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ABSTRACT. The paper discusses nonlinear singular perturbations of delta type of the fractional
Schrédinger equation 19;1) = (—A)®*y, with s € (3, 1], in dimension one. Precisely, we investigate
local and global well posedness (in a strong sense), conservations laws and existence of blow-up
solutions and standing waves.

1. INTRODUCTION

The appearance of the term “fractional Schrodinger equation” (FSE) traces back to the pio-
neering papers by Laskin ([35, 36]). In those papers this equation, i.e.

Wi = (—A)Y, (1)

turns out when the Feynman path integral is extended from the Brownian-like to the Lévy-like
quantum mechanical paths. On the other hand, in potential theory, the fractional Laplacian was
also introduced as the infinitesimal generator of some Lévy processes ([7, 34]).

In the most recent physics literature the fractional nonlinear Schrédinger equation (FNSE) have
been exploited in many different frameworks.

The FNSE arises, for instance, in the investigation of quantum effects in Bose-Einstein Conden-
sation ([46]). The condensation is usually described by a Gross-Pitaevskii equation when a boson
system is ideal, i.e. at low temperature and weakly interacting. If the medium is inhomogeneous
with long-range interactions, it was proved that the dynamics can be described by a fractional
Gross-Pitaevskii equation. This phenomenon is due to a general feature of fractional equations,
which are able to take into the account decoherence and turbulence effects. In fact, these equations
can be also used to investigate decoherence effects in several physical models ([31]).

However, physical models based on the FNSE as effective equation are not restricted to the
quantum domain. The study of the long-time behavior of the solutions of the water waves equation
in R? relies, for instance, on the FNSE (see [30] and references therein). Furthermore, it has been
recently used in optics ([38]), in solid state physics ([44]) and biological systems ([22, 39]).

From the mathematical point of view, the FNSE has been widely studied in the last years. We
mention, for instance, [8, 28, 32| for the standard FNSE and [17, 18, 19, 29] for the variant (relevant
for physical applications) provided by Hartree-type nonlinearities.

On the other hand, the first discussion of a FSE in presence of delta potentials is due to [37]: the
main result contained in this paper is the analysis of an anomalous spreading of the solutions of the
Cauchy problem characterized by a power-law behavior and related to the order of the fractional
operator.
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More recently [40, 41, 45] addressed the problem of singular perturbations of the fractional Lapla-
cian. In particular, they show that rank-one linear singular perturbations of the d-dimensional frac-
tional Laplacian can be obtained as the norm-resolvent limit of fractional Schrédinger operators
with shrinking potentials.

In this paper we discuss nonlinear singular perturbations of delta type of (1) in dimension one,
with s € (%, 1]. The main purpose is to investigate the well-posedness and the dynamical features
of the associated Cauchy problem.

The major characteristic of this kind of equations is that, albeit nonlinear, they fall under the
so-called solvable models: the investigation of the time evolution can be reduced to that of an
ODE-type equation (see, e.g., [6]). For the ordinary Laplacian in R the case of a concentrated
nonlinearity has been studied in [5] (see also [15]) and then extended to R? and R? in [2, 13, 14, 16]
and [3, 4] (respectively), and to the 1-dimensional Dirac equation in [10].

The paper is organized as follows:

e in Section 2 we make a brief review on the linear FSE in the free case and in the case of
a singular perturbation of delta type, and then we present the main results on nonlinear
perturbations;

e in Section 3 we present the proofs of the main results of the paper (i.e., Theorem 2.1 and
Theorem 2.2);

e in Appendix A we show the proof of some further results on linear perturbations (i.e.,
Proposition 2.1).

2. SETTING AND MAIN RESULTS

Before stating the main results of the paper it is necessary to fix some notation and recall some
well known facts about the linear FSE both in the free case and in the case of delta interactions.

2.1. The free case. Preliminarily, we recall that, for every s € (0,1), the fractional Laplace
operator on (an open set) Q < R is defined by

(—A)5u() = o(s) PV, L "W dy

where ¢( ) is a specific normalization constant such that
(=) u (k) == |k* a(k), (2)

with (—A)* = (=A)g and (/\) representing the unitary Fourier transform on R (see, for instance,
[23] for an explicit expression). We also recall the definition of the fractional Sobolev space H*(£2),
with € (0,1), i.e.

HM(Q) = {u e LX) :ue H“(Q)} - {u € L3(Q) : [u] gy < oo} (3)
where [u] ;. (R) denotes the usual Gagliardo semi-norm, i.e.
2 Ju(z) — u(y)®
R

When © =R, it is (norm-)equivalent to

HM(R) = {u e S'(R): fRu R alk)[? dk < oo} : (4)
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where S’(R) denotes the space of the tempered distributions and

[0y = N8y = [ P fah)? (5)

(see again [23]). Moreover, (4) holds for > 1, as well, whereas (3) has to be modified in

[w] )
HM(Q) = {u e HM(Q) Z[;]L e H“_[“](Q)}
X

(with [u] the integer part of u).

On the other hand, it is well known that, for every s € (0, 1], the operator HY : L?(R) — L*(R)
defined by

D(HY) := H*([R) and  H%:= (=A%, Y e D(HD),
is self-adjoint and hence by Stone’s Theorem the Cauchy problem
w
ot
(0, ) =wo(+) € H*(R)

HY

has a unique solution
Y(t, ) = Us(t)o)(x) € CO[0,T]; H*(R)) 0 C*([0, T} L*(R)), VT >0,
with Us(t) the convolution unitary operator defined by the integral kernel

1 s
L{S(tw) — % J;R etk 671|k|2 tdk,

namely
. 671|k|25t
Us(t, - )(k) = ——.
W) =
In addition, we recall that the quadratic form associated with H? is
D(F)):=H*R) and  F)¥):=[0]}. 5, V¥ eDF).
Finally, we point out that throughout the paper we denote by (-, -) and | - | the standard

scalar product and norm of L?(R).

2.2. Linear delta perturbations. The problem of linear singular perturbations of delta type
of the fractional Laplacian has been widely discussed in [41]. Here we limit ourselves to mention
some known facts and notation, which are useful in the following.

For every A > 0 and s € (0, 1], we denote by G2 the Green’s function of (—A)* + ), namely the
unique solution in L?(R) of

(A + 16 =4, (6)
namely
= 1

Note that G € L*(R) for every s > 1/4 and G2 € L(R) n C°(R) for every s > 1.
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In addition, for all s € (3,1] and a € R fixed, we define the operator H2 : L*(R) — L?(R)

D(H?) = {1/} € I2(R) : ¢ = 6 — aGlv(0), 6 € H(R), A > 0}, 8)
(HS + M= ((=A)° + Noa, Vo e D(HT). (9)
It is self-adjoint and hence
[
Yor ~ Het (10)

$(0, -) = to(-) € D(HT)
has a unique solution
v e C°([0, T; D(HS)) n CH([0, T]; L*(R)),
where D(H) is endowed with the graph norm. Notice that the definition of the operator domain

(8) does not depend on A, provided that A > 0, which then plays the role of a mere regularizing
parameter.

