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a b s t r a c t 

Modeling unsteady windblown sand dynamics requires not only treatment of the sand 

present in the air as a suspended constituent of a mixture but also consideration of erosion 

and sedimentation phenomena and consequently of the morphodynamic evolution of the 

sand-bed surface, including avalanching, especially in the presence of natural or human- 

built obstacles, artifacts, and infrastructures. With this aim in mind, we present a com- 

prehensive multiphase model capable of accurately simulating all the physical phenomena 

mentioned above, producing satisfactory results, with reasonable computational effort. As 

test cases, two- and three-dimensional simulations of dune evolution are reported, as is 

windblown sand transport over a straight vertical wall. Examples of sand transport around 

other obstacles are given to show the flexibility of the model and its usefulness for such 

engineering applications. 

© 2019 The Authors. Published by Elsevier Inc. 

This is an open access article under the CC BY-NC-ND license. 
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1. Introduction 

When wind blowing on a sandy surface, such as a beach or a dune in the desert, is sufficiently strong, sand particles

are set in motion from the sand bed and are entrained in the air flow. Depending on their diameter, sand grains are then

transported by different physical mechanisms: big grains start to roll (creep), medium-sized grains describe ballistic-like

trajectories and impact again on the sand surface, triggering a chain reaction by colliding with other particles, a phenomenon

known as saltation, while small grains are entrained by the wind, forming a very thin suspension that can transport sand

dusts over large distances (see Fig. 1 ). 

Among the transport mechanisms mentioned, saltation involves almost 80% of the total moving mass [1] . By sedimenta-

tion, sand grains accumulate in new downwind regions and pile up until the sand-bed surface reaches a slope that exceeds

a critical repose angle. Above this angle avalanching occurs, redistributing the sedimented mass so that a new stable config-

uration is established. To model this quite complex physical phenomenon, it is crucial to consider all the aspects mentioned
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Fig. 1. Sand transport and morphodynamic evolution: (a) erosion and suspension, (b) saltation, (c) avalanching, and (d) transport mechanisms. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

above. The aim of this work is to present a comprehensive mathematical and computational model capable of accurately

simulating windblown sand transport, taking into account sand erosion, grain entrainment in the wind flow, deposition, and

avalanches determining the morphodynamic evolution of the sand bed. 

Historically, Bagnold [2] paved the way for the scientific investigation of windblown sand. However, only recently have

computational approaches taken hold, although there were some early attempts in the 1980s (see, e.g., [3] ). With the aim

of modeling the motion of dunes, several authors (see, e.g., [4–9] ) have proposed models for sand transport, most of them

using perturbation theories and linearizations to evaluate wall shear stress, but without using multiphase coupling. 

With respect to the existing literature, this article focuses on the complex multiphase fluid dynamics of the sand-air

flow, in particular in the presence of natural (e.g., dunes) or human-built (e.g., barriers) artifacts, and on deducing a model

that includes the mutual interaction of sand, air, and obstacles. Sand concentration in the air and the velocity of particles

are the model’s outcomes. This allows us to evaluate the transport of sand even when the suspension mode is crucial; for

instance, in the presence of a barrier. In these situations the currently available models cannot be used because they solve

transport of sand at ground level or inside a thin layer close to the ground, and therefore they cannot evaluate how much

sand is entrained in the air and how much of this sand, carried by the wind, overcomes the obstacle. 

Referring to Lo Giudice et al. [10] for a deeper review of the literature focusing mainly on fluid-dynamic aspects of wind-

blown particulate transport, a first division of the mathematical models for windblown sand can be done by distinguishing

between Eulerian–Lagrangian and fully Eulerian models. In both approaches air flow is treated using a continuum model,

followed by working in an Eulerian framework, even though different models have been proposed; for example, Reynolds-

averaged Navier–Stokes with one-equation turbulence closure [11] and two-equation [12–14] models, large eddy simulation

[15–17] , and a lattice Boltzmann approach [18] . 

On the other hand, regarding the solid phase, the former approach treats each sand particle as a discrete element, fol-

lowing it during its trajectories. A different coupling degree can be achieved by including different levels of interaction

between particles and air, which can also include how the flow is affected by the presence of sand, and how the particles

interact among themselves through interparticle collisions. The Lagrangian models also differ in the particle collision model,

in the treatment of the particle-bed interaction, and in the level of coupling. For instance, Li et al. [16] modeled all the

possible interactions using a four-way coupling discrete element method, while Xiao et al. [19] considered two particle size

distributions (Gaussian and uniform). Unfortunately, Eulerian–Lagrangian models become computationally unfeasible or at

least extremely costly for real environmental applications. They would require an enormous number of ordinary differential

equations to be solved to compute all sand grain trajectories, jointly with the fluid dynamics for the air phase. 

A different approach consists in working in the spirit of mixture theory and multiphase flows considering sand as a

solid immiscible constituent dispersed in the air and described by mass and momentum balance equations. In this way, the
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structure of the model is fully Eulerian. The first studies that tried to explore this modeling approach were those of Alhajraf

[20] and Ji et al. [21] . In particular, Alhajraf [20] used both an Eulerian–Lagrangian approach and a fully Eulerian approach,

and concluded that the latter is a good compromise between accuracy and computational time. 

