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DERIVATION AND APPLICATION OF EFFECTIVE INTERFACE
CONDITIONS FOR CONTINUUM MECHANICAL MODELS OF
CELL INVASION THROUGH THIN MEMBRANES*

MARK A. J. CHAPLAINT, CHIARA GIVERSO}, TOMMASO LORENZIT, AND
LUIGI PREZIOSI#

Abstract. We consider a continuum mechanical model of cell invasion through thin membranes.
The model consists of a transmission problem for cell volume fraction complemented with continuity
of stresses and mass flux across the surfaces of the membranes. We reduce the original problem to
a limiting transmission problem whereby each thin membrane is replaced by an effective interface,
and we develop a formal asymptotic method that enables the derivation of a set of biophysically
consistent transmission conditions to close the limiting problem. The formal results obtained are
validated via numerical simulations showing that the relative error between the solutions to the
original transmission problem and the solutions to the limiting problem vanishes when the thickness
of the membranes tends to zero. In order to show potential applications of our effective interface
conditions, we employ the limiting transmission problem to model cancer cell invasion through the
basement membrane and the metastatic spread of ovarian carcinoma.
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1. Introduction.

Biological background. Cell migration is crucial to maintain normal home-
ostasis [58] and sustain many physiological and pathological processes [32, 52, 61, 63].
During migration phenomena, cells encounter a variety of barriers encompassing other
cells, cell-cell junctions, and extracellular matrices (ECMs) of different densities and
compositions [52].

One of the most difficult barriers for the cells to cross is the basement mem-
brane. This is a thin, dense, and highly cross-linked sheet-like network of ECM macro-
molecules that underlies, among others, all epithelial and endothelial layers [50, 52].
With its pore size being on the order of 50 nm, only small molecules such as nutrients
(e.g., oxygen and glucose) and other chemical factors are able to passively diffuse
across the basement membrane [50, 75]. Nonetheless, such a structural barrier is
crossed daily by billions of cells in healthy tissues in the course of normal immune
cell trafficking [45], epithelial-to-mesenchymal transition [78], collective cell migra-
tion [32, 61, 63], and tissue development and morphogenesis [79]. Recent empirical
studies [52, 82] suggest that during these physiological processes cells can invade the
basement membrane and other thin ECM barriers in a variety of ways, including either
active removal (e.g., through invadopodia breaching and barrier disruption mediated

*Received by the editors February 4, 2019; accepted for publication (in revised form) July 30,
2019; published electronically October 22, 2019.
https://doi.org/10.1137/19M124263X
Funding: This work was partially supported by MIUR grant “Dipartimenti di Eccellenza 2018-
2022,” by NDAM grant “Progetto Giovani GNFM 2018,” and by EPSRC grant EP/N014642/1.
TSchool of Mathematics and Statistics, University of St Andrews, St Andrews KY16 9SS, Scotland,
UK (majc@st-andrews.ac.uk, t147@st-andrews.ac.uk).
tDepartment of Mathematical Sciences, Politecnico di Torino, Torino 10129, Italy (chiara.giverso@
polito.it, luigi.preziosi@polito.it).

2011


https://doi.org/10.1137/19M124263X
mailto:majc@st-andrews.ac.uk
mailto:tl47@st-andrews.ac.uk
mailto:chiara.giverso@polito.it
mailto:chiara.giverso@polito.it
mailto:luigi.preziosi@polito.it

2012 CHAPLAIN, GIVERSO, LORENZI, AND PREZIOSI

by the down-regulation of adhesion receptors) or structural remodelling leading to
the creation of gaps in the barrier, or even physiological enlargement of preexisting
openings that facilitate, for instance, leukocyte trafficking in the vasculature [67].

Similar mechanisms of cell invasion are likely to be activated in pathological con-
ditions, including fibrotic diseases (most commonly affecting the lungs or kidneys),
inflammatory diseases, arteriosclerosis, and neoplastic processes [52]. In particular,
many types of tumors originate and develop in body regions that are separated from
the surrounding environment by the basement membrane. This is, for instance, the
case of breast tumors (ductal carcinoma) [24], ovary tumors [3], and exocrine or
endocrine pancreatic tumors [17]. During the first stages of cancer progression, non-
invasive dysplastic cells proliferate locally and form a carcinoma in situ. At some later
stage of tumor development, such a localized cancer lesion may acquire the capacity
to invade the adjacent tissues by perforating the basement membrane, thus becoming
an invasive carcinoma [23, 76]. The transition from carcinoma in situ to invasive car-
cinoma is sustained by the ability of cancer cells to produce matrix metalloproteinases
(MMPs). These are enzymes capable of digesting the collagen fibers that constitute
the extracellular environment and the basement membrane [47, 82]. The MMPs’ ac-
tion widens the pores of the fiber networks and enable cancer cells to spread from
the primary site to the surrounding tissues. Notably, experimental studies on cancer
cell mobility in MMP-degradable collagen lattices and nondegradable substrates of
various porosity have revealed the existence of an ECM critical pore size below which
cancer cell migration is entirely hampered in the absence of MMP secretion. Such a
critical pore size was termed “the physical limit of migration” [82].

Mathematical modelling background. Despite our growing knowledge about
the underpinnings of cell invasion during physiological and pathological processes [32,
44, 52, 75, 82, 83|, a number of key aspects still remain unclear. This is mainly due
to the difficulty of examining in vivo the interactions occurring between cells and the
basement membrane or other ECM barriers during cellular invasion, as well as to the
wide range of diverse mechanisms that cells can use to cross different extracellular
structures [52]. As a consequence of our partial understanding of this complex bio-
logical phenomenon, there has been little prior work on the mathematical modelling
of cell invasion through thin membranes. In fact, classical mathematical models of
tumor growth [9, 31, 66, 72] and cell migration on two-dimensional flat substrates [26]
do not take into account the effect of cell invasion through ECM barriers nor the
transition from carcinomas in situ to invasive tumors.

Only more recently physiological and pathological processes involving the migra-
tion of single cells in the presence of obstacles or barriers have been mathematically
described by means of discrete models [39, 48, 62], and different aspects of tumor
growth in confined environments have been investigated in silico using both discrete
and hybrid models [41, 53, 54]. These models can be easily tailored to capture fine
details of the changes in cell-cell and cell-ECM adhesion properties observed during
cell migration. However, their computational cost can become prohibitive for large
cell numbers. Therefore, to model cell migration through the basement membrane
and other thin ECM barriers at the scale of larger portions of tissues, it is desirable
to use continuum models, which offer the possibility to carry out efficient numerical
simulations for large cell numbers that are biologically and clinically relevant.

In this regard, focusing on breast cancer, which originates in the epithelial lining
of the milk ducts, Ribba et al. [74] have proposed a mathematical model of cancer cell
invasion whereby the basement membrane of the ducts is explicitly represented as a
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weakly permeable thin region. Although it has provided some interesting biological
insights, such a modelling approach could become computationally inefficient in the
presence of multiple thin membranes, as they would still be modelled as finite regions.
Moreover, Gallinato et al. [35] have proposed a mixture model of breast cancer cell
invasion whereby the presence of the basement membrane of the milk ducts is taken
into account by imposing nonlinear Kedem-Katchalsky interface conditions [19, 28,
29, 51, 55, 70] at the interface between the tumor and the host region. In the setting of
Gallinato et al. [35], such transmission conditions lead the normal velocity of the cells
and the cell volume fraction to be continuous across the basement membrane, which is
not necessarily the case. Finally, Arduino and Preziosi [11] and Giverso, Arduino, and
Preziosi [37] have presented a number of multiphase models of cancer cell migration
and invasion through the ECM. In agreement with the biological experiments of Wolf
et al. [82], in these models the cellular mobility vanishes when the ECM pore size
decreases below a certain critical value. These models effectively capture the fact that
the ECM critical pore size is relative to the geometrical and mechanical characteristics
of the cells (e.g., the size and elasticity of the nucleus, the stiffness of the nuclear
membrane, cellular adhesion, and traction), and they have been proved useful in
studying cancer cell invasion in cases where the morphological characteristics of the
ECM are spatially heterogeneous, or even discontinuous. However, such models do
not apply to biological scenarios where ECM regions with different mechanical and
structural properties (i.e., different cell mobilities) are separated by thin membranes.

Contents of the paper. In this paper, we consider a continuum mechanical
model of cell movement and proliferation in a spatial domain that is divided into
subdomains by one or multiple thin membranes. The model is formulated in terms of
a transmission problem defined by a system of nonlinear partial differential equations
for the cell volume fraction complemented with mass-continuity and stress-continuity
conditions on the interfaces between the membranes and the rest of the domain.

