixtures
in a ring trimer

4.1 Introduction

In this Chapter1, we derive the complete mixing-demixing quantum phase dia-
gram relevant to a (possibly asymmetric) bosonic binary mixture confined in a ring
trimer and modeled within the Bose-Hubbard picture. We show how the fragmented
character of the confining potential, together with the competition between intra-
and interspecies interactions, give place to a number of different quantum phases,
which differ in the degree of mixing of the two quantum fluids. The latter is quan-
tified by means of a specific indicator imported from Statistical Thermodynamics
and originally devised in order to evaluate and monitor the miscibility of differ-
ent chemical compounds. In spite of the large number of parameters appearing in
the original quantum model, the resulting quantum phase diagram is shown to be
spanned by just two effective parameters: the ratio between the interspecies and
the (geometric average of the) intraspecies repulsions, and another effective vari-
able incorporating the asymmetry between the heteronuclear species. In view of

1Note to the reader: part of the content of this Chapter has been published in [176, 206, 207].
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the collaboration with the experimental quantum-gas group from Hannover Uni-
versity, and to closely match the conditions available within their setup, our study
is extended also beyond the pointlike approximation of potential wells. This is
done by describing the system in terms of two coupled Gross-Pitaevskii equations
and making use of the specific model parameters of the mixture 23Na - 39K, the
two elements that can be Bose-condensed by the Hannover group. The resulting
mean-field analysis confirms the rich scenario of mixing-demixing transitions exhib-
ited by the mixture and also constitutes an effective springboard towards a viable
experimental realization. Eventually, in the twin-species case, we present a num-
ber of genuinely quantum indicators capable of detecting the occurrence of critical
phenomena, including but not limited to the energy spectrum (whose collapse at
two critical points heralds the onset of as many quantum phase transitions), the
ground-state energy (which features non-analiticities when sweeping a control pa-
rameter), the bipartite Von Neumann Entanglement Entropy (whose reliability as
critical indicator has been discussed in Chapter 3 for the double-well system), and
the ground state tomography. It is important to notice that the mixed phase gives
the way to the demixed one when the interspecies-to-intraspecies ratio exceeds the
same critical value which was determined in Chapter 2 in relation to the stability
of Bogoliubov excitation spectrum. Eventually, we anticipate that the analysis of
the quantum phase diagram relevant to mixtures featuring attractive interspecies
interactions will be carried on in Chapter 6.

4.2 The model

The model describing a repulsive binary mixture in a triple well is effectively
represented by two Bose-Hubbard Hamiltonians, each one associated to a single
component and depending on three spatial boson modes, and by the density-density
interspecies coupling of the two components. This has the form

Ĥ = −Ta
3∑︂
j=1

(︂
A†
j+1Aj + A†

jAj+1
)︂

+ Ua
2

3∑︂
j=1

Nj(Nj − 1)−

−Tb
3∑︂
j=1

(︂
B†
j+1Bj +B†

jBj+1
)︂

+ Ub
2

3∑︂
j=1

Mj(Mj − 1)+
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+W
3∑︂
j=1

NjMj (4.1)

where j = 4 ≡ 1 due to the periodic boundary conditions determined by the
ring geometry, Ta and Tb are the hopping amplitudes, Ua and Ub the intra-species
repulsive interactions, and W represents the inter-species repulsion. Aj and Bj are
standard bosonic operators, having commutators [Aj, A†

k] = δj,k = [Bj, B
†
k], and

[Aj, B†
k] = 0. After defining number operators Nj = A†

jAj and Mj = B†
jBj, we

recall that total boson numbers N = ∑︁3
j=1 Nj and M = ∑︁3

j=1 Mj of both species
represent conserved quantities, namely, [Ĥ,N ] = [Ĥ,M ] = 0.

Semiclassical approach towards demixing. The Continuous Variable Picture
(CVP), originally introduced to investigate the spatial fragmentation of a conden-
sate in a two-well potential [208], is a semi-classical approximation scheme based on
the replacement of the inherently discrete quantum numbers associated to the Fock-
state basis with continuous variables (see Appendix B for an exhaustive description
of this approximation scheme). This technique has proved to be particularly effec-
tive in capturing the essential critical behaviour of complex many-body systems
[209–211]. It also allows one to derive an effective semi-classical Hamiltonian Heff

which well reproduces the low-energy physics of the original quantum model [175,
212, 213] and to turn the search for the ground state thereof into that of the global
minimum of the potential V included in Heff . In the current case, the CVP asso-
ciates to Hamiltonian (4.1) the potential

V = −2NaTa (√x1x2 +√x2x3 +√x3x1)− 2NbTb (√y1y2 +√y2y3 +√y3y1) +

+UaN
2
a

2
(︂
x2

1 + x2
2 + x2

3

)︂
+ UbN

2
b

2
(︂
y2

1 + y2
2 + y2

3

)︂
+

+WNaNb (x1y1 + x2y2 + x3y3) (4.2)

which comes with the two constraints ∑︁3
i=1 xi = ∑︁3

i=1 yi = 1, enforcing particle
number conservation in both condensed species. Notice that variables xi := ni/Na

and yi := mi/Nb represent normalized boson populations and are regarded as con-
tinuous in view of the fact that the total numbers of bosons Na and Nb are assumed
to be large.
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4.3 Miscibility properties

We discuss the ground-state properties of a (possibly asymmetric) bosonic binary
mixture in a ring trimer, showing that they can be conveniently represented by
means of a two-dimensional phase diagram which is, in turn, spanned by two specific
effective variables representing functions of the original-model parameters. Each
phase features a characteristic boson-population distribution, which results in a
different degree of mixing and in a different functional dependence of the ground-
state energy on the aforementioned effective variables.

The phase diagram. The presence of four different phases emerges in a crystal-
clear way when one considers the large-populations limit (this can be seen as sort of
thermodynamic limit according to the scheme highlighted in [175]), i.e. when ratios
UaNa/Ta and UbNb/Tb are big enough to make hopping terms negligible. In this
limit, in fact, the (rescaled version of) effective potential (4.2), namely V/(UaN2

a ),
reduces to

V = 1
2
(︂
x2

1 + x2
2 + x2

3

)︂
+ β2

2
(︂
y2

1 + y2
2 + y2

3

)︂
+ αβ (x1y1 + x2y2 + x3y3) , (4.3)

an expression including only two effective parameters,

α = W√
UaUb

, β = Nb

Na

√︄
Ub
Ua
. (4.4)

The former corresponds to the ratio between the inter-species and the (geometric
average of) the intra-species repulsive interactions while the latter accounts for the
degree of asymmetry between the two species. This reduced set of parameters
proves to be the most natural one to investigate the occurrence of mixing-demixing
transitions in the system and is therefore employed to build the phase diagram. In
this regard, the region D = {(α, β) : 0 ≤ α ≤ 3, 0 ≤ β ≤ 1}, which is depicted in
Fig. 4.1 already includes all four phases that the system’s ground state can exhibit
(notice, in fact, that if β > 1, one can swap species labels a and b and therefore
come back to region D). In each phase, the configuration (x⃗, y⃗) which minimizes
effective potential (4.3) is marked by a specific dependence on the effective model
parameters (4.4). Analytic expressions xj(α, β) and yj(α, β) have been derived by
means of an exhaustive exploration of the polytope-like domain of function (4.3)
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Figure 4.1: Phase diagram of a binary mixture in a ring trimer. Each of the four
phases corresponds to a different functional relationship between the minimum-
energy configuration and effective model parameters (4.4). This circumstance has
a direct impact on the mixing properties of the system and on its ground-state
energy. Red dashed (solid) line represents a mixing-demixing transition across
which the components xj and yj of the minimum-energy configuration feature a
jump discontinuity (are continuous). The plot has been obtained by means of
a fully-analytic minimization of potential (4.3) under the constraints ∑︁3

j=1 xj =∑︁3
j=1 yj = 1 . See Appendix B.2 for an exhaustive description of the methodology

employed to explore the domain of function V and its boundary.

(see Appendix B.2 for a detailed description of the method), and are presented
here, together with the essential features of the associated phase:

1. In phase 1, being α < 1, the inter-species repulsion is too small to trigger
spatial phase separation and the two species are uniformly distributed among
the three wells, i.e. xj = yj = 1/3, ∀j = 1,2,3.

2. Phase 2 occurs for 1 < α < 2β, that means for intermediate values of α and
not too asymmetric species. In this region, one has complete demixing in
two wells and mixing in the remaining one. The explicit expression of the
minimum-energy configuration as functions of model parameters (4.4) reads

x1 = 0, x2 = α2 − αβ − 2
α2 − 4 , x3 = αβ − 2

α2 − 4 ,

y1 = α2β − α− 2β
(α2 − 4)β , y2 = 0, y3 = α− 2β

(α2 − 4) β .
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4 – The mixing demixing phase diagram of bosonic mixtures in a ring trimer

3. Phase 3, occurring for sufficiently high values of α and not too asymmet-
ric species (more specifically, for 1/(2α) < β < α/2), features a completely
demixed scenario, such that species b clots in one well, while species a equally
spreads in the other two sites:

x1 = 0, x2 = 1
2 , x3 = 1

2 ,

y1 = 1, y2 = 0, y3 = 0.

4. Phase 4 occurs for sufficiently high values of α and sufficiently asymmetric
species (i.e. for α > 1 and β < 1/(2α)). A good degree of asymmetry can be
achieved, for example, if species b constitutes an impurity with respect to the
majoritarian species a, meaning that Nb ≪ Na. The hallmark of this phase is
that species b clots in one site, while species a spreads in all three sites, but
in different proportions:

x1 = 1
3(1− 2αβ), x2 = 1

3(1 + αβ), x3 = 1
3(1 + αβ),

y1 = 1, y2 = 0, y3 = 0.

An illustrative summary of all presented minimum-energy configurations is provided
in Fig. 4.2. Concerning the ones discussed at points 2, 3 and 4, we remark that,
due to the Z3 symmetry of the system, they are not unique and that other isoen-
ergetic configurations can be obtained by permutations of site indexes. Quantum-
mechanically, the ground state is degenerate only in the infinite-population limit
because, as soon as they come into play, hopping terms lift the degeneracy and the
ground state’s structure gets that of a Schrödinger cat [201, 204, 206, 210] (see,
in this regard, Figure 3.2 where the energy gap between the ground and the first
excited level is illustrated in the case of a two-well potential). For example, in
phase 3, the ground-state is of the type

|E0⟩ ≈
1√
3

(︃⃓⃓⃓⃓
0, 1

2 ,
1
2

⟩︃
a
|1,0,0⟩b +

⃓⃓⃓⃓1
2 ,0,

1
2

⟩︃
a
|0,1,0⟩b +

⃓⃓⃓⃓1
2 ,

1
2 ,0

⟩︃
a
|0,0,1⟩b

)︃
,

an expression where symbol “≈" reminds that minor contributions coming from
Fock states with different boson distributions and activated by the non-zero hopping
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4.3 – Miscibility properties

Figure 4.2: Summary of the configurations (x⃗, y⃗) which minimize effective potential
(4.3) (under the constraints ∑︁j xj = ∑︁

j yj = 1) in the four phases. Phase 1 (in
blue) features perfect demixing; phase 2 (in orange) features demixing in two out
of three sites and mixing in the third one; phase 3 (in purple) is the fully-demixed
one; phase 4 (in green) is the one where species b clots in a site while species a
spreads in all three sites, but in different proportions.

amplitudes have been understood.
As clearly illustrated in Fig. 4.2, for β < 1, the minimum-energy configuration

(x⃗, y⃗), as a function of model parameters α and β, is discontinuous at transitions
1-2 and 1-4 while it is continuous at transitions 2-3 and 3-4. Nevertheless, in the
case of perfectly symmetric species, a circumstance implying β = 1, the system
gains an additional symmetry [consisting in the interchangeability of species’ labels
in formulas (4.1) - (4.3)] and a further discontinuity at transition 2-3 appears. The
twin-species limit, widely discussed in Section 4.5, therefore features a qualitatively
different critical behavior.

Phases and degree of mixing. An effective indicator to quantify the degree
of mixing of two different species in discretized domains is the entropy of mixing
(Smix). Originally introduced in the context of macromolecular simulations [168],
this measure has been recently introduced in the realm of ultracold atoms in order
to investigate the link between chaotic dynamical regimes and mixing properties
of a bosonic binary mixture in a ring trimer [214] (see Chapter 5). According to
the definition given in [168] (see also Appendix C for its mathematical derivation),
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4 – The mixing demixing phase diagram of bosonic mixtures in a ring trimer

the entropy of mixing associated to a certain minimum-energy configuration (x⃗, y⃗)
reads

Smix = −1
2

3∑︂
j=1

(︄
xj log xj

xj + yj
+ yj log yj

xj + yj

)︄
. (4.5)

This formula is based on normalized populations xj and yj and is therefore suited
to describe binary mixtures where the species feature a particle-number imbalance
(moreover the contribution of each site j to the total entropy of mixing is not
fixed, but it is weighted by the fractions of particles present therein). As shown in
Fig. 4.3, Smix is zero in phase 3 (perfect demixing) while achieves the maximum
possible value, log 2 ≈ 0.69 in phase 1 (perfect mixing). More generally, Smix, as
a function of model parameters α and β, mirrors the criticalities exhibited by the
minimum-energy configuration, i.e. it is discontinuous at transition 1-2 and 1-3
while it is continuous at transitions 2-3 (apart from the special case β = 1) and
3-4. For this reason, it constitutes a valid indicator to capture the occurrence of
mixing-demixing transitions. Note that Smix is particularly advantageous in that
it allows one to represent the system critical behavior by avoiding its description
in terms of six boson populations xj and yj.

Figure 4.3: Entropy of mixing, Smix, in the four phases. Phase 1 (in blue) fea-
tures perfect mixing and Smix takes the biggest possible value, i.e. log 2 ≈ 0.69.
Conversely, phase 3 (in purple) features perfect demixing and Smix is therefore zero.

Phases and free energy. Being the temperature zero, the free energy F = E −
TS coincides with the internal energy E, i.e. the ground-state energy. The latter,
within the CVP approach, can be computed by means of the effective potential (4.3)
which, for the four boson distributions corresponding to the four phases, exhibits
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4.3 – Miscibility properties

a specific dependence law on model parameters α and β given by

V∗,1 = 1
6
(︂
2αβ + β2 + 1

)︂
, V∗,2 = (α2 − 2) β2 + α2 − 2αβ − 2

2 (α2 − 4) ,

V∗,3 = 1
4
(︂
2β2 + 1

)︂
, V∗,4 = 1

6
[︂
β
(︂
−2α2β + 2α + 3β

)︂
+ 1

]︂
.

The graphic representation of these expressions (see first panel of Fig. 4.4), shows
that V∗ is indeed continuous everywhere and, in particular, across the transitions.
Nevertheless, in agreement with the previous mixing-entropy analysis, the non-
analytic character of the ground-state energy does emerge if one computes the first
and the second derivative of V∗ with respect to α, which is regarded as a control
parameter. As depicted in the second and in the third panel of the aforementioned
figure, in fact, at transitions 1-2 and 1-4, the first derivative is discontinuous, while
at transitions 2-3 and 3-4, the first derivative is continuous but the second one
is discontinuous (except for the special case β = 1, where the first derivative is
discontinuous at transition 2-3).

Figure 4.4: Effective potential (4.3) (first panel) and its first and second deriva-
tive with respect to α (second and third panel) relevant to the minimum-energy
configuration as functions of model parameters parameters α and β.

4.3.1 Finite-size effects on the mixing-demixing transitions

As already mentioned, the four different phases emerge at their clearest in the
large-populations limit, i.e. when UaNa/Ta →∞ and UbNb/Tb →∞. Such phases
are still recognizable also in the more realistic case of finite-size systems (i.e. sys-
tems with limited numbers of atoms and featuring non-vanishing hopping terms),
although the phase diagram presented in Fig. 4.1 gets blurred and deformed. The
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4 – The mixing demixing phase diagram of bosonic mixtures in a ring trimer

effects of finite ratios UaNa/Ta and UbNb/Tb can be summarized as follows:

• The minimum-energy configuration (x⃗, y⃗), regarded as a function of model
parameters α ∈ (0,3) and β ∈ (0,1), is continuous and, as a consequence, so
is the entropy Smix (comparing Fig. 4.3 and Fig. 4.5, one can notice that the
jump discontinuities give way to smooth junctions).

• The fully-mixed phase is favored by the presence of non-negligible hopping
amplitudes, its border being given by the inequality

α <

√︄(︃
1 + 9

2
Ta

UaNa

)︃(︃
1 + 9

2
Tb
UbNb

)︃
. (4.6)

The latter represents the condition under which the Hessian matrix associated
to effective potential (4.2) (and evaluated at point xj = yj = 1/3, with j =
1, 2, 3) is positive definite. Walking away from the large-populations limit,
the right-hand term rises above the value 1, thus determining an enlargement
of phase 1 at the expenses of the neighboring phases (see the enlargement of
the blue region in Fig. 4.5 moving from the left panel to the right panel). It
is worth mentioning that (the twin-species limit of) condition (4.6) was found
to define the region of parameters’ space where the spectrum of Bogoliubov
quasiparticles is well-defined and not degenerate (see formula (2.23) in Chapter
2).

• As intuition suggests, the fully demixed phase is mined by the presence of
hopping processes between the wells and therefore occurs for higher values of
α (see the shrinking of the purple region in Fig. 4.5 moving from the left panel
to the right panel).

• Interestingly, increasing the hopping amplitudes, phase 4 not only enlarges, but
invades the β > 1/2 region, crushing and shrinking phases 2 and 3 (moving
from the left to the right panel of Fig. 4.5, one can see that the green region
enlarges at the expenses of the orange and of the purple regions).

4.3.2 Quantum results

The CVP approach can be safely applied when the number of particles is large
enough, i.e. when it is possible to replace quantum mechanical operators with their
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4.3 – Miscibility properties

Figure 4.5: Entropy of mixing associated to the configurations (x⃗, y⃗) which mini-
mize effective potential (4.2) sweeping model parameters α and β. The following
values/intervals have been chosen: Ua = Ub = 1, Na = 15, Nb ∈ [0,15] ⇒ β ∈ [0,1],
W ∈ [0,3] ⇒ α ∈ [0,3], Ta = Tb = T , where T = 0.1, 0.2, 0.5 in the left, central
and right panel respectively. Colors have been employed as a guide to the eye: blue
is used when Smix = log 2, purple when Smix < 0.05, green for all intermediate
values except the dome corresponding to phase 2 and therefore colored in orange.

C-number counterpart. Conversely, for small boson populations, the adoption of
this approximation scheme is less justified, and a fully quantum approach is needed.
Such approach, involving the exact numerical diagonalization of Hamiltonian (4.1),
can be computationally demanding since the dimension

D = (Na + 2)!
Na! 2!

(Nb + 2)!
Nb! 2!

of the fixed-boson-number Hilbert space of states (the latter being of the type
|n⃗, m⃗⟩ := |n1, n2, n3, m1, m2, m3⟩), rapidly increases with increasing number of
particles. Devoting the necessary attention to the numerical protocol [215], one
can still handle the matrix representation of Hamiltonian (4.1) when Na = Nb =
15 and therefore accomplish its exact diagonalization, thus obtaining the energy
levels Ei = ⟨ψi|Ĥ|ψi⟩ and the energy eigenstates |ψi⟩. From these outputs, one
can build several indicators which, in spite of the still small numbers of employed
particles, already highlight the occurrence of the same critical phenomena and
mixing-demixing transitions predicted within the CVP scheme. Among the various
possibilities, and in order to offer a direct comparison with its CVP-counterpart,
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4 – The mixing demixing phase diagram of bosonic mixtures in a ring trimer

we introduce the quantum version of the entropy of mixing,

S̃mix :=
D∑︂
n⃗,m⃗

|c(n⃗, m⃗)|2Smix(n⃗, m⃗), (4.7)

where coefficients c(n⃗, m⃗) = ⟨n⃗, m⃗|ψ0⟩ are the components of the ground state
|ψ0⟩ with respect to the Fock basis and Smix(n⃗, m⃗) is the entropy of mixing as-
sociated to Fock state |n⃗, m⃗⟩, computed by means of formula (4.5) upon substi-
tutions ni/Na → xi and mi/Nb → yi. Sweeping [216] model parameters W and
Ub, one can effectively reconstruct the behaviour of S̃mix in the (α, β)-plane. The
result, illustrated in Fig. 4.6, witnesses the presence of the discussed four quantum
phases also in this purely quantum scenario and, being in great agreement with its
CVP-counterpart (compare with Fig. 4.5), validates the predictions given by the
semiclassical approximation scheme. In particular, the latter proves to be rather
accurate already with quite limited numbers of particles (Na = Nb = 15).

Figure 4.6: Entropy of mixing associated to the ground state |ψ0⟩, obtained by
means of formula (4.7) sweeping model parameters α and β. The following val-
ues/intervals have been chosen: Ua = 1, Ub ∈ [0,1], Na = Nb = 15 ⇒ β ∈ [0,1],
W ∈ [0,3] ⇒ α ∈ [0,3], Ta = Tb = T , where T = 0.1, 0.2, 0.5 in the left, central
and right panel respectively. Colors have been employed as a guide to the eye: blue
is used when Smix ≈ log 2, purple when Smix < 0.05, green for all intermediate
values except the dome corresponding to phase 2 and therefore colored in orange.
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4.4 Toward an experimental realization: a "real"
mixture and beyond point-like potential wells

In the previous sections of this Chapter we have discussed the mixing properties
of an asymmetric binary mixture within the Bose-Hubbard model and within the
continuous variable picture. In order to get closer to an experimental realization,
one has to consider also the non-pointlike character of potential wells and the actual
tunability of the scattering lengths in atomic systems.

In Chapter 7, we present an experimental proposal devised in collaboration
with the Hannover Institute of Quantum Optics and which is based on a Sodium-
Potassium mixture confined in an effective three-well potential by means of a system
of optical tweezers.

From now on, therefore, the formulas and the simulations that we will present
will be strictly linked with the real experimental setup and labels a and b will stand
for sodium and potassium respectively. Parameters ma = 22.99 u and mb = 39.10 u
are therefore the atomic masses of such elements, where u stands for unified atomic
mass unit.

Validity of the point-like approximation of potential wells. By means
of a mean-field treatment of the problem, we will show that, for the examined
values of experimentally-available parameters, the phase separation mechanism of
the realistic bosonic binary mixture is such that it takes place inter-well and not
intra-well. This important circumstance justifies the usage of the Bose-Hubbard
model (and of the associated CVP) and determines experimentally-accessible results
which are in great agreement with the discussed previsions. In this regard, we want
to stress the fact that, if the mean-field treatment of the problem had revealed an
intra-well phase separation mechanism, the point-like approximation of potential
wells [an approximation which is inherently present in the Bose-Hubbard model
(4.1) and in its CVP (4.2)] would have been completely unjustified and the phase
diagram illustrated in Fig. 4.1 would have been different.

Tunability of the scattering lengths. In the discussion developed in the pre-
vious sections of this chapter, the interspecies coupling W and the intraspecies
interactions Ua and Ub are regarded as independent knobs. In Chapter 7, we will
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4 – The mixing demixing phase diagram of bosonic mixtures in a ring trimer

see that this is not the case in a real experimental setup, as the one engineered by
the Hannover group. Namely, the intra- and interspecies scattering lengths present
in the expressions of gab, ga and gb (the mean-field counterparts of W , Ua and Ub

respectively) feature a specific functional dependence on the applied magnetic field,
which is therefore the actual control knob which allows one to travel along pathways
in the phase diagram of Fig. 4.1.

4.4.1 Mean-field approach to the simulation of real system

In pursuing an actual experimental realization, one must interface the rather
essential Bose-Hubbard-like model (4.1) described within the CVP [see effective
potential (4.2)] with experimentally-accessible parameters and measurable quan-
tities. The bridge between theory and experiment is provided by a mean-field
treatment of the problem. This approach also comes with a number of improve-
ments to the CVP and, while confirming the fundamental results obtained therein,
shines light on some possibly tricky aspects which were set aside by the pointlike
approximation of potential wells and inherently present both in the Bose-Hubbard
model and in the CVP.