It is also worth mentioning that [41] provides an approximation result for the operator H¢,
which actually explains the reason for which we consider this operator a singular perturbation of
the fractional Laplacian of delta type. Precisely, the paper shows that there exist (a wide class
of) compactly supported potentials V', with o = SR V(x) dx, such that the sequence of self-adjoint
operators

D(H;) = H*[R) and  HIy:= ((-A)P+1V ()9
converges in the norm resolvent sense to H$. Therefore, HS defined by (8) and (9) provides a
rigorous version of the informal expression (—A)® + 4.

Remark 2.1. Tt is clear that the case a = 0 represents the unperturbed case.
Finally, we provide here a different representation of the operator H$. Let us introduce the

fractional differential operator

1

DFu (z) := T

| e i senmy i ak. we (0,11 (11)
R
that is
Dra (k) = o|k|¥ sgn(k) u(k).
Note that this operator is bounded H#*%(R) — H(R), for all § > 0.

Remark 2.2. Note that, when p = 1, there results D* = % (in a distributional sense).

Proposition 2.1. Let s € (%, 1] and a € R. Then, the following representation of the operator H2

is equivalent to (8)-(9):
D(H?) = {Y € H*(R) : D* ™'y € H'(R\{0}), [D*~'¢](0) = aw(0)} (12)

HY = (=A)%, VYo #0, (13)

where [D?*714](0) := D27 %(0%) — D*~14)(07). Moreover, the quadratic form associated to H
is defined as

FEW) = (W, HIw) = (=)0 + al(0)]* = [¥]5. 5 + v (0)? (14)
with domain D(FS) := H*(R).
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For the proof, see Appendix A. Here we limit ourselves to observe that the previous Proposition
allows to write also in the fractional case delta perturbations as “jump conditions”. However,
while in the integer case this fact arises as a natural consequence of the definition of the action and
the domain of the operator, in this case it is required to detect (through a careful analysis of the
properties of the Green’s function — see Appendix A) the proper fractional differential operator
whose jump encodes the delta interaction.

2.3. Main results: nonlinear delta perturbations. Let us introduce the nonlinear analogue
of (10) by posing

a=a()=B©O)*, >0 PeR,
n (8), that is

D(HY) i= {6 € H'(R) : ¥ = o — B (0)76(0)), ér € H*(R), A >0}, (15)

(HE + M= (A + N)ga, Vo e D(HY).
On the other hand, in view or Proposition 2.1, H? can be equivalently represented as

D(H?) := {1 € H*(R) : D* 'y e H'(R\{0}), [D>*4](0) = Bv(0)[*7%(0)},

Hip = (=A)°p, Vo #0.
A solution of the nonlinear analogue of (10) is a function 1, such that (¢, - ) € D(HZ), for all
t > 0, and
oy

1— =H"
ot sV (16)
¥(0, -) = to(-) € D(HY).
In fact, we discuss the integral form of the problem, provided by the Duhamel formula, which
reads

¢
Ult) = Uu(in)(@) =18 | Ut = r)(m 07 o(r,0)dr. (1)
Furthermore, one can set

q(t) == 1(t,0), (18)

which is usually called charge and, from (17), has to satlsfy

20
) + 1a(s ﬁf a7 4 oy (19)
t — T 25

(i.e. a singular nonlinear Volterra integral equation of the second kind), where

f(t) := (Us(t)0)(0)

1

a(s) = Py .

(note that Us(t,0) = a(s)/ti). As a consequence, if (19) uniquely determines ¢, then v is defined
by

and
e~ 1P dp = 14,(1,0) e C (20)

P(t,x) = (Us(t)ho)(x) — ZBL Us(t — 7, 2)]a(7)[*7q(7) dr. (21)

This entails that “solving the nonlinear analogue of (10)” means searching for a solution of (19)
such that (21) satisfies (16).
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Theorem 2.1 (Well posedness). Let s € (3,1] and ¢o € D(H?). Then:

(i) Local well-posedness. There exists T > 0 such that the function v defined by (19)-(21)
is the unique solution of (16) (where the former is meant as an equality in L*(R)). In
addition,

¥ e CU[0,T]; D(HZ)) n CH([0, T]; L*(R)).

(ii) Conservation laws. The mass and the energy, namely
M(t) = M(y(t, -)) = [o(t, )|

p

07“|ﬂ}(t70)|20+27 (22)

B() = B ) = [0 gy +
are preserved quantities along the flow.
(iii) Global well-posedness. If one of the following conditions is satisfied:
- /8 = 07
-B<0and o <o.(s):=2s—1,
then the solution is global in time. In addition, when 5 < 0 and o = o.(s) there exists
C(s,B) > 0 such that, if ||vo| < C(s,B), then the solution is global in time, as well.
(iv) Blow-up solutions. If § < 0, 0 > oc(s) and 1y has the reqular part ¢ in S(R) and
satisfies

E(W)) <0,
then there exists T* € [0,00) such that

limsup |¢(t)| = 400,
t—T*

namely the solution blows-up in a finite time.

Remark 2.3. Recall that the case § > 0 is usually called defocusing or repulsive case, whereas
the case 5 < 0 is usually called focusing or attractive case, in analogy with the standard NLS. In
addition, when 8 < 0, the case 0 < o.(s) is said sub-critical, the case o = o.(s) is said critical and
the case o > o.(s) is said super-critical. According to this, o.(s) is called critical exponent.

Remark 2.4. .

Remark 2.5. Notice that, if |1 < C(s, ), then E(0) = 0 (see (48)) and thus (consistently) the
blow-up condition is not fulfilled.

Remark 2.6. Throughout the paper we consider the case of an interaction based at z = 0. However,
this is not restrictive since all the results are valid as well as for any other choice. In addition, one
could also consider the case of IV distinct singular perturbations of J-type, as well as more general
nonlinear dependence for a(t)). Anyway, this would produce only computational issues and hence,
for the sake of simplicity, we limit ourselves to the case of a single perturbation with a power-type
nonlinearity.

Two comments on the item (iv) of the previous theorem are in order. First, as highlighted in
Remark 3.5, the extra assumption on the smoothness of the regular part of the initial datum is just
a technical point required in the proof of Proposition 3.4 . In addition, blow-up is a phenomenon
linked to the magnitude of the initial singular part rather than to the smoothness of the regular
part. Hence, it is not that relevant a detailed discussion of the minimal regularity assumptions.

On the other hand, it is clear that in the super-critical focusing case, it is possible to choose an
initial datum with E(0) < 0. For instance, consider a generic function u € D(H[) with regular
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part in the class of Schwartz functions and such that u(0) # 0. Then, for every v > 0, define

uy(z) = u(ve).

Recalling that u(v-)(k) = 14(%), a simple scaling argument shows that (in the focusing case)
_ o 2s—1[, 12 18] 2042
B(uy) = v [ul} gy — = ful0)]
and hence, if v is sufficiently small, then E(u,) < 0.

Before stating the second result, we recall that a standing wave is a function ¥* (¢, x) = e“*u¥(z),
with w € R and 0 # u¥ € D(HY), that satisfies (16), namely such that

Hiu” + wu® = 0. (23)

Theorem 2.2 (Standing waves). Let s € (%, 1]. Ewery positive standing wave of (16) is given by

2041 s— o
u () = |3 (2ssin (£)) T w T he G (), (24)
with w > 0 and B < 0. Any other standing wave with frequency w differs from u* in (24) by a
constant phase factor.
In addition:
(i) if 0 < 0c(s), then E(u®) <0, for allw > 0, and inf g+ F(u¥) = —©0
(i) if 0 > oc(s), then E(u®) > 0, for allw > 0, and inf g+ E(u’) =0
(iii) if 0 = oc(s), then E(u®) = 0.