Nonlinear partial differential equations describing reaction-diffusion processes and
transport phenomena in spatial domains that comprise different parts separated by
thin layers (i.e., films or membranes) arise in the mathematical modelling of various
chemical, physical, and biological systems [1, 2, 4, 8, 13, 14, 15, 16, 20, 21, 27, 34,
36, 43, 49, 57, 60, 64, 65, 68, 70, 71]. Due to the analytical and numerical challenges
posed by the presence of such layers [12], it is often convenient to approximate the
original problem by an equivalent transmission problem whereby each thin layer is
replaced by an effective interface. The equivalent problem is then closed by imposing
appropriate transmission conditions on the effective interfaces.

In this spirit, we develop a formal procedure to derive a set of biophysically con-
sistent interface conditions to close the limiting problem. Specifically, we find that
the mass flux across the effective interfaces must be continuous, as one would expect,
and proportional to the jump of a term linked to the cell pressure. The biophysical
interest lies in the fact that this proportionality coefficient can be related to the size
of the pores of the thin membrane, as well as to the geometrical and mechanical char-
acteristics of the cells as in [11, 37, 39]. This makes the limiting transmission problem
suitable for providing a possible macroscopic description of cell invasion through thin
membranes that takes explicitly into account cell microscopic characteristics, such as
the mechanical constraints imposed by the cell nuclear envelope and the solid material
surrounded by it [82].

The transmission condition identified by the limiting procedure can be regarded
as a nonlinear generalization of the classical Kedem—Katchalsky interface condition, as
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it reduces to it for a peculiar (logarithmic) choice of the constitutive relation between
the cell pressure and the cell volume fraction. In contrast to other nonlinear Kedem-—
Katchalsky interface conditions that have been previously employed to model cell
invasion through the basement membrane [35], our transmission condition allows the
cell volume fraction to be discontinuous across the equivalent interface, while ensuring
mass conservation.

The remainder of the paper is organized as follows. In section 2, we present the
original transmission problem and introduce the related limiting problem. In section 3,
we formally derive a set of effective interface conditions to close the limiting problem.
In section 4, we present sample numerical solutions that illustrate the formal results
established in section 3 and show their potential applications. In particular, we use
the limiting transmission problem to describe cancer cell invasion through the base-
ment membrane and to model the metastatic spread of ovarian carcinoma. Section 5
concludes the paper and provides a brief overview of possible research perspectives.

2. Statement of the problem. We consider a population of cells moving
through a region of space that is filled with a porous embedding medium, e.g., the
ECM. Mathematically, we identify such a region with a simply connected spatial do-
main D C R?, with d = 1,2,3. Focusing on the biological scenario where the spatial
domain is divided into two regions separated by a porous membrane, we let the do-
main D consist of three subdomains represented as the open sets Dy, Dy, and Dj, as
in the scheme depicted in Figure 1 for a three-dimensional case. The subdomain Dy
represents the porous membrane, and the interfaces between the membrane and the
subdomains D; and D3 are denoted by 315 and X3, respectively.

Fic. 1. Ezample of spatial domain and related notation.

We model the cell volume fraction at position x € D and time ¢ > 0 by means of
the function p(¢,x) > 0. The evolution of the cell volume fraction is governed by the
mass balance equation

Ip
(2.1) En +V-(pv)=T(p), (t,x)€ERT" xD
complemented with the momentum-related equation for an elastic fluid, neglecting
inertia,
(2.2) v:=—uVp,
and a barotropic relation p = p(p) for the cell pressure p. If necessary, one can let the
net growth rate I' depend also on the concentrations of some chemical factors, such
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as nutrients and growth factors, and couple (2.1) with the mass balance equations
modelling their evolution. In analogy with the classical Darcy’s law for fluids, the
function p(t,x) > 0 is the cell mobility coefficient and (2.2) models the tendency of
cells to move towards regions where they feel less compressed [7].

Remark 2.1. We remark that (2.2) is only an approximate representation of the
far more complex process underlying the migration of cellular aggregates, which is
governed by a multitude of subcellular pathways involving different proteins and
chemical species [81, 80] and is influenced by the mechanical properties both of the
single cells and of the subcellular elements of the aggregate [37], as well as by the
conditions of the surrounding environment. However, when looking at cell migra-
tion at the tissue scale, the ensemble of cells that constitute a cellular aggregate can
be described as a single phase material—or possibly a multiphase material—with
liquid [59, 18, 25, 33, 42, 22, 38|, or elastic/hyperelastic [6, 10, 46], or visco-elasto-
plastic [40] characteristics. In particular, the use of a liquid-like constitutive assump-
tion is supported by experimental evidence [30, 5, 77, 73] indicating that cellular
aggregates behave like elastic solids over short time scales (i.e., time scales on the
order of a few minutes) but eventually display a fluid-like behavior (i.e., over time
scales on the order of cell division and apoptosis). For this reason, the representation
of living materials as viscous/inviscid/elastic fluids is now commonly employed [59].

It is important to stress the fact that we let the cell mobility coefficient be a
function of both ¢ and x. This is to take into account the heterogeneous composition
of the spatial domain D and the biological notion that the mobility of cells in the
embedding medium, especially within the membrane, can vary considerably across
space and time. Variability of the cell mobility can be due both to local variations in
the microstructure of the ECM and to spatio-temporal changes in the concentration
of MMPs. Therefore, one may let the function p depend explicitly on the local
concentration of MMPs and then couple (2.1) and (2.2) with a conservation equation
for the MMP concentration, as we will do in section 4.

From continuum mechanics, one has that mass flux and stresses must be continu-
ous across the interfaces Y15 and Yo3. Within the framework of (2.1) and (2.2), such
continuity conditions translate into the following interface conditions:

(2.3) [pv-mn;;] =0 on¥;; with i=1,2 and j=i+1
and
(2.4) [pl=0 on%;; with ¢i=1,2 and j=1i+ 1.

In (2.3) and (2.4), the notation [(-)] represents the jump across the interface ¥, i.e.,
[()] :== (-); — (-)i, with the subscript 4 indicating that (-) is evaluated as the limit
to a point of the interface coming from the subdomain D;. Moreover, as shown in
Figure 1, we denote by n;; the unit vector normal to the interface 3;; that points
towards the subdomain D;. Substituting the expression (2.2) for the velocity field v
into the flux-continuity condition (2.3) yields

(2.5) [upVp-n;] =0 onX;; with i=1,2 and j=1i+1.

In order to close the transmission problem defined by (2.1) and (2.2) complemented
with the interface conditions (2.4) and (2.5), in addition to prescribing suitable bound-
ary conditions on the outer boundaries (i.e., the noninterfacing parts of the boundaries
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of the three spatial subdomains) and suitable initial conditions, one should specify a
barotropic relation p(p).

In general, the three subdomains can differ in their biophysical properties. As
a result, the mobility coefficient and the net growth rate can become discontinuous
across the interfaces ¥15 and Yo3. In this case, denoting by p;(t,x), u;(t,x), and
T;(p;) the restrictions to the subdomain D; of the functions that represent the local cell
volume fraction, the mobility coefficient, and the net growth rate, respectively, we can
rewrite the problem defined by (2.1) and (2.2) subject to the interface conditions (2.4)
and (2.5) as

0p;

V- (uipiVp) =Ti(p)) Dy =123,
(26) i Pi Vp ‘N = g Py Vp ‘n;;  on Zija 1= ]., 2,

[[p]]zO on Zij, i:1,27

with 7 =i+ 1. We make the following assumptions.

ASSUMPTION 2.2. The cell mobility coefficient u; is continuous in both arguments
foralli=1,2,3.

ASSUMPTION 2.3. The net growth rate I'; is a continuously differentiable function
of the cell volume fraction for all i =1,2,3.

ASSUMPTION 2.4. The pressure p is given by a barotropic relation p = f(p), where
f is a continuously differentiable and monotonically increasing function of the cell
volume fraction.

Remark 2.5. In the case where the pressure p is a continuous function of the cell
volume fraction p, the stress-continuity condition (2.4) implies that also p is continuous
across the interfaces X195 and a3, that is,

[pl=0 on%;; with ¢=1,2 and j=1i+1.
Hence, the flux-continuity conditions (2.3) or (2.5) read as
[[V'Ilij]] =0 or [[qunU]] =0 on Zij with i = 1,2 and _] =17+ 1.