The present work extends the model presented in [22] , with the aim of taking into account the main phenomena neces-

sary to describe windblown sand (erosion, transport, deposition), coupling them with a morphodynamic evolution model of

the sand surface, including the avalanche model presented in [23] . A crucial role is played by the erosion condition trigger-

ing the entire phenomenon (the interested reader is referred to Raffaele et al. [24] for a critical comparison of all the laws

proposed in the literature done on a statistical basis). 

In particular, special attention is given to the case of flows over inclined surfaces, characterizing not only dunes but also

the interaction with other structures, generalizing the experimental relation proposed in [25] to the three-dimensional case.

Finally, the comprehensive model is used to fully reproduce sand transport in desert areas in nonequilibrium conditions (i.e.,

when the sand-bed surface is constantly changing due to erosion and deposition). This is done both in natural conditions,

such as in the presence of dunes, and in the presence of human-built obstacles. 

Dune evolution can be considered as the reference test case of interest because it involves all the physical phenomena

that contribute to sand transport together with the aerodynamics of a bluff body in the atmospheric boundary layer. For

this reason it was selected here to show the capability of the model to resemble the morphology of a dune as the final

result of the windblown transport process simulated. 

As stated already, dune dynamics has already been studied by different authors, from both the pure aerodynamic point

of view [26–31] and the morphodynamic point of view with different focuses: continuous models [5,9,32] , barchans [33–35] ,

parabolic and coastal dunes [36,37] , martian dunes [38] , linear dunes [39] , instabilities [40] , star dunes [41,42] , and erosion

[14,43] . 

On the basis of the work of Kroy et al. [5] , Parteli et al. [44] proposed a three-dimensional model that is able to re-

produce the shape evolution of different types of dunes. In these studies, the separation bubble generated by the dune

is heuristically added in the lee, ignoring shear stress and sand fluxes in this region as a first approximation, making the

model not directly applicable in different situations of interest; for instance, in the presence of obstacles [45–47] . Even in

the case of a transverse dune, wind flow in the wake is highly nonlinear and has to be carefully solved (see [31] , where

the effects of boundary conditions on the shear stress patterns on the lee side of a transverse dune are analyzed). More-

over, sand transport and morphological evolution simulations in the presence of different sand mitigation measures (see

[48] for an exhaustive list) would require at least a priori knowledge of the flow features, which will introduce a significant

approximation on the primary cause of transport (i.e., the wind). 

Differently, Zhou et al. [49] performed a three-dimensional numerical simulation of a downsized dune migration,

based on wall shear stress calculations obtained from large eddy simulation. However, even though they computed ero-

sion/deposition on the basis of wall shear stress, they did not explicitly solve suspension and saltation transport, and they

focused only on the dune migration, solving an evolution equation of the ground terrain. 

Dune migration was also simulated with use of cellular automaton algorithms with erosion, transport, and deposition

phenomena treated using time-dependent stochastic interactions between cells of a lattice [50–53] . These models are useful

to study long-term evolution of dune fields, but their aim is not to accurately compute local windblown sand transport,

especially in the presence of obstacles. In the models mentioned above, the transport is solved at ground level (i.e., the sand

flux is a quantity defined on the ground that accounts for all the mass transport above in the air). 

This point is crucial when the wind profile and flow patterns induced by the presence of bluff bodies in the atmospheric

boundary layer have to be accurately simulated, and when the assessment of sand particles entrained and transported in

the air is the main purpose. For instance, this is the case of sandy wind around sand mitigation measures [45–48,54–57] .

In particular, the flow patterns induced are able to entrain particles and to transport them with saltation and suspension

modes. This work is intended to present a model capable of reproducing windblown transport also in such situations. 

This article is organized as follows. In Section 2 the mathematical model for both phases is presented with particular

attention to the derivation of the evolution equation for the bed level surface and its coupling with the avalanche model.

Section 3 is devoted to simulations: First the model is tested with a two-dimensional case of a transverse dune and a

three-dimensional simulation of evolution of a sand pile from an initial symmetric Gaussian to a barchan-like shape. After

verification of the model behavior in these well-known configurations, a simulation of windblown sand around a vertical

wall is reported, together with other examples of particle transport around different sand mitigation measures to show the

area of applications of our study. 

Attention is paid to the effects of the dependence of the law of erosion on the slope, to the description of the wind flow

patterns around the artifacts, and to the mutual interaction wind-sand obstacles. The final section presents some conclusions

and remarks. 

2. Mathematical modeling 

Sandy wind is modeled as a multiphase system constituted by the air (the carrying phase) and sand (the dispersed

phase). Regarding the former, atmospheric boundary layer flows require the modeling of unsteady incompressible, turbu-

lent flows. For the physical problem considered and the applications, we are interested in the long-term behavior of sand

transport, which is mainly due to mean wind flux because sand mass transport occurs on a much longer timescale than the
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characteristic timescales for turbulence. For this reason, we model the air phase using unsteady Reynolds-averaged Navier–

Stokes equations coupled with the shear stress transport (SST) formulation of the k − ω turbulence model [58,59] to close

the system of equations. With respect to k − ε models, k − ω SST performs better in the presence of flow separation and

adverse pressure gradients [60] . 