Theorem 2.2 has some important consequences. First, it states that no standing wave may exist
in the defocusing case. On the other hand, one can immediately sees that in the supercritical
focusing case the infimum level of the energies of the standing waves is exactly the threshold under
which there is blow-up.

The assumption s € (%, 1] in Theorem 2.1 and Theorem 2.2 is explained as follows. First, one

can observe that linear d-type perturbations of the fractional Laplacian do exist only if s > i, since
otherwise the Green’s function of (—A)® + X is not square integrable (for details see [40, 41]). On
the other hand, as we stressed in Section 2.2, when s € (%, 1) the Green’s function is also bounded
and continuous and this entails that the strategy for the proofs of the main results (up to several
technical modifications) retraces the one of [5], since the problem still displays the specific features
of the so-called models in codimension one. On the contrary, when s € (i, %], the issue presents the
structure of higher codimensional models, such as nonlinear §-perturbations of the Laplacian in R?
and R? (precisely, s € (1, 3) retraces delta in 3d, while s = 1 retraces delta in 2d). In these cases
the strategy for the proof of global and local well-posedness (and blow-up) is considerably different
(for instance, it is no more true that ¢(t) = ¢(¢,0)) and, mainly in the 2d case ([2, 14]), requires
a more refined analysis of the kernel of the associated charge equation, which is not clear how to
adapt to the fractional case at the moment. Hence, we think that in a first work on nonlinear
perturbations of the fractional Laplacian, it is worth starting from one-codimensional problems,
leaving higher-codimensional ones to forthcoming papers.

However, also in this one-codimensional case, although the strategy is analogous, some relevant

and interesting differences can be detected between this work and [5]. First, here we present a finer

discussion of the regularizing properties of the integral kernel t~2s. In particular, such discussion
allows to prove a far better regularity for the solution of the charge equation, which is subsequently
exploited to show that the wave function defined in (21) is a solution of (16) in a strong sense. In
view of this, the papers contains a stronger result (which holds for s = 1 too) with respect to [5],
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where only the integral formulation and distributional solutions were treated (recall that in [5] the
main achievement was a feasible strategy for the investigation of nonlinear delta perturbations).

On the other hand, concerning the blow-up analysis, here it is necessary the introduction of a
fractional moment of inertia, as in the standard fractional NLSE. The study of such a fractional
moment of inertia in the context of nonlinear deltas requires several technical modifications in
the proofs (which follow, again, the same strategy of the integer problem), which also make the
detection of the fractional critical power possible.

Finally, in addition to [5], the paper contains a complete classification of the standing waves of
(16) and shows the connection between their energy level and the threshold for the blow-up.

Remark 2.7. It is worth recalling that the different strategy used here with respect to the case
of the standard NLSE is due to the singular structure of the nonlinearity and to the consequent
singular structure of the functions in the “operator” domain. Precisely, the Schrodinger equation
with a nonlinear delta is not a semilinear equation (as the standard NLSE), since the nonlineariy is
encoded in the domain of the “operator” and not in its action. However, the fact that the problem
is the nonlinear version of a so-called solvable model allows to trace back to a one-dimensional
integral problem (the charge equation), whose discussion (although completely different) then
plays the role of Strichartz estimates in the proof of local and global well-posedness for standard
NLSE.

Remark 2.8. Notice that even if the fractional Laplacian can exhibit very different behavior with
respect to the integer one in the stationary case, see e.g. [21], this is not the case in our evolution
problem. For instance U, shares some dispersive properties with the free propagator 2, namely
a L' — L% estimate with a different exponent. Moreover if we look at equation (19), whose analysis
is the heart of this paper, for s = 1 it is still a Volterra integral equation with a different Abel
Kernel, with similar qualitative behavior.

3. PROOF OF THE MAIN RESULTS

This section is devoted to the proof of Theorem 2.1 and Theorem 2.2. The first four subsections
discuss the four items of Theorem 2.1, while the last one is completely focused on Theorem 2.2.

3.1. Local well-posedness. In order to prove local well-posedness of (16) a detailed analysis
of the charge equation (19) is required. However, we need some preliminary results concerning
fractional Sobolev spaces in d = 1 and the regularizing properties of the i—Abel integral kernel
2,
Lemma 3.1. Let s € (3,1] and ¢ € H*(R), with > 0 and supp{¢} < [0,r], for some r € R*.
Then, the function

RIG)

L(t) := f ——dr, teR, (25)

0 (t—rm)2s

belongs to L? (R) N H“H*?ls(R).

loc

Proof. Clearly,

H(t
L(t) = (h=0)(t), VteR, where h(t) := (1 ) (26)
t2s
and H is the Heaviside function. In addition, for every ¢ € [0,r], L(t) = L(t), where
H(t)—H(t -
Co(t) = (b x 0)(t), VEeR,  with ho(t):= ZWZHE=T)

tas
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As a consequence, simply recalling basic properties of the convolution product

_1
1L 200,y < 1Lr 022 @) < IPrll i) Ml L2y = 772 €] L2 (0, < o0

On the other hand, one can easily see that |£| 245 < o0, for every a,b € R, since L(t) = 0, for
all ¢ < 0, and since, if b > 7, then |[£|2(os) can be estimated arguing as before (simply replacing
r with b).

Therefore, it is left to prove that £ € H“H_?Ls(R). From (26) and [27, Egs. 3.761.4 and 3.761.9]
we see that

L(k) = V2m h(k)I(k)

where (o)
~ d(s) e tall-s; .
h(k) = , d(s) := ———T'(1 — 52).
()=S0, d(s) = T )
Hence
J ||k|# 12 £(k) [ db < csf ||k|#E(k)[? dk < oo,
R R
which concludes the proof. O

Lemma 3.2. Let s € (3,1] and £ € H*(0,r), with p >0 and r € R*. Then:
(i) if pe[0,3), then L€ H“H*i(o,r);
(ii) if pe (5, 3) and £(0) = 0, then £ e H*175: (0, r);

(with L defined by (25)). In particular,

I£] ) < Crllelleo)-

HH =25 O,r

Remark 3.1. Note that in Lemma 3.2 the regularity gain provided by the i—Abel kernel 1 — 2—15 €
(0, %], for all s € (%, 1], and is independent of p. This two features are the core of the bootstrap

argument used in the proof of Proposition 3.2.

Proof of Lemma 3.2. Let

0t), if tel0,r],
0(t) =< 0@2r—t), if te(r2r],
0, it ¢eR\[0,2r].

Easy computations yield
1€l £ 0,2 < 20[€]l 10 0,1)
and, on the other hand, [12, Lemma 2.1] implies
1] ey < Cll 10 (0,2)-
As a consequence 7 satisfies the assumptions of Lemma 3.1 (with support in [0,2r], instead of
[0,7]), so that
~ ! Z(T) 2 1l — 2
L(t) := f ———~—dre L (R) n H**173:(R).
0 (t—r7)2s
Finally, observing that £(t) = £(t), for all ¢ € [0, 7], concludes the proof. O

Remark 3.2. In Lemma 3.2, p = % is excluded since in this case [12, Lemma 2.1] is not valid due

to the failure of the Hardy inequality (see also [33]).
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Lemma 3.3. Let £ € H*(0,r) n C°[0,7], with r € RT and pu € [0,1]. Then, for every o = 0,
0|27 € HM(0,r).