In the mean-field picture, the system under analysis can be effectively modeled
by two stationary Gross-Pitaevskii equations

− ℏ2

2ma

∇2φa + ga|φa|2φa + gab|φb|2φa + Vext,aφa = µaφa (4.8)

− ℏ2

2mb

∇2φb + gb|φb|2φb + gab|φa|2φb + Vext,bφb = µbφb (4.9)

with normalization conditions∫︂ +∞

−∞
|φa|2 d3x = Na,

∫︂ +∞

−∞
|φb|2 d3x = Nb (4.10)

enforcing particle-number conservation in both atomic species. Formulas

ga = 4πℏ2aa
ma

= 1.01× 10−50J and gb = 4πℏ2ab
mb

∈ [8.67, 9.20]× 10−52J
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give the intra-species interactions and

gab = 2πℏ2aab
µab

∈ [1.57, 7.44]× 10−51J

the inter-species coupling being µab = (m−1
a +m−1

b )−1 the reduced mass. These last
two quantities can be tuned by means of the applied magnetic field B, which, acting
on scattering lengths ab and aab, therefore plays the role of the effective control
parameter, capable of triggering the mixing-demixing transitions. Here we use aa =
52 a0, ab ∈ [7.6,8.1] a0 and aab ∈ [10.2,48.5] a0. Term Vext(x⃗) represents the optical
potential corresponding to the ring-trimer geometry (see Figure 4.7). One can
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Figure 4.7: Schematic representation of the three Gaussian traps constituting the
ring-trimer potential. Yellow dashed line represents the equilateral triangle formed
by the trap’s center. Such triangle can be associated to the curvilinear abscissa
x present in equations (4.8) and (4.9) (and therefore automatically endowed with
periodic boundary conditions).

generate (experimentally achievable) parameters’ vectors (Na, Nb, ga, gb, gab) both
by tuning the magnetic field B (the latter has an impact on ratios gab/gb and gb/ga)
and by setting the boson population asymmetry Nb/Na. On the basis of such sets
of parameters, we determined (see Appendix D for details concerning the numerical
simulation) the eigenfunctions of coupled, non-linear, eigenvalue problems (4.8) and
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(4.9), which minimize the Hamiltonian functional

H[φa, φb] =
∫︂
φ∗
a

[︄
− ℏ2

2ma

∇2 + Vext,a

]︄
φa d3x+ ga

2

∫︂
|φa|4 d3x+

+
∫︂
φ∗
b

[︄
− ℏ2

2mb

∇2 + Vext,b

]︄
φb d3x+ gb

2

∫︂
|φb|4 d3x+ gab

∫︂
|φa|2|φb|2 d3x, (4.11)

representing, in turn, the total energy of the system. Being qualitatively different,
such minimum-energy solutions can be classified into four categories which indeed
correspond to the already discussed four phases. In order to better appreciate the
great agreement between the results obtained by means of the CVP and those ob-
tained within the mean-field treatment, a representative of each of these categories
is shown in Fig. 4.8. With reference to such figure, the first panel represents the

Figure 4.8: Graphical representation of four qualitatively different eigensolutions
of equations (4.8) and (4.9) which minimize Hamiltonian functional (4.11). Blue
(red) line corresponds to |φa|2 (|φb|2). The horizontal axis constitutes the arc
length associated to the perimeter of the equilateral triangle formed by the traps’
centers (see yellow line in Fig. 4.7) and therefore it comes with periodic boundary
conditions (see Appendix D for details concerning the numerical simulation). The
specific model parameters that have been used in each simulation are given in the
form (Na, Nb, ga, gb, gab). Panel 1: (200, 600, 52×(4πℏ2a0)/ma, 8.1×(4πℏ2a0)/mb,
10.2 × (2πℏ2a0)/µab); Panel 2: (200, 600, 52 × (4πℏ2a0)/ma, 7.6 × (4πℏ2a0)/mb,
28.4 × (2πℏ2a0)/µab); Panel 3: (200, 220, 52 × (4πℏ2a0)/ma, 7.8 × (4πℏ2a0)/mb,
48.5 × (2πℏ2a0)/µab); Panel 4: (200, 220, 52 × (4πℏ2a0)/ma, 7.7 × (4πℏ2a0)/mb,
23.0× (2πℏ2a0)/µab). All panels: the ring-trimer geometry is realized by means of
three Gaussian traps, whose centers lie on the vertexes of an equilateral triangle with
edge d = 2µm, whose width is σ = 1µm and whose depths are Pa = 4.44 × 10−30

J = 322×kB nK for sodium and Pb = 1.16 × 10−29 J = 840×kB nK for potassium
being kB the Boltzmann constant (see Methods). The energy of each of the four
depicted solutions, together with their positions within the phase diagram spanned
by effective parameters gab/

√
gagb and Nb/Na

√︂
gb/ga is shown in Fig. 4.9.

category of ground-states belonging to phase 1, the one exhibiting perfect mixing.

76



4.4 – Toward an experimental realization: a "real" mixture and beyond point-like potential wells

The two condensates, in fact, clearly overlap in each of the three wells and both
boson distributions share the same Z3 symmetry of the system. Notice also that,
correctly, sodium (depicted in blue), being lighter, is more delocalized with respect
to potassium (depicted in red) which, being heavier, is more strongly confined. The
second panel depicts a ground-state belonging to phase 2, where one has demix-
ing in two wells and mixing in the remaining one. Notice, in fact, that the first
(second) well includes just potassium (sodium), while the third well includes both.
The third panel shows a fully-demixed ground state, i.e. a representative of phase
3: potassium occupies the first well while sodium spread in the second and in the
third one. Eventually, the fourth panel shows a representative of phase 4, the one
characterized by the clotting of potassium in a single well and by the presence of a
non-zero fraction of sodium therein.

Importantly, for all parameters’ sets used in our numerical simulations, we ob-
served that the phase separation mechanism is such that the two condensates re-
distribute among the wells and not within the wells (namely, an interwell and not
an intrawell phase separation mechanism). Nevertheless, since in a single harmonic
trap different phase separation mechanisms (e.g. hemispheric-like or spherical-shell-
like) can be triggered by different potential and interaction strengths[80], we expect
the interplay of these parameters to play an even more crucial role in multiple-trap
systems. Due to its remarkable complexity, the analysis of this phenomenology will
be investigated in future.

It is worth noticing that, when trap parameters and interaction strengths are
such that phase separation does occur via an among-well boson redistribution, the
terms proportional to ga, gb and gab in energy functional (4.11) quite naturally
exhibit the same structure of the terms proportional to Ua, Ub and W in effective
potential (4.2). In this sense, parameters α and β [see formulas (4.4)] correspond
to, respectively, quantities gab/

√
gagb and Nb/Na

√︂
gb/ga, and therefore span the

mean-field counterpart of the phase diagram of Fig. 4.1. To link the phase diagram
to experimental accessible parameters, in Fig. 4.9 we also plot the four phases by
mapping β into Nb/Na and α to the magnetic field B thanks to the known func-
tional dependence of scattering lengths on the latter (see Fig. 7.1 in Chapter 7).
Accordingly, gray lines in the both left panels of Fig. 4.9 play the role of the red
boundaries separating the four phases in Fig. 4.1.

As gb and gab depend on the applied magnetic field B, by sweeping the latter,
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one can generate pathways through the phase diagram. Moreover, one can verti-
cally translate them simply by tuning the ratio Nb/Na. For many such pathways,
practically constituting extended sets of n-tuples (Na, Nb, ga, gb, gab), we found
the solutions of equations (4.8) and (4.9) which minimize energy functional (4.11).
Two examples of this analysis are shown in Fig. 4.9, where we plot the ground
state energy E0 := H[φa,0, φb,0] as a function of the actual control parameter B
along two specific pathways through the phase diagram. In remarkable analogy
with the discussion relevant to effective potential (4.3) within the CVP, it is clear
that E0 is a continuous function of B and that its first derivative dE0/dB is dis-
continuous across transitions 1-2 and 1-4 (see rectangular markers in Fig. 4.9).
Moreover, although not visually obvious, one can verify that the second derivative
d2E0/dB2 is discontinuous at transitions 2-3 and 3-4 (see circular markers in Fig.
4.9). Correctly, one does not observe phase transitions exactly at gray boundaries
shown in the phase diagrams. This is due to the presence of non-zero hopping terms
which smooths and deforms the zero-hopping phase diagram. On the right panels
of Fig. 4.9 we plot the the mixing entropy Smix relative to the two paths previously
considered and the presence of different mix/demix phases is confirmed. This is
very promising in the outlook of an experimental realization as Smix represents a
very versatile quantity, easily obtainable from the measured atom number in each
well, irrespective of the observed permutation. We associate the presence of small
fluctuations at small values of Smix in both panels to numerical resolution resulting
from the strong demixing and the consequent very small atom number in the wells.
One could consider these fluctuations as a statistical error on the simulations in
that range of magnetic field strength.

Upon the associations α ↔ gab/
√
gagb and β ↔ Nb/Na

√︂
gb/ga, our mean-field

analysis, based on realistic model parameters involving sodium and potassium
atoms, has therefore led to the same phases and the same mixing-demixing transi-
tions evidenced within the CVP and thus corroborates, both qualitatively and quan-
titatively, the predictions about the phase-separation mechanism obtained therein,
offering, also, a viable path towards an actual experimental realization.
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Figure 4.9: Upper left panel: two pathways in the mean-field counterpart of the
phase diagram shown in Fig. 4.1. One can show, in fact, that parameter α and
β of Fig. 4.1 play the role of gab/

√
gagb and Nb/Na

√︂
gb/ga. Lower left panel: ex-

perimental counterpart of the phase diagram, the actual control parameters being
the applied magnetic field B and the ratio Nb/Na. Notice that curved pathways
in the upper left panel are here horizontal. Each pathway is obtained by sweeping
the applied magnetic field B. The upper red (lower green) pathway is obtained for
Na = 200 and Nb = 600 (Nb = 220). Central column’s panels: ground state energy
computed along each pathway [more specifically, they are computed by plugging
the solutions of equations (4.8) and (4.9) into functional (4.11)]. Rectangular (cir-
cular) markers indicate the points where the first (second) derivative of E0 with
respect to B is discontinuous. Numbers 1-4 not only refer to the phase crossed by
the pathway but specifically correspond to the minimum-energy solutions 1-4 illus-
trated in Fig. 4.8. Right column’s panels: entropy of mixing computed along each
pathway. Normalized boson populations appearing in formula (4.5) are computed
by integrating the (square modulus of) the solutions of equations (4.8) and (4.9) in
the three spatial domains associated to the potential wells.

4.5 Twin species

In this Section, we come back to the framework of the Bose-Hubbard model (and
of its CVP) and consider the special but interesting case of twin species, namely
the case of Ua = Ub = U , Na = Nb [entailing β = 1 according to formula (4.4)] and
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Ta = Tb = T . In this circumstance, Hamiltonian (4.1) reads

Ĥ = −T
3∑︂
j=1

(︂
A†
j+1Aj + A†

jAj+1 +B†
j+1Bj +B†

jBj+1
)︂

+

+U2

3∑︂
j=1

[Nj(Nj − 1) +Mj(Mj − 1)] +

+W
3∑︂
j=1

NjMj (4.12)

As already mentioned, under these conditions, the system gains an additional sym-
metry [i.e. the interchangeability of species’ labels in formulas (4.1) - (4.3)] and a
further discontinuity at transition 2-3 appears. The main effect analyzed in this
Section, the two-step process where two different mixing-demixing phase transitions
are triggered by a change in W/U , is

• Investigated within the CVP and by means of exact diagonalization of Hamil-
tonian (4.12);

• Shown to be related to the collapse and rearrangement of the energy spectrum
of Hamiltonian (4.12);

• Characterized in terms of quantum-correlation properties (entanglement en-
tropy) between two parts of the systems.

4.5.1 Semiclassical approach to the demixing

In the same spirit of Section 4.2, it is advantageous to investigate spatial phase
separation by reformulating Hamiltonian (4.12) within the CVP (see Appendix B).
According to this approximation scheme, it is possible to reduce the search for
the ground state of Hamiltonian (4.12) to the one for the global minimum of the
following effective potential:

V = −2NT (√x1x2 +√x2x3 +√x3x1 +√y1y2 +√y2y3 +√y3y1) +

UN2

2
(︂
x2

1 + x2
2 + x2

3 + y2
1 + y2

2 + y2
3

)︂
+WN2 (x1y1 + x2y2 + x3y3) (4.13)
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4.5 – Twin species

where variables xi and yi (i = 1,2,3) are normalized boson numbers, entailing
that xi, yi ∈ [0,1] and that z1 + z2 + z3 = 1, (z = x, y) due to particle number
conservation and Ta = Tb =: T , Ua = Ub =: U . Notice that only many-body states
with the same fixed number N = M of bosons for the two species are considered.
The configuration (x⃗, y⃗) which minimizes the effective potential V is determined, at
first, when the tunnelling processes are negligible if compared to onsite intra- and
interspecies interactions. In this circumstance, in fact, it is possible to carry out a
fully analytic study (see Appendix B.2) based on the exhaustive exploration of the
domain of function (4.13) and capable of illustrating the physics of the problem in
a particularly simple and effective way. The results, sketched in Fig. 4.10, can be
summarized as follows:
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Figure 4.10: Normalized semiclassical bosonic populations in each of the three wells
for varyingW/U and for T = 0. Each panel corresponds to a site of the trimer, while
blue solid (red dashed) lines are associated to bosonic species a (b). (Notice that,
wherever two lines overlapped, they have been slightly displaced for purely graphical
reasons). One can recognize the presence of three different quantum phases: i) for
W/U ∈ [0,1) the two condensates are fully mixed and completely delocalized; ii)
for W/U ∈ (1,2) they are separated in two out of the three wells while they coexist
in the third one; iii) for W/U > 2 the demixing is complete, meaning that one
species conglomerates in a well, while the other species distributes in the remaining
two wells. It is clear that W/U = 1,2 represent critical values where two different
mixing-demixing phase transitions occur. Data have been obtained by means of a
fully analytic study of the global minimum of effective potential (B.4) (see Methods
section).

1. For small W/U values (more specifically, if W/U ∈ [0,1)), the two species are
delocalized and uniformly distributed in the trimer, thus entailing a perfect
mixing.

2. For moderate W/U values (namely, if W/U ∈ (1,2)), the demixing occurs in
two out of the three wells, while, in the third well, the species are still mixed.
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4 – The mixing demixing phase diagram of bosonic mixtures in a ring trimer

Of course, due to the symmetry of the trimer system, no well is favoured
compared to the others, and, as a consequence, there are three configurations
(x⃗, y⃗) which minimize the effective potential V . Among such configurations,
which are equal up to a permutation of the site labels, the one that we have
illustrated in Fig. 4.10 is

x1 = 0 x2 = 1+ W
U

2+ W
U

x3 = 1
2+ W

U

y1 = 1+ W
U

2+ W
U

y2 = 0 y3 = 1
2+ W

U

Quantum-mechanically, the degeneracy associated to the six minimum-energy
configurations leads to the formation of a non-degenerate ground state |Ψ0⟩
which is a six-sided Schrödinger cat, i.e. a state of the type

|Ψ0⟩ = 1√
6

6∑︂
j=1
|ψj⟩ (4.14)

where each |ψj⟩ corresponds to a different macroscopic configuration. Our
analysis, which is semiclassical, breaks the symmetry of the problem and con-
siders just one side of the cat, the one defined above and sketched in Fig.
4.10. It is interesting to observe that, crossing the critical point W/U = 1,
the populations of site 1 and site 2 exhibit discontinuities, i.e. jumps from the
uniform configuration x1 = y1 = x2 = y2 = 1/3 to the characteristic values
2/3 and 0. Conversely, functions x3(W/U) and y3(W/U) are continuous in
W/U = 1. Increasing the ratio W/U from 1 to 2, the third site (where the
two bosonic species coexist) gradually looses bosons, while the first and the
second site (each one hosting just one species) become increasingly populated.
For W/U → 2−, the first well hosts 3/4 of species-b bosons, while the second
well hosts 3/4 of species-a bosons. The remaining parts coexist in the third
well in equal measure.

3. For big W/U values (i.e., for W/U > 2), the two species completely demix.
One of them conglomerates in one site, while the other one spreads on the
remaining two sites. This situation corresponds to 6 possible scenarios, i.e.
to 6 configurations (x⃗, y⃗) minimizing the effective potential V . In fact, if
configuration (x⃗∗, y⃗∗) is a minimum for V , also the two configurations obtained
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4.5 – Twin species

by permutations of the site labels are minima for V . Moreover, as the species
we are considering feature the same hopping amplitude T and the same on-
site repulsion U , the configurations where species-a conglomerates must not be
favoured to the configurations where it is species-b the one that conglomerates.
In other words, the energy of the system remains equal after the exchanges
xi ↔ yi (i = 1,2,3). The presence of 6 minimum-energy configurations in the
classical analysis corresponds to a quantum ground state |Ψ0⟩ which is a six-
faced Schrödinger cat, i.e. a state of the type (4.14) where each |ψj⟩ is a state
corresponding to a certain macroscopic configuration. In Fig. 4.10 we have
broken such symmetry and plotted just one of the 6 possible configurations.

Finite-size effects. As illustrated in Fig. 4.11, for non-zero values of the ratio
T/(UN), the critical points move rightward (i.e., the transitions occur at bigger
values of W/U). It is possible to show with a fully analytic computation based

Figure 4.11: Normalized semiclassical bosonic populations in each of the three wells
for varying W/U and for N = 50. First row corresponds to T/U = 1.25, second
row to T/U = 5; Each panel corresponds to a site of the trimer, while blue solid
(red dashed) lines are associated to bosonic species a (b). The presence of a non-
zero T is responsible for the rightward translation of the two critical points. Data
correspond to a particular branch of solutions (determined numerically) of system
(B.7).

on the request that Hessian matrix (see matrix (B.8) in Appendix B.2) must be
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4 – The mixing demixing phase diagram of bosonic mixtures in a ring trimer

positive definite, that the first mixing-demixing phase transition onsets at

W

U
= 1 + 9

2
T

UN
, (4.15)

a value which is greater than 1, mirroring the fact that tunnelling T favors the
mixed phase and delays the occurrence of the first demixing. On the other hand,
one can notice that the effect of T is smaller and smaller as the number of bosons,
N , increases and, in the thermodynamic limit [175], it becomes negligible. In such
limit, the scenario is again the one depicted in Fig. 4.10. It is also important to
notice that equation (4.15) was found to determine the occurrence of the spectral
collapse of Bogoliubov quasi-particle frequencies (see inequality (2.23) in Section
2.6), a circumstance that we will be further discussed in Section 4.5.2. We observe,
also, that equation 4.15 represents the twin-species limit of equation (4.6) which
was derived in the context of asymmetric mixtures.

The activation of the hopping amplitude T makes the model more realistic but
does not upsets the scenario, which is still marked by two critical points. From a
technical point of view, the search for the minimum energy configuration is sim-
pler because T constitutes a regularizing term for function (4.13) since it prevents
the points of minimum from falling on the boundary of the domain of function
(4.13) itself. The exploration of such domain boundary (see Appendix B.2 for the
description of this geometric approach) is therefore no longer necessary and it is
enough to look just for local points of minimum in the interior of the domain. This
conceptual simplification comes with the impossibility of analytically solving the
resulting system of equations (B.7). With reference to Fig. 4.11, where numerical
results are plotted, one can observe that bigger W/U values are needed to trigger
the demixing transitions which, in turn, are less abrupt.

Semiclassical vs quantum results. To test its reliability, we have compared
CVP’s predictions to the results obtained by means of exact numerical diagonaliza-
tion. Fig. 4.12 shows that the two mixing-demixing phase transitions occur at the
same critical values of W/U and, more generally, that the semiclassical approach
and the purely quantum scenario are in good agreement. Notice that we chose
not to plot the expectation values of boson populations in the ground state (e.g.
⟨Ψ0|Nj|Ψ0⟩) because one would obtain the average over the different macroscopic
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4.5 – Twin species

configurations constituting the cat-states and, therefore, the constant value N/3, ir-
respective of the ratio W/U . Instead, we have determined, sweeping the parameter
W/U , the most probable configuration i.e. the Fock state associated to the biggest
(square modulus of the) coefficient in the decomposition of the ground state. It is
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Figure 4.12: Upper row: a branch of solutions predicted by the CVP approach.
Lower row: the corresponding branch of most probable Fock states present in the
ground states |Ψ0⟩. The latter have been determined by means of an exact nu-
merical diagonalization. In both cases parameters N = 15, U = 1, T = 0.6 have
been chosen. Each panel corresponds to a site of the trimer, while blue solid (red
dashed) lines are associated to bosonic species a (b).

interesting to notice that function (4.13) features a unique minimum in the uniform
and fully mixed phase and six isoenergetic points of minimum in the intermediate
and in the fully demixed phase. These degeneracies in the semi-classical energy
landscape are resolved, quantum mechanically, with the formation of cat-states of
the type (4.14).

Different families of minimum-energy solutions in the parameters space.
Fig. 4.13 illustrates, for three different values of N (namely, for three different
values of the ratio T/(UN)) how the three different families of solutions represent
minimum-energy configurations in the parameters space. Basically, if one considers
a certain point (W/U, T/U) in the parameters space, varying N , the family of
solutions associated to the lowest value of the energy can change. The borders
illustrated in Fig. 4.13 have determined numerically solving systems (B.7) and
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4 – The mixing demixing phase diagram of bosonic mixtures in a ring trimer

(B.9), and checking that the obtained stationary point actually is a minimum point
for effective potential (4.13). Purple solid lines represent critical condition (4.15)
derived analytically while no analytic expression can be found to define the orange
dashed lines due to the complex nonlinear character of equations (B.7).
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Figure 4.13: Subdivision of the parameters space in regions corresponding to dif-
ferent families of minimum-energy configurations, for N = 50, N = 100, N → +∞
(thermodynamic limit). Purple solid lines correspond to critical condition (4.15);
orange dashed lines corresponds to those solutions of system (B.9) which are no
longer minimum points for (4.13). Label (i) indicates the uniform and fully mixed
phase, region (ii) is the intermediate phase and, eventually, label (iii) denotes the
fully demixed phase. Notice that, as N increases, the role of T becomes more and
more negligible.

4.5.2 Energy-spectrum collapse and demixing transitions

The double critical behaviour exhibited by the system upon a variation of W/U
can be evidenced also from the energy-spectrum standpoint [167]. As shown in Fig.
4.14, whose data have been obtained by means of an exact (numerical) diagonaliza-
tion of Hamiltonian (4.12), the energy levels tend to collapse in the neighborhood of
the two critical points and have different arrangements in the three phases. One can
recognize, for example, families of energy levels which are clearly distinct in the first
two phases while tend to overlap in the third one. Approaching the limiting case
T/(UN)→ 0, the collapses are more and more evident and the points where they
take place tend to W/U = 1 and W/U = 2. The low-energy excitations spectrum of
a binary mixture in the uniform and completely mixed phase was determined for a
generic L−site ring by means of a group-theoretic approach combined with Bogoli-
ubov scheme (see Chapter 2). Choosing L = 3 sites, the condition corresponding
to the collapse of a Bogoliubov frequency [see equation (2.23)] exactly reproduces
equation (4.15), which gives the onset of the first mixing-demixing phase transition.

86



4.5 – Twin species

One can thus appreciate the fact that the range of validity of the quasi-particles
Bogoliubov spectrum exactly corresponds to the region of parameters space where
the system is in the uniform and fully mixed phase.
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Figure 4.14: First 16 energy levels obtained for N = 15, T/U = 0.6, 0.4, and
0.2 respectively. The smaller T/U , the more evident the rearrangement and the
collapse of the spectrum at the critical points. Data have been obtained by means
of an exact diagonalization of Hamiltonian (4.12). Notice that the first panel (the
one obtained for T = 0.6) can be compared with boson populations depicted in
Fig. 4.12.

Ground state energy. The analysis of the energy spectrum is confirmed by
the behaviour of the ground state energy E0 = ⟨ψ0|Ĥ|ψ0⟩ of Hamiltonian (4.12).
E0 has been numerically evaluated as a function of parameter W/U , for different
values of T/(UN). The results, illustrated in Fig. 4.15, show, for T/(UN) → 0,
the emergence of two critical points at W/U = 1 and W/U = 2. In such points, the
ground state energy features discontinuities in the first derivative, a circumstance
which suggests the onset of a quantum phase transition.

