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On the Information Carried by Correlated
Collaborative Ranging Measurements for

Hybrid Positioning
Alex Minetto , Student Member, IEEE, and Fabio Dovis , Member, IEEE

Abstract—Previous research contributions have addressed the
definition of a Cramer Rao Lower Bound (CRLB) to investigate
the performance of hybrid positioning algorithms that exploit
satellite-based range measurements and independent terrestrial
range measurements. Starting from such results, this work inves-
tigates the quantity of information carried by terrestrial relative
measurements obtained from the combination of satellite-based
range measurements shared among pairs of connected agents. The
study is conceived to investigate the impact of such relative ranges
on the positioning error when they are used as additional measure-
ments to help improving accuracy and precision of positioning. By
considering some prior knowledge about satellite-to-user and user-
to-user ranging uncertainties, the approximation of a theoretical
limit for this novel class of hybrid positioning algorithms allows to
observe when the use of cooperative ranges is beneficial, depending
on their variance and on the geometry of satellites and terrestrial
agents.

Index Terms—Global navigation satellite system, global
positioning system, cramer-rao bounds, cooperative systems, multi-
agent systems.

I. INTRODUCTION

PREVIOUS works in the field of collaborative positioning
demonstrated that the estimation of the positioning solution

can be improved by merging different range information from
known reference points such as satellites, terrestrial anchors,
peer agents and signals of opportunity [1]–[5]. As a target appli-
cation, this hybrid positioning approach has been extensively
exploited to improve availability, accuracy and precision of
Global Navigation Satellite Systems (GNSS) [6].

In the last decade theoretical limits of cooperative positioning
have been investigated in several works by mainly considering
independent measurement contributions. For example, in [7],
[8] the authors first investigate the problem for sensor networks
applications, in [9], [10] an exhaustive theoretical analysis on the
topic is provided for networks of cooperative users and in [11]
the authors have derived the Cramer Rao Lower Bound (CRLB)
for generic hybrid cooperative solutions. Recently, the research
about theoretical limits of cooperative positioning has became
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appealing in the field of Intelligent Transportation Systems, thus
rising a new interest to the topic [12], [13].

The measurements have been typically assumed to be sta-
tistically independent and Gaussian distributed such that their
uncorrelation has been assessed by definition [14]. As a con-
sequence, it has been shown that under these assumptions
the overall quantity of information carried by the measure-
ments is simply the sum of the independent information
contributions.

Cooperative positioning is hence known to be beneficial
against GNSS impairments and to generally improve accu-
racy [15]–[18] but less research effort has been spent in showing
that the combination of satellite-based and correlated terrestrial
measurements can still bring benefits in terms of quantity of
information about the estimated position. Nevertheless, a theo-
retical investigation which justifies this additional information is
still missing. In light of this, other works extended the definition
of Geometrical Dilution of Precision to auxiliary collaborative
contributions by demonstrating the related effects on the posi-
tioning error [15], [19]. They pursued the definition of an overall
multiplicative factor by facing the problem from a theoretical
perspective without addressing any specific ranging method or
technology.

Recent cooperative approaches aim at combining both com-
putational effort and navigation data from swarms of networked
agents to support the increasing demand for reliable positioning
and navigation capabilities [20], [21]. The use of measurements
such as GNSS-based ranging [22]–[24] implies a correlation
among the measurements involved in the positioning problem,
thus weakening the conditions which are tipically assumed for
the computation of the related theoretical limits. Such a corre-
lation is either due to the use of the estimated position or to the
measurements combination exploited in several ranging algo-
rithms (see for example [22], [25]). Furthermore, the statistical
properties of such kind of measurements are not well-defined
in literature due to their strong dependencies on the geometrical
configuration of the experiments.

Despite these drawbacks, numerical simulations documented
in this paper returned remarkable improvement of the hybrid
positioning solution w.r.t. a standalone GNSS approach both in
terms of precision and accuracy. The Cramer Rao Lower Bound
(CRLB) computed for hybrid cooperative positioning has been
used to estimate the variance of a hybrid Least Mean Square
(LMS) estimator based on correlated input measurements and
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it has been observed that its behaviour still has an appreciable
match with the simulation results.