In most biologically relevant scenarios arising in the study of cell invasion through
the basement membrane and other ECM barriers, the thickness of the membrane or
the barrier is much smaller than the characteristic size L > 0 of the spatial domain.
In order to translate this biological observation into mathematical terms, we define
the thickness of the membrane represented as the subdomain Dy as

(2.7) €:= max {min{a >0:Xo+anp € 223}},

X12€X12

and we assume ¢ < L. In the biological scenarios corresponding to the assumption
€ < L, one typically wishes to
(i) replace the subdomain D, with an effective interface, which is obtained from
the actual interfaces 315 and ¥a3 by letting € — 0;
(ii) find biophysically consistent transmission conditions to impose on the effec-
tive interface in this asymptotic regime.
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With these goals in mind, we rewrite the transmission problem (2.6) as

8pi s .
6t€ -V (lu”iéip'iiff/(pif)vpiﬁ) = F’Lf(p’bﬁ) m Di€7 1= 17 27 33
(2.8) Pe =9 wieVpic -0y = 11, Vpje -1y on Y, 1 =1,2,
Pie = Pje on Eijsv = ]., 2,

with 5 = ¢ + 1, while the limiting transmission problem whereby the subdomain D,
is replaced by an effective interface reads as

dp; - - - ~ L oA
sz =V (i pi f'(pi)Vpi) =Ti(pi) inDj, i=1,3,
(2.9) Po = t
transmission conditions on 213,
where
(210) 'Dl = lim Dls; bg = lim ’Dgs, 213 = lim 2125 = lim 2235,
e—0 e—0 e—0 e—0

(2.11) pi = lim pie, fi; = lim pze, and Ty(p;) = lim Tic(pie), i=1,3.
e—0 e—0 e—0

Remark 2.6. In the remainder of the paper, we will refer to the transmission
problem P, defined by (2.8), or equivalently by (2.6), as the “thin layer problem”, and
to the limiting transmission problem Py defined by (2.9) along with the appropriate
transmission conditions as the “effective interface problem”.

The next section will be devoted to deriving the transmission conditions that are
necessary to complete the effective interface problem Py. For the effective interface
¥13 (i.e., an infinitesimal region) to have an effect on cell invasion analogous to that
of the actual thin membrane represented as the subdomain Do, (i.e., a finite region),
when letting ¢ — 0 we will need to compact the membrane (see Remark 2.7). In
other words, we will obtain the effective interface by virtually shrinking the pores of
the membrane in such a way as to cause a reduction in the local permeability o
that is proportional to the local shrinkage. This ensures that the existing relation-
ships between the structural characteristics of the thin membrane and the biophysical
properties of the cells will remain intact across $13. To this end, we will assume

(2.12) poe —— 0 in such a way that Hae —— fi13, with fiy3: RT x Dy, — RT
e—0 € &0
and
A\ A\
(2.13) lim ~22 . npy = lim ~F2 . ngy = Viigg - iz = 0,
e—0 £ e—0 £

where ;3 is the unit vector normal to the interface 313 that points towards the
subdomain 153. The positive bounded function fi13 can be seen as the “effective mo-
bility coefficient” of the cells through the thin membrane represented as the effective
interface X13.

Remark 2.7. By analogy, consider a liquid flowing through a layer of porous ma-
terial with unitary cross-sectional area. The liquid flux @) can be computed using the
classical Darcy’s law as

Kk AP

=" ar
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where AP is the pressure drop between the ends of the layer, Az is the thickness of the
layer, k represents the hydraulic permeability of the material, and v is the dynamic
viscosity of the liquid. We can draw a conceptual analogy between the biological
problem at hand and the case of the liquid by noting that in order to preserve the
flux @ when taking the limit Az — 0 the key is to keep the pressure drop AP fixed.
This can be achieved by letting

K
k —— 0 in such a way that — —— &, with & € RT,
Az—0 Ax Az—0

where K represents an “effective permeability” of the porous layer in the case where
the layer is thin. The latter assumption is analogous to assumption (2.12).

3. Formal derivation of the interface conditions for the effective trans-
mission problem. In this section, we formally derive the transmission conditions
required to complete the effective transmission problem Py defined by (2.9). In sum-
mary, as established by Proposition 3.1, we show that the mass flux across the effective
interface 5]13 is continuous, and we find an additional transmission condition that es-
tablishes a relationship between the mass flux across the effective interface 215 and
the effective cell mobility coefficient fiq5(t, x).

ProPoOSITION 3.1. Under Assumptions 2.2-2.4, the following transmission con-
dition formally applies to the effective interface problem (2.9):

(3.1) fir pr f1(p1) Vpr -z = fiz p3 f'(p3) Vs - tus on 13.
Moreover, under the additional assumptions (2.12) and (2.13),

(3.2) firs [TI] = iy p1 f'(p1) V1 - tuz = fiz p3 f'(p3) Vs - s on 13,
where the function II(p) is defined according to the equation

(3.3) II'(p) := p f'(p)-

Proof. For ease of presentation, we formally derive the interface conditions (3.1)
and (3.2) in the case where ¥15. and Xo3. are parallel planes, but there would be
no additional difficulty in considering more general cases. We introduce the notation
D2 3 x := (z1,Xx), where 2, := X -1nj2 = X - ng3. We also make the change of
variables ) +— x; — #1921, with 15, given by X5 = (ilgL,)Ailgg) € Y12e, and let

7= e (0,1), so that (2.8) for ps. can be rewritten as
€

1£ <M2s 0 2¢e

8/)26 / P —
ol pacf'(p2e) an ) = Dac(p2e)

ot

(34) - sz: . (stﬂ2sf/(,025)vxg er) -

and the related flux continuity conditions can be rewritten as

H2e ’ Op2e ’
3.5 —pP2¢ e = efPle 5 \Y e’ )
(3.5) P2 S (p2c) an |y_o — 11 f'(p1e)Vpre - muzly
(3 6) H2e /( 5’025 - /( v
. 5 p2e f'(pac) ) o1~ taepse ' (p3e)Vpae - 1123’2235 .
Rearranging terms in (3.4) yields
(3.7)

9 [ p2e Opae Opae
67’17 ( s p2af/(p25) a; ) =€ ( ai — vxz . (,U25p25f/(028)Vx2p25) - FQs(pQE)) .
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We make the ansatz
L1 0 1
(3.8) p2e (> Xz ) = p2(n, Xz) + epa(n, xx) + 0(e)
and compute the asymptotic expansions

(3.9) f'(p2e) = ['(03) +ef"(p3)ps + 0(e),  Tlp2e) =T(p3) + €I’ (p9)py + O(e).

Substituting (3.8) and (3.9) into (3.7), and letting ¢ — 0, under assumption (2.12) we
formally obtain

9 (- o 0008 _ 0 0y 908
(3.10) o Mlapzf(Pz)ain =0 = M13P2f(/)2)8777200n3t~ vn € (0,1).

In a similar way, from the flux continuity conditions (3.5) and (3.6) we formally obtain

_ 9pY e e v
(3.11) N13ng/(Pg)8LnQ‘n:0:Mlplf/(Pl)Vﬂl EIS
(312) i 6 2| = fiag ! (3a) Vs - sl
. K13 P2 J (P2 an ln=1 = H3p3) \p3)Vp3-Mizlg -

Using (3.10) along with (3.11) and (3.12) we find that for all € (0,1) we have

_ S e - o -
(3.13)  fus ,0(2) f’(ﬂg) 67772 = H1p1 f/(Pl) V1 'H13|il3 = U3 P3 f’(ﬁs) Vps - n13|213'

Hence, the transmission condition (3.1) is formally verified. Moreover, under the
additional assumption (2.13), integrating both sides of (3.13) with respect to n and
noting that

! 8,00 ! o1l
o 0 /(0 2 4 ~ 1 ~ I
/ )
H13 /O P2 f (p2) 977 = H13 0 ) n=H3 [[ ]]

with IT defined according to (3.3), we obtain
firz [ = i1 pr f'(p1) Vi - fas = fiz p3 f'(p3) V3 -z on Sys.