4.5.3 Entanglement and demixing

Quantities traditionally belonging to quantum information theory have been
used to highlight the occurrence of quantum phase transitions [193, 217–221]. As
explained in Chapter 3, among the others, the bipartite Von Neumann entangle-
ment entropy (EE) is an indicator capable of quantifying the quantum correlation
between two parts of a physical system through the Von Neumann entropy of a
suitably defined sub-system[201, 222]. In our case, the physical system is of course
the binary mixture, the two parts have been chosen to correspond to the two dif-
ferent atomic species and, therefore, the EE describes the quantum correlation
between them (see the following paragraph for a detailed mathematical definition).
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Figure 4.15: Normalized ground state energy vs W/U for N = 15 bosons. In
each panel, the ratio T/U has been set to 0.8, 0.4 and 0 respectively. One can
observe that, for non-zero T (first and second panel), the function is differentiable
everywhere, while, for T/U → 0 (third panel), the function is not differentiable
at the two critical points. Gray dashed lines have been drawn where the CVP
approach predicts the change of the the minimum-energy solution family (notice
that they move leftward for T/U → 0). Data have been obtained by means of an
exact diagonalization of Hamiltonian (4.12).

As shown in Fig. 4.16, this indicator strongly depends on the specific phase of
the system which, in turn, is determined by the ratio W/U . In the completely
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Figure 4.16: Entanglement entropy between the two atomic species for different
values of T/U and for N = 15. Notice that, the smaller the ratio T/U , the sharper
the peaks. Data have been obtained by means of an exact diagonalization of Hamil-
tonian (4.12).

mixed phase, i.e. for W/U smaller than the critical value (4.15), the EE steadily
increases as W/U increases, despite the fact that semiclassical boson populations

88



4.5 – Twin species

remain constant (uniformly distributed on the three wells). Notice that EE → 0
for W/U → 0 because, in this limit, the species are decoupled. At the two critical
values of W/U , the EE features peaks, which not only indicate that the two mix-
tures are strongly entangled, but also allow to clearly distinguish the three different
phases. Such peaks are sharper if T/U is smaller, that means that the effect of the
hopping amplitude is to smooth the mixing-demixing transition. For W/U greater
than the second critical value, the demixing gets more and more complete and the
EE approaches the limiting value log2(6). According to standard notions of Quan-
tum Information Theory and to applications thereof in the field of ultracold bosons
[195, 201], the emergence of this value can be appreciated by recalling that there
are 6 possible ways of realizing a completely demixed semiclassical configuration
which, in turn, equally contribute to the formation of a unique quantum ground
state of the type (4.14).

Entanglement Entropy between the atomic species. We give the math-
ematical definition of the kind of entanglement investigated in this section and
illustrated in Figure 4.16. Let us consider the system ground state, |ψ0⟩ and let us
choose, as a basis, the set |n1, n2, N − n1 − n2,m1,m2,M −m1 −m2⟩ [notice that,
for the sake of clarity, N (M) indicates the total number of bosons of species a (b)].
It is therefore possible to expand |ψ0⟩ with respect to this basis:

|ψ0⟩ =
N∑︂
i=0

N−i∑︂
j=0

M∑︂
k=0

M−k∑︂
l=0

Ci,j,k,l |i, j, N − i− j, k, l,M − k − l⟩

where
Ci,j,k,l = ⟨i, j, N − i− j, k, l,M − k − l|ψ0⟩.

As a consequence, the density matrix associated to the system ground state reads:

ρ̂0 = |ψ0⟩⟨ψ0| =

=
N∑︂
i=0

N−i∑︂
j=0

M∑︂
k=0

M−k∑︂
l=0

N∑︂
i′=0

N−i′∑︂
j′=0

M∑︂
k′=0

M−k′∑︂
l′=0

Ci,j,k,l C
∗
i′,j′,k′,l′ ·

·|i, j, N − i− j, k, l,M − k − l⟩⟨i′, j′, N − i′ − j′, k′, l′,M − k′ − l′|.
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This is the density matrix of a pure state and so one can check that it is Hermitian,
it has unitary trace, it is equal to its square, and its eigenvalues are all zero except
for one which is 1.

A possible and quite natural way to sub-divide the system into two partitions
leads to consider the entanglement between the two condensed species. The basis
relevant to the sub-system “species A" is {|n1, n2, N − n1 − n2⟩} while the basis
relevant to the sub-system “species B" is {|m1,m2,M −m1 −m2⟩}. It is possible
to compute the reduced density matrix relevant to the “species A" by tracing out
the degrees of freedom relevant to “species B"

ρ̂0,a = Trb (ρ̂0) =
M∑︂
p=0

M−p∑︂
q=0
⟨p, q,M − p− q| ρ̂0 |p, q,M − p− q⟩ = (4.16)

=
N∑︂
i=0

N−i∑︂
j=0

N∑︂
i′=0

N−i′∑︂
j′=0

Mi,j,i′,j′|i, j, N − i− j⟩ ⟨i′, j′, N − i′ − j′|

where
Mi,j,i′,j′ =

M∑︂
k=0

M−k∑︂
l=0

Ci,j,k,l C
∗
i′,j′,k,l.

This is the reduced density matrix of a mixed state, whose Von Neumann entropy

EE = −Tr(ρ̂0,a log2 ρ̂0,a) = −
∑︂
j=0

λj log2 λj (4.17)

(where λ′
js are the eigenvalues of ρ̂0,a) corresponds to the EE between the two parts

of the global system.

4.6 Conclusions

In this Chapter, we have investigated the miscibility properties of a (possi-
bly asymmetric) bosonic binary mixture loaded in a three-well potential (ring
trimer). The fragmented character of the confining potential, together with the
competition between inter- and intraspecies repulsions, in fact, give rise to a rich
mixing-demixing phase diagram. The latter is spanned by two effective variables,
α = W/

√
UaUb, which accounts for the ratio between inter- and intraspecies re-

pulsions, and β = Nb/Na

√︂
Ub/Ua, which incorporates the asymmetry between the

90



4.6 – Conclusions

two species. Each phase features a specific functional dependence of the inter-
nal energy and of the entropy of mixing (an indicator imported from Statistical
Thermodynamics and devised for quantifying the degree of mixing) on α and β.

To closely match the experimental conditions available within the setup engi-
neered by the Hannover group, our analysis has been extended also beyond the
pointlike approximation of potential wells (an approximation which is inherently
present both in the second-quantized Bose-Hubbard model and in its continuous
variable picture). We therefore employed two coupled Gross-Pitaevskii equations,
where the confining-potential term Vext represents the array of three Gaussian traps
implementing the ring-trimer potential and where all model parameters are referred
to the experimentally available mixture of sodium and potassium. The resulting
mean-field analysis, based on the study of the minimum-energy solutions of the
Gross-Pitaevskii equations, confirms the rich scenario of mixing-demixing transi-
tions exhibited by the mixture and also constitutes an effective springboard towards
a viable experimental realization.

Eventually, in the twin-species case (a circumstance implying β = 1), we develop
a fully quantum analysis, showing that a number of genuinely quantum indicators
(e.g. the energy spectrum, the bipartite Von Neumann Entanglement Entropy and
the ground state tomography) witness the occurrence of critical phenomena even
when a limited number of particles (e.g. N = 15) is present in the system.
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Chapter 5

Phase separation can be
stronger than chaos

5.1 Introduction

In this Chapter1, we focus on the dynamical properties of a bosonic binary
mixture loaded in a ring trimer, with particular reference to the persistence of
demixing. The degree of spatial phase separation of the two quantum fluids is
monitored by means of the Entropy of Mixing, an indicator borrowed from Sta-
tistical Thermodynamics and already introduced in Chapter 4. After mapping
the original quantum model into a suitable set of discrete nonlinear Schrödinger
equations, we identify three classes of demixed stationary configurations (which
are not necessarily minimum-energy states). Their energetic and linear stability
are carefully analyzed and extended sets of trajectories originating in the vicinity
of these fixed points are explicitly simulated. Interestingly, we find both regular
and chaotic dynamical regimes, i.e. regimes where the first Lyapunov exponent
[223, 224] is bigger than zero. Chaos is shown to arise according to three different
mechanisms, involving the commensurability of certain characteristic frequencies,
the size of regular islands, and the presence of unstable fixed points. By analyzing
many trajectories in phase space and by monitoring the time evolution of the En-
tropy of Mixing, we show that chaos could not able to disrupt the order imposed

1Note to the reader: part of the content of this Chapter has been published in [207, 214].
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by phase separation, i.e. boson populations, despite evolving in a chaotic fashion,
do not mix. This circumstance is explained either with energetic considerations
(mixed states lie outside the constant-energy hypersurface determined by the ini-
tial condition) or in terms of dynamical restrictions (mixed states do lie on the
constant-energy hypersurface determined by the initial condition, but their are en-
capsulated by regular islands where the chaotic trajectory cannot penetrate). The
analysis developed in this Chapter is thus meant to go beyond the one developed
in Chapter 4 (which was restricted to ground-state configurations) as it aims at
clarifying the miscibility properties of excited states and the dynamical robustness
of spatial phase separation.

5.2 A binary mixture in a ring trimer

As already discussed in Chapter 4 (see formula 4.1), the second-quantized Hamil-
tonian describing a bosonic mixture of two atomic species in a three-well potential
(with periodic boundary conditions) is

Ĥ = −Ta
3∑︂
j=1

(︂
â†
j+1âj + â†

j âj+1
)︂

+ Ua
2

3∑︂
j=1

n̂j(n̂j − 1)

−Tb
3∑︂
j=1

(︂
b̂†
j+1b̂j + b̂†

j b̂j+1
)︂

+ Ub
2

3∑︂
j=1

m̂j(m̂j − 1)

+W
3∑︂
j=1

n̂j m̂j (5.1)

where j = 4 ≡ 1 due to the ring geometry. This is a typical Bose-Hubbard
Hamiltonian, where Ta and Tb are the tunnelling amplitudes, Ua and Ub repre-
sent intra-species repulsive interactions and W corresponds to the inter-species
repulsion. Creation and destruction operators satisfy usual bosonic commutators,
namely [âi, â†

j] = [b̂i, b̂†
j] = δi,j and [âi, b̂j] = [âi, b̂†

j] = 0. n̂j = â†
j âj and m̂j = b̂†

j b̂j

are number operators and their sums, N̂ = ∑︁3
j=1 n̂j and M̂ = ∑︁3

j=1 m̂j respectively,
constitute two independent conserved quantities, being [N̂, Ĥ] = [M̂, Ĥ] = 0. Pro-
vided that the number of bosons is sufficiently high [225], it is possible to replace
field operators in Hamiltonian (5.1) with local order parameters, [226, 227]. Such
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5.3 – Notable demixed stationary configurations

substitutions, which explicitly read

âj → aj, b̂j → bj,

allow one to cast the quantum dynamics generated by Hamiltonian (5.1) in a clas-
sical form, that is

iℏȧj = −Ta(aj−1 + aj+1) + aj
(︂
Ua|aj|2 +W |bj|2

)︂
iℏḃj = −Tb(bj−1 + bj+1) + bj

(︂
Ub|bj|2 +W |aj|2

)︂
.

It is convenient to express local order parameters in terms of number of bosons and
local phase [198, 225], i.e. aj = √njeiϕj and bj = √mje

iψj . One thus obtain the
following classical Hamiltonian

H = −2Ta (√n2n1 cos (ϕ2 − ϕ1) +√n3n2 cos (ϕ3 − ϕ2) +√n1n3 cos (ϕ1 − ϕ3))

−2Tb (√m2m1 cos (ψ2 − ψ1) +√m3m2 cos (ψ3 − ψ2) +√m1m3 cos (ψ1 − ψ3))

+Ua2
(︂
n2

1 + n2
2 + n2

3

)︂
+ Ub

2
(︂
m2

1 +m2
2 +m2

3

)︂
+W (n1m1 + n2m2 + n3m3) (5.2)

which, in turn, after setting ℏ = 1, entails the following motion equations

ϕ̇j = ∂H

∂nj
, ṅj = −∂H

∂ϕj
, (5.3)

ψ̇j = ∂H

∂mj

, ṁj = − ∂H
∂ψj

. (5.4)

because of the canonical structure {ϕj, nj} = δi,j and {ψj,mj} = δi,j.

5.3 Notable demixed stationary configurations

The exhaustive study of all possible stationary configurations (i.e. configurations
having a trivial time dependence) which the system admits goes beyond the scope
of this study, as the scenario is extraordinarily branched and rich. Already with
a single condensed species confined in a ring trimer, several classes of stationary
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5 – Phase separation can be stronger than chaos

states (e.g. vortex, π and dimerlike states) have been evidenced [228].
In this study, we put the focus onto the miscibility properties of the two con-

densed species, and we start our analysis from some notable stationary configura-
tions which feature phase separation. According to the theory of discrete nonlinear
Schrödinger equations [162], substitutions ϕj → Φj +λat and ψj → Ψj +λbt, where
λa and λb represent collective angular frequencies of condensates’ phases, constitute
a preliminary step in the search for stationary configurations [the presence of two
independent collective frequencies λa and λb, follows from the density-density form
of the interspecies interaction of Hamiltonian (5.1)]. These substitutions, in fact,
allow one to recast Hamilton equations (5.3) and (5.4) into the following dynamical
system⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Φ̇j = Uanj +Wmj − λa+
−Ta

[︃√︂
nj−1
nj

cos(Φj−1 − Φj) +
√︂

nj+1
nj

cos(Φj+1 − Φj)
]︃

Ψ̇j = Ubmj +Wnj − λb+
−Tb

[︃√︂
mj−1
mj

cos(Ψj−1 −Ψj) +
√︂

mj+1
mj

cos(Ψj+1 −Ψj)
]︃

ṅj = 2Ta
[︂√
nj−1nj sin(Φj−1 − Φj) +√njnj+1 sin(Φj+1 − Φj)

]︂

ṁj = 2Tb
[︂√
mj−1mj sin(Ψj−1 −Ψj) +√mjmj+1 sin(Ψj+1 −Ψj)

]︂

(5.5)

with j = 1,2,3. Looking for fixed points (FPs) of the latter [which therefore corre-
spond to stationary solutions of equations (5.3) and (5.4)], together with the two
constraints ∑︁3

j=1 nj = N and ∑︁3
j=1 mj = M , one finds three classes of configura-

tions which, in the limit Ta, Tb → 0, feature perfect demixing (meaning that the
presence of a condensate in a well implies the absence of the other condensate in
the same well). They are schematically illustrated in Figure 5.1 (upper row) and
described below:

1. Dimer - Soliton: Condensate A is equally subdivided in two wells, the phases
therein being the same, while the third well contains all the condensate B.

n1 = N/2, n2 = 0, n3 = N/2, λa = NUa/2,
m1 = 0, m2 = M, m3 = 0, λb = MUb.
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5.4 – Stability of stationary demixed states

2. Single Depleted Well (SDW) - Soliton: Condensate A is equally subdivided
in two wells but, contrary to the previous case, the relative phase Φ3 − Φ1

between such wells is π. The third well contains all the condensate B.

3. Soliton - Soliton: One well contains all the condensate A while an other well
contains all the condensate B.

n1 = N, n2 = 0, n3 = 0, λa = NUa,

m1 = 0, m2 = M, m3 = 0, λb = MUb.

Upon activation of hopping amplitudes Ta and Tb, FPs slightly deviate from the
aforementioned ones, as some bosons move from the macroscopically occupied wells
to neighbouring ones. The new scenario of FPs, thus moderately blurred by the
presence of non-zero tunnelling processes, is pictorially sketched in the lower row
of Figure 5.1 and fully discussed in Appendix E.1.

In the following, we shall assume that the two condensates feature the same
dynamical parameters, i.e. Ua = Ub =: U , Ta = Tb =: T and N = M . Nevertheless,
we note in advance that the presence of small deviation Ta /= Tb, Ua /= Ub and
N /= M , from the previous ideal conditions (deviations which could be present in a
real experimental setup), have been proved (by means of numerical simulations) not
to significantly affect the developed analysis and the dynamical scenario discussed
in the following. Both the hopping amplitudes and the interaction strengths de-
pend on the lattice constants and on the scattering length [229], which are tunable
parameters of the experimental setups mentioned in the introduction. In particular,
interaction strengths can be controlled by means of Feshbach resonances [17, 230].

5.4 Stability of stationary demixed states

Energetic-stability and linear-stability analysis are standard but powerful tools
to investigate the qualitative dynamical behaviour of the system in the vicinity of
a FP [231, 232]. In view of an experimental realization, the developed analysis
plays an important role, since it is impossible to prepare the system in a state
which exactly coincides to one of the aforementioned stationary configurations.
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Dimer - Soliton SDW - Soliton Soliton - Soliton

Figure 5.1: The three families of stationary, demixed, configurations for zero (upper
row) and non-zero (lower row) hopping amplitudes Ta and Tb. Lower row displays in
an exaggerate but illustrative manner the deviations from the zero-tunnelling sce-
nario. Numbers on the horizontal axis correspond to wells’ labels, while the height
of the histograms represents normalized populations xj = nj/N and yj = mj/M .
Parallel (antiparallel) arrows stand for “in-phase" (antiphase) condensates. Wher-
ever not explicitly defined, condensate phases assume different values according to
different choices of model parameters (see Appendix E.1).

Preliminary, it is convenient to introduce vector

z⃗ = (Φ1, Φ2, Φ3,Ψ1, Ψ2, Ψ3, n1, n2, n3, m1, m2, m3) ,

and to write dynamical system (5.5) in the compact form

̇⃗z = E∇⃗H̃ (5.6)

where

E =
⎛⎝ 06 I6

−I6 06

⎞⎠
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is the standard symplectic matrix,

H̃ = H − λa
3∑︂
j=1

nj − λb
3∑︂
j=1

mj (5.7)

is the effective Hamiltonian and ∇⃗H̃ = (∂Φ1H̃ . . . , ∂m3H̃).

5.4.1 Energetic stability

An effective way to determine whether a FP z⃗∗ is energetically stable or not is
to study the signature of the relevant Hessian matrix

Hi,j(z⃗∗) = ∂2H̃

∂zi∂zj

⃓⃓⃓⃓
⃓
z⃗∗

. (5.8)

According to Lagrange-Dirichlet Theorem, a FP z⃗∗ is energetically stable if H(z⃗∗) is
positive or negative definite [232] (to be more precise, in the same spirit of [198], one
has to exclude the pair of vanishing eigenvalues corresponding to the two conserved
quantities or, equivalently, consider a 8×8 Hessian matrix obtained after explicitly
introducing constraints Φ1 = Ψ1 = 0, n1 = N−n2−n3 and m1 = M−m2−m3). A
point exhibiting energetic instability is therefore neither a local minimum nor a local
maximum of the energy function H̃ [198]. With reference to the first row of Figure
5.2, one can observe that no FP of the class “SDW - Soliton" is energetically stable,
each of them being a multidimensional-saddle point for Hamiltonian function H̃

(see second panel). Interestingly, the energetically-stable region relevant to FPs
of the class “Dimer - Soliton" (see first panel) exactly corresponds to the demixed
phase (i.e. to one of the three kinds of ground states) that was found and discussed
in Section 4.5. In fact, all FPs z⃗∗ in such region (depicted in green) are indeed
global minima of function H̃ or, in other words, ground states of Hamiltonian
(5.1). Eventually, observing the third panel, one can recognize the presence of an
energetically-stable region for moderately low values of W/U (depicted in blue).
In this region, FPs z⃗∗ are local maxima of function H̃. White regions in Figure
5.2 correspond to those values of W/U and T/(UN) for which FPs belonging to a
given class do not exist. Such regions stand in between different sub-classes which
differ in the relative phases Φj−Φj−1 between the wells. Each sub-class is a portion
of parameters’ space where stationary configurations share common features (e.g.
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5 – Phase separation can be stronger than chaos

the relative phases) and which are delimited by white regions. Fox example, the
first class includes three sub-classes which, in turn, include points 1A, 1B and 1C
respectively.

5.4.2 Linear stability

The linear stability (also called dynamical stability [198]) of a FP z⃗∗ of mo-
tion equations (5.6), (i.e. a configuration such that ̇⃗z∗ = 0) is determined by the
eigenvalues of Jacobian matrix [231]

Ji,j(z⃗∗) = ∂żi
∂zj

⃓⃓⃓⃓
⃓
z⃗∗

. (5.9)

More precisely, as dynamical system (5.6) is a Hamiltonian one, a FP z⃗∗ is said
to be linearly stable (or elliptic) if all eigenvalues of Ji,j(z⃗∗) are purely imaginary;
conversely, it is said to be linearly unstable if at least one (pair of) eigenvalues
of matrix (5.9) has non-zero real part. In the second row of Figure 5.2, obtained
by sweeping model parameters W/U and T/(UN), we have represented, for each
of the three classes of stationary points characterized by demixing, the largest
real part among the eigenvalues of matrix (5.9). One can notice wide regions
of the parameters’ space where FPs of the class “Dimer - Soliton" are linearly
stable (represented in dark blue). Interestingly, while in the first sub-class (the
one including point 1A), all FPs are linearly stable, in the remaining two sub-
classes (respectively including points 1B and 1C) there are regions featuring linear
stability and regions featuring linear instability. FPs of the class “SDW - Soliton"
(see second panel), are mostly linearly unstable, excepts for a tiny triangular-like
region existing only for W/U > 2 (notice that FPs obtained in the unphysical
situation T = 0 are linearly stable too). As shown in the third panel, the vast
majority of FPs belonging to the class “Soliton - Soliton" are linearly stable, except
for those ones in a narrow band confining with the white region and those ones in
a needle-like region present for W/U ≈ 2 and moderately high values of T/(UN).
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5.5 – Regular and chaotic oscillations of boson populations

5.4.3 Scope of the energetic- and the linear-stability anal-
ysis

If a trajectory moves away from a FP, the energetic- and the linear-stability
analysis thereof are of little use. For this reason, one should employ other indicators
such as the first Lyapunov exponent, which is the gold standard to distinguish
regular and chaotic trajectories. A further limitation affecting the energetic- and
the linear-stability analysis comes from their local character. More specifically, also
in view of an experimental realization, one should pay particular attention to the
size of the FP’s neighborhood where they are valid. Both aspects are discussed in
Section 5.5.

An important remark is in order concerning the traditional criterion to evaluate
the linear stability of a FP (i.e. all eigenvalues λj’s of matrix (5.9) must be purely
imaginary). Interestingly, the latter fails when the characteristic frequencies ωj =
I{λj} satisfy a certain commensurability condition, essentially represented by a
Diophantine equation (see [232] for details, in particular for the procedure which is
used to determine their sign). In this case, in fact, a so-called “elliptic" FP ceases to
be the center of an elliptic island and turns unstable. More specifically, it has been
proven by Moser [232] that, if the initial configuration z⃗(t = 0) =: z⃗0 is sufficiently
close to a linearly stable FP z⃗∗, solutions of the actual non linear system (5.6)
almost always depart from those of the linearized one only extremely slowly, if at all.
Nevertheless, this is true only if characteristic frequencies ωj’s, properly taken with
a certain sign, do not satisfy the aforementioned commensurability condition. The
frequency vectors ω⃗ which satisfy such condition constitute a dense set, although
of measure zero, excepts in the positive (ωj > 0 ∀j) and negative (ωj < 0 ∀j)
quadrants of space ω⃗. These two quadrants exactly corresponds to the regions
where energetic stability holds.