The Reynolds-averaged approach with the selected turbulence model has already been used for dune aerodynamics anal-

ysis [29,31] and for bluff-body aerodynamics in deserts [47] . The complete set of equations reads ⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

∇ · u f = 0 , 

∂ u f 

∂t 
+ u f · ∇ u f = − 1 

ˆ ρ f 

∇ p + ∇ ·
[ 
(ν f + νt ) ∇ u f 

] 
, 

∂k 

∂t 
+ ∇ · (k u f ) = ∇ · [(σk ν f + ν) ∇k ] + 

˜ P k − β∗kω , 

∂ω 

∂t 
+ ∇ · (ω u f ) = ∇ · [(σω ν f + ν) ∇ω] + α

ω 

k 
P k − βω 

2 + (1 − F 1 ) 
2 σω 

ω 

∇k · ∇ω , 

(1)

where ˆ ρ f is the air density, u f is the averaged fluid velocity, p is the averaged pressure, k is the turbulent kinetic energy,

ω is its specific dissipation rate, ν f is the kinematic viscosity, and νt is the so-called turbulent kinematic viscosity. The

kinetic energy production term 

˜ P k is modeled by introducing a production threshold to prevent the buildup of turbulence in

stagnation regions: 

˜ P k = min ( P k , 10 β∗kω ) , where P k ≈ 2 νt D · ∇ u f , 

where D = 

1 
2 (∇ u f + ∇ u 

T 
f ) is the strain rate tensor. For conciseness, the definition of the blending function F 1 and the values

of the model constants are omitted herein but can be found in [59] . 

The dispersed phase is considered as a passive scalar modeled by the conservation equation for sand volume fraction φs :

∂φs 

∂t 
+ ∇ · q = 0 , (2)

where the flux q is the combination of advection by wind, sedimentation effects, and diffusive flux due to random collisions,

q = u tr φs + u sed φs − νe f f φ
k −1 
s ∇φs , (3)

with k ≥ 1. u tr is the transport velocity of the solid constituent induced by wind (the advection field), u sed is the vertical

component of velocity due to gravity, and νeff is an effective viscosity. The order of magnitude of the saltation layer on a

flat plane is given by the ratio νeff/ u sed . 

As far as the effect of the wind is concerned, following the discussion in [22,61] , u tr is taken to be proportional to the

wind velocity u f according to experimental data. 

As stated in [22] , the settling velocity can be obtained by plotting the experimental relationship between the particle

Reynolds number and drag given, for instance, in [62] in terms of a relationship between the grain size and the particle

Reynolds number Re p = 

u r d 
ν f 

, where u r is the particle sedimenting velocity and d is the particle diameter (see also [63–65] ).

Finally, through the effective viscosity νeff the last term takes into account the mixing-diffusive contribution due to the

air viscosity ν f to the turbulent viscosity νt and to the random collisional interactions νs . Preziosi et al. [22] showed that

νs = νs (II D ) , where II D is the second invariant of the rate of strain tensor D . In particular, we take νs = A (2 
√ 

II D ) 
β , where

A and β are model parameters. This formulation implies that νs is an objective function (i.e., it does not depend on the

reference frame). 

2.1. Boundary conditions with slope effects 

As already mentioned, one of the crucial mechanisms in sand transport, actually the triggering one, is erosion. It quan-

tifies the amount of sand entrained by the wind. The phenomenon has been studied from the experimental point of view

by several authors (see, e.g., [2,66] ) and the difference between the proposed laws was studied in detail in [24] . From the

mathematical point of view, this phenomenon enters the model as a boundary condition to be applied at the sand bed to

solve the dispersed-phase equation. 

As already mentioned, erosion occurs if the wall shear stress at the boundary is larger than a threshold value. Otherwise,

the boundary condition is ∇φs · n = 0 , which means that no diffusive flux is present and the total outgoing sand flux is the

advective flux: φs (u s + u w 

) · n . 

Otherwise, one has an influx that depends on the difference between the shear stress and a threshold value. For instance,

the vertical flux expression obtained by Ho et al. [67–69] by experiments on saltating grains is 

−νe f f φ
k −1 
s ∇φs · n = A H ˆ ρ f 

√ 

d 

g 
(u 

∗2 − u 

∗2 

t ) + , 
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Fig. 2. Sand-bed interface scheme. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

where A H depends on the physical properties of the sand and ( f ) + := ( f + | f | ) / 2 stands for the positive part of f . In this

expression the shear velocity u ∗ is used instead of the wall shear stress τ . It is defined as u ∗ = 

√ | τ| 
ˆ ρ f 

. 

However, as reported in [70] , the influence of the slopes on the friction velocity is not negligible. Gravity acts for or

against erosion, according to the wind flow direction and the surface slope. To include such an effect, the following empirical

modification was proposed in [25] for two-dimensional problems: 

u 

∗
t = u 

∗
t, 0 

√ 

cos ϑ + 

sin ϑ 

tan θcr 
= u 

∗
t, 0 

√ 

sin (ϑ + θcr ) 

sin θcr 
, (4) 

where u ∗
t, 0 

is the friction velocity on a flat plane, ϑ is the local inclination of the surface, and θ cr is the repose angle.

With this modification, which holds for ϑ ∈ [ −θcr , min { θcr , π − θcr } ] , the threshold velocity u ∗t is amplified uphill, while it is

reduced downhill, vanishing when the downhill angle is equal to θ cr (i.e., ϑ = −θcr ). 