The paper is organized as follows: Section II introduces
relevant fundamentals about the characterization of the posi-
tioning error and illustrates the basics modelling of the involved
measurements; Section III recalls the derivation of the Fisher
Information for the position estimation; Section IV describes
the simulation environment and metrics. Eventually, Section V
discusses numerical results obtained through a meaningful dy-
namic example and a set of simple geometrical trajectories.

II. BACKGROUND

The amount of information carried by an observed unbiased
range measurement w.r.t. the estimated position is related to the
relative position of the reference points and to the quality of
the observable measurements [26]. The goodness of this infor-
mation is indeed inversely proportional to the variance of the
measurement error itself. On the other hand, the range direction
leads to a fundamental issue known as Geometrical Dilution
Of Precision (GDOP) [27]. The GDOP affects the positioning
solution by altering the shape of the spatial distributions of its
realizations, namely its precision which is evaluated through
the position error covariance matrix. The combination of the
variance of such measurements and the GDOP characterizes the
whole positioning error, derived as in [28] from the Cramer Rao
Lower Bound of the positioning estimator.

In light of this, the analysis presented in [19] investigates
a composite dilution of precision for cooperative positioning,
named Collaborative Dilution Of Precision (CDOP), by includ-
ing generic terrestrial ranging contributions in the measurements
set available for the computation of the position. The study
provides a demonstration of a fundamental result by stating that
CDOP ≤ GDOP. As it has been demonstrated for satellite-based
navigation, any additional range contribution provided w.r.t. ter-
restrial reference points cannot increase the geometrical dilution
factor. However, the variance of the estimated position depends
also on the error contribution affecting the measurements. The
analysis of the CRLB for a position estimator hence allows to
include all the measurements uncertainties in the evaluation of
the profitability of GNSS-based hybrid collaborative navigation.

A. The Fisher Information and the Cramer Rao Lower Bound

The CRLB is employed to identify the minimum variance
that can be reached by a given unbiased estimator [14]. Indeed,
the related Cramer Rao inequality states that this variance is
bounded by the inverse of the Fisher Information carried by the
observable set of measurements μ. This fundamental limit can
be generalized in its matrix form, as

[Pθ]i,j ≥ [Fθ]
−1
i,j =

[
−E

(
∂2

∂θi∂θj
log f (μ;θ)

∣∣∣
θ

)]−1

(1)

where the pair (i, j) identifies the element of the matrix located at
the i-th row and j-th column, θ = [ θ1, θ2, . . . , θM ]T is aM × 1
vector which defines the target state, and μ is the observed
realization of a multivariate measurements vector which is asso-
ciated to θ by means of the Probability Density Function (PDF)

f(μ;θ). The Fθ is a M ×M matrix named Fisher Information
Matrix (FIM) and its inverse is namely the CRLB matrix.

Given that both Pθ̂ and [Fθ]
−1 are positive definite, an order-

ing relation can be defined to compare two estimators T (μ) and
T ′(μ), as

[FT,θ]
−1 > [FT,′θ]

−1 −→ Tr
(
[FT,θ]

−1
)
> Tr

(
[FT,′θ]

−1
)
(2)

where Tr(·) is the trace operand which sums the diagonal ele-
ments of a given matrix.

When unbiased estimators are considered, the comparison of
the respective CRLBs (1) allows to identify the most advanta-
geous solution.

This study, starting from the definition of the CRLB for hybrid
positioning obtained under realistic assumptions, shows how a
terrestrial correlated range brings information to the position
estimation process depending on the observation conditions.

B. Range Contributions Modelling

In this study, two classes of range measurements are identified
as observable variables of the measurement vector, μ, in (1).
They are defined w.r.t. the target agent, m, located at xm:
� ρ̂s,m(tk) is an estimate of the pseudorange between the

agentm and the satellite s at a given instant tk [26], defined
as

ρ̂s,m(tk) = ||xs(tk)− xm(tk)||+ bm(tk) + νs,m(tk)
(3)

where xs(tk) is the position of the satellite, bm(tk) is a
bias term due to the clocks misalignment and νs,m(tk)
is the noise due to residual errors affecting the measure-
ments [26]. It is assumed Gaussian-distributed with zero-
mean and variance σ2