5.5 Regular and chaotic oscillations of boson pop-
ulations

For each of the 102729 pairs of model parameters (W/U, T/(UN)), a starting
point z⃗0 very close to the relevant FP z⃗∗ is chosen in such a way that the relative
difference between the vector components of z⃗0 and the corresponding ones of z⃗∗
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5 – Phase separation can be stronger than chaos

is from 2% to 5% thus emulating what could be achieved in a real experimental
set up [105, 190, 233, 234]. Then motion equations (5.6) are numerically solved
[216] for a series of consecutive time intervals and the first Lyapunov exponent is
iteratively computed according to the standard scheme described in [223]. The
comparison between the results (see third row of Figure 5.2) and the previously
discussed linear-stability analysis (see second row of Figure 5.2) indeed shows that
if a FP z⃗∗ is linearly unstable, than a trajectory starting from a point z⃗0 close to
it is chaotic, i.e. it is associated to a non-zero Lyapunov exponent. Note to the
reader: in the following, labels 1A,...,3C are indistinctly used to indicate both a FP
or a trajectory starting in a neighborhood thereof. Likewise, the vast majority of
FPs featuring linear stability is such that the trajectory originating from a point
z⃗0 close to it is regular. Actually, for a limited number of FPs this is not true. For
example, with reference to the central column of 5.2, the tiny linearly stable region
present in the second row has no counterpart in the third row, all the trajectories
therein represented being chaotic. This circumstance can be interpreted in terms
of size of the elliptic islands centered around an elliptic FP. As already evidenced
in Figure 7 of reference [228], such elliptic islands are very small when their center
is a FP of the class “SDW - Soliton" and so the distance |z⃗0 − z⃗∗|, despite chosen
to be small, is already greater than the islands’ characteristic radius. Moreover, it
is worth noticing the presence of curved lines featuring a large Lyapunov exponent
[e.g., in the first panel of the third row of Figure 5.2, the curve whose bounds
are points (0.5,0.075) and (2,0) in parameters’ space (W/U, T/(UN))] which are
expected to correspond to linearly stable FPs (see first panel of the second row).
The seed of chaotic behavior is, in this case, the commensurability of characteristic
frequencies ωj’s, which are the imaginary parts of the eigenvalues of Jacobian (5.9)
(see [232] for details, in particular for the procedure which is used to determine
their sign). In fact, one can verify that all FPs constituting the aforementioned
curve are such that ω1 = −2ω2.
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5.6 How to quantify mixing and demixing of bo-
son populations

Looking at the first row of Figure 5.1, one can recognize that the three presented
configurations feature perfect demixing, as the presence of a condensed species in a
certain well always implies the complete absence of the other species. In the second
row of the same figure, where the aforementioned ideal configurations are blurred
by the activation of tunnelling processes, the two species, despite being still overall
separated, feature a small degree of mixing. In fact, in whichever well a certain
species is macroscopically present, the other one is nearly absent, yet non zero. In
the following we will make use of the same indicator presented in Chapter 4, the
Entropy of Mixing,

Smix = −1
2

3∑︂
j=1

(︄
xj log xj

xj + yj
+ yj log yj

xj + yj

)︄
, where xj = nj

N
, yj = mj

M
,

(5.10)
whose role is to quantify the degree of separation or, to be more precise, the degree
of mixing of the two atomic species (see also Appendix C for its detailed mathe-
matical justification). As already discussed in the previous Chapter, the Entropy
of Mixing is a standard indicator commonly used in Statistical Thermodynamics
when investigating miscibility properties of chemical compounds [168, 235, 236]
whose role, in the present work, is played by quantum gases.

From the definition itself of Smix, two important properties, which serve to
highlight the lower and the upper bounds of this indicator, emerge: i) The entropy
of mixing of any perfectly demixed configuration, as the ones depicted in the upper
row of Figure 5.1, is zero; ii) The entropy of mixing of a uniform configuration
(i.e. any configuration z⃗un such that nj = mj = N/3, for j = 1,2,3) features the
maximum possible entropy of mixing, which reads

Smix(z⃗un) = log 2 ≈ 0.6931. (5.11)

In passing, we observe that the relative phases between the wells play no role in
the computation of Smix, but are crucial for its time evolution. The fourth row of
Figure 5.2 shows the value of the entropy of mixing for all FPs belonging to the
three classes discussed in Section 5.3. As expected, we observe that Smix steadily
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increases with T/(UN), since a bigger hopping amplitude blurs the fully demixed
configurations depicted in the upper row of Figure 5.1. Contrary to expectations,
there are regions where Smix increases for increasing inter-species repulsion W/U

(to be more specific, the region featuring 1 < W/U < 2 in the first panel, the
region for 0 < W/U < 2 in the second panel and the region featuring 0 < W/U < 1
in the third panel). This circumstance looks counter intuitive, but it is easily
explained by recalling that FPs are not necessarily minimum-energy configurations.
As illustrated in the second row of Figure 5.2 and discussed in Section 5.4.1, in fact,
a FP can also be a local maximum or a saddle point for effective Hamiltonian (5.7).
In the third panel, moreover, we observe that there are values of W/U and T/(UN)
for which Smix tends to the maximum value log 2. This happens because FPs of
the class “Soliton - Soliton" have been so blurred by the activation of the hopping
amplitude T , that they have almost lost their identifying aspect and turned into
a uniform configurations of the type z⃗un (as shown in Figure E.3, notice that the
stationary configuration continuously varies with respect to model parameters W/U
and T/(UN)).

5.7 Competition between phase separation and
chaotic behaviour

In the same spirit of Section 5.5, we have numerically solved motion equations
(5.6) choosing, for each parameters’ pair (W/U, T/(UN)), a starting point z⃗0 close
to the corresponding FP z⃗∗. The choice has been made in such a way that the
difference between the vector components of z⃗∗ and those of z⃗0 is from 2% to 5%.
The knowledge of the time evolution of boson populations nj(t) and mj(t) allows
one to readily compute Smix(t) and so to monitor the mixing properties of the
atomic species.

If the initial configuration z⃗0 lies within a regular island centered around a lin-
early stable FP z⃗∗ (and the characteristic frequencies thereof do not match Moser’s
commensurability condition [232]), the motion consists in small oscillations around
z⃗∗. Therefore, the entropy of mixing Smix(t) features small oscillations around the
constant values Smix(z⃗∗) which, in turn, is very low for the vast majority of FPs z⃗∗

belonging to the three classes of notable stationary demixed configurations under
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Figure 5.2: First row: Energetic-stability analysis of FPs z⃗∗. Green and blue correspond to energetically stable
regions, as they represent, respectively, minima and maxima of Hamiltonian (5.7). Yellow refers to energetically
unstable regions, i.e. to saddle points of Hamiltonian (5.7). Second row: Linear-stability analysis of FPs z⃗∗. The
color corresponds to maxj{R{λj}} where λj ’s are the eigenvalues of matrix (5.9). Dark blue represents linearly
stable FPs. Third row: First Lyapunov exponent associated to trajectories starting close to FPs z⃗∗. Dark blue
(yellow) corresponds to regular motions (highly chaotic trajectories). Fourth row: FPs’ entropy of mixing, i.e.
Smix(z⃗∗). Blue (red) represents a remarkable phase separation (an high degree of mixing). Fifth row: Maximum
entropy of mixing, i.e. max0<t<50 {Smix(t)} relevant to trajectories starting close to FPs z⃗∗. Blue corresponds to
trajectories which feature a very small degree of mixing Smix throughout all the simulated dynamics. Conversely,
red is associated to trajectories which, one or more times during the time evolution, feature complete mixing. All
panels: White regions correspond to model parameters W/U and T/(UN) for which no stationary solutions of
the type defined in the column’s title exist. In each panel, three points have been highlighted in order to facilitate
the discussion. Model parameters N = 50 and U = 1 have been chosen.
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considerations (recall the fourth row of Figure 5.2). On the other hand, if z⃗0 lies
outside regular islands, the motion is chaotic, as discussed in Section 5.5. In these
circumstances, one would expect the two condensed species to fully mix and thus
to quickly loose memory of their initial, demixed character. We show that this is
not always the case, as demixing and chaos can coexist indeed. To this purpose, for
each simulated trajectory, we have recorded maxt {Smix(t)}, where t ranges from
t = 0s to t = 50s, a time interval whose width is three orders of magnitudes larger
than the smallest characteristic period of populations’ oscillations. Overall, 102729
trajectories have been simulated, each one starting from an initial condition z⃗0

which, in turn, is close to a FP z⃗∗. The result is shown in the fifth row of Figure
5.2.

In the attempt to facilitate the comparison among the info provided by the
linear-stability analysis (second row of Figure 5.2), by the computation of the first
Lyapunov exponent (third row), by the evaluation of Smix(z⃗∗) (fourth row) and
of maxt{Smix(t)} (fifth row), we highlight and analyze some notable dynamical
regimes and we explicitly illustrate them in Figures 5.3-5.5. We group them ac-
cording to the regularity of the motion and to the persistence of demixing during
the dynamics. We remind that labels 1A,...,3C are indistinctly used to indicate
either a FP or a trajectory starting in a neighborhood thereof.

• Regular oscillations of demixed species. The regimes represented in the first
column of Figure 5.3 and in the first column of Figure 5.5 are regular, i.e. they
feature a vanishing Lyapunov exponent. The initial states (t = 0) lie in elliptic
islands centered around linearly stable FPs 1A and 3A, respectively (and their
characteristic frequencies do not match Moser’s commensurability condition
[232]). The time evolution of boson populations consists in small oscillations
around FPs. As a consequence, Smix(t) slightly oscillates around constant
values Smix(1A) ≈ 0.08 and Smix(3A) ≈ 0.25 respectively, thus witnessing the
persistence of a remarkable demixing.

• Fully developed mixing. The regimes illustrated in the second column of Figure
5.3, second column of Figure 5.4 and third column of Figure 5.5 are chaotic,
i.e. they are associated to a non-zero Lyapunov exponent. The initial con-
figurations lies in the vicinity of linearly unstable FPs. The onset of chaos
completely destroys the original, demixed configurations whose entropies of
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mixing are approximately equal to the ones relevant to the corresponding FPs,
i.e. Smix(1B) ≈ 0.15, Smix(2B) ≈ 0.13 and Smix(3C) ≈ 0.23 respectively. As a
consequence, in all three cases, Smix(t) repeatedly reaches the maximum pos-
sible value of ≈ 0.69 which, in turn, witnesses the full mixing of the bosonic
species.

• Persistent demixing despite chaos. The dynamical regimes depicted in the
first column of Figure 5.4 and in the second column of Figure 5.5 consist
in small chaotic oscillations around the FPs 2A and 3B respectively. Chaos
develops because the initial conditions already lie in the chaotic sea which,
in turn, has been shown to surround linearly unstable FPs. However, despite
the occurrence of chaos, not only the demixing of bosonic species persists, but
also the macroscopic structure of the initial configurations remains unchanged
during the dynamics. As a consequence, the oscillations of Smix(t) are chaotic
but their amplitude is small, namely it never exceeds critical values ≈ 0.10
and ≈ 0.44 respectively.

The dynamical regimes illustrated in the third column of Figure 5.3 and in the
third column of Figure 5.4 are chaotic as well, but much less shrunken. It is
a fact that, also in these cases, despite the presence of chaos, the two atomic
species feature a low degree of mixing for all the simulated dynamics (in fact
Smix(t) remains smaller than ≈ 0.29 and ≈ 0.27 respectively). Nevertheless,
contrary to trajectories 2A and 3B (which consist in small chaotic oscillations
around the equilibrium points), in these cases, chaos disrupts the structure
of the original configurations, repeatedly triggering populations inversions. In
other words, for what concerns trajectories 1C and 2C, as time goes by, boson
populations in each well severely change but always in such a way to preserve
the (low) degree of mixing.

Table 5.1 is intended to summarize the aforementioned results.
Interestingly, we observe that the persistence of spatial phase separation marks

extended bundles of chaotic trajectories, i.e. chaotic trajectories involving wide
patches of starting points and rather extended ranges of model parameters. Such a
persistence can be explained either in terms of energy conservation or by recalling
the presence of regular islands where chaotic trajectories cannot enter (see Figure
5.6).
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5 – Phase separation can be stronger than chaos

Figure 5.3: Time evolution of normalized boson populations and of entropy of
mixing Smix. The results have been obtained numerically solving equations 5.6.
Blue (red) denote species-A (B) bosons. Each column corresponds to the dynamics
originating from three different starting points z⃗0 which, in turn, are chosen in the
vicinity of FPs 1A, 1B and 1C respectively.

Concerning the energy-conservation argument, we remind that the choice of a
certain z⃗0 automatically fixes the trajectory and the constant-energy hypersurface
Γ where the trajectory will be confined. Then, we analytically determine the max-
imum value of the entropy of mixing over the entire Γ, S̄mix, and note that the
entropy of mixing along the trajectory, Smix(t), will never exceed S̄mix at any time.
In other words, (see also Appendix E.3, where we comment on the structure of phase
space), the trajectory will wander wide regions of Γ but, if S̄mix is small enough,
it will never visit highly-mixed configurations. The values S̄mix are determined
over surfaces Γ by maximizing the objective function Smix under the constraints
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5.7 – Competition between phase separation and chaotic behaviour

Figure 5.4: Time evolution of normalized boson populations and of entropy of
mixing Smix. The results have been obtained numerically solving equations 5.6.
Blue (red) denote species-A (B) bosons. Each column corresponds to the dynamics
originating from three different starting points z⃗0 which, in turn, are chosen in the
vicinity of FPs 2A, 2B and 2C respectively.

∑︁
j nj = N , ∑︁jmj = N and H = H(z⃗0), for each initial state z⃗0. Such computation

of S̄mix as a function of model parameters is based on the well-known method of
Lagrange multipliers. The result is shown figure 5.7. As an example, compare the
green domain around point 1C in Figure 5.7 (witnessing persistent spatial phase
phase separation) with the light-blue domain around point 1C in the third row of
Figure 5.2 (displaying a manifestly chaotic behaviour). The same reasoning holds
also for point 2C.

Concerning the regular-islands argument, the latter is suggested by several ex-
amples of trajectories which, despite exhibiting a chaotic behaviour together with
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5 – Phase separation can be stronger than chaos

Figure 5.5: Time evolution of normalized boson populations and of entropy of
mixing Smix. The results have been obtained numerically solving equations 5.6.
Blue (red) denote species-A (B) bosons. Each column corresponds to the dynamics
originating from three different starting points z⃗0 which, in turn, are chosen in the
vicinity of FPs 3A, 3B and 3C respectively.

persistent spatial phase separation, are associated to the maximum possible (i.e.
energetically accessible) value of S̄mix := maxΓ {Smix}. For example, the trajectory
3B is of this type since, as shown in Figure 5.7, the constant-energy hypersur-
face Γ where it is embedded, features the biggest possible entropy of mixing, log 2
(depicted in dark red). A reasonable interpretation of this apparent mismatch is
linked to the possible presence of regular islands on Γ [237] (see also Appendix
E.3). If S̄mix lies inside such islands, in fact, chaotic trajectories will never have the
chance to visit highly-mixed configurations. This interpretation can be applied also
to point 2A. A detailed analysis to ascertain the presence of mixed configurations
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Energetic
stability

Linear
stability

Chaotic/
regular

Initial
demixing

Persistent
demixing

Energetically
immiscible

1A ✗ ✓ Regular ✓ ✓ ✗

1B ✗ ✗ Chaotic ✓ ✗ ✗

1C ✗ ✗ Chaotic ✓ ✓ ✓

2A ✗ ✗ Chaotic ✓ ✓ ✗

2B ✗ ✗ Chaotic ✓ ✗ ✗

2C ✗ ✗ Chaotic ✓ ✓ ✓

3A ✓ ✓ Regular ✓ ✓ ✓

3B ✗ ✗ Chaotic ✓ ✓ ✗

3C ✗ ✗ Chaotic ✓ ✗ ✗

Table 5.1: Summary of the most important static and dynamical features for each
of the nine representative cases.

Figure 5.6: Pictorial representation of the two arguments behind the occurrence of
persisting demixing in spite of chaos. E represents the constant-energy manifold, z⃗0
a generic initial condition. Left panel: “energetic argument" - highly mixed states
lie outside the constant energy hypersurface and are therefore inaccessible, no mat-
ter the degree of chaoticity of the trajectory. Right panel: “dynamical argument"
- highly mixed states, although being energetically accessible, are encapsulated
within regular islands and cannot be visited by chaotic trajectories originating out
of them.

inside regular islands requires an extended work that will be developed elsewhere.

5.8 Conclusions

We have investigated the dynamics of a bosonic binary mixture loaded in a three-
well potential with periodic boundary conditions, its relation with the entropy of
mixing and the robustness of spatial phase separation. In general, the developed
analysis, even if focused on some particular classes of configurations, has provided

111



5 – Phase separation can be stronger than chaos

Figure 5.7: Maximum entropy of mixing S̄mix over constant-energy hypersurfaces
Γ’s which, in turn, are well specified by choosing an initial condition z⃗0 and a pair of
model parameters (W/U, T/(UN)). The maximum value of the entropy of mixing
over an hypersurface Γ, S̄mix, is computed according to the standard method of
Lagrange multipliers, a technique which allows to find the maximum of a certain
objective function in presence of one or more constraints. White regions correspond
to model parameters W/U and T/(UN) for which no stationary solutions of the
type defined in the column’s title exist. In each panel, three points have been
highlighted in order to facilitate the discussion. Model parameters N = 50 and
U = 1 have been chosen.

a considerable amount of information about dynamical regimes characterized by
regular and chaotic behaviours.

In Section 5.2, we have introduced the model describing the mixture in the ring
trimer and derived the corresponding semiclassical motion equations. Section 5.3
has been devoted to the presentation of the three notable classes of stationary con-
figurations featuring demixing, “Dimer - Soliton", “SDW - Soliton" and “Soliton -
Soliton". In Section 5.4, we have developed the energetic- and the linear-stability
analysis of the previously identified stationary configurations, highlighting their
scope and limitations. In Section 5.5, we have explicitly computed the first Lya-
punov exponent along 102729 trajectories starting in the vicinity of as many FPs
thus clearly identifying regular and chaotic regimes. We have observed that chaos
can originate in three different ways: 1) When the trajectory starts in the vicinity
of a linearly unstable FP; 2) When the trajectory starts in the neighbourhood of an
elliptic FP such that its characteristic frequencies match Moser’s commensurability
condition [232]; 3) When the initial configuration lies outside the regular island
centered around a linearly stable FP. In Section 5.6, we have recalled the entropy
of mixing Smix, borrowed from Statistical Thermodynamics [168], to quantify and
monitor the degree of mixing between the two condensed species.
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5.8 – Conclusions

Eventually, in Section 5.7 we have shown that the chaotic motion of boson pop-
ulations and demixing can coexist or, in other words, that chaos, despite present,
may not be able to completely disrupt the order imposed by phase separation. Such
coexistence can occur either because highly mixed states lie in regular islands where
the chaotic trajectory cannot penetrate or because the constant-energy hypersur-
face does not contain mixed states at all.
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Chapter 6

Pathway towards the
formation of supermixed
states in optical lattices

6.1 Introduction

In this Chapter1, we investigate the mechanism of formation of supermixed
soliton-like states in bosonic binary mixtures loaded in ring lattices. We evidence
the presence of a common pathway which, irrespective of the number of lattice sites
and upon variation of the interspecies attraction, leads the system from a mixed and
delocalized phase to a supermixed and localized one, passing through an intermedi-
ate phase where the supermixed soliton progressively emerges. The degree of mix-
ing, localization and quantum correlation of the two condensed species, quantified
by means of suitable indicators commonly used in Statistical Thermodynamics and
Quantum Information Theory, allow one to reconstruct a bi-dimensional mixing-
supermixing quantum phase diagram featuring two characteristic critical lines and
three different phases. In spite of the large number of parameters characterizing the
original quantum model, we show that the phase diagram is spanned by only two
effective parameters, incorporating the competition between inter- and intraspecies

1Note to the reader: part of the content of this Chapter has been published in [238].
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6 – Pathway towards the formation of supermixed states in optical lattices

repulsions and accounting for the possible asymmetry between the species.
Our analysis is initially developed within a semiclassical framework, capable of

capturing the essential features of the phase diagram and the analogies between
systems featuring a different number of potential wells. We then develop a fully-
quantum approach, which corroborates and validates the sketched scenario. This
is done by presenting a number of genuinely quantum indicators, including but
not limited to the quantum versions of the Entropy of Mixing and of the Entropy
of Location, the Entanglement between the species, the ground-state energy and,
more in general, the energetic fingerprint of the mixture in the different quantum
phase. This Chapter therefore aims at extending the analysis developed in Chapter
4 to the case of attractive interspecies couplings and to the case of a many-site
ring lattice. Eventually, we provide a fully-analytic treatment of the energy-level
structure in the supermixed phase (the phase where both species tend to occupy the
same site). We, in fact, develop a Bogoliubov approximation scheme based on the
macroscopic occupation of site modes (and therefore conceptually different from
the one developed in Chapter 2 which, being referred to the uniform and mixed
phase, was based on the macroscopic occupation of momentum modes) which well
captures the linear dependence of the energy levels on the control parameter.

6.2 The model

6.2.1 The quantum model

Let us consider a two-component bosonic mixture loaded in L-site potentials.
As explained in Chapter 2 [see Hamiltonian (2.1)], the genuinely quantum features
of such system can be effectively captured by the second-quantized Hamiltonian

H = −Ta
L∑︂
j=1

(︂
a†
j+1aj + a†

jaj+1
)︂

+ Ua
2

L∑︂
j=1

nj(nj − 1)

−Tb
L∑︂
j=1

(︂
b†
j+1bj + b†

jbj+1
)︂

+ Ub
2

L∑︂
j=1

mj(mj − 1)

+W
L∑︂
j=1

njmj, (6.1)
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6.2 – The model

an extended version of the well-known Bose-Hubbard model whose last term ac-
counts for the attractive interaction between the species. Operator ai (bi) destroys
a species a (species b) boson in the i−th site. Notice that i ∈ {1, . . . , L} and
that, for L > 2, the trapping potential is assumed to feature a ring geometry, a
circumstance which results in the periodic boundary conditions i = L + 1 ≡ 1.
As a consequence of the bosonic character of the trapped particles, the following
commutation relations hold: [ai, b†

ℓ] = 0, [ai, a†
ℓ] = [bi, b†

ℓ] = δi,ℓ. The definition of
number operators, ni = a†

iai and mi = b†
ibi, allows one to evidence two independent

conserved quantities, namely Na = ∑︁L
i=1 ni and Nb = ∑︁L

i=1 mi. Concerning model
parameters, Ta and Tb represent the tunnelling energy of the two species, Ua > 0
and Ub > 0 their intra-species repulsive interactions, and W < 0 the inter-species
attractive coupling.

6.2.2 A Continuous-Variable-Picture approach for the de-
tection of different quantum phases

As explained in Chapter 4 speaking of repulsive bosonic binary mixtures on
a ring trimer, an effective way to determine the ground state structure of multi-
mode Bose-Hubbard Hamiltonians consists in approximating the inherently discrete
single-site occupation numbers nj and mj with continuous variables xj = nj/Na

and yj = mj/Nb [167, 175, 176, 206, 208, 210]. Provided that the overall boson
populations, Na = ∑︁L

j=1 nj and Nb = ∑︁L
j=1 mj, are large enough, the application of

this approximation scheme (see also Appendix B for a detailed description thereof)
to a second-quantized Hamiltonian of the type (6.1) allows one to associate it to
the following effective potential

V = −2NaTa
L∑︂
j=1

√
xjxj+1 − 2NbTb

L∑︂
j=1

√
yjyj+1

+UaN
2
a

2

L∑︂
j=1

xj(xj − ϵa) + UbN
2
b

2

L∑︂
j=1

yj(yj − ϵb)

+WNaNb

L∑︂
j=1

xjyj (6.2)
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6 – Pathway towards the formation of supermixed states in optical lattices

which therefore represents the generalization of effective potential (6.4) to the case
of L sites. As explained in Chapter 4, potential V provides a remarkably effective
way to investigate the ground state structure of Hamiltonian (6.1) as a function of
model parameters. To be more clear, the 2L-tuples (x⃗, y⃗) which minimize function
V on its domain

R =
⎧⎨⎩(x⃗j, y⃗j) : 0 ≤ xj, yj ≤ 1,

L∑︂
j=1

xj =
L∑︂
j=1

yj = 1
⎫⎬⎭

correspond to those Fock states |n⃗, m⃗⟩ featuring the largest weights |c(n⃗, m⃗)|2 in
the expansion of the ground state, i.e. in |ψ0⟩ = ∑︁Q

n⃗,m⃗ c(n⃗, m⃗)|n⃗, m⃗⟩, where the
superscript Q recalls that

Q = (Na + L− 1)!
Na!(L− 1)!

(Nb + L− 1)!
Nb!(L− 1)! (6.3)

is the dimension of the constant-boson-number subspace contained in the Hilbert
space of states associated to Hamiltonian (6.1).