Hence, the transmission condition (3.2) is formally verified as well. |

Remark 3.2. If the cell pressure is given by the barotropic relation

p=f(p) with f(p):=Pln(p/po) and P >0,po>0,

then (2.8) for p;e becomes a nonlinear reaction-diffusion equation with a nonlinearity
only in the reaction term, and II = P p + C with C' € R. In this case, the interface
condition (3.2) reduces to the classical Kedem-Katchalsky interface condition, i.e.,
fi13 (p3 — p1) = [t V1 - iz = i3 Vps - gz on X3,

Remark 3.3. If fiy3 = 0, then the thin membrane represented as the effective
interface Y3 is impermeable and we recover no-flux boundary conditions on both
sides of Y13, i.e., the cells in each subdomain are compartmentalized.
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Taken together, the formal results established by Proposition 3.1 allow us to
complete the effective interface problem Py defined by the transmission problem (2.9)
as follows:

op s (NG Y (5 in D
% =V (i pr f1(p1)Vp1) =T1(p1) in Dy,

= a~ ~ o~ ~ A [ 0 i D
(3.14) Py = % — V- (i3 p3 f'(53)Vp3) = D3(p3) in D,

firs[II] = fi1 p1 f'(p1)Vpr - Bus = fiz p3 f'(p3) Vs - s on Xy

In order to illustrate these formal results we constructed numerical solutions of a
one-dimensional version of the thin layer problem P, for decreasing values of ¢, and
we compared the numerical solutions obtained with the numerical solutions of the
corresponding effective interface problem Py. These results are reported in section S.1
of the Supplementary Material and show that the relative error between the numerical
solutions of the two transmission problems tends linearly to zero as € — 0.

Remark 3.4. The results established by Proposition 3.1 can also be obtained using
a control volume approach analogous to that typically used in continuum mechanics
(i.e., considering a control volume that cuts across the subdomain D).

4. Application of the effective interface conditions. The numerical solu-
tions presented in this section show potential applications of the formal results es-
tablished by Proposition 3.1. In section 4.1, we construct numerical solutions for a
two-dimensional model of cancer cell invasion through a basement membrane and the
corresponding effective interface problem. The numerical results obtained indicate
that the effective interface problem provides a good approximation of the original
transmission problem for membranes of sufficiently small thickness. In section 4.2, we
construct numerical solutions for an effective interface problem modelling cell invasion
dynamics in ovarian carcinoma. The numerical results obtained support the idea that
the model can qualitatively reproduce the key steps of the complex process leading to
the metastatic spread of ovarian cancer cells. All numerical simulations are carried
out using the finite element software COMSOL Multiphysics, with the parallel sparse
direct solver MUMPS. The method for constructing numerical solutions is based on
the backward differentiation formula with an adaptive time-step, and a refined mesh
is used in the region in the vicinity of the effective interface.

4.1. Numerical simulation of cancer cell invasion through the basement
membrane. We compare the numerical solutions of a thin layer problem modelling a
two-dimensional cell invasion process with the numerical solutions of the correspond-
ing effective interface problem. We consider a biological scenario whereby cancer
cells, which proliferate according to a logistic law with intrinsic growth rate r > 0, in-
vade a normal tissue composed of healthy cells in homeostatic equilibrium (i.e., cells
for which proliferation is balanced by natural death) by squeezing through a dam-
aged part of the basement membrane. Throughout this section, we use the notation
x = (x/L,y/L) to denote the spatial position nondimensionalized with respect to the
thickness L > 0 of the region represented as the subdomains D;. and Dy, and we
nondimensionalize the time variable with respect to the intrinsic growth rate r.

We consider the net growth rate

(4.1) L(p,p) =1 —=p)pH(p),
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where H(-) denotes the Heaviside step function and the function (¢, x) is an auxiliary
level set function that tracks the region of space occupied by cancer cells. Moreover,
we use the barotropic relation

(4.2) p=f(p) with f(p):=(p—po)+ and 0<py <1,

where (-)4 is the positive part of (-). We remark that we consider a scenario whereby
the cell volume fraction at ¢t = 0 is equal to or greater than py for all x. Since
po < 1, under definition (4.1) both the thin layer problem P, and the effective interface
problem Py are such that the cell volume fraction will be greater than or equal to
po for all ¢ > 0. Under this scenario, the barotropic relation (4.2) is such that
Assumption 2.4 is satisfied.

We choose the spatial domains schematized in Figure 2 to carry out numerical
simulations. For the thin layer problem (see Figure 2(a)), we let the subdomains
D1 and Ds. be separated by the basement membrane of thickness e, which is repre-
sented as the subdomain D,. with boundaries Y19, and Yo3.. We identify the part
of the membrane that is damaged, and thus permeable to cancer cells, with a subset
D, C Ds.. Similarly, for the effective interface problem (see Figure 2(b)) we let the
subdomains ’D1 and ’153 be separated by the effective interface 213 In this case, the
damaged part of the basement membrane is represented as a set Z C 315. For sim-
plicity, we assume the cell mobility coefficients in the subdomains Dlg and Ds. to have
the same constant value, i.e., 1. = pze = o with g > 0, and we define the mobility
coefficient in the subdomain Do, as po.(X) := € fiz 1p, (x) with fio > 0, where 1p,(x)
is a mollification of the indicator function of the set D, C Da.. Accordingly, for the
effective interface problem, we choose i = fis = [, 113 := [i2 lip (x). We assume that
cancer cells initially occupy only the region of space on the left of the membrane,
while healthy cells reside in the remaining part of the spatial domain.

Die D3se D: D3

le& ZH&

(a) (b)

FiG. 2. Spatial domain used in the numerical simulation of cancer cell invasion through the
basement membrane. (a) Spatial domain for the thin layer problem. The subdomains Di. and
D3. are separated by the basement membrane of thickness €, which is represented as the subdomain
Do.. The region highlighted in green (i.e., the set D, C Dac) is assumed to be damaged and thus
permeable to cancer cells. To construct numerical solutions, we choose Di. = (—1,0) X (=3,3),
Dae := (0,€) X (=3, 3), Dse := (¢,5) x (=3, 3). (b) Spatial domain for the effective interface problem.
The subdomains D1 and Dg are separated by the effective interface $13. The region highlighted in
green (i.e., the set Z C 213) is assumed to be damaged and thus permeable to cancer cells. In
particular we consider Dy := (—1,0) x (=3,3), D3 := (0,5) x (=3, 3). (Color available online.)
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We describe the spatio-temporal evolution of the cell volume fraction p;e(t,x)
through the thin layer problem (2.8) with f(p;.) defined according to (4.2) and T';. =
I'(¢@e, pic) given by (4.1). The function @, (¢, x) is the auxiliary level set function that
tracks the region of space occupied by cancer cells—i.e., at any time instant ¢t > 0,
if o.(t,x) > 0, then the point x is occupied by cancer cells, whereas if ¢.(¢,x) < 0,
then the point x is occupied by healthy cells. Hence, the zero level set of the function
©e(t,x) corresponds to the boundary of the tumor region at time ¢. The evolution of
the function ¢, (¢, x) is governed by the following equation [69]:

Ope

(43) &

+v. V. =0 in D1 UDs. UD3. with v. = —pe f'(pic)Vpie in Dy

for i = 1,2, 3, subject to the continuity conditions
(4.4) [l =0 on X;;. with ¢ =1,2 and j =i+ 1.

Notice that the transmission conditions (2.8)y ensure the continuity of the normal
velocity across the interfaces Y15, and Xos..

The corresponding effective interface problem is given by the transmission prob-
lem (3.14) with T'; = T((, p;) defined according to (4.1) and with f(5;) given by (4.2).
As for the thin layer problem, the function ¢(¢,x) is the level set function tracking
the region of space occupied by cancer cells, the evolution of which is governed by the
following equation [69]:

(4.5) %f +V-Vg=0 in DyUDs; with v =—/f (p;)Vp; in D; for i=1,3,
subject to the continuity condition
(4.6) [¢] =0 on 5.

A formal derivation of condition (4.6) is provided in section S.2 of the Supplemen-
tary Material. Finally, we choose parameter values, boundary conditions, and initial
conditions corresponding to those of the thin layer problem.

The numerical results obtained are summarized by the plots in Figures 3 and 4.
The plots in the top row of Figure 3 display the numerical solutions to the thin
layer problem with € = 0.1 at different time instants. The numerical solutions to the
effective interface problem at the same time instants are displayed in the plots in the
bottom row. The discrepancy between the solutions to the thin layer problem and
the solutions to the effective interface problem decays over time as the invasion front
of cancer cells moves away from the basement membrane, which is represented either
by the subdomain Ds. or by the effective interface 315. This is further clarified by
the plots in Figure 4. In particular, the curves reported in Figure 4(c) indicate that
the relative error between the numerical solution to the thin layer problem at the
point (&,0) and the numerical solution to the effective interface problem at the point
(07, 0) decays over time. Moreover, in agreement with the formal results established
by Proposition 3.1, the relative error decays as € — 0.