The relationship can be generalized to a three-dimensional problem by assuming that the lifting mechanism is affected

by the dynamics in the vertical plane containing the local direction of the wall shear stress: 

τ = 2 μ[ Dn − ( n · Dn ) n ] = μ
∂ u ‖ 
∂n 

= μn · ∇ u ‖ , 

where u ‖ is the component of the velocity parallel to the sand bed. Hence, the effective impinging angle to be used in Eq.

(4) is given by 

sin ϑ = 

ˆ τ · ˆ k , ˆ τ = 

τ

| τ| , 
resulting in 

u 

∗
t (x, t) = u 

∗
t, 0 

√ √ 

1 − ( ̂  τ · ˆ k ) 2 + 

ˆ τ · ˆ k 

tan θcr 
. (5) 

If τ · ˆ k = 0 (e.g., if the wind flows along a transverse dune), then ϑ = 0 , so the threshold velocity is the same as for a

flow over a flat plane. If, instead, for instance, the wind blows perpendicularly to the axis of a transverse dune, then τ · ˆ k is

the sine of the slope of the transverse dune and Eq. (4) is recovered. 

2.2. Evolution of the sand-bed surface: erosion, sedimentation, and avalanches 

Erosion and sedimentation phenomena continuously alter the shape of the sand-bed surface ( Fig. 2 ). From the modeling

point of view this means that the turbulence equations (1) and the equations for the solid phase (2) have to be integrated

in a time-dependent domain and one needs to provide an evolution equation for the free boundary that will describe the

morphological changes. From a computational point of view, the new ground configuration is also used to compute the

ground displacement field to be applied by a front tracking approach and then mesh deformation. 

To obtain an evolution equation for the sand-bed surface, it is sufficient to require continuity of sand flux across the

nonmaterial interface �, which represents the ground level: 

� (q − φs v 
ED 
� ) · n � = 0 , 

where v ED 
�

is the descending or ascending velocity due to erosion or sedimentation. 

Thus, 

� (u tr φs + u sed φs − νe f f φ
k −1 
s ∇φs − φs v 

ED 
� ) · n � = 0 . 

Bearing in mind that on the sand-bed side u 

−
tr = u 

−
sed 

= 0 and φ−
s = φcp , the close-packing volume ratio, one has 

(u tr φ
+ 
s + u sed φ

+ 
s − νe f f (φ

+ 
s ) 

k −1 ∇φ+ 
s − φ+ 

s v 
ED 
� ) · n = (−φcp v 

ED 
� ) · n . 
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Reorganizing and dropping + indices finally gives 

v ED 
� · n = − 1 

φcp − φs 
(φs u tr + φs u sed − νe f f φ

k −1 
s ∇φs ) · n = D + E, (6)

where 

D = −φs (u tr + u sed ) · n 

φcp − φs 

and 

E = 

νe f f φ
k −1 
s ∇φs · n 

φcp − φs 

are the deposition and erosion velocity, respectively. Typically the former is positive and the latter is negative. If deposition

prevails over erosion, then the bed-surface velocity is along the normal, which means that the ground level rises. In contrast,

if erosion prevails, then the ground level lowers. 

We recall that, in principle, sand grains can also move and roll along the sand-bed surface, contributing to the redistribu-

tion of mass and therefore to its evolution. This is due to creep, reptation, and avalanching. Creep and reptation contributions

were included in other studies (e.g., [49] , where reptation flux is proportional to saltation flux, while creep is function of the

shear velocity u ∗). However, for large amounts of mass transport, the contributions of these phenomena to morphological

evolution of the ground surface are negligible compared with the contributions of saltation and avalanching, and for these

reasons they are not considered here and in most of the literature. 

Regarding avalanching, the sliding of sand grains is triggered when the slope of the accumulated (or eroded) sand ex-

ceeds a critical angle of repose θ cr , which in the case of dry sand is approximately 32 ◦–34 ◦. In light of the application of

sand transport in the desert and in particular to dune dynamics, avalanching locally acts to modify slightly supercritical

configurations formed by the transfer of sand eroded from upwind locations and deposited on the downwind side of the

dune. Ignoring avalanching would then lead to unphysical configurations. 

Lo Giudice et al. [23] derived a mechanical-based model called the degenerate parabolic sliding model for sand slides, and

provided several numerical simulations with different boundary conditions as well as validation with experimental results

from different authors. The evolution equation for the sand-bed surface height h is 

∂h 

∂t 
= νa v ∇ ·

[ 

(|∇h | − tan θcr ) + √ 

1 + |∇h | 2 
∇h 

|∇h | 

] 

, (7)

where νav is related to the adhesivity properties of the particular granular material considered and determines the sliding

time of the avalanches, once they are triggered. The square brackets contain the positive part of a function of the unknown

that acts as a trigger of the avalanche flux and then for the evolution of the sand profile. 

Including the erosion-deposition contribution v ED 
�

· n in Eq. (7) , one gets the complete evolution equation for h : 

∂h 

∂t 
= νa v ∇ ·

[ 

(|∇h | − tan θcr ) + √ 

1 + |∇h | 2 
∇h 

|∇h | 

] 

+ D + E, (8)

which is a modified Exner equation [71] , a sediment mass balance equation developed for river morphology. 

3. Numerical simulations 

In this section we test the complete transport model in three different cases: 

1. The motion of a two-dimensional transverse dune. This classical case was selected to verify if the model accurately

reproduces the main transport processes that lead to the advancement of a transverse dune. 