Proof. The cases pu = 0,1 are trivial (recalling that H° = L?). Then, consider the case p € (0,1).
Clearly, one sees that

le@)P7e(t) = [6r)PU(r)| < Cle &g q1€t) = £(T)], Yt 7 e[0,7],
which immediately concludes the proof. O

Now, we can focus on the charge equation. The first step is proving that it admits a unique
continuous solution on a sufficiently small interval.

Proposition 3.1. Let s € (3,1] and 1o € D(H?). Then, there exists T € R such that (19) has a
unique solution q € C°[0,T].

Proof. Define preliminarily
20
h(t7 T, Q) = za(s)ﬁqu.
(t—r7)2s
By [42, Corollary 2.7], in order to conclude it is sufficient to prove that:

(i) f is continuous on [0, 00);
(ii) for every t € R™ and every bounded set B < C, there exists a measurable function m(t, 7)
such that

|h(t,7,q)| <m(t,7) VYO<7<t<l, VYqeB,

t ¢
sup f m(t,7)dr < oo and f m(t,7)dr — 0;
te[0,7] JO 0 =0

(iii) for every compact interval I < [0,0), every continuous function ¢ : I — C and every
to € RT

tlintn (h(t,T, o(1) — h(to, T, 30(7))) dr = 0;
(iv) for every t € RT and every bounded set B — C, there exists a measurable function n(t,7)
such that

|h(t,T,q1) — h(t,7,q2)| < n(t,7)|q1 — ¢o] VO<T<t<{, Vq,q¢€DB,

e—0

t+e
n(t, ) e L}0,1), Wre[0,7],  and J n(t +e,7) dr — 0.
t

However, (ii)—(iv) can be easily proved setting m, n equal to the i—Abel kernel, up to some suitable
multiplicative constants, and exploiting its integrability properties (see, for instance, [3, 5, 14]).

Hence, it is left to show (i). Preliminarily, note that, as 9 € D(HZ) (and recalling that
¥0(0) = q(0)),

F(t) = Us(t)$2,0)(0) = Bla(0)[*7q(0) Us(£)G2)(0) =2 fi(t) + fa(t). (27)
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Let us discuss the two terms separately. First, simply using Cauchy-Schwarz inequality, we find
that for all T e R

T - 2
Iflliz(o,T)<CsL (JR\qﬁA,o(k)dky) dt
' 2015 (k) 1
<[ ([ wprimamran) ([ gt ) d

< CsT| ool Fsmy < - (28)

On the other hand, denoting by ggp the even part of &\,0; and setting w = k%¢, with some compu-
tations one obtains

_ I —k25t 7 _ 1 —wt |w‘2%$p(|w|i) _ @(t) _ é(_t)
fi(t) = WJ() e op(k) dk = - Re H(w)—|w| dw = o (29)
::g(w)

(where again H denotes the Heaviside function), that is
~ G(—w
filw) = ( )

27

As a consequence (using the same change of variable as before)

1 1
2 _ 3—L )2
345 (R) 2ms? JR w2 |G (@) dw < Cs f

o0
<@fkﬁ%%ﬁ%<@f|%%mwwﬁ<w, (30)
0 0

2dw

‘w’ls)

since ¢ o € H?*(R) by assumption, so that, combining with (28), there results f; € H%_ﬁ(o, T),
for all T e RT.
Let us consider, now, fs. Precisely, we focus on

A p—10

~ Bla(0)[?7q(0)’
As G} € H*(R), arguing as in (28), one sees that f3 € L2 ([0,00)). On the other hand, arguing as
n (29), there results

(31)

1
o |w|% ~
fa(t) =C f e H(w)————— dw = CsF(—t), (32)
e ey T
=:F(w)
so that
2(u=1)+5 -

]2, (R CJ e Weld- ). (33)

Hence, as 3 — & € (3, 1] for s € (3, 1], this implies that f3 is continuous on [0,90), which concludes

the proof. 0

Remark 3.3. Equation (32) also shows that f3 € L?(R), not only in L? ([0, 20)).
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The last step of the discussion of the charge equation is proving a suitable Sobolev regularity for
the solution ¢. To this aim, it is also convenient to define the maximal existence interval [0, T™)
for (19), i.e

T* := sup{T > 0 : there exists a unique solution g € C°[0,T] of (19)}. (34)

Proposition 3.2. Let s € (%,1] and g € D(HY). Then, the solution q of (19), provided by
Proposition 3.1, belongs to H%—é(o, T) for every T € (0,T%).
Remark 3.4. Observe that, as s € (3,1], then 3 — L € (1, 3], so that (in particular) the solution

of the charge equation is absolutely continuous on all closed and bounded subintervals of [0, T*).
This justifies any integration of the derivative of the charge present throughout the paper.

Proof of Proposition 3.2. Fix an arbitrary T' € (0,7*). The proof can be divided into two parts.
Part(i): regularity of the forcing term. The first point is to show that f € H3 s (0, T). However,
as we already proved in (28)-(30) that fi(t) := (Us(t)dr0)(0) belongs to Hgffls(o, T), according
to the decomposition of f pointed out in (27), we focus on fs.
In (33), we proved that f3, and whence f, (see (31)), is in H#(0,T) for all 11 € [0, 3 — ), which
is not sufficient to our purposes. However, suitably manipulating f3, one can find an equivalent
formulation of (19), which presents a forcing term with the proper regularity.

First, letting
1 =1lpl** _q
b(s) := J eidp,
2r g |pl*
we can define
~ 1
f3(t) := f3(t) — f3(0) — t172:b(s).

Using the change of variable w = k¢ and fundamental theorem of calculus, one finds that

™

~ A [® eﬂkQSt_l A Oo(eﬂ“’t—l)w%s W\ [P w% t
A [RCHES S I it LS . T
O s VIl s vl N vl R
AS a consequence
< A
f _

and hence, arguing as in (32)-(33) (in view of Remark 3.3), one has that fg € H”( ) for all
€[0,2 — ). Then, fs€ HMR ) for all yu € [0,2 — ), which clearly implies fse H2™ E(R).
Summmg up, (observing that f3(0) = G2(0))
1 N
Fa(t) = —Bla(0)*7(0)G2 (0) — Bla(0)[*q(0)b(s)t' 25 — Bla(0)[*7q(0) f3(2).

In addition, we find that

RN 23—1f L
2s (t—T)%

and that (recalling (20))

ff e R dz dk—f J —w? dpdz—Q(_)l.
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Consequently, one can suitably rearrange the terms in (19) in order to obtain

o(6) = Ft) —as ﬁf la(7 IQ"thT lQ( )70 4 (35)

N~

()

where now
F(t) = f1(t) = Bla(0)[*7q(0)G2(0) — Blq(0)|* q(0) f3(t)

belongs to Hgfﬁ(O,T).

Part(ii): bootstrap argument. Now, we can apply a bootstrap argument on (35) in order to
obtain that g € H2 1 (0, T).