4.2. Numerical simulation of ovarian cancer invasion. In this section, we
apply the formal results established by Proposition 3.1 to the mathematical model-
ling of cell invasion dynamics in ovarian carcinoma. In particular, we simulate the
metastatic journey of a cancer multicellular mass, from the initial growth inside the
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i 1p

(c) t=20 (d) t =30
(g) t=20 (h)t—30

F1G. 3. Numerical simulation of cancer cell invasion through the basement membrane. (a)—(d)
Numerical solutions to the thin layer problem with € = 0.1. The different panels display the cell
volume fraction pic(t,x) with i = 1,2,3 at successive nondimensionalized time instants. (e)—(h)
Numerical solutions to the effective interface problem. The different panels display the cell volume
fraction p;(t,x) with i = 1,3 at successive nondimensionalized time instants. The color scale ranges
from blue (corresponding to 0.5) to red (corresponding to 1). The white curves are isolines that
track the region of space occupied by cancer cells. To construct numerical solutions, we impose zero
Neumann boundary conditions on the left outer boundary and on the upper and lower boundaries,
whereas a Dirichlet boundary condition is prescribed on the right outer boundary. The cells are
uniformly distributed across the spatial domain at t = 0, that is, we impose the initial conditions
pie(0,%) := po for all x € Dy with i = 1,2,3, and we consider a biological scenario whereby cancer
cells are initially confined to the subdomain D1 by making the assumption that @< (0,z, ) := —x.
We choose the parameter values po = 0.5, i1 = iz = i = 0.5, and g2 = 0.1. (Color available
online.)
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Fic. 4. Numerical simulation of cancer cell invasion through the basement membrane. (a)
Spatio-temporal evolution of the volume fraction of cancer cells pie(t, z,0) H(pe(t,x,0)) (solid
lines) and the volume fraction of healthy cells pic(t,x,0) (1 — H(¢e(t,2,0))) (dashed lines) for
the thin layer problem, with ¢ = 1,2,3. (b) Spatio-temporal evolution of the volume frac-
tion of cancer cells p;(t,z,0) H(4(t, x, 0)) (solid lines) and the volume fraction of healthy cells
pi(t,z,0) (1 — H(o(t, x, 0))) (dashed lmes) for the effective interface problem, with i = 1,3. (c) Rel-
ative error between the numerical solutions to the thin layer problem at the point (¢,0) and
the numerical solutions to the effective interface problem at the point (01,0) (i.e., the quantity
err™ = |p3c(t,€,0) — p3(t,07,0)|/p3(t,07,0)) as a function of €, at successive time mstants. The
relative error at the point (07,0) is not reported, as it was smaller than 5 x 1073 for all t and e.
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ovary to the invasion of the healthy tissue adjacent to the peritoneum, using an effec-
tive interface problem.

For the sake of brevity, throughout this section we drop the tildes from all quanti-
ties and we work with dimensionless quantities, as specified in the previous subsection.
In particular, we use the notation x = (z/L,y/L) to denote the spatial position nondi-
mensionalized with respect to the characteristic size L > 0 of the region represented
as the subdomain D;.

4.2.1. Biological background. Ovarian carcinoma originates either inside the
ovary or in the fallopian tube. This type of cancer is known to invade the surrounding
tissues and to metastasize both by direct extension and by cell detachment from
the primary tumor [56]. The latter process of metastasis formation is peculiar to
ovarian carcinoma and allows cancer cells to spread into the peritoneal cavity, to
invade adjacent peritoneal tissues and, ultimately, to reach distant organs. Such
a process encompasses multiple layers of complexity, which represents one of the
main reasons why the metastatic behavior of ovarian cancer cells remains poorly
understood.

The detachment of ovarian cancer cells from the primary tumor starts with the de-
struction of the basement membrane underlying the ovarian capsule (i.e., the ovarian
surface epithelium) [3]. Cancer cells can subsequently break through the ovarian cap-
sule as single cells or, more frequently, as spheroid-like aggregates. Such multicellular
masses grow and passively move until they reach the walls of the peritoneal cavity—
which represent the common site of disaggregation, dissemination, and metastatic
outgrowth for ovarian carcinoma [41].

The cancer cells that reach the walls of the cavity can attach to the mesothe-
lial cells that constitute the peritoneal lining and, by secreting MMPs [56], they can
degrade the basement membrane underlying the mesothelium and cleave cell-cell ad-
hesion molecules (e.g., N-cadherins) that hold mesothelial cells together [56]. This
leads to the retraction of mesothelial cells at the cancer cells’ attachment sites and
promotes the formation of foci of invasion, which enable the ovarian cancer cells to
invade the healthy tissue adjacent to the peritoneum and form secondary tumors [41].

4.2.2. Mathematical model. In adult human females, the ovarian capsule con-
sists of a single layer of epithelial cells, and the peritoneal lining is constituted by a
monolayer of mesothelial cells [3]. Hence, the thickness of the ovarian capsule and
the peritoneal lining is small compared to the characteristic size of the ovary and of
the peritoneal cavity. For this reason, we represent both the ovarian capsule and the
peritoneal lining, along with the underlying basement membranes, as two thin porous
membranes. Moreover, using the formal results established by Proposition 3.1, we
model each thin porous membrane as an effective interface.

On the basis of these observations, considering a two-dimensional scenario, we
represent the ovary, the peritoneal cavity, and the healthy tissue adjacent to the
peritoneum as three distinct spatial subdomains Dy, D5, and D3 separated by the
effective interfaces ¥15 (i.e., the ovarian capsule along with the underlying basement
membrane) and o3 (i.e., the peritoneal lining along with the underlying basement
membrane); cf., respectively, the blue curve and the red line in Figure 5. We focus on
the biological scenario whereby there is a part of the ovarian capsule that is damaged
and thus permeable to cancer cells. We identify such a region with a subset 3, of the
effective interface Y15 (cf. the green line in Figure 5).

Letting the function p;(¢,x) model the cell volume fraction at position x € D; and
time t > 0, we describe the spatio-temporal evolution of the cells through the effective
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D3

Fic. 5. Spatial domain used in the numerical simulation of ovarian cancer invasion. The
subdomain D1 corresponds to the ovary, the subdomain D2 represents the peritoneal cavity, and
the subdomain D3 models the healthy tissue adjacent to the peritoneum. The effective interfaces
Y12 and Y3 represent, respectively, the ovarian capsule and the peritoneal lining. The part of the
ovarian capsule highlighted in green (i.e., ¥ C X12) is assumed to be permeable to cancer cells.
(Color available online.)

interface problem (3.14), with ¢ = {1,2,3}, posed on the spatial domain illustrated
in Figure 5. Similarly to section 4.1, we define f(p;) according to (4.2), and we let
ovarian cancer cells proliferate in all subdomains D;, with ¢ = {1, 2, 3}, according to
the net growth rate I'; = I'(¢p, p;) given by the logistic law (4.1). The evolution of
the function ¢(¢,x) is governed by (4.5) posed on the spatial domain illustrated in
Figure 5 and subject to the continuity condition (4.6) on X153 and Yas.

We make the prima facie assumption that the effective mobility coefficient p12 is
a given function of x and does not depend on t. On the other hand, on the basis of
the biological facts discussed in section 4.2.1, we let the effective mobility coeflicient
o3 be a function of the local concentration of MMPs ¢(¢,x), which can vary across
space and time. In particular, using a modelling strategy similar to that proposed by
Gallinato et al. [35] and Giverso, Arduino, and Preziosi [37], we define ps3 as

(clt, %)~ 1),
K.+ (e(t,x) — 1)’

(47) ,qu(t,x) = /ng(c(t,x)) 1= 23 pez >0, K. > 0.

A detailed derivation of definition (4.7) is provided in section S.3 of the Supplemen-
tary Material. Denoting the restriction of the function ¢ to the subdomain D; by
c;, we describe the dynamics of the concentration of MMPs through the following
transmission problem:

Jc; . ,
FizvcpiH(go)—i—DcAci in D;, 1=1,2,3,

(48) Dc Vci ‘N = Dc VCj -n;;  on Zi]’, 1= 1,2, ] =1+ 1,
[c] =0 onY;;, 1=1,2 j=i+1,

where the parameter v, > 0 is the rate at which cancer cells release MMPs and the
parameter D, > 0 is the diffusivity of MMPs. Notice that the transmission conditions
in (4.8) are such that the MMP concentration c(¢, x) and its flux are continuous across
the effective interfaces Y15 and Xo3. This is because the size of the MMP molecules
is much smaller than the size of the pores of the membranes (i.e., the membranes
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are permeable to the MMP molecules). Alternatively, one could impose the classical
Kedem—Katchalsky interface conditions on Y15 and Xo3.