s,m(tk).
� δ̂n,m(tk) is an estimate of a pseudo inter-agent distance

between the terrestrial agents m and n

δ̂n,m(tk) = ||xn(tk)− xm(tk)||+ bn,m(tk) + νn,m(tk)
(4)

where xn(tk) is the position of the agent n, bn,m(tk) is a
generic bias term due to the ranging technique andνn,m(tk)
is the additive noise term affecting the measurements. For
simplicity, as for the first class, it is assumed Gaussian-
distributed with zero-mean and variance σ2

n,m(tk) but its
distribution can vary according to the range computation
methods (e.g. single difference, double difference, raw
pseudorange ranging) [22].

Let consider multiple ranges are expected to be obtained
for each class assuming that measurements coming from the
same class are independent. According to this assumption their
error covariance matrices are diagonal and defined as Rρ(tk) =
E[ρ(tk)ρ(tk)

T ] and Rδ(tk) = E[δ(tk)δ(tk)
T ] where ρ(tk)

and δ(tk) are generic measurements vectors composed by a set
ofS andN range measurements from each class, respectively. A
hybrid positioning solution combines the column vectors ρ(tk)
and δ(tk) in a hybrid measurements vector,

μm(tk) =
[
ρm(tk)

T δm(tk)
T
]T

(5)
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and the related measurements noise covariance matrix is hence
defined as

Rμ(tk) =

[
Rd(tk) Rdr(tk)

Rrd(tk) Rr(tk)

]
(6)

where the sub-matrices Rrd(tk) = Rdr(tk) = 0 if and only
if terrestrial ranges are obtained independently from satellite-
ranges included in μ(tk). This specific case has been heavily
investigated for hybrid positioning with ranging sensors [11],
[15] while in this study this restrictive assumption is relaxed.

C. Position Estimation and Error Covariance Matrix

In this work, the estimation of the position is performed by
means of a LMS approach, which is a Best Linear Unbiased
Estimator (BLUE) for Gaussian inputs [14]. It is largerly used
for the solution of the trilateration problem in positioning and
navigation to retrieve the Position, Time and Velocity (PVT)
solution [26]. Given a linearization point, x0, the positioning
solution can be computed iteratively as [x̂m(tk) b̂m(tk)]

T =

[x0 b0]
T + [Δx̂m(tk) Δb̂m(tk)]

T where the last term is given
by [

[Δx̂m(tk)]
T

Δb̂m(tk)

]
= (HTH)−1HTΔμm(tk) (7)

where H is the direct cosine matrix whose generic s-th row is
defined as,

[H]s =
[
(xs − x̂m) /||xs − x̂m|| 1

]
=

[
hs,m 1

]
(8)

and hs,m is the unitary steering vector pointing towards the s-th
satellite. Each positioning solution, x̂m(tk), is independent from
the previous one, x̂m(tk − 1).

Assuming a simple statistical model of zero-mean i.i.d. for the
satellite range measurements in μm, the error covariance matrix
of the position estimate is defined as

Pθ = σ2
μ

(
HTH

)−1
(9)

whereσ2
μ is the variance of the measurements. The GDOP is then

suitable to the computation of the Root Mean Square error of
the positioning solution but according to the definition, only the
diagonal terms of (9) are considered. Differently from the GDOP,
the FIM allows to investigate correlations among the errors
according to the non-diagonal terms of the error covariance
matrix.

III. FISHER INFORMATION MATRIX IN

POSITIONING ESTIMATION

As in (1), in order to evaluate the FIM it is sufficient to
compute the second order derivative of the logarithm of the
likelihood w.r.t. the column vector θ(tk), were

θ(tk) =
[
xm(tk) bm(tk)

]T
. (10)

In order to focus on the improvement of accuracy and preci-
sion of the positioning estimate, the bias term, bm(tk), will be
eventually dropped as it is compensated from previous solutions
θ̂(tk−1), being functional to the position computation [26]. In

the following derivation, time index will be dropped as well for
readability reasons.