2. Evolution of a sand pile into a barchan. This configuration was selected to verify if the simulated transport process in

a three-dimensional domain is able to lead to a coherent evolution of a pile into a barchan. In particular, in this case

the generalized formula (5) for u ∗t is used to take into account the effective angle between the wind and the local

steepest slope direction. 

3. Windblown sand transport hindered by a vertical wall and interaction with other obstacles. This last case was selected

to show the applicability of the model in cases with nonstandard boundaries. In particular, these cases are significant

because they show that the model is capable of dealing with situations of civil engineering interest in which suspen-

sion transport becomes crucial, and air-sand interaction is not straightforward and plays a central role in the sand

transport mechanism, so it needs to be explicitly simulated. 

The simulations were performed on a 10-processor cluster. Two-dimensional and three-dimensional dune simulations

require 2 and 4 days, respectively. Specifically focusing on performance, Canuto and Lo Giudice [72] recently developed a

scheme to accelerate considerably numerical simulations of this kind by adapting the discretization time according to the

local features of the flow by means of an ad hoc domain decomposition method. The numerical scheme has been studied

from the point of view of both accuracy and stability. 
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Fig. 3. Dune translation motion. Along the upwind face the wind accelerates. Hence, wall shear stress (wss) and therefore erosion increase. Sand deposits 

in the recirculation zone, also triggering avalanches. As a final result, the dune moves to the right. 

Fig. 4. Simulation setup. The wind blows from left to right. Inlet profiles for φs and u f are sketched in brown and blue, respectively. The dune reported 

represents the initial configuration: h d = 1 m, αu = 14 ◦, αd = 30 ◦ . (For interpretation of the references to color in this figure legend, the reader is referred 

to the web version of this article.) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3.1. Two-dimensional transverse dune 

As a first case, we considered a classical setup to qualitatively test the complete erosion-transport-sedimentation-

avalanching model with a well-known configuration already studied with dedicated models (e.g., [5,9] ). We will focus on

sand transport around a two-dimensional dune (representing a section of an eolian transverse dune) and its migration. As

already stated, this is a reference test case of interest because it involves all the physical phenomena contributing to sand

transport together with the aerodynamics of a bluff body in the atmospheric boundary layer. With respect to previous stud-

ies, we focus on fluid-dynamic behavior of the multiphase flow, and in particular on the coupling between air and sand

transport, rather than on the long-term evolution of the dune. 

In this setup the movement is the result of mass transfer from the soil to the air and then back to the soil. Dune

translation is the final effect of the interaction of different phenomena, as schematized in Fig. 3 . The incoming wind reaching

the upwind face of the dune accelerates while approaching the crest. Consequently, it applies a growing shear stress on the

sand surface, increasing the number of saltating particles and therefore erosion. Overcoming the crest, sand grains arrive in

an air recirculation zone, in which the wind is much less energetic, and it does not exert a sufficiently strong shear stress

to trigger erosion on the leeward side of the dune and to keep bigger grains entrained in the flow. Therefore, particles

deposit starting from the region closer to the crest on the downwind side, which is also characterized by the presence of

a stagnation point. Sand then progressively accumulates, and when the slope exceeds the critical repose angle, mass slides

down, forming small avalanches that redistribute the mass in a subcritical manner. For this reason this side is also called

the slip face . Looking at the global behavior, we see that the overall effect is that the dune moves downwind. We anticipate

that the simulation is able to catch all the features just mentioned. 

The simulation setup is sketched in Fig. 4 . At the inlet we impose a logarithmic law for the mean wind speed profile, 

ū f,x (x 0 , t) := u abl (z) = U re f log 

(
z + z 0 

z 0 

)
, 

and a decreasing exponential profile computed from a steady-state simulation for the sand volume ratio φs . In addition,

for the turbulence quantities k and ω we prescribe a Richards–Norris profile [73] . At the outlet, zero-gradient boundary

conditions are imposed for all the quantities, except for pressure, which is set to a reference value. At the ground, a no-slip

condition is used for the velocity. 

The aerodynamic roughness of the ground surface is taken into account by our using sand-grain roughness wall functions

[74] at the ground surface. The equivalent sand-grain roughness height is expressed as k s = 9 . 793 z 0 g /C s , where C s = 0 . 5 is

the roughness constant and z 0 g is the aerodynamic roughness of the ground surface. In [31] the fluid-dynamic model was

validated against experimental results for analogous aerodynamic problems. 

At each time step, after solving both phases, we update the domain to the new configuration obtained from Eq. (8) . 
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Fig. 5. Vertical sand speed contours u s,z at t = 600 s. The initial dune shape is shown in black. 

Table 1 

Saltation layer thickness at t = 600 s. 

Position Saltation layer height (m) 

Upwind flat zone (before reaching the dune) 0.19 

After dune upwind toe 0.24 

Middle dune upwind face 0.26 

Close to the crest 0.27 
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Numerical integration was performed with the finite volume open source code OpenFOAM®. In particular, in the follow-

ing we accurately analyze the simulated results from both the aerodynamic point of view and the morphodynamic point of

view. 

In Fig. 5 the contour plots of the vertical velocity of sand are reported. Over the upwind face, the velocity points upward

because of the ramp effect produced by the dune, which induces a positive vertical component. The same slightly happens

close to the slip face because of the presence of a clockwise recirculation bubble. 