4.2.3. Numerical solutions. The numerical results obtained are summarized
by the plots in Figure 6. As illustrated by these plots, which display the cell volume
fraction in the different subdomains along with the boundaries of the cancer multi-
cellular mass (white lines), the mathematical model defined by the effective interface
problem (3.14) posed on the spatial domain of Figure 5 and coupled with the trans-
mission problem (4.8) can qualitatively reproduce the salient steps of the metastatic
journey undertaken by an ovarian cancer multicellular mass. In summary, cancer cells
are initially confined to the ovary region D; (see Figure 6(a)), where they proliferate
and grow into a multicellular mass. At later stages (see Figures 6(b)-6(d)), cancer
cells break through the damaged part of the ovarian capsule ¥, C ;2 and spread
across the peritoneal region Dy, until they reach the peritoneal lining Yo3. From
there, secreting MMPs, cancer cells create one focus of invasion (see Figure 6(e)),
which enables the multicellular mass to squeeze through the peritoneal lining and
form a secondary tumor in the healthy tissue adjacent to the peritoneum Ds (see
Figures 6(f)-6(h)).

(c) t=14 (d) t =20
(g) t =132 (h) t = 36

F1a. 6. Numerical simulation of ovarian cancer invasion. Numerical solutions to the trans-
massion problem defined by the effective interface problem (3.14) posed on the spatial domain of
Figure 5 and coupled with the transmission problem (4.8). The different panels display the cell vol-
ume fraction p;(t,x) with ¢ = 1,2, 3 at successive nondimensionalized time instants. The color scale
ranges from blue (corresponding to 0.5) to red (corresponding to 1). The black lines highlight the
boundaries of the subdomains D1, D2, and D3, and the effective interfaces Y12 and ¥23. The white
curves are isolines that track the region of space occupied by the cancer multicellular mass. To con-
struct numerical solutions, we impose zero Neumann boundary conditions on the outer boundaries
of the subdomains for all dependent variables. We consider a biological scenario whereby cancer
cells are initially confined to a circular region of the ovary centered at the point xo, while healthy
cells occupy the rest of the spatial domain, and no MMPs are initially present. Hence, we assume
pi(0,%x) 1= po for all x € D; and i = {1,2,3}, ¢(0,x) =0, and »(0,x) := —1 + 2exp (|x — x0|?/b).
Finally, we choose po = 0.5, p1 = p2 = pu3 = g = 0.5, 23 = 1, xo = (—0.13,1.04), b = 0.01,
K. = 0.2, D, = 0.005, v = 0.5, and pi2(x) = f12 1y, (x), where i1z = 0.1 and 1y, (x) is a
mollification of the indicator function of the set X, C X12. (Color available online.)
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Note that the plots in Figures 6(e)-6(h) indicate that the size of the focus of
invasion grows over time. This is due to the diffusion of MMPs secreted by cancer
cells, which increase the local value of the effective mobility coefficient po3(t, x) (cf. the
expression given by (4.7)). Moreover, throughout the simulations one can verify that
the cell volume fractions can become discontinuous not only in the portions of the
ovarian capsule and of the peritoneal lining that are impermeable, but also in the
permeable part of the ovarian capsule and at the focus of invasion in the peritoneal
lining.

5. Conclusions and research perspectives. We have developed a formal
asymptotic method to mathematically address biological problems of cell invasion
through thin membranes (i.e., the basement membrane and other ECM barriers of
small thickness). We have shown how, starting from an original transmission prob-
lem in which thin membranes are represented as finite regions of small thickness,
one can obtain a limiting transmission problem where each membrane is replaced by
an effective interface, and we have derived a set of biophysically consistent interface
conditions to close the limiting problem.

The approximation of a thin porous layer with an effective interface and a set of
suitable transmission conditions is a simplifying approach that has attracted attention
in a wide range of application fields—e.g., heat transfer problems [68], flow simula-
tions in porous media with immersed intersecting fractures [14], structural mechanical
problems [15, 13], and flows through thin membranes for biological applications [55]—
as it brings considerable modelling and computational benefits. From the modelling
point of view, the main benefit lies in the fact that, by using this approximation, one
does not need to develop a detailed model of the phenomena that occur inside the
thin layer. From the computational point of view, such an approximation ensures
a stark reduction of simulation time in the case of very thin layers, since it makes
it possible to avoid the computational cost associated with the fine mesh required
to produce accurate numerical results in the proximity of a thin layer, where sharp
variations of the dependent variables can lead to the emergence of numerical instabil-
ities. The price to pay for having a simpler and more computationally efficient model
is the introduction of effective interface parameters, such as our “effective mobility
coefficient,” the estimation of which may require ad hoc experiments and extensive
parameter fitting.

The formal results obtained have been validated via numerical simulations show-
ing that the relative error between the solutions to the original transmission problem
and the solutions to the limiting problem vanishes when the thickness of the mem-
branes tends to zero. Moreover, in order to show potential applications of our effective
interface conditions, we have employed the limiting transmission problem to model
cancer cell invasion through the basement membrane and the metastatic spread of
ovarian carcinoma.

Our work can be extended both from the analytical perspective and from the
modelling point of view. From the analytical perspective, it would be interesting to
provide a rigorous proof of the formal results established by Proposition 3.1. From the
modelling point of view, we would like to generalize the results presented in this paper
to the case of multiple cell populations. We also plan to develop further our formal
method for deriving effective interface conditions in order to consider momentum-
related equations different from (2.2). In particular, it would be interesting to capture
both the active response of living aggregates and the visco-elasto-plastic behavior of
cellular aggregates, which is induced by the dynamical formation of bonds between
cells and by the interaction between cells and the extracellular environment.
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Although the focus of this work has been on cancer invasion, cell penetration
of thin membranes also occurs during development, immune surveillance, and disease
states other than cancer, such as fibrosis [75]. Hence, the effective interface conditions
that we have derived can find fruitful application in a variety of research fields in the
biological and medical sciences, including developmental biology and immunology.

REFERENCES

[1] M. V. ABDELKADER AND A. A. Moussa, Asymptotic study of thin elastic layer, Appl. Math.
Sci., 7 (2013), pp. 5385-5396.

[2] Y. Acupou, O. PIRONNEAU, AND F. VALENTIN, Effective boundary conditions for laminar flows
over periodic rough boundaries, J. Comput. Phys., 147 (1998), pp. 187-218.

[3] N. AuMmED, E. W. THOMPSON, AND M. A. QUINN, Epithelial-mesenchymal interconversions in
normal ovarian surface epithelium and ovarian carcinomas: An exception to the norm, J.
Cell. Physiol., 213 (2007), pp. 581-588.

[4] V. Ano, K. MATTILA, T. KUHN, P. KEKALAINEN, O. PULKKINEN, R. B. MINUssI, M. VIHINEN-
RANTA, AND J. TIMONEN, Diffusion through thin membranes: Modeling across scales, Phys.
Rev. E, 93 (2016), 043309.

[5] B. Aigouy, R. FARHADIFAR, D. STAPLE, A. SAGNER, J. ROPER, F. JULICHER, AND S. EATON,
Cell flow reorients the axis of planar polarity in the wing epithelium of Drosophila, Cell,
142 (2010), pp. 773-786.

[6] D. AMBROSI AND F. MoOLLICA, The role of stress in the growth of a multicell spheroid, J. Math.
Biol., 48 (2004), pp. 477-499.
[7] D. AMBROSI AND L. PREZIOSI, On the closure of mass balance models for tumor growth, Math.
Models Methods Appl. Sci., 12 (2002), pp. 737-754.
[8] H. AMMARI, E. BERETTA, AND E. FRANCINI, Reconstruction of thin conductivity imperfections,
Appl. Anal., 83 (2004), pp. 63-76.
[9] R. ArRAUJO AND D. MCELWAIN, A history of the study of solid tumour growth: The contribution
of mathematical modelling, Bull. Math. Biol., 66 (2004), pp. 1039-1091.
[10] R. ARAUJO AND D. MCELWAIN, A linear-elastic model of anisotropic tumour growth, European
J. Appl. Math., 15 (2004), pp. 365-384.
[11] A. ARDUINO AND L. PREZIOSI, A multiphase model of tumour segregation in situ by a hetero-
geneous extracellular matriz, Internat. J. Non-Linear Mech., 75 (2015), pp. 22-30.
[12] A. AuvRAY AND G. VIAL, Asymptotic expansions and effective boundary conditions: A short

review for smooth and nonsmooth geometries with thin layers, in 43-eme Congreés National
d’Analyse Numérique, CANUM2016, ESAIM Proc. Surveys 61, EDP Sci., Les Ulis, France,
2018, pp. 38-54.