We know that the unique solution of ¢ of (35) belongs to L?(0,T) n C°[0,T]. Hence, from
Lemma 3.3, there results that |q(-)|??q(-) —|q(0)|?*?q(0) € L?(0,T) n C°[0,T] and (consequently),
from Lemma 3.2 (item (i)), that n € H"3(0,T) n C°[0, T, so that ¢ € H'~2:(0,T) ~ C°[0, T
(in turn).

Repeating the same argument one can easily prove, with an iterative process, that ¢ €
H%_ﬁ(o, T) ~ C°[0,T], which concludes the proof.

However, some provisos are required:

(1) one uses item (i) of Lemma 3.2 until the starting index of the iteration is smaller than %

and item (ii) when the starting index becomes greater than %;

(2) if at some iteration one runs into H%(O, T'), which is not covered by Lemma 3.2, then it is

sufficient to observe that ¢ € H#(0,T), with u = § — & and (for instance) e <  — -, so
that one can use Lemma 3.2 to leap over 3 (since y+ 1 — 5= > 3) and move on;
(3) if at some iteration one find ¢ € H*(0,T) with p € (1,3 — &), which is not covered by

Lemma 3.3, then it is sufficient to observe that ¢ € H%J’ﬁ(o, T), and since % + ﬁ < 1 one
can use again Lemma 3.3 and Lemma 3.2 to obtain that ¢ € H2 1 0,7).

Note also that the iterative process must end in a finite number of steps because the regularity
gain at each step is always the same (as highlighted in Remark 3.1). O

We can now prove the first point of Theorem 2.1. It is worth pointing out that the following
proof holds for every T € (0,7%).

Proof of Theorem 2.1: item (i). From Propositions 3.1 and 3.2, there is T' € (0, 7*) for which there
exists a unique solution of (19) belonging to H %—i(o, T). As a consequence, the function

r(t) := Bla(t)[*a(t) (36)

belongs to H'(0,T) (by Lemma 3.3, observing that % — 4+ > 1). Then, we can split the proof in
three parts.

Part 1): regularity of 1. Using the Fourier transform in (21) and recalling definition (15), we
have

T(O) —a|k[?5t
V2r(Jk2 + A) \/ﬂf

D(t k) = e gy o (k) — —uk2E=T) g () dr. (37)



14 R. CARLONE, D. FINCO, AND L. TENTARELLI

In addition, an integration by parts yields

=g S te” 7 (5(r) — ahr (7)) dr o ®
(e0) = G o6) + s [ ) — ) ar | - (@)

=:$/\ (t.k)

~

so that
U(t,x) = oalt,x) — r(t)G(x).
Hence, in order to prove that (¢, -) € D(HY) for all ¢ > 0 it suffices to prove that g’b\A(t, ) €
L?(R, |k|** dk) (since it is clearly in L?(R)).
First, we easily see that e*”k‘%td))\,o e L%(R, |k|** dk), by the properties of the free propagator.
Concerning the remaining part, as r is trivially more regular than 7, it is sufficient to sow that

1 ¢ o k|25 T - s
WHL i () dr € LA(R, k[ dk),
namely, that
t
gt k) := f eF T (1) dr € LA(R)
0

(as functions of k). Setting py(7) = 7(7)x[0,4(7) and observing that p; € L*(R) n L*(R) (since
pt € L?>(R) n L'(R)), one obtains
2 0
1
dk = 2f :

o0
f|mamﬁdk=2f
R 0 0 w2

O A (N2
=4’W(@w<ou+ﬁm+vﬁmw

0 w3z

2
dw

t
J elszTi“(T) dr

0

t
f e“Tr(T)dr

0

(as 1 — 5= € (0, 5]), which proves the claim. Furthermore, one can prove with analogous computa-
tions that
o € CU([0,T]; H* (R)) (39)

(for details see [12]). However, if we endow the domain D(H{) with the graph norm | - |peyn),
then

[¥lpee) = 1]+ 1Hwl < C ([0 + 1(HS + Noall + [r]) < C (Ioalmsmy + la*)

and thus, combining with (39),
¥ e C°([0, T); D(HY)).
Part 2): regularity of %—If. Let us compute, then, the time derivative of 12 We have that

) I

@ AN YAV
k) = S22 k) — ()3
In addition,
0bx s i(t) — 1Ar(t)
ot (tv k) - Z|kj| ¢/\(t7 k) + \/ﬂ(“{}’% I )\)7

so that
1A (t)

i ()
V2 (k|2 + \)

_ 2s 7 _
2 (t) = —alkPOA( B)

(40)
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As a consequence, arguing as in Part 1), one can easily see that
e ([0, T); L*(R)),

which then proves that ¢ € C*([0,T]; L?(R)).
Part 3): solution of (16). Now, since the initial condition is clearly satisfied by construction,
we have to prove that

1o =M in L*(R),  Vte[0,T]. (41)
By (40), R
0, k) = (BP0t K) + Ar(DGH ).

On the other hand,
Hyp(t, k) = (Y + Noa(t, k) = MOt k) = [k Ga(t, k) + Nt k) = §(t, k),
which concludes the proof. O

3.2. Conservation laws. This section is devoted to the proofs of the conservation laws associated
to (16). In particular, for the mass conservation we will prove that
dM?
dt
whereas we will show the energy conservation by a direct inspection of the equality

E(t) = E(0),  Vte[0,T%).

(t) =0, Vt e [0,T7),

Proof of Theorem 2.1: item (ii). The proof can be divided in two parts.
Part 1): mass conservation. First we observe that

B = 2me [ 5

=:A

Sty de |

so that we have to prove that A is purely imaginary.
First, from (41)

S (@) = —Ml6A(t @) + Ar(DG) (@)

(with r defined by (36)). As a consequence
A= Z( Ed))\(t: : )7 Hg¢)\(tv ’ )) - )\’T(i)’QHg?H%) + Z(@(gg\ Hg¢>\(tv ’ )) + T(t)(¢,\(t, ’ )v g;\z),

"

~~
=;A1 =ZA2

where we easily see that, since H? is self-adjoint, A; is real-valued. Now, a computation shows
that

< _

1Ay = z<r(ﬂ(% (H2 + Nt -) = 2XRe {r(t)(G2, oa(t, ')>}>'

=:B1 =:Bsg

Finally, as B is clearly real-valued, it is left to prove that Bj is real-valued too. Exploiting the

definition of the Green’s function (6) (which is also a real-valued function), the decomposition of
the domain D(H?) and (36), we have

By = r(t)(Hs + NG, dalt, ) = r(H)ea(t,0) = [a(t)*7* + [r(H)[7G2(0),

that is in fact real-valued, which concludes the proof.
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Part 2): energy conservation. From (5) and (22), the energy at time ¢ reads
B() = | W10 P dk+ 2l

Using the representation of w(t, k) given by (37), the kinetic part of the energy turns out to be

2

t
~ ~ ] s
[ kRt = [ e k) = = | e dr|

¢
= k|% 120 t, k 2 dk + 2Re{ J k 23% J o~ T dr die }+
.ttt i Jo o [
— B,
1 t ot . L
+ 7 |]<;’2Sj J eZ|k| (Tl_TQ)T(Tl)T‘(TQ) d7_2 dT1 dk . (42)
m 0 Jo