Fig. 6 (a) shows the volume ratio φs close to the dune and the erosion-sedimentation balance v ED 
�

on the sand surface at

 = 600 s. The black line in Figs. 5 and 6 represents the initial dune configuration. The saltation layer is clearly visible and

its thickness, defined as the height h s such that ∫ h s 

0 

φs (z) dz = 0 . 95 

∫ ∞ 

0 

φs (z) dz, (9)

is quantitatively reported in Table 1 and increases along the dune upwind face. 

It is worth pointing out that, differently from other models (see, e.g., [32] ), the saltation layer height is not a model

parameter but is a result of the balance between diffusion due to particle collision and the effect of gravity. The same

consideration holds for the so-called saturation length studied in [22] . 

From a morphological point of view, in the upwind region erosion flux is bigger than sedimentation flux, and it has

its maximum close to the dune crest (see the sand-air edge in Fig. 6 (a)). It shows the same trend as the saltation layer

thickness: the greater the erosion, the greater the amount of sand entrained by wind. Looking at the zoomed window on

the crest, we can clearly see the wind smoothing effect: the initial spiky angle has been flattened because of the increased

erosion flux. Moreover, it is interesting to note a thin layer of sand in the air after the slip face (highlighted in the zoomed

zone at the bottom of Fig. 6 (a)), inside the recirculation zone. This mass is ignored by models in which the recirculation

bubble is heuristically placed behind the dune and in this zone a negligible shear stress at the ground is considered. 

Looking at Fig. 6 (a), we see that on the slip face v ED 
�

is positive, which means that sedimentation is occurring. Sand

grains tends to fall and deposit immediately after the dune ridge. This is because this zone corresponds to the wind flow

stagnation zone. Progressive accumulation of sand leads to a slope that exceeds the critical slope, and therefore avalanches

can start to lower the slope angle to its repose value θ̄ . This is clearly visible in Fig. 6 (b) from looking at the slope after the

crest, which at t = 600 s has reached the critical angle of 32 ◦. 

After the slip face, there is a zone in which no saltation occurs. This is because there is a recirculation bubble with low

wind velocity, visible in Fig. 6 (b), which plots the horizontal component contour of the wind velocity. 

To analyze the evolution in time, in Fig. 7 the dune profile (yellow), the local slope (blue line), and v ED 
�

(green line) are

plotted at different time steps. After 100 s, the slope has reached the critical value just after the dune crest. This is because

in this zone the sedimentation is maximum, as it is a preferential accumulation area where avalanches start forming, re-



76 A. Lo Giudice and L. Preziosi / Applied Mathematical Modelling 79 (2020) 68–84 

Fig. 6. Dune configuration at t = 600 s: (a) volume ratio φs contours (brown) and sand flux on the ground surface (colors); (b) ū f,x contour and slope of 

the ground surface. The initial dune shape is shown in black. (For interpretation of the references to color in this figure legend, the reader is referred to 

the web version of this article.) 

 

 

 

 

 

 

 

 

 

 

distributing the mass downhill, eventually contributing to the advancement of the dune. After about t = 250 s the entire

downwind slope has reached the threshold value and eventually moves as a traveling wave (see also Fig. 8 ). Looking at the

last time step, we see a small accumulation zone is arising at the base of the slip face (it is also shown in Figs. 5 and 6 ). 

Concerning the erosion-deposition phenomenon, it is worth stressing the following aspects: 

• Far from the dune, both to the left and to the right, there is equilibrium between erosion and deposition, resulting in

v ED 
�

≈ 0 . 
• Approaching the dune, erosion starts to prevail quite fast and consequently v ED 

�
< 0 ; at t = 150 s, v ED 

�
reaches its mini-

mum just before the sand crest, while after an initial transient, it achieves an almost uniform value along the upwind

face. 
• Crossing the dune crest, there is a jump between erosion and deposition, as expected. 

At the brink, the sand-bed velocity exhibits a peak: this is due to the presence of the sharp edge close to the crest,

especially at the beginning of the simulation. The peak tends to lower after the initial transient, as the dune approaches a

smoother configuration. However, in that zone, deposition is maximum because the shear stress goes to zero at the stagna-

tion point. 

From x = 28 m until x = 29 m is it possible to observe a mild erosion zone ( v ED 
�

is negative). As already stated in the

literature preceding this paper, the details of the phenomenon behind the dune are approximated by models that do not

solve for the wind flow field. 
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Fig. 7. Dune profile (yellow), slope (blue), and v ED 
� (green) at different time steps. Dashed lines represent reference levels: initial dune profile (gray), repose 

angle (blue), erosion-deposition equilibrium (green). (For interpretation of the references to color in this figure legend, the reader is referred to the web 

version of this article.) 
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Fig. 8. Mean crest position highlighting a nearly constant migration speed after an initial transient of about 20 s. 

Fig. 9. Comparison of the dune configuration at t = 600 s with and without the slope-sensitive u ∗t model correction; that is, Eq. (4) . The zoomed panel 

highlights the crest-brink separation obtained with the modified model. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Finally, to look at the phenomena from a global point of view, in Fig. 8 the dune crest advancing velocity is plotted.

After an initial transient, it looks uniform as predicted from experimental data and simplified models. However, the model

parameters have to be tuned to match the experimental data for real dunes. Only data for much higher dunes are available;

therefore, for rigorous matching based on migration speed, a simulation with a much larger domain is required. 