[13] M. BELLIEUD, G. GEYMONAT, AND F. KRASUCKI, Asymptotic analysis of a linear isotropic
elastic composite reinforced by a thin layer of periodically distributed isotropic parallel
stiff fibres, J. Elasticity, 122 (2016), pp. 43-74.

[14] S. BERRONE, S. PIERACCINI, AND S. SCIALO, Flow simulations in porous media with immersed
intersecting fractures, J. Comput. Phys., 345 (2017), pp. 768-791.

[15] M. BONNET, A. BUREL, M. DURUFLE, AND P. JoLy, Effective transmission conditions for thin-
layer transmission problems in elastodynamics. The case of a planar layer model, ESAIM
Math. Model. Numer. Anal., 50 (2016), pp. 43-75.

[16] M. BRUNA, S. CHAPMAN, AND G. RAMON, The effective fluz through a thin-film composite
membrane, EPL, 110 (2015), 40005.

[17] W. BUrNs AND B. EpIL, Neuroendocrine pancreatic tumors: Guidelines for management and
update, Curr. Treat. Options Oncol., 13 (2012), pp. 24-34.

(18] H. BYRNE AND M. CHAPLAIN, Growth of nonnecrotic tumors in the presence and absence of
inhibitors, Math. Biosci., 130 (1995), pp. 151-181.

[19] A. CANGIANI AND R. NATALINI, A spatial model of cellular molecular trafficking including active
transport along microtubules, J. Theoret. Biol., 267 (2010), pp. 614-625.

[20] Y. CAPDEBOSCQ AND M. S. VOGELIUS, Pointwise polarization tensor bounds, and applica-
tions to voltage perturbations caused by thin inhomogeneities, Asymptot. Anal., 50 (2006),
pp. 175-204.

[21] F. CAUBET, H. HADDAR, J.-R. L1, AND D. VAN NGUYEN, New transmission condition account-
ing for diffusion anisotropy in thin layers applied to diffusion MRI, ESAIM Math. Model.
Numer. Anal., 51 (2017), pp. 1279-1301.

[22] C. CHEN, H. BYRNE, AND J. KING, The influence of growth-induced stress from the surrounding
medium on the development of multicell spheroids, J. Math. Biol., 43 (2001), pp. 191-220.



G.

M

\%
G.
B

M.

=

N.

INTERFACE CONDITIONS FOR CELL INVASION MODELS 2029

CHRISTOFORI, New signals from the invasive front, Nature, 441 (2006), pp. 444-450.

. CICHON, A. DEGNIM, D. VISSCHER, AND D. RADISKY, Microenvironmental influences that

drive progression from benign breast disease to invasive breast cancer, J. Mammary Gland
Biol. Neoplasia, 15 (2010), pp. 389-397.

. CRISTINI, J. LOWENGRUB, AND Q. NIE, Nonlinear simulation of tumor growth, J. Math.

Biol., 46 (2003), pp. 191-224.
DANUSER, J. ALLARD, AND A. MOGILNER, Mathematical modeling of eukaryotic cell migra-
tion: Insights beyond experiments, Annu. Rev. Cell Dev. Biol., 29 (2013), pp. 501-528.

. DELOURME, H. HADDAR, AND P. JoOLY, Approzimate models for wave propagation across

thin periodic interfaces, J. Math. Pures Appl. (9), 98 (2012), pp. 28-71.

. DimiTRIO, J. CLAIRAMBAULT, AND R. NATALINI, A spatial physiological model for p53 intra-

cellular dynamics, J. Theoret. Biol., 316 (2013), pp. 9-24.

. EvLiaS, L. DiMITRIO, J. CLAIRAMBAULT, AND R. NATALINI, The dynamics of p53 in single

cells: Physiologically based ODE and reaction—diffusion PDE models, Phys. Biol., 11
(2014), 045001.

. Fory, G. FOrRGAcs, C. PFLEGERAND, AND M. STEINBERG, Liquid properties of embryonic

tissues: Measurement of interfacial tensions, Phys. Rev. Lett., 72 (1994), pp. 2298-2301.

. FraNks, H. BYRNE, J. KING, J. UNDERWOOD, AND C. LEWIS, Modelling the early growth of

ductal carcinoma in situ of the breast, J. Math. Biol., 47 (2003), pp. 424-452.

. FrIEDL, E. LOCKER, J. SAHAI, AND J. SEGALL, Classifying collective cancer cell invasion,

Nature Cell Biol., 14 (2012), pp. 777-783.

. FRIEDMAN AND F. REITICH, Analysis of a mathematical model for the growth of tumors, J.

Math. Biol., 38 (1999), pp. 262-284.

GAHN, M. NEUSS-RADU, AND P. KNABNER, Effective interface conditions for processes
through thin heterogeneous layers with nonlinear transmission at the microscopic bulk-
layer interface, Netw. Heterog. Media, 13 (2018), pp. 609-640.

. GALLINATO, T. CoLIN, O. SAUT, AND C. POIGNARD, Tumor growth model of ductal carci-

noma: From in situ phase to stroma invasion, J. Theoret. Biol., 429 (2017), pp. 253-266.

. GEYMONAT, F. KRASUCKI, AND S. LENCI, Mathematical analysis of a bonded joint with a

soft thin adhesive, Math. Mech. Solids, 4 (1999), pp. 201-225.

. GIVERSO, A. ARDUINO, AND L. PREZzIOSI, How nucleus mechanics and ECM microstructure

influence the invasion of single cells and multicellular aggregates, Bull. Math. Biol., 80
(2018), pp. 1017-1045.

. GIVERSO AND P. CIARLETTA, On the morphological stability of multicellular tumour spher-

oids growing in porous media, Eur. Phys. J. E, 39 (2016), 92.

. GIVERSO, A. GRILLO, AND L. PREZIOSI, Influence of nucleus deformability on cell entry into

cylindrical structures, Biomech. Model. Mechanobiol., 13 (2014), pp. 481-502.

. GIVERSO AND L. PrEZI0SI, Influence of the mechanical properties of the necrotic core on the

growth and remodelling of tumour spheroids, Internat. J. Non-Linear Mech., 108 (2019),
pp. 20-32.

. GIVERSO, M. SCIANNA, L. PrEz1OSI, N. Lo BuoNO, AND A. FUNARO, Individual cell-based

model for in-vitro mesothelial invasion of ovarian cancer, Math. Model. Nat. Phenom., 5
(2010), pp. 203—223.

. P. GREENSPAN, Models for the growth of a solid tumor by diffusion, Stud. Appl. Math., 51

(1972), pp. 317-340.

. HADDAR, P. JoLy, AND H.-M. NGUYEN, Generalized impedance boundary conditions for

scattering problems from strongly absorbing obstacles: The case of Mazwell’s equations,
Math. Models Methods Appl. Sci., 18 (2008), pp. 1787-1827.

. HAGEDORN AND D. SHERWOOD, Cell invasion through basement membrane: The anchor cell

breaches the barrier, Curr. Opin. Cell Biol., 23 (2011), pp. 589-596.

. HUBER AND S. WEISs, Disruption of the subendothelial basement membrane during neu-

trophil diapedesis in an in vitro construct of a blood vessel wall, J. Clin. Invest., 83 (1989),
pp. 1122-1136.

. HUMPHREY, Review paper: Continuum biomechanics of soft biological tissues, Proc. R. Soc.

Lond. Ser. A Math. Phys. Eng. Sci., 459 (2003), pp. 3—46.

IiNa, G. J. BAKKER, A. VASATURO, R. M. HOFMANN, AND P. FRIEDL, Two-photon
laser-generated microtracks in 3D collagen lattices: Principles of MMP-dependent and
-independent collective cancer cell invasion, Phys. Biol., 8 (2011), 015010.

JAGIELLA, B. MULLER, M. MULLER, I. E. VIGNON-CLEMENTEL, AND D. DRASDO, Infer-
ring growth control mechanisms in growing multi-cellular spheroids of NSCLC cells from
spatial-temporal image data, PLoS Comput. Biol., 12 (2016), €1004412.