A. Fisher Information Matrix for Satellite-Only Contributions

The theoretical log-likelihood for a generic Gaussian random
variable is defined as

L (θ, ρ, σi) = log
1√

2πσi

− 1
2
(x− θ)2

σ2
i

. (11)

Consequently, the log likelihood for a Gaussian pseudorange
measured from a generic satellite, s, is obtained as

L (xm, rs,m, σs,m) = log p (ρ̂s,m|xm, bm)

= C − |ρ̂s,m − ||xs − xm|| − bm|2
2σ2

s,m

(12)
where C is the constant term resulting from the first term of the
summation in (11), and σs,m is the standard deviation associated
to the pseudorange measurement ρ̂s,m.

As shown in [11], the FIM is computed as

Fm = −E

{
Hm

[
Sm∑
s

L (xm, rs,m, σs,m)

]}
(13)

where Hm is the Hessian operator of the second order partial
derivatives. The FIM is hence defined as

Fm =

[
Fxm

fxm,bm

fTxm,bm
Fbm

]
(14)

where each submatrix can be computed as

Fxm
=

∑
s∈Sm

1
σ2
s,m

hs,mhT
s,m (15)

Fbm =
∑
s∈Sm

1
σ2
s,m

(16)

fTxm,bm
=

∑
s∈Sm

− 1
σ2
s,m

hs,m. (17)

where Sm indicates the set of satellites used by the target agent,
m, to compute its PVT.

B. Fisher Information Matrix for Cooperative Contributions

For the sake of simplicity, an estimate of a terrestrial range,
d̂n,m(tk) = δ̂n,m(tk)− bm(tk), is considered by means of
Inter-Agent Range (IAR) algorithm [25], here recalled as

Îsn,m =
√

r̂2
s,m + r̂2

s,n − 2r̂s,nr̂s,m (hs,m · hs,n) (18)

where r̂s,m = ρ̂s,m − bm and r̂s,n = ρ̂s,n − bn. Given mul-
tiple shareable satellites between the collaborating agents, the
d̂n,m can be computed as the weighted average of a set of
contributions, as

d̂n,m =

S∑
s=1

wsÎ
s
n,m (19)



1422 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 69, NO. 2, FEBRUARY 2020

Fig. 1. Example of theoretical computation of satellite-based positioning
CRLB vs. hybrid positioning CRLB for a dynamic trajectory.

where the terms ws are the weights attributed to each measure-
ment according to its variance. Although it has been shown that
IAR is characterized by a Gaussian-like distribution, its statistics
is very sensitive to geometrical conditions [29]. By neglecting on
purpose this peculiar behaviour, the same approach discussed for
the evaluation of the FIM about satellite range measurements is
applied to the likelihood defined for GNSS-only collaboratively-
computed range measurements

log p
(
d̂n,m|xm

)
= C − |d̂n,m − ||xn − xm|| − bn,m|2

2σ2
n,m

.

(20)
Therefore, (13) is applied to (20) neglecting any dependency

with respect to the other measurements. Eventually, the Fm for
the hybrid system is still computed according to (14).

C. On the Approximation of the FIM for Hybrid
Positioning Solutions

Actually, the CRLB of the hybrid solution can be used as an
estimation of the error covariance matrix of the hybrid position
estimate. As proposed in [11], the hybrid FIM can be obtained
by the sum of the satellite-only FIM and the cooperative FIM if
and only if independent measurements are considered.

In order to deal with measurements correlation the FIM should
be instead computed as Fθ,μ = Fθ,ρ + Fθ,d|ρ, where Fθ,d|ρ
is the Fisher information related to the conditional probability
density of the inter-agent range measurements for the given set of
pseudoranges measurements, ρ. The computation of the mutual
Fisher information is out of the scope of this paper provided that
the likelihood of the inter-agent range measurements must be
derived specifically for any given geometrical conditions [29].
The proposed solution does not contemplate correlation among
the two classes of measurements, therefore the hybrid FIM is
obtained through the computation of (15), (16), (17) for all the
available measurements in the hybrid measurement vector, μm.
Although it is assumed thatFθ,d|ρ � Fθ,d, no remarkable losses
were observed in terms of covariance estimation accuracy, as it
will be shown in the results in Section V.

In the example shown in Figure 1, given a pre-defined trajec-
tory and an a-priori knowledge of the measurements variances,

Fig. 2. Example of a Bernoullian lemniscate path of 1046.7 m travelled at
an average speed of 26.15 m/s. The dashed lines show the additional terrestrial
range provided according to (18).