An integration by parts, yields

= — r(O)Us(t)10)(0) + 7(0)(Us (0)10) (0) + J (1) (Us(7)40)(0) dr,

and recalling that (Us(0))(0) = 1p(0) = ¢(0),

By = —r()(Us()00) (0) + Bla(0) 2 + f F0) (Us(7)100) (0) di. (43)

0
On the other hand, observing that

t t t T1 .
J J M (M=) (7 )r(7y) dry dry = 2Re {f f kP (M=m2) (1 Vi () diy de} 7
0 Jo 0Jo

1 t S Tl S -~
= —Re {J ]k|QSJ ekl r(m) f L 21 (19) dro dmy dk} .
& R 0 0

Now, another integration by parts shows that

one has

t T1
J Z|k|256Z|k|2sn7‘(ﬁ) J 67%'2%27"(@) dro dmy
0 0

t t . ) . t
= e’|k|25tr(t)f e_l|k|2577“(7') dr — f eIkl Tl?'“(ﬁ)f e Uk 2r(19) dTo dT — f | (7)|? d,
0 0 0 0

so that (with some computations)

FEy = 2Re {zr(t) f Us(t — 7,0)r (1) dr + z'ft 7(71) fﬁ Uy (12 — 11,0)r(12) d7y dﬁ} (44)

0 0 0
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Plugging (43) and (44) in (42), we get

fR KPR dk = | [k [do(R)]* dk +28lq(0)]*7** — 2Re {r@OWs(ty0)(0) ar |

+ 2Re Ut 7(7) (Us(7)10) (0) dT} + 2Re {zr(t)f U (t —7,0)r(T) dr} +

0 0

t T1
+2RG{ZJ ’I.”(Tl)f US(TQ—Tl,O)dTQdTl}.
0 0

Consequently, from (18) and (21), there results

o) ( [N (Us(t)%)(o)) — () = ~Bla(t) P72

0
and

f F(r) (Us (T)100) (0) dr = Lt F(r)a(r) dr + ( - zf #r) f Ua(n — . 0)r () i dT))

0 0 0
and thus (with a further integration by parts)

J;R ‘k|28|12;(t7 k)|2 dk = J;R ‘k|28|12;0(k)|2 dk + 25(|q(0)’20+2 o |q(t)|2cr+2)+

+ 2Re {f: a(r) dT} _ f: Re {r(7)i(r)} dr.

Finally, as
B d, o S —
T T la@P? = 28g()Re {a(Md(r) | = 2Re {r(T)i(r)}
then 8 8
k25Atk2dk=J EI25 1o (B2 dl — —2—1a(p)|29+2 & 2 2042
| P ik = [P o) dk = L a2 + L0+
which (recalling (18)) concludes the proof. O

3.3. Global well-posedness. Exploiting conservation laws, and in particular the energy conser-
vation, it is possible to prove that the solution of (16) provided by (21)-(19) is global in time,
namely
T* = 40
(with 7% defined by (34)), in the defocusing and in the sub-critical/critical focusing cases.
In the focusing case the main ingredient is a fractional version of the Gagliardo-Nirenberg
inequality, namely

-1z
Il < Gl IF1E, (43)
(for the proof see, for instance, [9, 25, 43]).

Proof of Theorem 2.1: item (iii). Consider, first, the defocusing case, i.e. 5 > 0. From energy
conservation, there results that
limsup |q(t)] = C < © (46)
t—T*
and, by [42, Theorem 2.3], this entails that 7% = +o0.



18 R. CARLONE, D. FINCO, AND L. TENTARELLI
On the other hand, in the sub-critical focusing case, i.e. f < 0 and o < o.(s), from (45) and

(18),
B(0) = B) > [6(1, W gy~ 02 2ol “52 s, ] (47)
2042

Since *5= < 2 whenever o < 0.(s), one obtains again (46) and therefore the claim follows arguing
as before.
Finally, if 0 = o.(s), then (47) reads

BO) = B) > [0t Wy (1~ o unp200) (48)

and hence (46) is satisfied whenever the quantity in brackets is bigger than 0, namely whenever

925\ 7@=D
ol < (W) . O(s, B),

which concludes the proof. ]

3.4. Blow-up solutions. In order to prove the rise of blow-up solutions, we use the classical
Glassey method (see, e.g., [26]) based on the definition of a moment of inertia and on the proof
of the so-called Virial Identity.

Due to the different scaling properties of the fractional Laplacian, when s < 1, it is necessary
to slightly modify the standard definition of the moment of inertia. Precisely, we set

1(8) = 1((t, ) = |(=8) T wu(t, )|* = | [F' 0w, )| (49)
where ¢ (henceforth) is the solutlon of (16) provided by (19) and (21) (see for instance [8] and the
references therein). We notice that the fractional momentum operator defined in the appendix in
[20] bears some similarities with (49). It is unclear at the moment if there is a deeper connection
between the two objects.

The first point is to prove that I is well defined on the maximal existence time of v, i.e. [0,7T*)
(with 7% defined by (34)).

Lemma 3.4. Let s € (%, 1], Yo € D(HY) and I(vpg) < 0. Then, for every T < T*,
I(t) < Cr < o, Vt e [0,T1]. (50)

Proof. Let T' < T*. Recalling that 120(16) = Q’Z)\)\,O —7(0)/v27(|k|?>* + A) and differentiating (37) in
k,

s t
=522 0 8) = = 2t st ) + 2R S [ ey ar +
N ™ 0

< J

=:Aa(t,k)

=:A1(t,k)

— 2s sa@ZJ
e R ().

=:A3(t,k)
Now, as 1 € C°([0, T]; D(H)), v € CO([0,T]; H*(R)) as well, so that
[As(t, )]? < CTWHQCO([O,T];HS(R)) < .

On the other hand
|As(t, )| = I1(0) < oo,
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by assumption. It is, then, left to discuss A,. An integration by parts shows that
12s|k|*sgn(k) < Jt k125 () ¢ -

22slkPsgn(k) () gy [ a6 (i (7) — o (7)) dr
27T(V€|28+)\) 1() 0 ( 1( ) 1( ))

which is clearly at least as regular as r(7)). Consequently, arguing as in the
(precisely, item (i), Part 1)), one immediately sees that (50) is satisfied. [

AQ(ta k) =

with r1(7) := 7r(7) (
proof of Theorem 2.1
As a second point, we have to prove the fractional Virial Identity.

Proposition 3.3. Let s € (3,1], Yo € D(H?) and I(y) < . Then, I(-) € C[0,T*) and

I(t) = 4sIm {JR ki (t, k)g;f (t, k) dk} . Vte[o,T%). (51)

Proof. We start by computing the derivative of the integrand of I(t) (given by (49)), namely
A(t, k) := |k|>725|0k2(t, k)|?. First we note that

0A 225y ) OV P
o7 () = 21k Re {ak (t, k)awk(t,k)}. (52)

Now, recalling that

oy

(k) = —2st|k[> Lsgn (k) (L, k)+

2s|k[?571 k) [t s 5y 0
i 208 (¥ gy a7 4 oo Doy (3

and, differentiating in ¢, with some computations there results

0 oY

L0 4, k) = —albf2sgn(k) (0, k) +
s awo 28|k3|25 15gnk¢ 28 (f_
s (i otk (t=7)
25|k~ Lsgn(k)tr (1) TN
N —12st|k|** " "sgn(k) o (t, k).
Then, since by (40)
a¢ o 96 _ lT‘(t)
k) = ke k) = o,
we find
00 - -
220 1.1y = b2 s ()5t )+

I 2 k2s_1 k t s s (9
—l\k|28(—123ﬂk25—1sgn(k:)1/}(t,k)+ s|k| 27_‘_ng Le—l|k|2 (t_T)TT’(T>dT+ —1|k|?T ;/I;O( ))
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and, hence, using again (53),

%)
otk
Thus, plugging into (52), there results

oA .o
(k) = 4slm{k¢(t, K5t k:)} (54)

o

— (k) = —a2s|k|>* Tsgn(k)(t, k) — \k|25 (L k).