2030

(49]

[50]
/51]
/52
53]
/541
/551
[56]

[57]

(58]

[59]

CHAPLAIN, GIVERSO, LORENZI, AND PREZIOSI

P. JoLy AND S. TORDEUX, Matching of asymptotic expansions for wave propagation in media
with thin slots I: The asymptotic expansion, Multiscale Model. Simul., 5 (2006), pp. 304—
336, https://doi.org/10.1137,/05064494X.

. KALLURI, Basement membranes: Structure, assembly and role in tumour angiogenesis, Nat.
Rev. Cancer, 3 (2003), pp. 422-433.

O. KEDEM AND A. KATCHALSKY, Thermodynamic analysis of the permeability of biological

membranes to non-electrolytes, Biochim. Biophys. Acta, 27 (1958), pp. 229-246.

L. KELLEY, L. LOHMER, E. HAGEDORN, AND D. SHERWOOD, Traversing the basement membrane
in vivo: A diversity of strategies, J. Cell Biol., 204 (2014), pp. 291-302.

Y. Kim AND H. OTHMER, A hybrid model of tumor—stromal interactions in breast cancer, Bull.
Math. Biol., 75 (2013), pp. 1304-1350.

Y. KiM, M. STOLARSKA, AND H. OTHMER, The role of the microenvironment in tumor growth
and invasion, Progr. Biophys. Mol. Biol., 106 (2011), pp. 353-379.

F. KLEINHANS, Membrane permeability modeling: Kedem—Katchalsky vs a two-parameter for-
malism, Cryobiology, 37 (1998), pp. 271-289.

E. LENGYEL, Ovarian cancer development and metastasis, Am. J. Pathol., 177 (2010), pp. 1053~
1064.

E. LEnzi, H. RIBEIRO, A. TATEISHI, R. ZoLA, AND L. EVANGELISTA, Anomalous diffusion and
transport in heterogeneous systems separated by a membrane, Proc. R. Soc. A, 472 (2016),
20160502.

S. L1, D. EDGAR, R. FASSLER, W. WADSWORTH, AND P. YURCHENCO, The role of laminin in
embryonic cell polarization and tissue organization, Dev. Cell, 4 (2003), pp. 613-624.

J. S. LOWENGRUB, H. B. FRIEBOES, F. JIN, Y. L. CHUANG, X. L1, P. MACKLIN, S. WISE, AND
V. CRISTINI, Nonlinear modelling of cancer: Bridging the gap between cells and tumours,
Nonlinearity, 23 (2010), pp. R1-R9.

J.-J. MARIGO AND A. MAUREL, Two-scale homogenization to determine effective parameters
of thin metallic-structured films, Proc. R. Soc. A, 472 (2016), 20160068.

D. MicALizzl, S. FARABAUGH, AND H. FORD, Epithelial-mesenchymal transition in cancer:
Parallels between normal development and tumor progression, J. Mammary Gland Biol.
Neoplasia, 15 (2010), pp. 117-134.

. MOURE AND H. GOMEZ, Three-dimensional simulation of obstacle-mediated chemotazis,
Biomech. Model. Mechanobiol., 17 (2018), pp. 1243-1268.

Y. NAKAYA AND G. SHENG, EMT in developmental morphogenesis, Cancer Lett., 341 (2013),

pp. 9-15.

M. NEuss-RADU AND W. JAGER, Effective transmission conditions for reaction-diffusion pro-
cesses in domains separated by an interface, SIAM J. Math. Anal., 39 (2007), pp. 687-720,
https://doi.org/10.1137/060665452.

M. NEuss-RADU, S. LubwiG, AND W. JAGER, Multiscale analysis and simulation of a reaction—
diffusion problem with transmission conditions, Nonlinear Anal. Real World Appl., 11
(2010), pp. 4572-4585.

K. NorTON, M. WININGER, G. BHANOT, S. GANESAN, N. BARNARD, AND T. SHINBROT, A 2D
mechanistic model of breast ductal carcinoma in situ (DCIS) morphology and progression,
J. Theoret. Biol., 263 (2010), pp. 393—406.

S. NOURSHARGH, P. HORDIJK, AND M. SIXT, Breaching multiple barriers: Leukocyte motility
through venular walls and the interstitium, Nat. Rev. Mol. Cell Biol., 11 (2010), pp. 366—
378.

J. OCHOA-TAPIA AND S. WHITAKER, Heat transfer at the boundary between a porous medium
and a homogeneous fluid, Int. J. Heat Mass Transfer, 40 (1997), pp. 2691-2707.

S. J. OsHER AND R. P. FEDKIW, Level Set Methods and Dynamic Implicit Surfaces, Springer-
Verlag, 2003.

R. PERRUSSEL AND C. POIGNARD, Asymptotic expansion of steady-state potential in a high

C

=

>

contrast medium with a thin resistive layer, Appl. Math. Comput., 221 (2013), pp. 48-65.
. POIGNARD, Boundary layer correctors and generalized polarization tensor for periodic rough
thin layers. A review for the conductivity problem, ESAIM Proc., 37 (2012), pp. 136-165.

L. PREZI0SI AND A. TOSIN, Multiphase and multiscale trends in cancer modelling, Math. Model.
Nat. Phenom., 4 (2009), pp. 1-11.

J. RANFT, M. BasaN, J. ELGETI, J. JOANNY, J. PROST, AND F. JULICHER, Fluidization of
tissues by cell division and apoptosis, Proc. Natl. Acad. Sci. USA, 107 (2010), pp. 20863~
20868.

B. RiBBA, O. Sautr, T. CoLIN, D. BrRESH, E. GRENIER, AND J.-P. BOISSEL, A multiscale
mathematical model of avascular tumor growth to investigate the therapeutic benefit of
anti-invasive agents, J. Theoret. Biol., 243 (2006), pp. 532-541.


https://doi.org/10.1137/05064494X
https://doi.org/10.1137/060665452

n

=

a

2

INTERFACE CONDITIONS FOR CELL INVASION MODELS 2031

. G. RowE AND S. J. WEISS, Breaching the basement membrane: Who, when and how?,
Trends Cell Biol., 18 (2008), pp. 560-574.

SPADERNA, O. SCHMALHOFER, F. HLUBEK, G. BERxX, A. EGER, S. MERKEL, A. JUNG,
T. KIRCHNER, AND T. BRABLETZ, A transient, EMT-linked loss of basement membranes
indicates metastasis and poor survival in colorectal cancer, Gastroenterology, 131 (2006),
pp. 830-840.

. VASILICA STIRBAT, S. TLILI, T. HOUVER, J. P. RIEU, C. BARENTIN, AND H. DELANOE-AYARI,
Multicellular aggregates: A model system for tissue rheology, Eur. Phys. J. E, 36 (2013),
84.

. VENKOV, A. LNk, J. JENNINGS, D. PrieTH, T. INOUE, K. NaAGal, C. Xu, Y. Dim-
ITROVA, F. RAUSCHER, AND E. NEILSON, A prozimal activator of transcription in epithelial-
mesenchymal transition, J. Clin. Invest., 117 (2007), pp. 482-491.

. VIEBAHN, Epithelio-mesenchymal transformation during formation of the mesoderm in the
mammalian embryo, Acta Anat., 154 (1995), pp. 79-97.

. V. VOROTNIKOV AND P. A. TYURIN-KUzZMIN, Chemotactic signaling in mesenchymal cells
compared to amoeboid cells, Genes Dis., 1 (2014), pp. 162-173.

. S. WELF AND J. M. HAuGH, Signaling pathways that control cell migration: Models and
analysis, WIREs Syst. Biol. Med., 3 (2011), pp. 231-240.

. Worr, M. TE LINDERT, M. KRAUSE, S. ALEXANDER, J. TE RIET, A. L. WiLLis, R. M.
HorrMmAN, C. G. FIGDOR, S. J. WEIss, AND P. FRIEDL, Physical limits of cell migration:
Control by ECM space and nuclear deformation and tuning by proteolysis and traction
force, J. Cell Biol., 201 (2013), pp. 1069-1084.

. WoLr, Y. I. Wu, Y. Liu, J. GEIGER, E. TaM, C. OVERALL, M. S. STACK, AND P. FRIEDL,
Multi-step pericellular proteolysis controls the transition from individual to collective can-
cer cell invasion, Nat. Cell Biol., 9 (2007), pp. 893-904.



	Introduction
	Statement of the problem
	Formal derivation of the interface conditions for the effective transmission problem
	Application of the effective interface conditions
	Numerical simulation of cancer cell invasion through the basement membrane
	Numerical simulation of ovarian cancer invasion
	Biological background
	Mathematical model
	Numerical solutions


	Conclusions and research perspectives
	References