Fig. 3. Skyplot of the relative azimuth, φ, and elevation, α, of the satellites
and the aiding agent w.r.t. the target agent position at given time instant.

the CRLB is expected to identify the profitable time instants
in which cooperative approach guarantees improved precision
w.r.t. GNSS standalone positioning.

Moving from these considerations and from the FIM deriva-
tion for the Gaussian-distributed satellite range measurements
recalled so far, the same quantity is computed for correlated
terrestrial range measurements to estimate and compare the
overall uncertainty of the computed position estimates.

IV. METHODOLOGY

The proposed numerical simulation aims at analysing the
impact on the positioning algorithm of the target agent which in-
tegrates correlated satellite and dependent terrestrial range mea-
surements. Furthermore, the analysis aim at verifying whether
an approximation of the CRLB can still be suitable to identify
the profitability of the technique.

The target agent moves along the Bernoullian path in Figure 2
while the aiding agent position, xn is assumed static for every
tk. In the considered scenario both the agents compute their
position estimates, x̂n and x̂m, by relying on a given set of
satellites, depicted in Figure 3. The target agent is designed to
exploit the IAR information obtained for each time instant, tk
through the collaboration with the aiding agent. As depicted
in Figure 4, the GNSS-only positioning, referred to as LMS,
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Fig. 4. Block scheme of numerical simulations. The outputs of the LMS blocks
were compared to assess the positioning performance.XS indicates the positions
of the visible satellites.

is first performed to obtain a coarse estimate of x̂m(tk), then
navigation data are used to determine collaborative ranges
d̂n,m(tk) which are integrated in a further hybrid positioning
computation, named H-LMS, to refine the previous outcome,
hereafter referred as to x̂+

m(tk).
For sake of example, 4 satellites with azimuth φ ∈ {π, 3

2π}
and elevation α ∈ { π

24 ,
π
2 } were considered. The axial standard

deviations were measured from the numerical simulation and,
in parallel, estimated through the CRLB (1).

The following analysis is based on a Monte Carlo simulation
by consider W realizations of the trajectory followed by the
moving agent. The IAR measurements are expected to vary
along with the time, tk, while satellites are assumed static to
limit the variability of the scenario without any loss of generality.
The measurement and the positioning estimates are performed
for each run at the same time instant, tk.

The error covariance matrix of each positioning solution is
estimated as

P̂x(tk) =
1

W − 1

W∑
w=1

(x̂w − μ) (x̂w − μ)T . (21)

In the following, the horizontal components of (21) are plotted
as information ellipses [9] according to the eigenvalues of the
position error covariance matrix. The positioning bias is com-
puted as the mean error w.r.t. the true position of the target agent

ξ̂x(tk) =
1
W

W∑
w=1

(x̂w − x) . (22)

In order to observe the correlation of the measurements
involved in the hybrid estimation of the position, the Pearson
correlation coefficients of the measurements are computed as

C(μ1(tk),μ2(tk)) =
cov [μ1(tk),μ2(tk)]

σμ1(tk)σμ2(tk)
. (23)

where cov(·) indicates the same covariance estimator as for (9)
and the generic μ(tk) collects a set of W random realizations
of the measurements vector for the instant tk.

Fig. 5. Example of IAR error PDFs evaluated in a set of time instants along
the Bernoullian trajectory.

Fig. 6. Probability of BIC best fits of the IAR error w.r.t. to a set of known
statistical distributions.

The profitability of the hybrid solution is evaluated by means
of (2), as the ratio of the time instants tk in which the condition

Tr
(
[FH-LMS,x(tk)]

−1
)
> Tr

(
[FLMS,x(tk)]

−1
)

(24)

is satisfied w.r.t. the overall simulation time. The profitability
percentage of the methods will be referred to as τexp and τCRLB to
describe the advantage of H-LMS computed from the numerical
simulation and from CRLB, respectively.