The determination of the minimum points of potential V is of particular interest
when Ta/(UaNa) → 0 and Tb/(UbNb) → 0. These limiting conditions, in fact,
can be regarded as a thermodynamic limit according to the statistical-mechanical
approach discussed in [175, 239] and, when they hold, the different phases of the
quantum system (6.1) emerge at their clearest [176, 206]. In this limit, generalized
potential (6.2) can be conveniently recast as

V ≈ V

UaN2
a

= 1
2

L∑︂
j=1

x2
j + β2

2

L∑︂
j=1

y2
j + αβ

L∑︂
j=1

xjyj, (6.4)

an expressions which generalizes formula (4.3) to the case of L sites which corre-
sponds to a new (rescaled) effective potential which depends only on two effective
parameters

α = W√
UaUb

, β = Nb

Na

√︄
Ub
Ua
. (6.5)

The former constitutes the ratio between the interspecies attractive coupling and
the (geometric average of) the intraspecies repulsions, while the latter corresponds
to the degree of asymmetry between species a and species b condensates. Notice,
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6.3 – The mixing-supermixing phase diagram

in particular, that β → 1 in the twin-species scenario, while β → 0 when species b
represents an impurity with respect to species a. In the following, we will assume
β ∈ [0,1] without loss of generality, as one can always swap species labels in order
for β to fall in this interval.

Effective model parameters α and β have already proved to be the most natural
ones to describe the occurrence of mixing-demixing transitions in ultracold binary
mixtures loaded in ring-trimer geometries (see Chapter 4) and, in the present case,
constitute the most effective variables to capture the formation of supermixed soli-
tons. Parameters α and β span, in fact, a two-dimensional phase diagram where
the various phases included therein correspond to different functional dependencies
of the minimum-energy configuration (x⃗∗, y⃗∗) and of the relevant energy

V∗ := V(x⃗∗, y⃗∗) := min
(x⃗,y⃗)∈R

V(x⃗, y⃗) (6.6)

on α and β themselves. The presence of different functional dependencies of V∗ on
model parameters α and β results in the presence of borders on the (α, β) plane
where function V∗ is not analytic, a circumstance which constitutes the signature
of quantum phase transitions [240].

The search for the configuration (x⃗∗, y⃗∗) which minimizes function V on its closed
domainR can be carried out in a fully analytic way. Nevertheless, the complexity of
such analysis increases with increasing lattice size L, not only because the interior
of region R gets bigger and bigger but also (and above all) because the boundary
of R gets increasingly complex and branched. Indeed, for wide regions of the
(α, β) plane, it is on the boundary of R that V∗ falls, a circumstance which makes
its complete exploration necessary [see Appendix B.2 for further details on the
systematic analysis of the closed (2L− 2)−polytope representing the domain R].

6.3 The mixing-supermixing phase diagram

The search for the configuration (x⃗, y⃗) minimizing effective potential (6.4), on
its domain R has been developed according to the fully-analytic scheme sketched in
Chapter 4 and thoroughly described in Appendix B.2 for the case of a twin-species
mixture on a ring trimer. Interestingly, our analysis has highlighted the presence of
a common phase diagram for systems featuring L = 2 (dimer), L = 3 (trimer) and
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6 – Pathway towards the formation of supermixed states in optical lattices

L = 4 (tetramer). Such a phase diagram is illustrated in Figure 6.1 and includes
three phases:

i) Phase M (Mixed) occurs for α > −1 and features uniform boson distribution
among the L wells and mixing of the two species;

ii) Phase PL (Partially Localized), present for α < −1 and β < −1/α, is such
that the minority species, i.e. species b (since Nb

√
Ub < Na

√
Ua), conglomerates

and forms a soliton, while the majority species, i.e. species a, occupies all available
wells, even if not in a uniform way;

iii) Phase SM (SuperMixed) is marked by the presence of a supermixed soliton
(and full localization), meaning that both species conglomerate in the same well.

M

PL

SM

-3 -2 -1 0
0

0.5

1

Figure 6.1: Phase diagram of a bosonic binary mixture featuring attractive inter-
species coupling and confined in a generic L−site potential. Each of the three
phases is associated to a specific functional dependence of the minimum-energy
configuration (x⃗∗, y⃗∗) and of V∗ [see relations (6.6)] on parameters (6.5). Phase M
is the uniform and mixed one, phase PL features a soliton just in the minority
species, while phase SM exhibits the presence of a supermixed soliton. Red dashed
(solid) line corresponds to a phase transition where the first (second) derivative of
V∗ with respect to α is discontinuous.

These three systems therefore feature a common pathway which, upon variation
of control parameters α and β, leads from the uniform and mixed configuration
(phase M) to the supermixed soliton (phase SM), through the intermediate phase
(phase PL), characterized by partial localization, i.e already showing the seed of the
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6.3 – The mixing-supermixing phase diagram

soliton, whose emergence, in turn, is due to the localizing effect of the interspecies
attraction. For this reason, we conjecture that the mechanism of formation of
supermixed solitons is the same regardless of the value of L. To better connote
the three presented phases, in Table 6.1 we give the explicit expressions of (x⃗∗, y⃗∗)
as functions of model parameters α and β, together with the relevant value of V∗

[recall relations (6.6)], in each of the three phases. We remark that the results

Phase (x⃗∗, y⃗∗) V∗

M
x∗,j = 1/L ∀j

y∗,j = 1/L ∀j

VM
∗ = 1

2L(β2 + 2αβ + 1)

PL

x∗,i = [1− (L− 1)αβ]/L

x∗,j = [1 + αβ]/L ∀j /= i

y∗,i = 1, y∗,j = 0 ∀j /= i

VPL
∗ = 1

2L [1 + 2αβ

+β2(L− (L− 1)α2)]

SM

x∗,i = 1

x∗,j = 0 ∀j /= i

y∗,i = 1, y∗,j = 0 ∀j /= i

VSM
∗ = 1

2(β2 + 2αβ + 1)

Table 6.1: Summary of the different functional dependencies of the minimum-energy
configuration and of the relevant value of the effective potential [see relations (6.6)]
in each of the three phases.

listed in Table 6.1 have been derived in an analytic way [and numerically checked
by means of a brute-force minimization of potential (6.4)] for L = 2, 3, 4 while
it is quite natural to conjecture the validity of these results also for L ≥ 5. To
corroborate our conjecture, it is worth observing that, for any L, V∗ = V∗(α, β)
is continuous everywhere in the half-plane {(α, β) : α ≤ 0 and 0 ≤ β ≤ 1}. In
particular, equations

VM
∗ (α = −1, β) = VPL

∗ (α = −1, β)
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and
VPL

∗ (α, β = −1/α) = VSM
∗ (α, β = −1/α)

hold, respectively, at phase M-PL and phase PL-SM borders. On the other hand,
one can easily realize that the first derivative ∂V∗/∂α is discontinuous at α = −1
while the second derivative ∂2V∗/∂α

2 is discontinuous at β = −1/α, regardless of
the specific value of L (see the first panel of Figure 6.3). This difference in the non-
analyticity properties of V∗ at the two phase boundaries is a direct consequence of
the specific functional dependence of x∗,j’s and y∗,j’s on model parameters α and
β in each of the three phases (see second column of Table 6.1). The minimum
energy configuration (x⃗∗, y⃗∗), in fact, features a jump discontinuity at transition
M-PL while it is continuous at transition PL-SM. In this regard, one can notice
that (x⃗∗, y⃗∗) exhibits the same ZL symmetry of the trapping potential just in phase
M. By making the control parameter α more negative, one crosses the M-PL border
and such symmetry suddenly breaks. A soliton starts to emerge in a certain well,
although the remaining L − 1 wells still include part of the majority species (i.e.
species a). Further increasing |α|, the soliton emerges in a clearer and sharper way,
since all the remaining wells are gradually emptied by the localizing effect of the
interspecies attraction. At border PL-SM, the latter has become so strong that
both species are fully localized in a certain well, leaving all the remaining ones
empty: the supermixed soliton is now completely formed and a further increase of
|α| has no effect on the minimum energy configuration (x⃗∗, y⃗∗). This scenario is
pictorially illustrated in Figure 6.2 for the case L = 3. We recall that generalized
potentials (6.2) and (6.4) have been derived under the assumption that overall boson
populations Na and Nb are large enough (see Section 6.2.2 and Appendix B). If this
is not the case, the introduction of continuous variables is no longer legitimate and,
for small or zero values of Ta and Tb, the formation of the supermixed solitons will
not occur in a continuous way with respect to the variation of a control parameter.
On the contrary, in phase PL, the soliton will form and enlarge by incorporating
one boson at a time. This phenomenology, whose inherently discretized essence
is closely connected with the emergence of the Mott-insulator phase, is currently
under investigation.
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Figure 6.2: Pictorial representation of the minimum-energy configurations for
phases M, PL and SM, in a 3-well system. Vertical axis represent normalized
populations x∗,j and y∗,j for the ground state, while numbers 1, 2, 3 label the three
wells. The majority (minority) species is depicted in blue (red) and corresponds to
the left (right) columns of the histograms in each panel. In phase M the two species
are uniformly distributed in the three wells; in phase PL the minority species forms
a soliton while the majority species still occupies all available sites; in phase SM
the interspecies attraction is so strong that a supermixed soliton is formed.

6.3.1 Entropy of mixing and Entropy of location as critical
indicators

Already introduced in Chapter 4 in order to quantify the degree of mixing of
the two species constituting the mixture, two indicators that are well-known in
Statistical Thermodynamics and Physical Chemistry [168, 236], can be conveniently
used to detect the occurrence of phase transitions in the class of systems that we are
investigating. The Entropy of mixing and the Entropy of location are respectively
defined as follows (see also Appendix C for their mathematical derivation):

Smix = −1
2

L∑︂
j=1

(︄
xj log xj

xj + yj
+ yj log yj

xj + yj

)︄
(6.7)

Sloc = −
L∑︂
j=1

xj + yj
2 log xj + yj

2 . (6.8)

They provide complementary information about the degree of non-homogeneity
present in the system. Namely, the former quantifies the degree of mixing while the
latter measures the spatial localization of the particles irrespective of their species.

By plugging the expressions of x∗,j’s and y∗,j’s associated to each of the three
phases (see second column of Table 6.1) into formulas (6.7) and (6.8), one can
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obtain particularly simple expressions for Smix and Sloc in phase M and in phase
SM, which read

Smix,M = log 2, Sloc,M = logL,

Smix,SM = log 2, Sloc,SM = 0.

Interestingly, Smix is the same both in phase M and in phase SM. This indicator, in
fact, gives information just about the degree of mixing of the two atomic species,
which is indeed the same both in the mixed and in the supermixed phase. Nev-
ertheless, the profound difference between such phases can be appreciated by the
combined use of Smix and Sloc, as the latter quantifies the degree of spatial delocal-
ization of the atomic species among the wells. In phase PL, the analytic expressions
of these indicators are rather complex (although straightforward to find) and, for
the sake of clarity, we prefer to give their extreme values:

min
(α,β)∈PL

Smix = 1
2L

[︃
L log

(︃
1 + 1

L

)︃
+ log (1 + L)

]︃

max
(α,β)∈PL

Smix = log 2 ≡ Smix,SM

min
(α,β)∈PL

Sloc = 0 ≡ Sloc,SM

max
(α,β)∈PL

Sloc = log(2L)− L+ 1
2L log(L+ 1),

which are found on the PL-SM border and on the line β = 0. The complete scenario
on the (α, β)-plane is illustrated (for L = 3 sites) in the second and in the third
panel of Figure 6.3, where the presence of three qualitatively different regions is
evident.

6.4 The delocalizing effect of tunnelling

As already mentioned, the presence of well-recognizable phases in the plane
(α, β) sharply emerges when Ta/(UaNa) → 0 and Tb/(UbNb) → 0, two condi-
tions that can be regarded as a thermodynamic limit, according to the statistical-
mechanical scheme developed in [175, 239]. Moving away from these limits (either
because the numbers of particles Na and Nb are not large enough or because the
hopping amplitudes Ta and Tb have a non-negligible weight in the overall energy
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Figure 6.3: Some critical indicators witnessing the presence of three different phases
in an (L = 3)-site potential (trimer) for Ta/(UaNa)→ 0 and Tb/(UbNb)→ 0. First
panel: second derivative of functions VM

∗ , VPL
∗ and VSM

∗ (see third column of Table
6.1) with respect to control parameter α for L = 3. One can appreciate that it is
discontinuous both at border PL-SM and at border M-PL (in the latter border the
first derivative ∂V∗/∂α is already discontinuous). Second and third panel: critical
indicators (6.7) and (6.8) associated to the minimum-energy configuration (x⃗∗, y⃗∗)
(obtained, in turn, setting L = 3 in the second column of Table 6.1).

balance of the system), the phase diagram illustrated in Figure 6.1 and discussed in
Section 6.3 gets smoothed and deformed, but it is still recognizable. The changes
are essentially due to the delocalizing effect of tunnelling terms, which hinder the
formation of localized configurations, i.e. of solitons (compare Figures 6.2 and 6.4).
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Figure 6.4: Pictorial representation of the minimum-energy configurations for a
3-well system where the tunnelling processes are present. Vertical axis represent
normalized populations x∗,j and y∗,j for the ground state, while numbers 1, 2, 3
label the three wells. The majority (minority) species is depicted in blue (red) and
corresponds to the left (right) columns of the histograms in each panel. Non-zero
tunnelling processes determine the presence of residual tails at the two sides of the
soliton but they do not significantly modify the scenario depicted in Figure 6.2.

In a mathematical perspective, the presence of non-zero tunnelling terms has a
regularizing effect on the generalized potential (6.2), whose global minimum can
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6 – Pathway towards the formation of supermixed states in optical lattices

be determined with less effort than in the vanishing-tunnelling case, since such
minimum always falls in the interior of domain R and never on its boundary. One
therefore needs to look for the minimum-energy solution of equations ∇V = 0, the
gradient being computed with respect to the 2L − 2 independent variables xj, yj
where j = 1, 2, . . . L− 1 due to particle-number-conservation constraints.

We have fully developed this analysis for L = 2 (dimer), L = 3 (trimer) and
L = 4 (tetramer). Although we refer to Figure 6.5 (obtained setting L = 3) for the
sake of clarity, the following observations have been proved to hold for L = 2, 3, 4
and are conjectured to be still valid also for L ≥ 5:

• Contrary to the zero-tunneling case, critical indicators Smix and Sloc are con-
tinuous functions of model parameters α and β. This circumstance is due to
the fact that normalized boson populations xj’s and yj’s themselves no longer
feature jump discontinuities. Nevertheless, both indicators are still able to wit-
ness the presence of three qualitatively different regions in the (α, β) plane.

• Supported by tunneling processes, the mixed phase survives beyond the border
α = −1, provided that β = Nb

√
Ub/(Na

√
Ua) is small enough. In this case,

in fact, the interspecies attraction is hindered by the delocalizing effect of Ta
and Tb so much that it is unable to trigger soliton formation. Interestingly,
by resorting to the Hessian matrix associated to effective potential (6.2), it is
possible to derive inequality

α > −
√︄(︃

1 + 9
2

Ta
UaNa

)︃(︃
1 + 9

2
Tb
UbNb

)︃
(6.9)

giving the region of parameters’ space where the uniform configuration is the
least energetic one, i.e. where the configuration xj = yj = 1/3 represents not
only a local but also the global (constrained) minimum of function (6.2). This
region, whose border is depicted with dashed lines in Figure 6.5, coincides
(in the limit Na = Nb, Ta = Tb, Ua = Ub) with the portion of parameters’
space where Bogoliubov quasi-particle frequencies (2.18)-(2.19), which were
found assuming the macroscopic occupation of the momentum mode k = 0
(see Section 2.5), are well defined.

• The formation of a supermixed soliton, the configuration for which Sloc = 0, is
only slightly hindered by the presence of tunnelling processes. The latter tend
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6.4 – The delocalizing effect of tunnelling

to delocalize the atomic species among the wells and are responsible for the
survival of non-zero tails in wells far from the supermixed soliton. Nevertheless,
such tails, which are fully reabsorbed by the soliton only in the limit α →
−∞, do not significantly affect the solitonic structure of the minimum-energy
configuration (see third panel of Figure 6.4). This circumstance is witnessed
by the fact that, in the upper left part of the phase diagram, Sloc is only
slightly lower than logL (see second row of Figure 6.5).

Figure 6.5: Entropy of mixing and Entropy of location associated to the config-
uration (x⃗, y⃗) minimizing potential (6.2), where L = 3, Na = Nb = 15, Ua = 1,
Ub ∈ [0,1] and W ∈ [−3,0]. From left to right, Ta = Tb have been set, respectively,
to 0.2, 0.5 and 0.8. The dashed lines represent the border of the region where the
uniform solution xj = yj = 1/3 constitutes the minimum-energy configuration and
where Bogoliubov frequencies, computed assuming the macroscopic occupation of
a momentum mode, are well defined. Their analytic expression is given by inequal-
ity (6.9). The solid lines constitute the border of the region where Bogoliubov
frequencies, computed assuming the macroscopic occupation of a site mode, are
well defined. Their analytical expression is given by formula (6.22). The compar-
ison with Figure 6.3 shows that the phase diagram is modified by the presence of
tunnelling processes, but it is not disrupted by them.

With reference to Figure 6.5, we remark that, along the dashed lines [repre-
senting the border between phase M and phase PL and given by formula (6.9)],
the Bogoliubov frequencies computed assuming the macroscopic occupation of a
momentum mode vanish (see Section 2.5). Conversely, along the solid lines [repre-
senting the border between phase PL and phase SM and given by formula (6.22)],
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6 – Pathway towards the formation of supermixed states in optical lattices

the Bogoliubov frequencies computed assuming the macroscopic occupation of a
site mode vanish (see Section 6.6).

6.4.1 Uniform configuration for a generic L-site potential

It is possible to analytically derive the counterpart of inequality (6.9), which
holds for L = 3, both for the dimer (L = 2) and for the tetramer (L = 4).
These inequalities, ensuing from the condition that the Hessian matrix associated
to generalized potential (6.2) and evaluated at point xj = yj = 1/L is positive
definite, respectively read

α > −
√︄(︃

1 + 2 Ta
UaNa

)︃(︃
1 + 2 Tb

UbNb

)︃
(6.10)

and
α > −

√︄(︃
1 + 4 Ta

UaNa

)︃(︃
1 + 4 Tb

UbNb

)︃
. (6.11)

It is worth mentioning that their twin-species limits (i.e. their expression when
Na → Nb, Ua → Ub and Ta → Tb) coincide with the inequalities giving the regions
of parameters’ space where Bogoliubov quasi-particle frequencies are well defined.
The latter have been derived, assuming the macroscopic occupation of a momentum
mode, for the dimer in Reference [167] and in Section 2.5, thanks to the dynamical
algebra method, for a ring lattice. In view of these results and of the rather general
formulas giving the condition for the collapse of Bogoliubov frequencies in a generic
(L ≥ 3)-site ring lattice (see Section 2.5), it is quite natural to conjecture that, for
a generic L-site potential and for Ta /= Tb, Ua /= Ub and Na /= Nb, inequality

α > −
√︄[︃

1 + CL
TaL

UaNa

]︃ [︃
1 + CL

TbL

UbNb

]︃
, (6.12)

where CL = 1−cos(2π/L), gives the region of parameters’ space where the uniform
solution xj = yj = 1/L is the least energetic one. Conversely, going out of region
(6.12), the uniform solution ceases to be a local (and also the global) minimum
of function (6.2), a circumstance which corresponds to the onset of the transition
between phase M and phase PL. Remarkably, in the limit Ta/(UaNa) → 0 and
Tb/(UbNb) → 0, inequalities (6.9), (6.10), (6.11) and (6.12) reduce to α > −1, the
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6.5 – Quantum critical indicators

condition which was shown to constitute the border between phase M and PL in
the thermodynamic limit (see Figure 6.1). In passing, one can observe that, for
L = 2, the mismatch between inequalities (6.12) and (6.10) is only apparent, in
that the former is referred to a system inherently featuring the ring geometry which
is absent in the dimer.

6.5 Quantum critical indicators

The mechanism of formation of supermixed solitons presented in Section 6.3
and 6.4 by means of a semiclassical approach capable of highlighting, in a rather
transparent way, the presence of three different phases in the plane (α, β), is fully
confirmed by genuinely quantum indicators. To develop the quantum analysis, one
has to perform the exact numerical diagonalization [216] of Hamiltonian (6.1) in
order to determine the ground state

|ψ0⟩ =
Q∑︂
n⃗, m⃗

c(n⃗, m⃗)|n⃗, m⃗⟩, (6.13)

the associated energy
E0 = ⟨ψ0|H|ψ0⟩ (6.14)

and the first excited levels
Ei = ⟨ψi|H|ψi⟩. (6.15)

Of particular importance for the current investigation are coefficients c(n⃗, m⃗) ap-
pearing in expansion (6.13) and defined as

c(n⃗, m⃗) = ⟨n⃗, m⃗|ψ0⟩ (6.16)

which will be used to introduce the quantum counterparts of indicators (6.7) and
(6.8). The diagonalization of Hamiltonian (6.1) is carried out for extended sets of
model parameters, in such a way to explore vast regions of the (α, β)-plane [recall
formulas (6.5)], also in relation with the presence of non-negligible hoppings Ta
and Tb. This analysis allows one to appreciate the dependence of some genuinely
quantum indicators on model parameters and, above all, their being critical along
the same curves of the (α, β)-plane where the semiclassical approach predicts the
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6 – Pathway towards the formation of supermixed states in optical lattices

occurrence of mixing-supermixing transitions. For the sake of clarity, we will refer
to Figure 6.6, whose rows correspond to different quantum indicators and whose
columns to different values of the hopping amplitude T := Ta = Tb. Going from
left to right, it reads

T = 0.2, 0.5, 0.8 (6.17)

respectively. In general, the same observations that we made in Section 6.4 con-
cerning the delocalizing effect of tunnelling and the impact thereof on Smix and on
Sloc, hold also within this purely quantum scenario. In particular, one can notice
that:

• All quantum indicators are continuous functions of model parameters α and
β;

• The mixed phase is supported by tunnelling processes;

• The formation of supermixed solitons occurs for large values of |α| and mod-
erate values of β.

The quantum critical indicators which have been scrutinized in relation to the
mixing-supermixing transitions are the following:

Ground-state energy. Observing indicator (6.14), regarded as a function of ef-
fective model parameters α and β, one can appreciate the presence of three different
phases (corresponding to the already discussed phase M, phase PL and phase SM).
To be more clear, function E0(α, β) is everywhere continuous in the (α, β)-plane,
but it features non analiticities, either in its first or in its second derivative, along
two specific lines of the phase diagram which, in turn, divide the latter into three
separate regions. The functional dependence of E0 in each of the three regions is
different, that means that the slope ∂E0/∂α and the concavity ∂2E0/∂α

2 exhibit
different behaviours.

This circumstance is well illustrated in the first row of Figure 6.6, where we have
plotted ∂2E0/∂α

2 (the logarithmic scale has been adopted just for graphical pur-
poses) for three different values of the hopping amplitude. The left panel, obtained
for T/Ua = 0.2, allows one to recognize two regions (in green), well separated by an
intermediate region (in red-orange) which intercalates between them. In the central
and in the right panels, which feature bigger hopping amplitudes (T/Ua = 0.5 and
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0.8 respectively), the presence of the intermediate phase (phase PL) is still evident,
although it turns out to be slightly deformed and its borders less sharp.

Entropy of mixing. In Section 6.3, we employed indicator (6.7), (already intro-
duced in Section 4.3), and discussed its ability to quantify the degree of mixing of a
semiclassical configuration (x⃗, y⃗). Its quantum mechanical version has already been
introduced in Section 4.3.2 [see formula (4.7)]. We recall that it is constructed as
follows: after determining the complete decomposition (6.13) of the system’s ground
state |ψ0⟩ and, in particular, the full list of coefficients (6.16) [the cardinality of
this set being given by formula (6.3)], one can evaluate the entropy of mixing of
|ψ0⟩ by defining

S̃mix :=
Q∑︂
n⃗,m⃗

|c(n⃗, m⃗)|2Smix(n⃗, m⃗), (6.18)

where Smix(n⃗, m⃗) is the entropy of mixing of the state (n⃗, m⃗) of the Fock basis,
computed by means of formula (6.7) (with the obvious identifications xj = nj/Na

and yj = mj/Nb).
The indicator thus obtained is illustrated, as a function of model parameters α

and β, in the second row of Figure 6.6 for the three choices (6.17). Especially for
small hoppings, one can observe the presence of an intermediate phase (phase PL)
which stands in between phase SM and phase M. Increasing the tunnelling, the
inter-phase borders tend to get less sharp and the distinction between the phases
gets decreasingly evident. Interestingly, the results given by quantum indicator
(6.18), whose employment requires the knowledge of the full list of coefficients
(6.16), are in very good agreement with those ones obtained within the CVP (com-
pare the panels in the first row of Figure 6.5 with the corresponding ones in the
the second row of Figure 6.6, obtained for the same model parameters).