On the other hand, fix an arbitrary 7' < T™*. An integration by parts in (53) shows that

~

k== (t, k) = —2st|k[*sgn(k)oa(t, k)+

12s|k|®sgn(k) (1 ks, , olkl2s oy
ﬁ(",@s +(A|))foe D (i (7) — i (7)) dr 4+ R 2 (),

(where again r(-) := 7r(-) e H'(0,T)). Hence

g@é( )‘ CT<|k25|¢A(t k)!+1+‘ a;io(’f)‘)a vt e [0,T].

In addition, since by (38)

~ 1
Bk <or (1l + gy ). Ve 0Tl

there results

0A 25|70 2 - 1
S )] < Cr (IR +1B2(0 1) + 5, +
~ oty k| |t
t,k)||k—=—(k ——=—(k t T].
+ BRG] + G w)]) vl
Now as,

~ ~ 1
ort 0 < Co(1BralBl + ) e l0.T

there results
0A
ot

1

S .)] < Cr (I 1ro I + 1808 + s +

R k| |2do
‘ k)‘+“€|28+/\ ﬁ(k) ; vt e [0,T],

which is clearly integrable by the regularity of ¢, and since I(¢)g) < co. Hence, by (54) and

+ |pao(k

dominated convergence, one gets (51) (and the continuity of I on [0,7%)). O
As a third point, we can compute the second derivative of the moment of inertia.

Proposition 3.4. Let s € (3,1] and ¢ € D(HY) with ¢ro € S(R). Then, I(-) € C*[0,T*) and

i0) = 820 + 20D ypre e o) (55)
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Proof. Fix an arbitrary T' < T* and focus on the interval [0,7]. Preliminarily, we observe that
the assumptions entail that I(¢y) < oo (so that Lemma 3.4 and Proposition 3.3 are valid). On the
other hand, setting

Bt k) Im{kw(t k)%( )},

one sees that

0B 1 o0
t, k) = 2s|k|*|i(t, k Re{ r(t)k—(t,k) ¢ . 56
k) = 28l ) — me{mak(,)} (56)
Arguing as in the proof of Proposition 3.3, for every fixed R > 0,
0B
o (LR < grr(k) € L'(-R,R), Vtel0,T],
so that, if we set
. R
IR(t) := 45f B(t, k) dk,
-R
then by dominated convergence
. B
Ig(t) = 45J d —(t, k) dk,
r Ot

which is, in addition, a continuous function in [0,7]. As a consequence, if one can prove that I R
converges pointwise a.e. in [0, 7] and that |Ig(t)| < fr(t), for a.e. t € [0,T], with fr(t) € L*(0,7),
then (since clearly Ir(t) — I(t) pointwise) by dominated convergence there results

. . t .. . t
H0) = 1(0) + tim | Fnr)ar = 70) +f Jim Fn(r) dr. (57)
whence ) )
}%in;o Ir(T) = I(7). (58)
From (56)
.. R ~ 4s 51/1
a2 2 2 . 4s
Fa(r) = 8s J_R 250, k) de= Re {T(T)J kS nE) dk}
::CI;(:',R) b \Il( R)

First we see that ®(7, R) — 8s%[¢(r, -)]%IS(R) and that |®(7, R)| < C|[¢|lcofo,r): a5 (r)), for every
7 € [0,T]. Furthermore, an integration by parts yields

R op ~ R R
|| KRk k= RGE R + O —R) -~ [ Oe.k) d
R ~ -~ -R
=:A41(1,R) R
=:A2(7,R)
Now,
Ai(1,R) — 0, as R— oo, V7rel0,T],

and

|A1 (7, R)| < Cr, VR >0, VYrel0,T],
from (38) and the assumptions on ¢y 9. On the other hand,

As (7, R) — V2mq(1), as R— o, Vrel0,T]
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and
‘AQ(T7 R)‘ < CHwHCU([O,T];HS(R))u VR>0, Vre [07 T]

Thus we can pass to the limit in (57) by dominated convergence, and from (58) we obtain

I(r) = 8s*[W(t, sy + 48Bla(r)|*7 2.

Finally, this immediately implies that I is continuous on [0, 7] and, with some easy computations,
that (55) is satisfied. O

Remark 3.5. In the proof of Proposition 3.4, the only point where the assumption ¢y o € S(R) is
required is in the discussion of A;(7, R). It is then clear that it is not the minimal one. We refer
to Section 2.3 for the reason of such a choice.

Finally, we can show the proof of item (iv) of Theorem 2.1.
Proof of Theorem 2.1: item (iv). Let § < 0. Hence (55) reads

. 45|5|(0 - Jc(s))

I(t) = 85%E(0) g

lq(H)]*7+, Vie[0,T%).

If 0 = o.(s) and E(0) <0, then I is uniformly concave in [0,7™), namely
It)<C <0, Vtel0,T%).

As a consequence

: Ct?
Assume, therefore, by contradiction that T* = +oo0. Then lim;_, 7« I(t) = —o0 but this is prevented
by the fact that I(t) > 0, for all ¢ € [0, T%). O

3.5. Stationary states. This last part of the paper is devoted to the proof of Theorem 2.2.

Preliminarily, we recall some computations that descend from some easy changes of variables and
[27, Eq. 3.194.3].
Let w > 0 and s € (3, 1]. Denoting by B(-, -) the Beta function ([24])

1

B(z,y) = J t"1(1—t)¥"1dt, Rex >0, Rey >0,
0

and by I'(-) the Euler Gamma function ([24])
0
I'(z) = J e~ 't*7ldt, Rez >0,

there results

1 1
1 jwms 1 wsz(%, —%)_
1 2mwsw

wE DM - %) we!

2ms " 2s sin(4-)

> 0. (59)
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and
1 1
IJ'OO 1 L 1 J'OO 72s 1 dn:w%B(%s’Q—Qis) _
T Jo (k% +w)? 2msw? Jo (14 1)2 27 sw?

w%—%w%ﬂwz—ga::@s—lwﬁvﬂr@aruf—%>:<mw—nwi—2>0,(&D

27s 47s? 4s%sin (%)

Proof of Theorem 2.2. We divide the proof in three parts.
Part 1): w > 0. Assume that u* is a standing wave. As it belongs to D(HY),

u = 6% = Bur(O)[u ()7 G2, YA>0,
and, since it must satisfy (23), there results
(A" + X)) = (A —w)u”, (61)

whence

(—A)° +w)df = —(A —w)r“Gy.
Now, by means of the Fourier transform, the previous equality reads

~ ™ (w — A)

A= TR+ NP )
and, since r¥ # 0 and ¢ € H**(R) for all A > 0, there results w > 0.