To analyze the influence of the slopes on the friction velocity, that is, of Eq. (4) , we compare in Fig. 9 the results of

the simulations of the two-dimensional dune with the corrected model and with the slope-independent model. From a

global point of view, the behavior is the same. However, some differences can be noted close to the crest of the dune:

the zone is subject to a fast evolution and to several inclination changes. Looking in detail at the differences, we see the

slope-sensitive modification promotes the crest-brink separation. This effect is typical of real dunes (see [8,75] ), but it is

almost always ignored in dune aerodynamic studies, which assume idealized triangular shapes. The effect will be bigger in

a three-dimensional simulation, because the effective angle ϑ does not vanish in general. 

3.2. Three-dimensional dune simulation: from a symmetric Gaussian pile to a barchan 

As a second numerical test we selected a three-dimensional case, using Eq. (5) , to correct the evaluation of u ∗t . As men-

tioned in Section 1 , this kind of case has been the subject of dedicated models (e.g., [33–35,49] ). The initial sand pile surface

is a symmetric Gaussian as represented in Fig. 10 , with maximum height h M 

= 0 . 5 m, a setup similar to that used in [49] .

However, as mentioned in Section 1 , that model avoids the explicit computation of sand saltation and suspension, using a

simple model to describe the motion of the dune. 

Dunes of this kind are also known as downsized crescent-shaped dunes because the sizes considered are typical of wind-

tunnel-scale crescent-shaped bedforms (see, e.g., [70,76–79] ). The dune size used herein is too large to be reproduced in

most existing wind tunnels, and is closer to the real dune size (the minimum size of an observed barchan is 1 m [76,78,80] )

observed in desert areas subjected to an almost persistent wind direction. 

The same boundary conditions as for the two-dimensional simulation were used, while for lateral boundary surfaces,

symmetry conditions were imposed. 

The transport mechanism and translation are the same as reported in Fig. 3 for the two-dimensional case, even though

three-dimensional wind effects play a crucial role in the particular shape assumed by the sand pile. Under the action of the
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Fig. 10. Initial sand-bed configuration for the three-dimensional simulation of a dune: (a) global view with inlet profiles; (b) horizontal section; (c) top 

view. 

Fig. 11. (a) Barchan sketch. (b) Barchans on Mars (from Wikipedia). 

Fig. 12. Streamlines around the dune at t = 80 s, colored on the basis of the sand volume fraction φs . In the wake and on the lateral sides, the wind is 

not directed along the local steepest-slope direction of the surface; therefore, it feels an effective angle that is different form the local slope of the surface. 

The sand surface is colored according to the height (gray scale). (For interpretation of the references to color in this figure legend, the reader is referred to 

the web version of this article.) 

 

 

 

 

 

 

 

 

 

 

wind, the shape is modified, tending to a barchan crescent-shaped dune presenting a steep downwind face, with two horns

pointing downwind as sketched in Fig. 11 (a). 

Zhou et al. [49] used the modification for u ∗t reported in Eq. (4) proposed by Iversen and Rasmussen [25] , which does

not take into account the effective angle between the wind direction and the sand surface as done in Eq. (5) . Of course, as

shown in Fig. 12 , which shows the streamlines around the dune at t = 80 s, in this case the streamlines close to the pile

surface are not parallel to the steepest-slope direction, so the correction (5) should be used to get more accurate results. 

Fig. 13 compares the initial sand pile shape with the state reached after 145 s. The evolution of the shape is a slow

process, and the larger the dune, the slower the evolution velocity. With this in mind, Fig. 13 (b) should be compared with

Fig. 7 (b) in [78] , which shows the experimental top view of a 20-cm height sand pile evolution. 

The surface velocity v ED 
�

contours reported in Fig. 14 well explain how this process leads to this particular shape. The

sand is eroded from all over the upwind face, and the deposition is maximum rigth after the crest, with a C-shaped profile,

which forms two symmetric preferential directions for avalanche flux, leading to the typical horns of barchans. Moreover,

the lateral parts of the initial hill are smaller than the center of the Gaussian, and the migration velocity of an along-wind
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Fig. 13. Top view of the initial sand pile (a) and shape after 145 s (b). 

Fig. 14. v ED 
� on the sand surface at t = 80 s. Erosion-deposition fluxes modify the surface, which starts to appear similar to a barchan shape. In particular, 

the deposition peak immediately after the crest and the linked avalanche surface flux cause the formation of lateral horns. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

longitudinal slice of the hill scales with the inverse of the slice’s size. Therefore, the lateral parts move faster than the

crest. Even though the main features of the evolution are well reproduced, the shape assumed at the end of the simulation

(145 s) is not a stable-equilibrium configuration. The dune height is slightly decreased. A longer simulation time is required

to investigate the long-term behavior, and this will be addressed in future work. 

3.3. Windblown sand transport hindered by a vertical wall 

The last numerical simulation deals with a straight vertical wall that might be used for windblown sand mitigation.

Although for the previously presented cases other models have been developed (even though they use approximations on

the wind flow treatment, especially in the wake of the dunes), in this last part we present situations in which the effective

sand transport in air has to be explicitly simulated by means of a multiphase approach. Such an example is suggested by

civil engineering interests in testing such kinds of devices (e.g., [45–48,81] ). In the same context, at the end of the section

we show that the model can be used to simulate other nonstandard sandy flows interacting with different obstacles, such

as a porous barrier and a ditch. 