Entropy of location. With a similar reasoning, one can define the quantum
counterpart of classical indicator (6.8), i.e.

S̃loc :=
Q∑︂
n⃗,m⃗

|c(n⃗, m⃗)|2Sloc(n⃗, m⃗), (6.19)

where coefficients c(n⃗, m⃗) are given by formula (6.16) and Sloc(n⃗, m⃗) is the entropy
of location associated to the state (n⃗, m⃗) of the Fock basis and computed by means
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of formula (6.8) (with the obvious identifications xj = nj/Na and yj = mj/Nb).
The behaviour of indicator S̃loc in the (α, β)-plane is illustrated in the third row of
Figure 6.6. In the three panels corresponding to values (6.17), similar to the case
of S̃mix, it is possible to identify phase M (in red), phase SM (in blue), and the
intermediate one (where S̃loc varies between ≈ 0 and ≈ logL = log 3).

Its remarkable specificity and sensitivity, together with the non-small extent of
its range, make this indicator particularly suitable for the detection of soliton-like
configurations. It is worth mentioning that the results obtained within a purely
quantum treatment [i.e. numerically diagonalize Hamiltonian (6.1), obtain coeffi-
cients (6.16) and plug them into formula (6.19)] well match those obtained within
the semiclassical CVP approach (compare the panels in the second row of Figure
6.5 with the corresponding ones in the third row of Figure 6.6, which share the
same model parameters).

Entropy of Entanglement (EE). The degree of quantum correlation between
two partitions of its can effectively mirror the structure of a given ground state
|ψ0⟩, which, in turn, can radically change upon variation of model parameters. The
validity of the EE as a critical indicator has been illustrated in Chapter 3 for a
binary mixture in a two-well potential (and for different partition schemes) and in
Section 4.5.3 for a symmetric binary mixture in a three-well potential. Among vari-
ous possibilities, we have focused on the entropy of entanglement between species a
and species b. As a consequence, the entanglement between the two atomic species
is given by

EE = −Tra(ρ̂a log2 ρ̂a), (6.20)

an expression corresponding to the Von Neumann entropy of the reduced density
matrix

ρ̂a = Trb (ρ̂0) . (6.21)

The latter can be obtained, in turn, by tracing out the degrees of freedom of species
b from the ground state’s density matrix ρ̂0 = |ψ0⟩⟨ψ0|. The fourth row of Figure
6.6 illustrates indicator EE as a function of α and β for the three values (6.17).

One can notice that, when α → 0, then EE → 0 since in this limit the two
species do not interact. Increasing |α|, EE features a sharp peak exactly where the
transition between phase M and phase PL takes place, a circumstance which has
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been already noticed in relation to mixing-demixing transitions (see Figure 4.16).
Further increasing |α|, a plateau is reached, wherein the EE stabilizes to the limit-
ing value of logL = log2 3 ≈ 1.59. The argument of the logarithm (which is set to
L = 3 in the example shown in Figure 6.6), corresponds to the number of semiclassi-
cal configurations minimizing potential (6.4) and which are quantum-mechanically
reabsorbed in the formation of a unique non-degenerate ground state. In other
words, the L-fold degeneracy of the semiclassical configuration corresponding to
the presence of a supermixed soliton in one of the L wells is lifted by the presence
of tunnelling, which therefore determines the formation of a L-faced Schrödinger
cat.

Energy spectrum. The computation of the first excited energy levels of the sys-
tem [see formula (6.15)] as a function of control parameter α can give an additional
physical insight and a further confirmation of the presence of three qualitatively
different phases. Figure 6.7 illustrates the energy fingerprint of a L = 3 system, for
β = 0.6 and the usual values (6.17). With reference to the left panel, the one fea-
turing the smallest value of T/Ua, it is possible to distinguish three different regions
wherein the energy-levels arrangement is qualitatively different. For small values
of |α|, the levels can be shown to well match Bogoliubov quasi-particles frequencies
(2.18)-(2.19) which were, in turn, derived in Section 2.5 assuming the macroscopic
occupation of momentum mode k = 0. At α ≈ −1 all these levels collapse, thus
signing the end of phase M and, further increasing |α| they manifestly rearrange
(it is worth mentioning that, for α < −1 some excited levels seem to coincide with
the lowest one, but, actually, this overlap is just apparent and merely due to the
scale used for the vertical axis). Further increasing |α| down to α ≈ −1.7, another
qualitative change of the energy levels’ structure is met, which constitutes the bor-
der between phase PL and phase SM. At such value of α, in fact, the energy levels,
although they do not collapse, assume a distinctly-linear functional dependence on
α, a circumstance which will be mathematically justified in the next Section. The
presence of three regions where the energy fingerprint is qualitatively different can
be noticed also in the central and in the right panel of Figure 6.7, although the
critical behaviours (namely the spectral collapse and the onset of the linear ramp)
are smoothed down by the delocalizing effect of tunnelling. In this regard, one
can observe that tunnelling is responsible also for the leftward translation of the
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collapse point [see formula (6.9) and the discussion thereof].

Figure 6.6: Each row illustrates the behaviour of a genuinely quantum indicator as a
function of model parameters α and β. Each column corresponds to a different value
of the ratio T/Ua, where T := Ta = Tb (from left to right, T/Ua = 0.2, 0.5, 0.8). First
row: second derivative of the ground-state energy E0 (see formula 6.14) with respect
to α. The logarithmic scale is used in order to better visualize the presence of three
qualitatively different regions. Second row: quantum version of the entropy of mixing,
S̃mix (see formula 6.18). Third row: quantum version of the entropy of location S̃loc
(see formula 6.19). Fourth row: entanglement between the two condensed species, EE
[see formula (6.20)]. Model parameters L = 3, Na = Nb = 15, Ua = 1, Ub ∈ [0,1] and
W ∈ [−3,0] have been used.

6.6 Analytical approach to the energy spectrum

In this Section, we derive, by means of a modified version of the Bogoliubov
approximation scheme (see Chapter 2), the analytical expression of quasiparticles’
frequencies of a L = 3-system when its ground state exhibits a supermixed soliton-
like structure (namely, when it belongs to phase SM). In this circumstance, in fact,
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Figure 6.7: First 8 excited energy levels, obtained by means of an exact numerical
diagonalization of Hamiltonian (6.1), for a L = 3-system and for T := Ta = Tb =
0.2, 0.5, 0.8 in the left, central and right panel, respectively. Model parameters
Na = Nb = 15, Ua = 1, Ub = 0.36 and W ∈ [−1.8,0] have been chosen.

one can recognize that there are two site modes, a1, b1, that are macroscopically
occupied (contrarily to the assumptions made in Chapter 2, where the momentum
mode k = 0 was the one macroscopically occupied), namely n1 ≈ Na−n2−n3 and
m1 ≈ Nb −m2 −m3 while the microscopically occupied ones are a2, a3, b2 and b3.
With these substitutions in mind, one can derive H(2), the quadratic approximation
of the original Hamiltonian (6.1), which reads

H(2) ≈ −Ta(a†
3a2 + a†

2a3)− (UaNa +NbW )(n2 + n3)

−Tb(b†
3b2 + b†

2b3)− (UbNb +NaW )(m2 +m3).

Notice that we have neglected not only higher-order terms but also linear terms,
since the latter contribute just to the ground-state energy but do not affect the
characteristic frequencies and, in general, they can be removed by a suitable unitary
transformation.

Recognizing that terms

J+ = a2a
†
3, J− = a†

2a3, J3 = 1
2(n3 − n2)

constitute the two-boson realization of algebra su(2), one can easily diagonalize
H(2) enacting the unitary transformation Uφ = e

φ
2 (J+−J−) which gives

Uφ(J+ + J−)U †
φ = 2J3 sinφ+ (J+ + J−) cosφ.

135



6 – Pathway towards the formation of supermixed states in optical lattices

Treating in the same way terms bj’s, it is straightforward to derive diagonal Hamil-
tonian

HD = n2(Ta − UaNa −NbW ) + n3(−Ta − UaNa −NbW )

+m2(Tb − UbNb −NaW ) +m3(−Tb − UbNb −NaW ),

an expression where the coefficients of number operators constitute the Bogoliubov
quasiparticles’ frequencies, namely HD = ω2n2+ω3n3+Ω2m2+Ω3m3. As illustrated
in Figure 6.8, the agreement between the spectrum envisaged by this approximation
scheme and the exact one, obtained numerically, is good, not only qualitatively
(same linear behaviour) but also quantitatively (< 10% of difference if |α| is large
enough). This agreement rapidly improves as soon as the numbers of particles Na

and Nb increase.
Interestingly, the simultaneous validity of conditions

ω2 > 0, ω3 > 0, Ω2 > 0, Ω3 > 0 (6.22)

gives the region of parameters’ space where Hamiltonian HD is lower bounded, i.e.
the region where the supermixed soliton-like configuration is estimated to be stable.
The border of this region corresponds to the solid lines present in Figure 6.5 which,
in turn, stand where indicators Smix and Sloc illustrated therein feature criticalities.

In conclusion, we remark that the approximation scheme developed in this Sec-
tion is based on the assumption of macroscopic occupation of site modes (one for
each component) and that it is able to estimate the energy spectrum for large values
of |α|, i.e. in phase SM. This scheme is therefore fundamentally different from the
one developed in Chapter 2 and linked to condition (6.9), since the latter was based
on the assumption of macroscopic occupation of momentum mode k = 0 and was
therefore intended to approximate the energy spectrum for small values of |α| (a
circumstance corresponding, in turn, to uniform boson configuration, i.e. to phase
M).
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Figure 6.8: Red lines: first excited levels of the exact spectrum obtained by means of
numerical diagonalization of Hamiltonian (6.1). Blue lines: Bogoliubov character-
istic frequencies present in diagonal Hamiltonian HD. The following model param-
eters have been chosen: L = 3, Ta = Tb = 0.2, Ua = 1, Ub = 0.36, Na = Nb = 15,
W ∈ [−1.8, 0].

6.7 Conclusions

In this Chapter, we have investigated the mechanism of soliton formation in
bosonic binary mixtures loaded in ring-lattice potentials. Our analysis has ev-
idenced that all these systems, irrespective of the number sites, share a common
mixing-demixing phase diagram. The latter is spanned by two effective parameters,
α and β, the first one representing the ratio between the interspecies attraction and
the (geometric average of) the intraspecies repulsions, the second one accounting for
the degree of asymmetry between the species. Such phase diagram includes three
different regions, differing in the degree of mixing and localization. The first phase,
occurring for sufficiently small |α|, is the mixed one (phase M) and it is such that
the atomic species are perfectly mixed and uniformly distributed among the wells.
The second phase (phase PL) occurs for moderate values of |α| and sufficiently
asymmetric species. It includes the seed of localized soliton-like states, although
the latter are not developed in a full way. Eventually, the third phase (phase SM),
occurring for sufficiently large values of |α|, corresponds to states such that both
atomic species clot in the same unique well, hence the name supermixed solitons.

After introducing the quantum model and its representation in the CVP, in Sec-
tion 6.3, the mixing-supermixing transitions are derived within such semiclassical
approximation scheme which transparently shows the emergence of a bi-dimensional
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phase diagram. The three phases therein not only feature specific functional depen-
dences of the ground-state energy on model parameters, but also are characterized
in terms of two critical indicators imported from Statistical Thermodynamics, the
entropy of mixing and the entropy of location.

Section 6.4 is devoted to the analysis when the ratio T/(UN) is small but non-
zero, i.e. how the phase diagram changes and gets blurred if one walks away from
the thermodynamic limit (in the sense specified within the statistical mechanical
approach developed in [175, 239]). The delocalizing effect of tunneling is shown to
favor the mixed phase and to hinder the formation of solitons but not to upset the
presented phase diagram. Quantum indicators are presented in Section 6.5, whose
critical behaviour along certain lines of the phase diagram (α, β) corroborates the
scenario that emerged from the semiclassical treatment of the problem.

In conclusion, we note that the methodology on which our analysis relies, to-
gether with the classical and quantum indicators used to detect critical phenomena,
can be easily applied to systems with more complex lattice topologies, interactions
and tunnelling processes [193, 241–243]. In view of this, and considering the in-
creasing interest for multicomponent condensates [244–247], our future work will
aim to extend the presented analysis to the soliton formation’s mechanism in com-
plex lattices and in presence of multiple condensed species.
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Chapter 7

A remark on some
experimental aspects

7.1 Introduction

Although this Thesis mainly focuses on various theoretical aspects of bosonic
binary mixtures trapped in ring-lattice and in few-site potentials, in this Chapter1,
we would like to make some remarks on the experimental feasibility of the systems
investigated in the previous sections. At first, we present an experimental pro-
posal devised in collaboration with the Institute of Quantum Optics of Hannover
University which, although specifically focused on the observability of the mixing-
demixing transitions investigated in Chapter 4 in the case of a three-well potential,
can be extended, with the due care, to the case of the two-well potential examined
in Chapter 3. Then, we broaden our discussion to the case of many lattice sites and
review some published experiments where the ring geometry was indeed produced,
a circumstance which offers a viable pathway towards the realization of the models
treated in Chapters 2 and 6. Further details concerning Bose-Bose mixtures can be
found in Chapter 1, more specifically in Section 1.1.2.

1Note to the reader: part of the content of this Chapter has been published in [176].
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7.2 A proposal to realize the ring-trimer system

We present an experimental proposal devised in collaboration with the Institute
of Quantum Optics of Hannover University. This proposal (see Reference [176]) is
based on a realistic optical-tweezers system and on a mixture of bosonic 23Na and
39K atoms, two condensed species that, thanks to the remarkable tunability of their
intra- and inter-species scattering lengths, offer the possibility to explore a number
of different regimes. Such a tunability is made possible by magnetic Feshbach
resonances [52], although one cannot trim intra- and inter-species scattering lengths
in an independent way.

One should recall that, nowadays, many bosonic binary mixtures can be doubly
Bose-condensed (see Section 1.1.2), but some of them have extremely large back-
ground scattering lengths [248], very narrow resonances far beyond experimental
magnetic field stability [248], overlapping resonances [51], and promising broad
inter-species resonances where, however, the inter-species scattering length is ex-
cessively large or has the wrong sign [79]. Conversely, the mixture |f = 1,mf =
−1⟩Na + |f = 1,mf = −1⟩K (where f is the atomic total angular momentum and
mf is its projection on the quantization axis), which has been recently doubly Bose-
condensed, exhibits a favorable window of magnetic field (from 90 to 150 G) where
the combination of two intra- and one inter-species resonances allows for a smooth
tuning of the scattering lengths [51] (see Figure 7.1). Additionally, in this range
of magnetic field, three-body losses [249] are limited thanks to the small value of
aNa,K. In our case, varying the magnetic field corresponds to tune ga, gb and gab,
and therefore to walk along a line in the phase diagram illustrated in Figure 4.9.
As already explained, this diagram is spanned by effective variables α and β which,
in turn, are suitable functions of the mean-field parameters (i.e. α = gab/

√
gagb

and β = Nb/Na

√︂
gb/ga, see also Section 4.4.1 for further details). In the region

of interest for our investigation, the scattering lengths of sodium and potassium
are almost constant and the corresponding lines in the (α, β)-plane will be almost
horizontal. Of course their position in the phase diagram, i.e. their β-coordinate
can be easily tuned via the atom-number ratio Nb/Na.

Recent developments in single-site resolution detection of single atoms and the
realization of diffraction limited potentials have pushed forward the capabilities of
handling few atoms in tweezers systems [250]. The trimer potential consists (see
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Figure 7.1: Intra- and inter-species scattering lengths for |f = 1,mf = −1⟩23Na +
|f = 1,mf = −1⟩39K mixture given in the Bohr radii a0. Yellow dashed, red dotted
and blue continuous line refer to sodium aNa, potassium aK and sodium-potassium
aNa,K scattering lengths. Labels refer to points considered in Section 4.4. Note the
approximately constant intra-species scattering lengths and the inter-species aNa,K
varying from < aK to > aNa.

Figure 4.7) of three Gaussian traps whose centers correspond to the vertexes of an
equilateral triangle with edge d. The realization of such a potential is based on the
projection of three dipole-trap beams from the vertical direction of our experimental
apparatus which features a large numerical aperture objective with demonstrated
high resolution capability [251]. Being the wavelength 1064 nm, we consider realistic
values for the width of the three beams (σ = 1,00µm ) and for the distance of their
centers, d = 2µm. For simplicity, we consider monochromatic tweezers, despite
the large difference between sodium and potassium trap frequencies resulting from
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7 – A remark on some experimental aspects

the different atomic polarizability. A bichromatic sheet of light on the horizontal
direction or a time-averaged light potential provide confinement in the vertical
direction and compensate for the presence of a gravitational sag.

Experimental sequence. To strengthen the feasibility of our proposal, we con-
sider also a possible experimental sequence and problems related to the limited
lifetime of the sample because of three-body losses.

The starting point of the experimental sequence will be the creation of the
degenerate samples in a cross dipole trap [51] at a magnetic field of about 154 G and
the following ramp of the magnetic field to the zero of the inter-species scattering
length at 117 G. This allows one to maximize the lifetime of the sample against
three-body losses. The mixture can be adiabatically loaded into the trimer potential
by rising the intensity of the tweezers and decreasing the intensity of the crossed
dipole trap. A ramp of the magnetic-field strength to the target value follows, and
the system is let mix/demix. After a fast ramp up of the tweezers intensity to stop
hopping between the wells, the tweezers will be separated and the atom number
of each species in the three wells will be detected with absorption imaging after a
short time of flight. We expect that, at each single realization, the system will lie in
one of the possible permutations of the typical boson distributions. Post analysis is
carried on by plugging the measured occupation numbers into Equation (4.5), thus
obtaining the entropy of mixing associated to the probed state. Mixing/demixing
will be thus pointed out depending on the applied magnetic field.

Eventually, one should notice that, once the interaction parameters have been
set, the miscibility properties of the mixture do not depend on the absolute number
of atoms but just on their ratio, through the effective variable β = Nb/Na

√︂
gb/ga.

On the other hand, and in view of an experimental realization, the numbers of
atoms do play a crucial role, as they appear with the third power in the formula for
three-body recombination [13], from which one can extract the expected lifetime of
the mixture in the tweezers’ wells. The model parameters employed in Section 4.4.1
and, specifically, the numbers of atoms present in the system, were chosen in such
a way that the lifetime exceeds the smallest of the two hopping times (< 20 ms)
of an order of magnitude. In particular, we have computed three-body densities
from Gross-Pitaevskii simulations (see Figure 4.8) and assumed three-body loss-rate
coefficients to be of the order of 10−41 m6/s, a value taken from the experimental
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7.2 – A proposal to realize the ring-trimer system

measurements performed in the Hannover setup and compatible with literature
values [13].

The optical potential. Acousto-optical modulators will generate the three beams
and particular attention will be devoted to the calibration of the three wells in order
to verify their being identical. To this end, the use of modern digital mirror devices
can be useful to compensate for possible aberrations and defects in the potentials,
as already shown in other experiments [252].

We consider, also, the possibility to realize three-well potentials by means of tri-
angular optical lattices. In this case, nevertheless, the tighter confinement suggests
that a much smaller number of atoms per site must be considered. Species-specific
trap frequencies are considered in the calculations as well as the different hopping
rates coming from the different heights of the inter-well barriers. These correspond
to ωa ≈ 2π × 5600 Hz, ωb ≈ 2π × 6900 Hz. The depth of the wells is chosen to
allow the hopping times {1/Ta, 1/ Tb} to be smaller than 20 ms for both species;
estimated hopping rate are evaluated by calculating overlap integrals and one has
{Ta, Tb} ≈ 2π × {1000,50} Hz. Excessively large hopping rates would smooth out
the phases discussed in Section 4.3, while too small ones will not allow the sys-
tem to mix/demix in a time shorter than the mixture lifetime. Real hopping rates
will be experimentally determined to overcome limitations coming from the simple
overlap-integral approximation.

Experimental stability. One needs a remarkable experimental stability of the
three quantities involved in the mixing-demixing process. These are the atom
number (preparation and detection), the trimer potential depth and the magnetic
field strength. The accuracy of the latter is below 30 mG in the Hannover setup [253]
and therefore allows a smooth tuning of the scattering lengths, up to a precision
well within the resolution requested to observe the phase transition shown in Figure
4.9. The optical-potential stability can be assured by advanced feedback techniques
[254] while the stability of the atom number by real-time analysis [255].
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7.3 Ring lattices

Ring-lattice potentials featuring a relatively high number of sites are within the
reach of current experimental apparatuses [256–261]. Among the rest, this kind of
confining potentials has played a central role in the emerging field of “Atomtron-
ics” [262–266], a term which encompasses a broad range of topics featuring guided
atomic matter waves [256, 267] and which focuses on the design of atomic sys-
tems that emulate standard solid-state devices, such as transistors [264] and qubits
[258]. These atomic equivalents of standard semiconductor devices, in fact, often
feature the ring-lattice geometry [188, 239, 243, 268–274], or its natural extension
to ring-ladder [177, 275–277] systems.

In Reference [258], the authors reported on the creation of such an optical poten-
tial by means of a liquid crystal on silicon spatial light modulator, a device which
allows one to controllably imprint a phase onto a well-collimated laser beam. The
latter, generated by a diode-pumped solid state laser, has a wavelength of 532 nm.
The spatial light modulator plays the role of a programmable phase array and,
locally modulating the phase of the impinging laser beam, allows one to create
arbitrary 2D optical potentials. The light which is diffracted from the computer-
generated phase hologram thus gives place to the desired intensity pattern, exactly
in the focal plane of an optical apparatus. The obtained ring-lattice potential,
including up to 20 lattice sites, can be easily rescaled by means of a suitable micro-
scope objective and the final ring radius can range from 90 µm to 5–10 µm. The
laser power which comes into play is of the order of 50 mW and, interestingly, the
height of the potential barriers between the wells can be tuned in a very precise
way and also in a dynamical manner [258].

7.4 Conclusions

In this Chapter, we have commented on the experimental feasibility of some
physical systems and phenomena discussed, from a theoretical viewpoint, in the
previous chapters of this Thesis. In Section 7.2, by describing the experimental
proposal that the group I belong to has developed in collaboration with the Insti-
tute of Quantum Optics of Hannover University, we have shown that the mixing-
demixing quantum phase transitions predicted in Chapter 4 (see also the relevant
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phase diagram of Figure 4.1) are indeed observable. In this regard, a Bose-Bose
mixture of 23Na and 39K atoms featuring tunable intra- and interspecies interac-
tions has been described, together with an array of optical tweezers realizing the
tree-well potential, the experimental protocol to prepare, manipulate and probe the
mixture, and other details concerning the stability and the robustness of the dis-
cussed phenomenology against three-body losses. In Section 7.3, we have extended
our discussion to ring lattices including more than three sites and summarized the
recent work of the Singapore group, which has reported on the creation of annular,
fragmented, optical potentials by means of a rather complex apparatus based on a
spatial light modulator. This circumstance should strengthen the interest towards
the systems and the phenomenology discussed in Chapters 2 and 6.
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Appendix A

Algebraic diagonalization

Let us consider Hamiltonian (2.5)

Ĥk = 2γk(A3 +B3) + u(A+ + A− +B+ +B−) + uab(K+ +K− + S+ + S−)

obtained in Section 2.2 within the Bogoliubov approximation scheme. For simplic-
ity, in the following, we will omit the index k. It is convenient to consider Ĥ as a
vector of a 10-dimensional vector space (recall that the dimension of the dynamical
algebra so(2,3) which Ĥ belongs to is 10 and see Figure 2.1 for a pictorial repre-
sentation). By making use of the well-known Baker–Campbell–Hausdorff formula,
one can prove that for any two operator x̂, ŷ, it holds that

ex̂ ŷ e−x̂ =
+∞∑︂
k=0

1
k! [x̂, ŷ]k.