V. NUMERICAL RESULTS

In this section, results from the aforementioned Bernoullian
trajectory are first presented addressing a statistical analysis of
the correlated measurements. The determination of the prof-
itability of the H-LMS is then detailed by comparing the values
obtained from numerical simulation and theoretical CRLB. A
set of elementary trajectories is eventually tested to extend the
analysis to a wider range of geometrical conditions for the target
agent.
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Fig. 7. Estimated positioning solutions according to the scenario in Figure 2. The information ellipses describe the horizontal standard deviation at 90%, 99%
and 99.9% of confidence interval, obtained from the eigenvalues of the matrix Px in a subset of time instants, tk . Results from a Monte Carlo simulation with
parameters W = 10000, σs,m = 1, max(dn,m) = 200 m.

Fig. 8. Statistical analysis of experimtal biases and standard deviations of standalone and hybrid positioning solutions by means of Monte Carlo simulations.
(a) Axial standard deviations estimated according to (21). (b) Axial biases estimated according to (22).

Fig. 9. Empirical Cumulative Density Function (CDF) of the positioning error
ξ̂x for each time instant tk .

A. Hybrid Positioning in Bernoullian Trajectory

The results presented in this subsection are referred to the
example of collaborative scenario depicted in Figure 2 and ob-
tained by means of a Monte Carlo simulation using W = 10000
trials for each time instants tk.

1) Statistics of Terrestrial Measurements: In order to justify
the Gaussian likelihood (20) proposed in Section III to model

Fig. 10. Comparison of measured axial standard deviations and estimated
standard deviations from the CRLB for LMS positioning and H-LMS by Monte
Carlo simulations.

the IAR contributions, an analysis on the statistical distribution
of the collaborative range measurements has been performed.
Figure 5 shows a time series of the statistical distributions of
the IAR error w.r.t. the true distance between the target and
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Fig. 11. Matrices of Pearson correlation coefficients (23) computed for the measurement error covariance Rρ, and observed at sample time instants tk , where
k ∈ {1, 5}.

aiding agents. It is relevant to consider that each IAR is computed
according to a weighted average among the available satellites,
as in (19).

It can be noticed how the qualitative plot of the statistic of the
IAR PDFs resembles, for the largest part of the time, a Gaussian
distribution.

This is confirmed by a full quantitative analysis based on a
Bayesian Information Criterion (BIC), used to classify the error
distribution of the IAR measurements. In Figure 6, the histogram
indicates the normalized occurrences of each fit test. It can
be shown that the ranging error is mostly normally distributed
(95.11% of the overall simulation time), thus supporting the
approximation proposed for the evaluation of the CRLB for a
considerable set of time instants, tk. Provided that a BIC analysis
relies on the maximization of the likelihood for a set of obser-
vations, this result strongly supports the choice of a Gaussian
likelihood in the FIM computation also for the elements related
to the IAR measurements. Other distributions can be seen fitting
the error statistics with a negligible probability.

2) Hybrid Positioning With Correlated Measurements: In
Figure 7, the positioning solution of the LMS (left) and H-LMS
(right) are presented. The information ellipses shows a remark-
able difference between the two approaches in terms of error co-
variance matrix of the positioning solution. The most significant
improvement can be observed between the time instants t3 and
t5. It is evident from the plots that the hybrid solution integrating
IAR measurements reduces the uncertainty in some specific
portions of the path. The cumulative density function of the
Root Mean Square Error (RMSE), computed along the trajectory
presented in Figure 9, shows that the hybrid scheme overall
improves the positioning performance w.r.t. GNSS standalone
solution. The time series of axial biases and standard deviations
are reported in Figure 8 a and Figure 8 b, respectively. It is worth
to noticing that both the metrics show a higher dynamics for the
hybrid solution due to the fast variations in the relative positions
of the agents w.r.t. the slower satellites-to-target dynamics.
By considering the standard deviation behaviour depicted in
Figure 8 a, it is remarkable that on y-axis the aforementioned
improvement is still well visible between t3 and t5, when the
collaborating agent is observed in the opposite direction w.r.t.
the satellites. The z-axis is instead less sensitive to the dynamics
of the agents since their relative elevation does not vary along

the trajectory. As shown in Figure 8 b, also the bias presents a
similar behaviour, showing improved performance according to
the same favourable position of the collaborating agent, xn.