The vertical wall presents two main features that can be handled by the proposed model: 

1. The bluff body induces recirculation bubbles both upwind and downwind (see [47] ). Such generated flow structures

require the flow to be solved accurately and cannot be predicted by perturbation theory. Moreover, the air-flow mod-

eling approach and the turbulence model should be selected accurately. As stated earlier, the k − ω SST turbulence

model has been used by different authors for the same class of problem (e.g., [29,47] ) and has been fully validated

[31] . 

2. The presence of the obstacle makes the already developed models for dune evolution not directly applicable to this

case. The complex suspension transport mode is crucial to evaluate the amount of sand trapped by the mitigation

measure, the amount of sand overcoming it, and where it deposits upwind. 

Such a case is analogous to one of the configurations studied in a wind tunnel for a particular barrier’s shape in [46] . 

The configuration studied is shown in Fig. 15 . The barrier is 1 m high. At the beginning of the simulation, an initial

amount of sand is placed in front of the barrier, with a straight profile inclined at an angle of about 11 ◦. Two recirculation
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Fig. 15. Vertical wall with initial pile of accumulated sand. The sandy terrain is colored yellow. Brown indicates the ground sand-free. The horizontal wind 

velocity field is reported with the streamlines around the barrier. (For interpretation of the references to color in this figure legend, the reader is referred 

to the web version of this article.) 

Fig. 16. Saltation layer upwind of the barrier. Its height evaluated with the criterion (9) is about 20 cm as commonly observed in reality. 

Fig. 17. Initial and final sand profile and sand volume ratio around the barrier. The upwind vortex generated by the barrier is altered by the ground 

evolution. 

 

 

 

 

 

 

 

 

 

 

 

bubbles are generated: a bigger one in the wake of the barrier, and a small eddy upwind. The saltation layer is accurately

reproduced and is reported in Fig. 16 . As for the barrier studied in [46] , the wind flow digs the sand, altering the initial

straight profile, as shown in Fig. 17 , which compares initial and final shapes of the sand pile upwind of the barrier. It is

interesting to note the mutual effect of wind and sand: the shear stress generated by the upwind vortex is capable of

eroding a certain amount of sand; this process alters the shape of the sand profile, which consequently affects the shape

of the bubble. The profile after 145 s shows an analogous modification induced by the upwind vortex observed in a wind

tunnel for a different barrier [46] . 

Looking at the final state, we clearly see that a certain amount of sand entrained in the air is capable of overcoming the

wall. From a quantitative point of view, this amount of mass can be obtained by integrating along a vertical line the normal

sand flux q s,x = u tr,x φs ̂  ρs , obtaining the integral sand drift, which can be used to evaluate the efficiency of the barrier as a

sand mitigation measure. 

In the same spirit, other mitigation measures can be studied, such as the ones reported in Fig. 18 : a 40% porosity barrier

and a ditch. Fig. 18 shows the wind velocity magnitude, the turbulent kinetic energy, and the sand volume ratio in the air.
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Fig. 18. (a) Wind velocity magnitude, (b) turbulent kinetic energy, and (c) sand volume fraction for a porous barrier with horizontal slats (first row) and a 

ditch (second row). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The porous fence generates complicated flow patterns in the wake that are hard to approximate and are strongly affected

by the porosity [56] . 

Concerning the ditch shown in Fig. 18 (bottom row), from a pure aerodynamic point of view, as the sand fills the ditch,

the vortex inside changes in shape and size, altering the shear stress at the ground and consequently the erosion. Moreover,

the presence of an obstacle makes the suspension transport relevant, especially in light of the application for which this

artifact is built. 

4. Conclusions 

The fully Eulerian model proposed in this article is able to describe the motion of windblown sand in the air and the

evolution of the sand bed. It takes into account the main physical phenomena contributing to sand transport at medium and

large scales: erosion, saltation and suspension transport, sedimentation, and avalanching. In this way it is capable of dealing

with the morphological changes present both in complex natural phenomena such as dune migration dynamics and in the

interactions with human-built artifacts such as obstacles. This feature is particularly interesting for engineering applications

when the interaction between sand and infrastructures needs be studied. An example is the identification of sand mitigation

devices, the evaluation of their efficacy, and the evaluation of the regions where sand accumulates. 

The proposed model solves for the wind flow fields, allowing one to simulate situations in which complicated flow

structures are generated. Moreover, the model explicitly computes the concentration of sand in the air due to the suspension

transport mode, the interaction of particles among themselves in the saltation layer, the erosion/deposition fluxes, and the

sliding of grains, resulting in the evolution of the ground surface. 

At the cost of increased complexity of the model, the accuracy of the interaction between the phases could be increased

by considering momentum balance equations for the dispersed phase, both in a monodisperse case and in a polydisperse

case. This modification might become particularly relevant very close to the ground, where saltation occurs and sand con-

centration is the highest. Moreover, creep and reptation bed flux could be included as well. These improvements could be

useful for small-scale modeling and simulations. 

The same physical laws govern other particulate transport phenomena. With some obvious changes and adaptations, the

same modeling approach could be extended to the transport and deposition of other particulate windblown flows, such as

snow, rain, and volcanic ashes. 
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