Our purpose, here, is to employ suitable unitary transformations in order to diag-
onalize Ĥ. In this regard, recall that only operators A3 and B3 are diagonal in the
Fock-state basis (see formulas 2.4). In general, if A is a Lie algebra and G = exp[iA]
is the associated group, one can verify that

∀ a ∈ A, ∀ g ∈ G ⇒ g a g† = a′ ∈ A,

an expression meaning that an element of the group associated to a certain algebra
generates an endomorphism of the algebra itself. In the following, the unitary
transformations employed to diagonalize Ĥ, i.e. to reduce the latter to a linear
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combination of operators A3 and B3, will be frequently called “rotations”, in view
of the geometric structure that can be associated to the algebra (see Figure 2.1
for a pictorial representation). In the following we will prove that the unitary
transformation (2.6), whose explicit expression is

U = e
φ
2 (S−−S+)e

θa
2 (A−−A+)e

θb
2 (B−−B+)

(where the index k has been dropped for simplicity) can indeed diagonalize Ĥ upon
properly choosing angles φ, θa and θb.

Let us start to rotate Ĥ around S2 = S+−S−
2i :

eiφS2Ĥe−iφS2 = e
φ
2 (S+−S−)Ĥe− φ

2 (S+−S−)

Here we compute the various parts:

e
φ
2 (S+−S−) A3 e

− φ
2 (S+−S−) = A3 +

(︃cosφ− 1
2

)︃
S3 −

1
4 sinφ(S+ + S−)

e
φ
2 (S+−S−) B3 e

− φ
2 (S+−S−) = B3 +

(︃1− cosφ
2

)︃
S3 + 1

4 sinφ(S+ + S−)

e
φ
2 (S+−S−) (A+ + A−) e− φ

2 (S+−S−) =

=
(︃1 + cosφ

2

)︃
(A+ + A−) +

(︃1− cosφ
2

)︃
(B+ +B−)− 1

2 sinφ(K+ +K−)

e
φ
2 (S+−S−) (B+ +B−) e− φ

2 (S+−S−) =

=
(︃1− cosφ

2

)︃
(A+ + A−) +

(︃1 + cosφ
2

)︃
(B+ +B−) + 1

2 sinφ(K+ +K−)

e
φ
2 (S+−S−) (S+ + S−) e− φ

2 (S+−S−) = 2 sinφS3 + cosφ(S+ + S−)

e
φ
2 (S+−S−) (K+ +K−) e− φ

2 (S+−S−) =

= sinφ(A+ + A−)− sinφ(B+ +B−) + cosφ(K+ +K−)

After putting together the various terms, one obtains that:

eiφS2Ĥe−iφS2 = 2γ (A3 +B3) + u (A+ + A− +B+ +B−) +

+uab
[︂
2 sinφS3+cosφ(S++S−)+sinφ(A++A−)−sinφ(B++B−)+cosφ(K++K−)

]︂
148



A – Algebraic diagonalization

One thus discovers that it is possible to get rid of non-diagonal terms (S+ + S−)
and (K+ +K−) by choosing φ = π

2 . With such a substitution Hamiltonian turns:

Ĥ ′ = eiφS2Ĥe−iφS2 =

= 2γ (A3 +B3)+u (A+ + A− +B+ +B−)+uab
[︂
2(A3−B3)+(A++A−)−(B++B−)

]︂
Collecting similar terms:

Ĥ ′ = A3(2γ + 2uab) +B3(2γ − 2uab) + (A+ + A−)(u+ uab) + (B+ +B−)(u− uab)

At this point, we can further rotate Ĥ ′ around A2 := A+−A−
2i :

Ĥ ′′ = e
θa
2 (A+−A−)Ĥ ′e− θa

2 (A+−A−)

The various addends transform as follows:

e
θa
2 (A+−A−)A3e

− θa
2 (A+−A−) = cosh θaA3 −

1
2 sinh θa(A+ + A−)

e
θa
2 (A+−A−)B3e

− θa
2 (A+−A−) = B3

e
θa
2 (A+−A−) (A+ + A−) e− θa

2 (A+−A−) = −2 sinh θaA3 + cosh θa (A+ + A−)

e
θa
2 (A+−A−)(B+ +B−)e− θa

2 (A+−A−) = (B+ +B−)

Putting together the transformed addends, one obtains

Ĥ ′′ = A3
[︂
cosh θa(2γ + 2uab)− 2 sinh θa(u+ uab)

]︂
+

+(A+ + A−)
[︂
− sinh θa(γ + uab) + cosh θa(u+ uab)

]︂
+

+B3(2γ − 2uab) + (B+ +B−)(u− uab)

Non-diagonal term (A+ + A−) cancels if one chooses

θa = arctanh
(︄
u+ uab
γ + uab

)︄
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Hamiltonian Ĥ ′′ thus reduces to:

Ĥ ′′ = 2A3

√︂
(γ − u)(γ + u+ 2uab) +B3(2γ − 2uab) + (B+ +B−)(u− uab)

Eventually we rotate Ĥ ′′ around B2 = B+−B−
2i :

Ĥd = e
θb
2 (B+−B−)Ĥ ′′e− θb

2 (B+−B−)

The addends transform as follows:

e
θb
2 (B+−B−)A3e

− θb
2 (B+−B−) = A3

e
θb
2 (B+−B−)B3e

− θb
2 (B+−B−) = cosh θbB3 −

1
2 sinh θb(B+ +B−)

e
θb
2 (B+−B−)(B+ +B−)e− θb

2 (B+−B−) = −2 sinh θbB3 + cosh θb(B+ +B−)

Putting the transformed addends together, one obtains that

Ĥd = 2A3

√︂
(γ − u)(γ + u+ 2uab)+

+B3
[︂
cosh θb(2γ − 2uab)− 2 sinh θb(u− uab)

]︂
+

+(B+ +B−)
[︂
− sinh θb(γ − uab) + cosh θb(u− uab)

]︂
Non-diagonal term (B+ +B−) cancels upon setting:

θb = arctanh
(︄
u− uab
γ − uab

)︄

Eventually, the diagonal Hamiltonian reads:

Ĥd = 2A3

√︂
(γ − u)(γ + u+ 2uab) + 2B3

√︂
(γ − u)(γ + u− 2uab)
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Appendix B

The continuous variable
picture

An effective study of the ground state configuration of multimode Bose-Hubbard
Hamiltonians can be carried out by reformulating single-site boson populations Nj

and Mj in terms of continuous variables xj = Nj/N and yj = Mj/M [167, 175,
208, 210, 278]. This approximation, valid if the numbers of bosons N = ∑︁

j=1 Nj

and M = ∑︁
j=1 Mj are large enough, allows one to associate a certain Fock state

|N⃗, M⃗⟩ = |N1, . . . , NL,M1, . . . ,ML⟩ to state |x⃗, y⃗⟩ = |x1, . . . , xL, y1, . . . , yL⟩, i.e. to
identify integer quantum numbers Nj, Mj ∈ N with real numbers xj, yj ∈ [0,1]. In
this perspective, creation and annihilation processes Nj → Nj ± 1 (Mj →Mj ± 1)
correspond to small variations xj → xj±ϵa (yj → yj±ϵb), where ϵa = 1/N ≪ 1 (ϵb =
1/M ≪ 1). This scheme leads to a new effective Hamiltonian written in terms of
coordinates xj, yj and of their generalized conjugate momenta [175]. Interestingly,
through study of the associated effective potential, one can obtain valuable info
concerning the ground-state structure and shine light on the occurrence of mixing-
demixing (or localization-delocalization) transitions.

In this Appendix1, we illustrate this versatile approximation scheme in depth.

1Note to the reader: part of the content of this Appendix has been published in [206, 238].
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Setting the stage: the Bose-Hubbard Hamiltonian. Let us start from the
Bose-Hubbard Hamiltonian corresponding to a two-species mixture on a trimer.

H = −Ta(A†
2A1 + A†

1A2 + A†
3A2 + A†

2A3 + A†
1A3 + A1A

†
3)+

+Ua2
(︂
A†

1A
†
1A1A1 + A†

2A
†
2A2A2 + A†

3A
†
3A3A3

)︂
−

−Tb(B†
2B1 +B†

1B2 +B†
3B2 +B†

2B3 +B†
1B3 +B1B

†
3)+

+Ub2
(︂
B†

1B
†
1B1B1 +B†

2B
†
2B2B2 +B†

3B
†
3B3B3

)︂
+

+Uab(N1M1 +N2M2 +N3M3)

One should take into account the following two constraints, one for each bosonic
species:

N1 +N2 +N3 = N

M1 +M2 +M3 = M

The most general state of such a system is a superposition of Fock states:

|ψ⟩ =
∑︂
N1

∑︂
N2

∗∑︂
N3

∑︂
M1

∑︂
M2

∗∑︂
M3

C(N1, N2, N3,M1,M2,M3) |N1, N2, N3,M1,M2,M3⟩

where symbol ∗ on the summations reminds that one has to respect the two con-
straints. For simplicity, in the following, we will adopt the convention

N⃗ := (N1, N2, N3), M⃗ := (M1, M2, M3)

Revisiting the eigenvalue problem. The eigenvalue equation which gives sta-
tionary solutions is:

H|ψ⟩ = E|ψ⟩

Substituting the general expression of |ψ⟩ one obtains a system of coupled algebraic
equations for the various C’s. For example, recalling that, in general

a†|n⟩ =
√
n+ 1|n+ 1⟩

a|n⟩ =
√
n|n− 1⟩
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one has that
H|N⃗, M⃗⟩ = H|N1, N2, N3,M1,M2,M3⟩ =

= −Ta
[︄√︂

(N2 + 1)N1|N1 − 1, N2 + 1, N3,M1,M2,M3⟩+

+ · · ·+

+
√︂

(N3 + 1)N1|N1 − 1, N2, N3 + 1,M1,M2,M3⟩
]︄
+

−Tb
[︄√︂

(M2 + 1)M1|N1, N2, N3,M1 − 1,M2 + 1,M3⟩+

+ · · ·+

+
√︂

(M3 + 1)M1|N1, N2, N3,M1 − 1,M2,M3 + 1⟩
]︄
+

+Ua2

3∑︂
j=1

Nj(Nj − 1)|N⃗, M⃗⟩+ Ub
2

3∑︂
j=1

Mj(Mj − 1)|N⃗, M⃗⟩+

+Uab
3∑︂
j=1

NjMj|N⃗, M⃗⟩

At this point one must remember that there is a multiple summation and that the
target is to collect all the coefficients of ket-state |N⃗, M⃗⟩ = |N1, N2, N3,M1,M2,M3⟩.
To this purpose, let us notice that while on-site repulsion terms Ua, Ub and Uab do
not modify the state (because they are diagonal in the Fock-states basis), tun-
nelling terms modify the ket-state. So one has to proceed the other way around:
looking for all Fock states that, after the action of tunnelling term, become equal
to |N⃗, M⃗⟩:

A†
2A1|N1 + 1, N2 − 1, N3,M1,M2,M3⟩ =

√︂
(N1 + 1)N2|N⃗, M⃗⟩

. . .

A†
3A1|N1 + 1, N2, N3 − 1,M1,M2,M3⟩ =

√︂
(N1 + 1)N3|N⃗, M⃗⟩

and the same reasoning also holds for the tunnelling of the second bosonic species:

B†
2B1|N1, N2, N3,M1 + 1,M2 − 1,M3⟩ =

√︂
(M1 + 1)M2|N⃗, M⃗⟩
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. . .

B†
3B1|N1, N2, N3,M1 + 1,M2,M3 − 1⟩ =

√︂
(M1 + 1)M3|N⃗, M⃗⟩

In conclusion, one can say that the eigenvalue equation H|ψ⟩ = E|ψ⟩ turns into a
system of many algebraic equations, one for each ket vector |N⃗, M⃗⟩. Notice that
the original equation can be split in a system of equations because the various ket
vectors, being Fock-states, are orthogonal, and so the equation must be satisfied for
each vector. In conclusion, the equation that holds for the coefficients of |N⃗, M⃗⟩
is:

−Ta
[︄√︂

(N1 + 1)N2 C(N1 + 1, N2 − 1, N3,M1,M2,M3)+

+
√︂

(N2 + 1)N1 C(N1 − 1, N2 + 1, N3,M1,M2,M3)+

+
√︂

(N2 + 1)N3 C(N1, N2 + 1, N3 − 1,M1,M2,M3)+

+
√︂

(N3 + 1)N2 C(N1, N2 − 1, N3 + 1,M1,M2,M3)+

+
√︂

(N3 + 1)N1 C(N1 − 1, N2, N3 + 1,M1,M2,M3)+

+
√︂

(N1 + 1)N3 C(N1 + 1, N2, N3 − 1,M1,M2,M3)
]︄
−

−Tb
[︄√︂

(M1 + 1)M2 C(N1, N2, N3,M1 + 1,M2 − 1,M3)+

+
√︂

(M2 + 1)M1 C(N1, N2, N3,M1 − 1,M2 + 1,M3)+

+
√︂

(M2 + 1)M3 C(N1, N2, N3,M1,M2 + 1,M3 − 1)+

+
√︂

(M3 + 1)M2 C(N1, N2, N3,M1,M2 − 1,M3 + 1)+

+
√︂

(M3 + 1)M1 C(N1, N2, N3,M1 − 1,M2,M3 + 1)+

+
√︂

(M1 + 1)M3 C(N1, N2, N3,M1 + 1,M2,M3 − 1)
]︄
+

+Ua2

3∑︂
j=1

Nj(Nj − 1)C(N⃗, M⃗) + Ub
2

3∑︂
j=1

Mj(Mj − 1)C(N⃗, M⃗)+
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+Uab
3∑︂
j=1

NjMjC(N⃗, M⃗) = E C(N⃗, M⃗)

This methodology was first discussed in [212].

B.1 From discrete to continuous variables

Under the assumptions that the numbers of bosons in the system are large
enough (i.e. N, M ≫ 1), one can perform a second-order Taylor expansion for the
C’s. In general one has that:

f(x0 + ∆x, y0 + ∆y) ≈ f(x0, y0) + ∂f

∂x

⃓⃓⃓⃓
⃓
(x0,y0)

∆x+ ∂f

∂y

⃓⃓⃓⃓
⃓
(x0,y0)

∆y+

+1
2
∂2f

∂x2

⃓⃓⃓⃓
⃓
(x0,y0)

(∆x)2 + ∂2f

∂x∂y

⃓⃓⃓⃓
⃓
(x0,y0)

∆x∆y + 1
2
∂2f

∂y2

⃓⃓⃓⃓
⃓
(x0,y0)

(∆y)2

So, one can approximate the various coefficients (see [213]) as follows

C(N1 + 1, N2 − 1, N3,M1,M2,M3) ≈ C(N⃗, M⃗)+

+
[︄
+ ∂C

∂N1
− ∂C

∂N2
+ 1

2
∂2C

∂N2
1
− ∂2C

∂N1∂N2
+ 1

2
∂2C

∂N2
2

]︄

C(N1 − 1, N2 + 1, N3,M1,M2,M3) ≈ C(N⃗, M⃗)+

+
[︄
− ∂C

∂N1
+ ∂C

∂N2
+ 1

2
∂2C

∂N2
1
− ∂2C

∂N1∂N2
+ 1

2
∂2C

∂N2
2

]︄
. . .

C(N1, N2, N3,M1 + 1,M2,M3 − 1) ≈ C(N⃗, M⃗)+

+
[︄
− ∂C

∂M3
+ ∂C

∂M1
+ 1

2
∂2C

∂M2
3
− ∂2C

∂M3∂M1
+ 1

2
∂2C

∂M2
1

]︄

Terms including square roots can be simplified as follows

√︂
(N1 + 1)N2 =

√︂
N1N2 +N2 =

√︄
N1N2

(︃
1 + 1

N1

)︃
=

155



B – The continuous variable picture

=
√︂
N1N2

√︄
1 + 1

N1
≈
√︂
N1N2

(︃
1 + 1

2N1

)︃
=
√︂
N1N2 + 1

2

√︄
N2

N1

Now we are ready to introduce normalized quantities:

x⃗ = (x1, x2, x3) = 1
N

(N1, N2, N3) = N⃗

N

y⃗ = (y1, y2, y3) = 1
M

(M1, M2, M3) = M⃗

M

Of course the two constraints, i.e. the conservation of the total numbers of bosons
read:

3∑︂
j=1

Nj = N ⇒
3∑︂
j=1

xj = 1

3∑︂
j=1

Mj = M ⇒
3∑︂
j=1

yj = 1

Let us study, e.g. the effect of these variable substitutions on the first term:

C(N⃗, M⃗) +
[︄
∂C

∂N1
− ∂C

∂N2
+ 1

2
∂2C

∂N2
1
− ∂2C

∂N1∂N2
+ 1

2
∂2C

∂N2
2

]︄

⇓

C(x⃗, y⃗) + 1
N

[︄
∂C

∂x1
− ∂C

∂x2

]︄
+ 1
N2

[︄
1
2
∂2C

∂x2
1
− ∂2C

∂x1∂x2
+ 1

2
∂2C

∂x2
2

]︄

Square-root-like terms transform as follows:

√︂
N1N2 + 1

2

√︄
N2

N1
= N
√
x1x2 + 1

2

√︄
x2

x1

√︂
N1N2 + 1

2

√︄
N1

N2
= N
√
x1x2 + 1

2

√︄
x1

x2

Putting all the terms together, one obtains:
(︄
N
√
x1x2 + 1

2

√︄
x2

x1

)︄
×
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×
[︄
C(x⃗, y⃗) + 1

N

(︄
∂C

∂x1
− ∂C

∂x2

)︄
+ 1
N2

(︄
1
2
∂2C

∂x2
1
− ∂2C

∂x1∂x2
+ 1

2
∂2C

∂x2
2

)︄]︄
+

+
(︄
N
√
x1x2 + 1

2

√︄
x1

x2

)︄
×

×
[︄
C(x⃗, y⃗) + 1

N

(︄
∂C

∂x2
− ∂C

∂x1

)︄
+ 1
N2

(︄
1
2
∂2C

∂x2
1
− ∂2C

∂x1∂x2
+ 1

2
∂2C

∂x2
2

)︄]︄
=

≈ 2N√x1x2 C + 1
2N

(︄√︄
x2

x1
−
√︄
x1

x2

)︄(︄
∂C

∂x1
− ∂C

∂x2

)︄
+

+ 1
N

√
x1x2

(︄
∂2C

∂x2
1
− 2 ∂2C

∂x1∂x2
+ ∂2C

∂x2
2

)︄

Check. It corresponds to formula

(∂r − ∂s)
√
xrxs(∂r − ∂s) =

presented in [167], in fact:

(∂r − ∂s)
√
xrxs(∂r − ∂s) =

= 1
2

(︄√︄
xs
xr
−
√︄
xr
xs

)︄
(∂r − ∂s) +√xrxs

(︄
∂2

∂x2
r

− 2 ∂2

∂xr∂xs
+ ∂2

∂x2
s

)︄

Of course the first addend, 2N√x1x2C, does not belong to the generalized Laplacian
but must be moved to the generalized potential.

Effective equation. The final equation reads:

(D + V )C = E C (B.1)

where the generalized Laplacian reads

D = −Ta
N

3∑︂
j=1

[︂
(∂j − ∂j+1)

√
xjxj+1(∂j − ∂j+1)

]︂
+
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−Tb
M

3∑︂
j=1

[︂
(∂j − ∂j+1)

√
yjyj+1(∂j − ∂j+1)

]︂
and where the generalized potential reads

V = −2NTa
3∑︂
j=1

√
xjxj+1 − 2MTb

3∑︂
j=1

√
yjyj+1+

+UaN
2

2

3∑︂
j=1

xj(xj − ϵa) + UbM
2

2

3∑︂
j=1

yj(yj − ϵb)+

+ UabNM
3∑︂
j=1

xjyj. (B.2)

B.2 The role of the effective potential

If one wants to determine the system ground state, eigenvalue problem (B.1) can
be reduced to the search for the global minimum of effective potential V [see formula
(B.2)], provided that the minimum-energy solution C(x⃗, y⃗) is well localized in the
global minimum of V itself. This is certainly the case if boson populations N and
M are large enough, the central hypothesis under which the CVP approximation
scheme can be safely applied. Notice, in this regard that the generalized Laplacian
D goes as N−1

c while the effective potential V goes as N2
c , with c = a, b (as already

noticed in Reference [175]).
In the following, we focus on effective potential (B.2) and we use it in order to

obtain meaningful information about the ground-state structure as a function of the
model parameters. Preliminarily, one should notice that, in the CVP framework,
expressions N = ∑︁3

j=1 Nj and M = ∑︁3
j=1 Mj, giving the particle numbers conser-

vation, read 1 = ∑︁3
i=1 xi and 1 = ∑︁3

j=1 yj respectively. This circumstance entails
that the two terms proportional to ϵa and ϵb represent constant quantities and can
therefore be neglected. In the following, we will show how to determine the global
minimum of V in the simple case of twin species, i.e. by setting Ta = Tb =: T ,
Ua = Ub =: U and N = M in expression (B.2):

V = −2NT (√x1x2 +√x2x3 +√x3x1 +√y1y2 +√y2y3 +√y3y1) +
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B.2 – The role of the effective potential

+UN
2

2
(︂
x2

1 + x2
2 + x2

3 + y2
1 + y2

2 + y2
3

)︂
+

+WN2 [x1y1 + x2y2 + x3y3] (B.3)

Of course the case of asymmetric species (discussed in Section 4.2-4.3) can be inves-
tigated in the same way, although the analytic computations get more cumbersome.

Minimum-energy configuration for T = 0T = 0T = 0: need for an exhaustive explo-
ration of a polytope-like domain. If the tunnelling is suppressed, effective
potential (B.3) simplifies as follows

V = UN2

2
(︂
x2

1 + x2
2 + x2

3 + y2
1 + y2

2 + y2
3

)︂
+WN2 (x1y1 + x2y2 + x3y3) , (B.4)

where x3 = 1 − x1 − x2 and y3 = 1 − y1 − y2 are, actually, dependent vari-
ables. The minimum-energy configuration corresponds to the global minimum of
V(x1, x2, y1, y2), which is a function V : D ⊂ R4 → R. The domain D is a 4-
polytope, consisting in the direct product of two triangular regions in R2, as shown
in Fig. B.1 (left panel). Computing the gradient with respect to the four indepen-

x1x1x1

111

111

000

x2 = 1− x1x2 = 1− x1x2 = 1− x1

x2x2x2

y1y1y1

111

111

000

y2 = 1− y1y2 = 1− y1y2 = 1− y1

y2y2y2

y1y1y1 y2y2y2

x2x2x2DDD

AAA

BBBCCC

DDD

EEEFFF

TxTxTx TyTyTy

Figure B.1: Left panel: the domain of function V is the direct product of two
triangular bi-dimensional regions. Right panel: one of the three-dimensional objects
which constitutes the boundary of the 4-polytope D.

dent variables, one finds that the only stationary point is the one associated to the
uniform configuration, i.e x1 = x2 = y1 = y2 = 1/3, corresponding to

V
(︃1

3 ,
1
3 ,

1
3 ,

1
3

)︃
= N2

3 (U +W ). (B.5)
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B – The continuous variable picture

The eigenvalues of the associated Hessian matrix show that this stationary point is a
minimum provided that W < U . Notice that, in general, computing the stationary
points does not necessarily give the global minimum. The latter, in fact, can live
on the boundary of the domain D, in a point where the four-dimensional gradient
is not well defined. So, one has to compare the value of V at the local minimum,
i.e. N2(U +W )/3, with the values of V at the boundary of D.

The exhaustive exploration of the domain boundary is a fortiori necessary when
W > U i.e. when the stationary point x1 = x2 = y1 = y2 = 1/3 is no longer
a minimum, a circumstance which entails that the global minimum lives on the
domain boundary. The complexity of our problem is due to the fact that the
domain of V is four-dimensional and so its boundary is the union of six three-
dimensional objects of the type sketched in Fig. B.1 (right panel). Each of them
corresponds to a Cartesian product I ′

j × Tx and Ij × Ty (where Ij and I ′
j, with

j = 1, 2, 3 are the edges of triangles Tx and Ty, respectively) and constitutes the
domain of a 3-variable function obtained by introducing an additional constraint
in formula (B.4). In the same spirit, the global minimum of these constrained
functions must be searched not only in the interior of their domain (imposing the
stationarity of a three-dimensional gradient), but also on their boundaries, by means
of an exhaustive exploration thereof. One therefore iterates this process looking
for stationary points, at first inside the volume, then on the faces, on the edges
(employing, at each step, a lower-dimensional gradient) and, eventually, evaluates
the function at the vertices of this 3D region. The resulting set of candidates for
the global minimum is such that each local minimum is linked to an existence
condition (typically, an inequality in the one-dimensional space W/U) on the sub-
domain where it was found. The global minimum, in each interval of the space
W/U , is determined by comparing all the possible candidates. In the following we
sketch the application of this rather general scheme to our problem.