The plots in Figure 11 shows the Pearson correlation coeffi-
cients (23) of the measurements at the different time instants tk.
The first row and column of each matrix indicates the correlation
coefficients related to the dependent IAR measurement. It can
be observed that in correspondence to t4, a-posteriori identified
as the most beneficial time-instant for cooperation, a very low
correlation can be observed among the measurements.

To observe the benefits of H-LMS from the theoretical point
of view, Figure 10 shows the comparison of the standard devia-
tion computed via numerical simulation and the estimated ones
obtained for the CRLB estimation of both the solutions. While
the quantities match perfectly in the case of LMS, CRLB is not
accurate for H-LMS due to the measurement correlation among
IAR and pseudorange measurements. In correspondence of t4,
where the lowest correlation value has been observed, numerical
values and theoretical estimations tends to match.

The profitability percentage in terms of horizontal precision
of the H-LMS is evaluated computing the percentage of the
time in which the trace of the covariance matrices and the
CRLB of the H-LMS are lower than the respective values from
the LMS. The profitability percentage computed by means of
estimated CRLBs is 91.93%, which is remarkably close to the
value obtained from simulated data, 89.73%.

Provided a coarse knowledge of the position of the collaborat-
ing agents and of the uncertainties of their GNSS measurements,
an estimation of the uncertainty of the collaborative ranges can
be in turn computed [29]. Finally, the approximation of the
CRLB for the hybrid positioning algorithm can be used to enable
hybrid positioning according to (2) or to exclude unprofitable
terrestrial contributions through the minimization of the CRLB,
as in [8].

B. Other Trajectories

The same scenario in terms of satellites and aiding agent
locations is used to analyse a set of different trajectories to
identify the profitable behaviour of the hybrid solution with
different geometrical configurations. All the trajectories are
centered around the origin of the simulated scenario.
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TABLE I
COMPARISON OF PROFITABILITY OF H-LMS FOR OTHER ELEMENTARY

GEOMETRICAL TRAJECTORIES

Fig. 12. Horizontal CRLB computed for H-LMS in different elementary
geometrical trajectories vs. horizontal CRLB computed for LMS.

As shown in Table I, the evaluation of the profitability per-
centage, τCRLB, through the proposed estimation is more conser-
vative w.r.t. the actual simulation results. Furthermore, the Mean
Square Error (MSE) computed along the trajectory between
simulated and theoretical standard deviation value is almost
negligible for all the tested trajectories. Figure 12 summarizes
the horizontal values of the theoretical CRLB computed for the
H-LMS using different geometrical trajectories. The values are
compared to the CRLB computed for LMS which is almost
constant along all the trajectories due to the large distance of
the satellites from the target at each tk.

VI. CONCLUSION

Under proper conditions, the hybridization of satellite-based
and dependent terrestrial measurements can increase the per-
formance of standalone GNSS positioning similarly to the in-
tegration of independent terrestrial ranging contributions. In
particular, when the geometry of the visible satellites is poor, as
investigated in Section V, the additional information provided
by collaborating agents mostly compensates for the dilution of
precision.

The non-linear formula employed for the IAR computation
between the two agents returns non-independent non-Gaussian
range measurements whose distribution does not always match
with the estimation model employed in LMS and used to derive
the related CRLB (20). In these cases the simulated standard
deviation can be lower than the CRLB as shown in the example

discussed in Section V. This results are supported by the theory
related to biased estimators and stability conditions of the CRLB.

The relevance of the presented results is threefold. On one
side it has been shown that non-independent measurements can
bring information to the positioning estimation. Furthermore,
the simplistic usage of the likelihood function for Gaussian dis-
tributed variables with IAR measurements shows that their dis-
tribution cannot be Gaussian, thus leading to overoptimistic and
over-pessimistic outcomes mainly depending on pseudoranges
quality and geometry of the collaborating agents. In the end, the
advantage of the proposed hybrid positioning strictly depends
on the combined geometry and quality of the terrestrial ranging
information and satellites constellation. Summarizing, relying
on a proper knowledge of the measurements uncertainties, the
used likelihoods definition and the related CRLB for the hy-
bridization of cooperative range measurements can be used as an
approximation of the expected position error covariance matrix
to determine whether GNSS-based inter-agent collaboration can
improve navigation and positioning performances.
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