Part 2): proof of (24). As w > 0, let us choose w = A, so that (61) reads

(A +w)es =0 <  ¢;=0.

As a consequence, u* has to satisfy

u?(z) = —Bu” (0)|u®(0)[* G (x) (62)
and thus

u?(0) = —pu®(0)[u”(0)|*7G2(0),
or, equivalently (since u®(0) # 0),

1= —Bu®(0)*G:(0). (63)

Since G¥(0) > 0, clearly if 5 > 0, then (63) cannot be satisfied. Therefore, there cannot exist any
standing wave in the defocusing case.

Let us consider the focusing case (where (63) can be fulfilled). It is clear that, up to the
multiplication of a constant phase factor, u¥(0) > 0 and that

“0 - (55 )i (64)
U = ———— .
181G¢(0)
Now, recalling that
1 1 1 (® 1
“Y0)=— | ———dk=— —dk 65
gs( ) 27TJ‘]R ’k‘23+w Wfo k23+w ( )

and combining with (59) and (62), (24) follows.
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Part 8): proof of (i), (ii) and (iii). The energy of a standing wave (in the focusing case) is given
by

18 20+2
B(u?) = [u®)} @) — = [u?(0)7+2.
® o+1 _ y

=K (uv) =:P(uv)

Combining (64), (65) and (59), with some computations one sees that

(e+1)(25—1)
(23sin(%))l+éw =

1
Bl (o +1)
On the other hand, combining (62), (60), (65) and (64)

oy |52|uw(0)|4a+2J~ \k‘|2s
Clu) = o o QP o

P(u®) =

= B |u” (0)[*+? (G;J(O)— wf 1dk>

7 Jr (K> +w)?

1wzl
— B (0) (gf<o>—(23 ) )

4s%sin(3%)

1 1, 1 (o+D(2s-1)
_ ’6’2|uw(0)’40+2 wzs _ (28)0 (Sln(ﬂ))pr”w 2s0
4s%sin(3%) |5|§
Summing up,
: 1 (erD@Es-1
o (28)7 (sin(F)) Few T 2w 925
E(u®) = - 1— ,
Pl o+1
which clearly proves (i), (ii) and (iii). O

APPENDIX A. PROOF OF PROPOSITION 2.1

In order to prove Proposition 2.1 some further information on the regularity properties of Green’s
function is required.

Lemma A.1. Let s€ (,1] and A > 0. Then

D*71GY e H'(R\{0}), (66)
[D*71G21(0) = —1, (67)
G2(0) = A|G21% + (—=2)/*G2. (68)

Proof. We divide the proof in three parts.
Part (i): proof of (66). Combining (7) and (11) yields

_ k|?*~1sgn(k)
DQS 1A _ L f 1kx | dk
Gs (@) 2w Re |k[2s + A ’
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which clearly belongs to L?(R). Hence, one can easily check (using the Fourier transform) that
d 1

7D25_1g? = \/%()‘g? _6> in D,<R)7

dzx
so that
(D*71G2,¢)) = =\(G2. ) Ve e CP(R\{0}),

which then proves (66).
Part (ii): proof of (67). Let us compute, then,

k>~ 'sgn(k)
DQS—l A O+ = i ZJ ’ka| dk.
OO = o L T
First, for every > 0, setting p := xk and observing that
2s
sgn
J | k- (p)QS dp =0,
pl<t [Pl (Ip[** + Az?s)
one obtains
1P |y|28 P |28
21 Jipj<1 p ([p[?* + Az?9) 21 Jp>1 p ([p[** + Az?9)
1 (e —1)|p|?® 1 e’P Iz J e'P
= — — ——dp+ — —dp — —— _—
21 Jip<a p (Ip* + Az%) 21 Jppjs1 P 21 Jipj>1 P ([p?® + Ax?*)
~n I I

Now, clearly I is independent of x and s and is finite as a Fresnel integral (see, for details, [1,
Egs. 5.2.1 and 5.2.2] and [27, Egs. 3.722.1 and 3.722.3]). Furthermore,

(e? —1)lp|**

— e o Vpe|—1,1],
‘p<|p|28+ws> =11

and
e’

‘p(lpl% + Ax2s)

ELI(R\[_L”)’ VpE]R\[—l,l],

S |p|23+1

so that

o 1
I1—>Zf ¢ dp, I3 — 0, as x| 0,
2 Jpc1 P

which are independent of s as well. Consequently,
D*71g2(0%) = li?ol D*71g(2) =lim —Gi'(z) = —=.

In the very same way one can prove that D?*~1G(07) = %, and thus (67) follows immediately.
Part (iii): proof of (68). First we note that, from (2) and (7), (—=A)%2G} € L*(R). In addition,
by definition one finds
G2(0) = (G2, (HY + N)G2) = AG2* + (62, HIGD) = MG P + (—A)**G2, (—=A)**GY),

which then concludes the proof. O
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Proof of Proposition 2.1. The proof can be divided in two parts.
Part (1): proof of (12) and (13). First we focus on the inclusion

D(HT)  {¢ € H*(R) : D* "' e H'(R\{0}), [D*~'9](0) = app(0)} . (69)
If ¢ € D(HS), then
h(z) = da(z) — arp(0)G2 (), by € H*(R), X>0.

As a consequence, since G} € H*(R), one immediately finds that ¢ € H*(R). On the other hand,
as D*71¢) € H*(R), recalling (66) and (67), one obtains that D%~ € H'(R\{0}) and that

[D?714](0) = —a1p(0)[D**7'G2](0) = ar)(0), (70)

thus proving (69).
On the other hand, in order to prove

D(HS) > {¢ € H*(R) : D* 'y e HY(R\{0}), [D* 4] (0) = ayp(0)} (71)
it is sufficient to show that, if ¢ belongs to the r.h.s. of (71), then
ox =1 + ap(0)Gs € H*(R).

Preliminarily, we note that ¢, € H*(R) and that D*~1¢, € H*(R\{0}). However, (70) immediately
entails that [D?*71¢,](0) = 0 and hence D?**~1¢, € H'(R), which completes the proof.
Finally, one easily sees that for z # 0, HYG} = —AG2, and thus

HEY = (HO + Ny — Mp = H2py + adp(0)G2 = HOy,

which proves (13).
Part(ii): proof of (14). From (6) and (8), with some (easy) computations one has

(6, HEW) = (63, H0) + 20XRe {H(0)(G2, 02) | — a6aB(0) — a2\ (0)[2|G2

for all ¢» € D(H?). On the other hand, we first observe that ||(—A)¥2¢|? < o0 as ¢ € H*(R), and
then, arguing in an analogous way, there results

[(=A)"29]2 + alp(0)® = (63, H26x) + 20ARe {H(0)(G2, éx) }

— 20Re {62 ()B0)} + a?[W(O)(~2)"*G2 + alu(0)]”
As a consequence, recalling that the boundary conditions imply
oA(0) = (1 +ag2(0))$(0),
one sees that (14) is satisfied if and only if
GO (O) = MG P10 = [(=2)*GXP|$(0) Vi e D(HT).

However, since this is clearly true by means of (68), one obtains that (14) holds for all ¢ € D(HY).
Finally, one can easily check that the set of the functions in L?(R) such that F () < oo is H*(R),
thus concluding the proof. O
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