We start fixing x1 = 0. Notice that the other possible ways of fixing the first
variable, i.e. x2 = 0, x2 = −x1 + 1, y1 = 0, y2 = 0 and y2 = −y1 + 1 would lead to
minimum-energy configurations which are equivalent up to cyclic permutations of
the indexes and/or species labels swapping. The resulting constrained function

V3 = V(x2, y1, y2 ; x1 = 0) = UN2(1− x2 + x2
2 − y1 + y2

1 − y2 + y1y2 + y2
2)+
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B.2 – The role of the effective potential

+WN2(−x2 + y1 + x2y1 + 2x2y2)

is defined on the prism represented in the right panel of Fig. B.1. The stationary
point of this 3-variable function, computed imposing ∇x2,y1,y2V3 = (0,0,0), is a local
minimum of V3 if W < U but it must be discarded because the corresponding value
of V is greater than (B.5). Let us focus on the 5 faces of this prism. Each face
is fixed by introducing an additional constraint. As an example, face ABC is the
domain of function

V2 = V(y1, y2 ; x1 = 0, x2 = 0) = UN2(1− y1 + y2
1 − y2 + y1y2 + y2

2)+

+WN2(1− y1 − y2)

Computing the gradient, ∇y1,y2 one finds that there is one stationary point, which
is
(︂
y1 = U+W

3U , y2 = U+W
3U

)︂
. This is a minimum (both eigenvalues of the Hessian

matrix bigger than 0) in the domain of interest iff W < U/2. Nevertheless, the
corresponding value of V is smaller than the uniform-configuration value (B.5) just
for W > U . But, in this range, this stationary point is no longer a minimum,
so it must be discarded. The analysis of the 5 faces, carried out according to this
scheme, leads to the conclusion that, for 1 < W/U < 2, there are 2 minimum-energy
configurations (︃

x1 = 0, x2 = U +W

2U +W
, x3 = U

2U +W
,

y1 = U +W

2U +W
, y2 = 0, y3 = U

2U +W

)︃
← Face ACFD

and (︃
x1 = 0, x2 = U

2U +W
, x3 = U +W

2U +W
,

y1 = U +W

2U +W
, y2 = U

2U +W
, y3 = 0

)︃
← Face CBEF.

Notice that these two configurations are equivalent up to a permutation of site
indexes. The first one has been plotted in Fig. 4.10.

The 9 edges of the solid of Fig. B.1 (right panel) are identified by fixing an
additional constraint. Their analysis shows that local iso-energetic points of mini-
mum are present in segments CB DF and CF. Such minimum energy configurations
are equal up to permutation of site indexes and/or species labels swapping. For
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B – The continuous variable picture

example, segment CB is the domain of function

V1 = V(y1 ; x1 = 0, x2 = 0, y2 = 1− y1) = UN2(1− y1 + y2
1).

Computing the derivative, d
d y1

, one finds that there is only one stationary point,
which is y1 = 1

2 . Computing the second order derivative one can verify that this
stationary point is always a local minimum in the physical interval [0,1]. The
corresponding value 3

4UN
2 of V , is less than the one found in faces ACFD and

CBEF provided that W > 2U . Eventually, the analysis of the 6 vertices does not
give any further minimum-energy configuration.

The search for the minimum- energy configuration for T /= 0. The minimum-
energy configuration is the configuration (x⃗, y⃗) = (x1, x2, x3, y1, y2, y3) which min-
imizes effective potential (B.3). The presence of a non-vanishing T constitutes a
regularizing term which makes the exploration of the domain boundary no longer
necessary. This fact, verified numerically, can be understood in physical terms be-
cause the presence of T /= 0 makes configurations where one or more populations are
exactly zero impossible. To compute the minimum-energy configuration, one there-
fore imposes stationary conditions for effective potential V in which x3 = 1−x1−x2

and y3 = 1−y1−y2 take into account the boson number conservation. The resulting
system of equations is (︄

∂V

∂x1
,
∂V

∂x2
,
∂V

∂y1
,
∂V

∂y2

)︄
= (0,0,0,0) (B.6)
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and the explicit form thereof is⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−2NT
(︃
− x2√

−x2(x1+x2−1)
+
√︂

x2
x1
− 2x1+x2−1√

−x1(x1+x2−1)

)︃
+

+2UN2(2x1 + x2 − 1) + 2WN2(2y1 + y2 − 1) = 0

−2NT
(︃
− x1√

−x1(x1+x2−1)
+
√︂

x1
x2
− x1+2x2−1√

−x2(x1+x2−1)

)︃
+

+2UN2(x1 + 2x2 − 1) + 2WN2(y1 + 2y2 − 1) = 0

−2NT
(︃
− y2√

−y2(y1+y2−1)
+
√︂

y2
y1
− 2y1+y2−1√

−y1(y1+y2−1)

)︃
+

+2UN2(2y1 + y2 − 1) + 2WN2(2x1 + x2 − 1) = 0

−2NT
(︃
− y1√

−y1(y1+y2−1)
+
√︂

y1
y2
− y1+2y2−1√

−y2(y1+y2−1)

)︃
+

+2UN2(y1 + 2y2 − 1) + 2WN2(x1 + 2x2 − 1) = 0.

(B.7)

In general, it is not possible to find all the possible solutions of this system in a closed
form and one needs to resort to numerical methods. Boson populations shown
in Fig. 4.11 not only fulfill system (B.7), but have been checked (by evaluating
the eigenvalues of each associated Hessian matrix), to be minimum points of the
effective potential (B.3). As already mentioned, Fig. 4.11 illustrates a particular
family of solutions, meaning that those configurations which are obtained by means
of cyclic permutations of site indexes and/or by species-labels swapping, are still
solutions of system (B.7) and therefore points of minimum of (B.3).

It is worth noticing that a particularly simple and significant solution of system
(B.7) is the one which corresponds to the uniform configuration x1 = x2 = y1 =
y2 = 1/3. This stationary point is a minimum of (B.3) provided that the associated
Hessian matrix

HHH = N2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

9T
N

+ 2U 9T
2N + U 2W W

9T
2N + U 9T

N
+ 2U W 2W

2W W 9T
N

+ 2U 9T
2N + U

W 2W 9T
2N + U 9T

N
+ 2U

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(B.8)

is definite positive, a condition which is verified iff W/U < 1 + (9T )/(2UN). This
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argument proves the correctness of critical value (4.15), presented in the main text
and corresponding to purple solid lines in Fig. 4.13.

An effective way to reduce the complexity of system (B.6) (and possibly simplify
its numerical solution) comes from the symmetry which marks the boson popula-
tions when the system is in phase (ii) (see central regions of Fig. 4.11 panels). In
such phase, i.e. for moderate W/U values, one can notice, in fact, that y2 = x1 and
y1 = x2, two constraints that allow to rewrite system (B.6) as

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−2NT
(︃
− x2√

−x2(x1+x2−1)
+
√︂

x2
x1
− 2x1+x2−1√

−x1(x1+x2−1)

)︃
+

+2UN2(2x1 + x2 − 1) + 2WN2(x1 + 2x2 − 1) = 0

−2NT
(︃
− x1√

−x1(x1+x2−1)
+
√︂

x1
x2
− x1+2x2−1√

−x2(x1+x2−1)

)︃
+

+2UN2(x1 + 2x2 − 1) + 2WN2(2x1 + x2 − 1) = 0.

(B.9)

The orange dashed lines in Fig. 4.13, which constitute the border between the
intermediate and the fully demixed phase, have no analytical expression and corre-
spond to those solutions of system (B.9) which are no longer minimum points for
effective potential (B.3), i.e. to stationary points for which at least one Hessian-
matrix eigenvalue vanishes. Incidentally, critical condition (4.15), obtained “from
the left" by means of Hessian matrix (B.8), can be obtained “from the right" also.
This can be understood by linearizing equations (B.9) around the known solution(︂
x1 = 1

3 , x2 = 1
3

)︂
. Substituting x1 = 1

3 − ϵ1 and x2 = 1
3 + ϵ2 and expanding up to

the first order for ϵ1 → 0 and ϵ2 → 0, one gets
⎧⎪⎨⎪⎩ϵ1(−9NT − 2UN2 −WN2) + ϵ2

(︂
9NT

2 + UN2 + 2WN2
)︂

= 0

ϵ1
(︂
−1

29NT − UN2 − 2WN2
)︂

+ ϵ2(9NT + 2UN2 +WN2) = 0.

This linear system admits non-trivial solutions provided that the determinant is
zero, a condition which leads, again, to critical value (4.15).
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Appendix C

Entropy of mixing and
entropy of location

Along the same lines of [168], we present a rigorous mathematical derivation,
which relies on information entropy, of two indicators used, in this thesis, to quantify
the mixing and the localization of quantum fluids, namely the entropy of mixing
and the entropy of location. The motivation for using Shannon entropy is that
the latter naturally follows from some axioms, called Khinchin axioms, a set of
properties that a good measure of entropy should posses:

1. It should depend on a certain probability distribution p only;

2. The lowest entropy value (zero, in our case) is obtained when one of the ps is
1 and all the other ps are 0;

3. The highest entropy values is obtained when all the ps are equal to each other;

4. The entropy should be additive with respect to partitions of the outcomes;

In the following, we adopt a classical perspective and consider the bosons as
classical particles that can be placed in 3 different boxes (of course, the general-
ization to L > 3 sites is straightforward). nj (mj) will be the number of species-a
(specie-b) bosons in the j-th site (with j = 1, 2, 3). The total number of species-a
(specie-b) bosons is ∑︁3

j=1 nj = N (∑︁3
j=1 mj = M). Let us start by introducing
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normalized local populations:

xj = nj
N
, yj = mj

M

and let us introduce the joint probability of finding a fraction of species c, where
c = {n,m} in site j:

pc,j = cj
2C

So, practically:
pn,j = nj

2N , pm,j = mj

2M .

Notice that this probability distribution is well normalized, in fact:

3∑︂
j=1

(pn,j + pm,j) = N

2N + M

2M = 1.

Then, using Bayes theorem, we factor this joint probability:

pc,j = pc|j pj

where
pn|j =

nj

N
nj

N
+ mj

M

, pm|j =
mj

M
nj

N
+ mj

M

and
pj =

nj

N
+ mj

M

2
One can notice that pj is correctly normalized, in fact:

3∑︂
j=1

pj =
N
N

+ M
M

2 = 1.

Also the conditional probability distribution is well normalized, in fact, it is clear
that:

pn|j + pm|j =
nj

N
+ mj

M
nj

N
+ mj

M

= 1, ∀j.
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The total entropy of the system is defined as

S = −
∑︂

c={n,m}

3∑︂
j=1

pc,j log pc,j

Substituting Bayes’ factorization, one gets:

S = −
∑︂

c={n,m}

3∑︂
j=1

pc|jpj log
(︂
pc|jpj

)︂
=

= −
3∑︂
j=1

[︂
pn|jpj log

(︂
pn|jpj

)︂
+ pm|jpj log

(︂
pm|jpj

)︂]︂
=

= −
3∑︂
j=1

pj
(︂
pn|j log pn|j + pm|j log pm|j

)︂
−

3∑︂
j=1

(pn|j + pm|j)pj log pj

Recalling that pn|j + pm|j = 1, ∀j, one obtains that

S = −
3∑︂
j=1

pj
(︂
pn|j log pn|j + pm|j log pm|j

)︂
−

3∑︂
j=1

pj log pj

The first part goes under the name of entropy of mixing

Smix = −
3∑︂
j=1

pj
(︂
pn|j log pn|j + pm|j log pm|j

)︂
=

= −
3∑︂
j=1

(︃
nj
2N + mj

2M

)︃(︄ nj

N
nj

N
+ mj

M

log
nj

N
nj

N
+ mj

M

+
mj

M
nj

N
+ mj

M

log
mj

M
nj

N
+ mj

M

)︄
,

an expression which, after some algebra, reads

Smix = −1
2

3∑︂
j=1

(︄
nj
N

log
nj

N
nj

N
+ mj

M

+ mj

M
log

mj

M
nj

N
+ mj

M

)︄
.

The second part gives the entropy relevant to the boson distributions among the
wells and goes under the name of entropy of location:

Sloc = −
3∑︂
j=1

pj log pj = −
3∑︂
j=1

nj

N
+ mj

M

2 log
(︄ nj

N
+ mj

M

2

)︄
.

167



C – Entropy of mixing and entropy of location

The total entropy of the system can be therefore written as the sum of the entropy
of mixing and the entropy of location:

S = Smix + Sloc.

168



Appendix D

Numerical solution of
stationary Gross-Pitaevskii
equations

Let us consider1 the following non-linear, coupled, eigenvalue problem:

− ℏ2

2ma

∇2φa + ga|φa|2φa + gab|φb|2φa + Vext,aφa = µaφa

− ℏ2

2mb

∇2φb + gb|φb|2φb + gab|φa|2φb + Vext,bφb = µbφb

with normalization conditions∫︂ +∞

−∞
|φa|2 d3x = Na,

∫︂ +∞

−∞
|φb|2 d3x = Nb

Our aim is to find the eigensolutions φa and φb which minimize the energy functional

H[φa, φb] =
∫︂
φ∗
a

[︄
− ℏ2

2ma

∇2 + Vext,a

]︄
φa d3x+ ga

2

∫︂
|φa|4 d3x+

1Note to the reader: part of the content of this Appendix has been published in [176].
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+
∫︂
φ∗
b

[︄
− ℏ2

2mb

∇2 + Vext,b

]︄
φb d3x+ gb

2

∫︂
|φb|4 d3x+ gab

∫︂
|φa|2|φb|2 d3x,

We solve this problem by means of a numerical technique based on the damped
oscillating particle method [66]. Preliminary, in order to lighten the computational
burden, we enact a dimensional reduction (in the spirit of the scheme discussed
in [279, 280]) to turn the original genuinely 3D problem into a 1D one. This is
obtained by means of factorizations

ψa = ψa(x, y, z) = ψa,x(x)ψa,y,z(y, z) = ψa,x(x) 1√︂
Ly

1√
Lz

ψb = ψb(x, y, z) = ψb,x(x)ψb,y,z(y, z) = ψb,x(x) 1√︂
Ly

1√
Lz

where ψa and ψb are such that

φa =
√︂
Naψa, φb =

√︂
Nbψb

and are therefore normalized to unity, as a consequence of normalization conditions
(4.10). These substitutions lead to equations

− ∂2

∂x2ψa + γa|ψa|2ψa + γab|ψb|2ψa + Ṽext,aψa = µ̃aψa (D.1)

− ∂2

∂x2ψb + γb|ψb|2ψb + γba|ψa|2ψb + Ṽext,bψb = µ̃bψb (D.2)

(notice that wave functions labels "a, x" and "b, x" are understood) whose effective
parameters are

γa = 2magaNa

LyLzℏ2 , γab = 2magabNb

LyLzℏ2 , µ̃a = 2ma

ℏ2 µa,

γb = 2mbgbNb

LyLzℏ2 , γba = 2mbgabNa

LyLzℏ2 , µ̃b = 2mb

ℏ2 µb.
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where Ly and Lz are chosen in a such a way that Ly ≈ Lz ≈ 2σ ≈ 2µm. Moreover,
the optical-potential terms read:

Ṽext,a = −2ma

ℏ2 Pa
3∑︂
i=1

e− 2(x−xi)2

σ2 , Ṽext,b = −2mb

ℏ2 Pb
3∑︂
i=1

e− 2(x−xi)2

σ2

where xi’s are the positions of the centers of each Gaussian trap, expressed in
terms of the curvilinear abscissa describing the perimeter of the equilateral triangle
formed by the xi’s themselves (see yellow line in Fig. 4.7).

Resorting to the damped oscillating particle method [66], one can turn the search
for the ground state of stationary non linear Schrödinger equations (D.1) and (D.2)
into the steady-state solution of the following damped oscillators:

∂2ψa
∂τ 2 + η

∂ψa
∂τ

= ∂2

∂x2ψa − γa|ψa|
2ψa − γab|ψb|2ψa − Ṽext,aψa + µ̃aψa (D.3)

∂2ψb
∂τ 2 + η

∂ψb
∂τ

= ∂2

∂x2ψb − γb|ψb|
2ψb − γba|ψa|2ψb − Ṽext,bψb + µ̃bψb (D.4)

where the possible differences between left and right members of equations (D.1)
and (D.2) act as forcing terms, and where the presence of a non-zero damping η

guarantees the convergence to a steady-state solution. Upon recasting equations
(D.3) and (D.4) into pairs of first-order equations by means of substitutions

qa = ψa, pa = ∂ψa
∂τ

, qb = ψb, pb = ∂ψb
∂τ

,

one can solve the resulting dynamical system with standard finite difference meth-
ods[281]. More specifically, we made use of the leapfrog integrator [282], iterating
it until equations (D.1) and (D.2) are satisfied up to relative errors < 10−3 (in
order to quantify the mismatch between left and right members, the 2-norm has
been employed). It is important to remember that the solutions produced by this
method may be false minimum-energy solutions, i.e. solutions of equations (D.3)
and (D.4) which do not minimize energy functional H. In this case, in fact, the
fictitious trajectory of ψa and ψb in the associated functional space falls and gets
stuck at a local minimum of H but not at its global one. In order to avoid this
possible problem, every eigenvalue problem is solved starting from 10 different ini-
tial conditions, comparing the energy H of the resulting eigensolutions and then
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choosing the ones associated to the lowest value of the energy H.
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Appendix E

Demixed stationary
configurations and some
dynamical remarks

In this Appendix 1 we show how fixed points of motion equations (5.5) mod-
ify upon the activation of tunneling processes. Moreover, we make some general
remarks on the dynamical properties of the system, which directly affect the mis-
cibility properties of the quantum mixture.

E.1 Stationary configurations featuring demixing

As explained in Section 5.3, the stationary solutions of motion equations (5.3)
and (5.4), [corresponding to the FPs of dynamical system (5.5)] which, for T = 0,
feature perfect demixing, slightly change upon activation of tunnelling processes
(compare upper and lower row of Figure 5.1). On top of that, such solutions do
not exist at all in certain regions of the parameters space (W/U, T/(UN)).

Figures E.1-E.3 show in detail how the stationary configuration changes in a non-
narrow range of model parameters. They account both for the variations of boson
populations nj, mj (different color shades) and for the relative phase between the

1Note to the reader: part of the content of this Chapter has been published in [214].
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wells (numbers within the various regions). Notice that white areas, representing
the absence of a certain class of FPs, stand in between different sub-classes. The
latter differ in the relative phases between the wells and are three in the “Dimer -
Soliton" case, two in the “SDW - Soliton" case and in the “Soliton - Soliton" case as
well (see figures 5.3, 5.4 and 5.5 respectively). We conclude by observing that the
collective phase difference between the two condensed species play no role in the
dynamics of the system [see Hamiltonian (5.2)], so figures 5.3-5.5 have been drawn
arbitrarily setting Φ1 = Ψ1 = 0.

Figure E.1: Class of FPs of the type Dimer - Soliton. Each column corresponds
to a well while each row to a different condensed species. The color corresponds
to the fraction of bosons hosted by the well (see color bars) while numbers 0 and
π indicate the phase shift with respect to the first well. In the white regions, this
kind of stationary configuration does not exist.

E.2 Remarks on the dynamical behaviour of tra-
jectories starting close to a fixed point

In the following, we describe the qualitative behaviour of a trajectory which,
at t = 0, starts from a point z⃗0 very close to a FP z⃗∗. To this end we consider 4
different kinds of FPs z⃗∗ corresponding to different kinds of stability/instability.
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Figure E.2: Class of FPs of the type SDW - Soliton. Each column corresponds to
a well while each row to a different condensed species. The color corresponds to
the fraction of bosons hosted by the well (see color bars) while numbers 0 and π
indicate the phase shift with respect to the first well. In the white region, this kind
of stationary configuration does not exist.

Figure E.3: Class of FPs of the type Soliton - Soliton. Each column corresponds
to a well while each row to a different condensed species. The color corresponds to
the fraction of bosons hosted by the well (see color bars) while numbers 0 and π
indicate the phase shift with respect to the first well. In the white region, this kind
of stationary configuration does not exist.

Linearly-stable FP. The solutions of the linearized system of differential equa-
tions ̇⃗y = J(z⃗∗) y⃗ induced by matrix (5.9) correspond to small oscillations around
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a given equilibrium point z⃗∗ [231], the characteristic frequencies thereof being
ωj = I{λj}, where λj’s are the eigenvalues of matrix (5.9). The effectiveness of the
solutions of the linearized equations in representing those of the actual non-linear
equations has been discussed in Section 5.4.3.

Energetically-stable FP. Energetic stability is stronger than linear stability,
as one can prove that if the initial configuration z⃗0 is sufficiently close to FP z⃗∗,
solutions of the actual non linear system (5.6) remain arbitrarily close to those of
the linearized one for all times and, moreover, there are no issues associated to the
commensurability of characteristic frequencies ωj’s.

Linearly-unstable FP. A point of linear instability (also called dynamic insta-
bility [198]) is such that almost every trajectory will depart from it. For a generic
(i.e. non necessarily Hamiltonian) dynamical system, a trajectory starting close to
an unstable FP can have any sort of behaviour (e.g. fall towards a FP, towards
a periodic orbit, become chaotic, etc.). Since we are dealing with an Hamiltonian
system, one knows a priori that the relevant flow in the phase space is incompress-
ible, so the number of possible alternatives decreases. Despite not rigorously proven
2, as the number of effective degrees freedom is relatively high (D = 4), one can
expect that linearly unstable FPs are surrounded by chaos (see Appendix E.3).
The validity of this reasonable ansatz is confirmed by the explicit calculation of
the first Lyapunov exponent along trajectories starting close to FPs z⃗∗ (compare
second and third row of Figure 5.2).

Energetically-unstable FP. An energetically-unstable FP can be linearly sta-
ble (but not viceversa), so the qualitative behaviour of a trajectory starting from
its neighborhood strongly depends on the linear stability of z⃗∗ and, as already
discussed, on the possible commensurability of characteristic frequencies ωj’s. Al-
though we have restricted our analysis to isolated systems at zero temperature, it is
worth mentioning that, if dissipation is introduced or in presence of thermalization

2Consider, as a counter example, a particle in a one-dimensional double-well-like potential
centered at x = 0. Of course the local maximum present at x = 0 is a linearly unstable FP.
Nevertheless trajectories starting in a neighborhood thereof are regular.
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processes, an energetically-unstable system will tend to decay to an energetically-
stable state [268].

E.3 On the structure of phase space

The phase space associated to Hamiltonian dynamical system 5.6 seems to be
12-dimensional as, for each of the two condensed species and for each of the three
wells, there are two canonically conjugate dynamic variables: local boson number
nj (mj) and local phase Φj (Ψj). As discussed in Section 5.3, the relative phase
between the two condensed species play no role in the dynamics [see Hamiltonian
(5.2)] so one can arbitrarily fix Φ1 = Ψ1 = 0. Moreover, as the total number
of bosons N = ∑︁3

j=1 nj and M = ∑︁3
j=1 mj constitute two independent conserved

quantities, one can substitute n1 = N − n2 − n3 and m1 = M −m2 −m3. There-
fore, the number of effective dynamical variables is 8, which correspond to D = 4
degrees of freedom. It is well known, also in the field of ultracold atoms [198], that
there is a profound difference between systems featuring D = 2 and D > 2 degrees
of freedom [283]. Only in the first case, the three-dimensional space correspond-
ing to the constant-energy (H̃ = E) hypersurface can be divided by the relevant
two-dimensional KAM tori into separated regions. Chaotic trajectories, if present,
are therefore always topologically confined by KAM tori. For D > 2, instead, the
latter cannot divide the phase space into separated regions (in the same way as a
circumference cannot divide the euclidean space R3 into two parts). All chaotic
regions are therefore interconnected by a very slow percolation-like phenomenon
which goes under the name of Arnold diffusion [198, 283]. Nevertheless, they do
not occupy the whole constant-energy space, since regular islands are still present
(e.g. the neighbourhoods of energetically-stable FPs), the relative measure thereof
being still an open problem [237]. In passing, we mention that, when the number
of degrees of freedom of a non linear dynamical system tends to infinite, the mea-
sure of regular islands tends to zero and so the constant-energy hypersurface gets
completely chaotic, thus justifying the ergodic hypothesis and a microcanonical
approach to the problem [237].
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