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Abstract:  A reliable and predictive model of an existing 

structure entails the use of model updating techniques, which 

are usually performed on the basis of operational modal 

analysis campaigns. In this paper, a new model calibration 

strategy is proposed that adopts a multiphysics approach to 

exploit data collected by both static and dynamic monitoring 

systems. More specifically, mechanical and temperature data 

are assimilated into the model through a thermo-elastic 

updating. The proposed scheme, complemented by a novel 

metaheuristic algorithm, is demonstrated in the case of the 

Sanctuary of Vicoforte, a complex historical building that is 

subjected to both static and dynamic monitoring. 

 

1 INTRODUCTION 

 

Finite Element Model (FEM) updating is a valuable tool in 

engineering applications to minimize the differences between 

test measurements and model prediction and therefore to 

obtain a more reliable numerical model (Mottershead & 

Friswell, 1993). The updated FEM can be employed for 

structural and dynamic analyses and can be used for 

Structural Health Monitoring (SHM). SHM is the process of 

developing and applying damage detection strategies in 

structures (Farrar and Worden, 2007). 

Generally, model updating methods can be subdivided into 

two categories based on direct and iterative approaches. Both 

these methods are largely discussed in the literature 

(Sarmandi et al., 2016). In direct methods, which are 

commonly used for simple systems where a closed 

formulation is available, all the model parameters are updated 

in one step (Friswell et al., 2001). Instead, in iterative 

methods the use of optimisation algorithms is currently being 

explored to resolve the inverse problem of the calibration of 

the parameters.  

It is worth mentioning that in the last years novel types of 

calibration have been proposed. For example, Artificial 

Neural Networks (ANN) (Siddique and Adeli, 2013; 

Villarrubia et al., 2018) can be used to create metamodels of 

the original FE model. Among many possible applications, 

these surrogate representations can emulate FE models in the 

calibration phase. 

In order to distinguish among different types of updating, 

the term Modal Model Updating (MMU) is used when the 

global system mass and stiffness matrices are updated from 

experimentally identified modal quantities, typically limited 

to measured natural frequencies and shapes (Ramos et al., 

2010), as modal damping data show higher dispersion 

(Ceravolo et al., 2017). However, in the more general case 

the FEM calibration process may consider parameters 

belonging to different physical fields (multiphysics 

updating), like in Thermo-Mechanical Model Updating 

(TMMU), where the thermal and mechanical parameters are 

updated in a holistic framework. 

Despite the broad number of techniques implemented, 

direct methods are difficult to enforce, giving unsatisfactory 

results because of the quantity and the quality of 

experimental data required. Differently, iterative methods are 

generally based on FE modelling. FE models are a set of 

individual elements defined by their designed parameters, as 

geometry and/or material properties, so this approach 

introduces changes to a predefined number of parameters, in 

order to minimise a parameterised error. 

The sequences required for solving the equations system 

to update the model parameters led to the description of these 

techniques as "iterative methods". Owing to the introduction 

of a parametrised model, iterative methods are more flexible 

with respect to direct ones, as confirmed by many successful 

applications to heritage buildings (e.g. Bonato et al., 2000; 

Gentile et al., 2017; Pau & Vestroni, 2008; Ceravolo et al., 

2016). However, MMU for large and complex structures 

typically requires local or global sensitivity calculations on 

the parameters to reduce the computational problems 

(Mottershead & Friswell, 1993; Bursi et al., 2014; Boscato et 

al., 2015). 

In recent years, the iterative MMU has undergone many 

computational improvements. For instance, Li & Hong 

(2011) presented an iterative model updating with a model 

reduction technique. Their method reduced the undesirable 

effects of the model reduction process by adding a correction 

term to the optimisation algorithm. Shan et al. (2016) 

proposed a stiffness variation-based stabilising objective to 

be incorporated into iterative optimization with the classical 
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performance objectives to improve the model feasibility. As 

regards iterative probabilistic model updating, Sun & Betti, 

2015, proposed a hybrid (swarm-based) optimisation 

algorithm and a regularized objective function derived from 

Bayesian inference. 

Iterative methods can be advantageously used also for 

MultiPhysics Updating (MPU), i.e. a method that uses 

experimental data from various physical fields (Humbert et 

al., 1999). MPU methods can be divided in coupled and 

uncoupled approaches. The coupled approach involves the 

use of a coupled multiphysics model containing degrees of 

freedom related to all the physical fields considered for the 

analysis, such as thermal, electrical or mechanical.This 

approach is advantageous when the interaction between the 

different fields is strong and for analysing non-linear 

problems (Link and Zimmerman, 2007). Conversely, the 

uncoupled approach can be used when the different physical 

fields do not exhibit any important interaction. 

The choice of the type of experimental data to be used in 

the MPU is crucial, also in terms of cost effectiveness. For 

instance, temperature data are often available, mainly due to 

the low cost of thermometers and the ease of installation of 

the monitoring setup.  

In the present paper, an iterative MPU methodology for 

uncoupled multiphysics models is proposed and applied to a 

large and complex monumental building. This scheme,is 

complemented, in the iterative optimisation procedure, by a 

novel metaheuristic approach with random generation of 

parameters, which avoid instabilisation of parameter 

estimation in the cycles. By means of the developed 

algorithm it proves possible to obtain high efficiency and 

accuracy in the calibration of computationally demanding 

models, like those typically used for heritage structures. 

In more detail, in Section 2 the thermo-mechanical model 

updating methodology is presented, with a focus on: (i) the 

general computational scheme; (ii) the metaheuristic 

algorithm and (iii) the cost function. With this approach, the 

elastic properties of a structure are obtained from the 

interaction between a thermal and a mechanical analysis. In 

Section 3 the methodology is applied to the case study of the 

Sanctuary of Vicoforte, the historical building that contains 

the world's largest masonry oval dome. 

The results of the thermo-elastic FE model updating 

applied on the case study are presented and discussed in the 

final subsection. 

 

2 THERMO-ELASTIC MODEL UPDATING 

 

The classical formulation of thermoelasticity was 

consolidated in the second half of the last century, thanks to 

the contribution of scientists like Biot (1956), Boley & 

Weiner (1960), Parkus (1968), Nowinski (1978). This 

thermoelasticity theory was then extended to solve the 

paradox of the infinite speed of heat propagation, bringing to 

the current formulation of generalised thermoelasticity (Lord 

& Shulman, 1967; Green & Lindsay, 1972; Szekeres, 1980). 

Nowadays, this theory is being extended to consider non-

linear structures and materials (Kiani & Eslami 2016; Kiani 

& Eslami, 2017, Kazemnia Kakhkia et al., 2016). 

 

2.1 Thermoelasticity equations 

In linear thermoelasticity, the mechanical and thermal 

fields are coupled through the classical equations (e.g. Balla, 

1989): 
 

µ 𝛻2𝒖 + (𝜆 +  µ) 𝛻(𝛻 ∙ 𝒖) + 𝛽 𝛻𝑌 +  𝜌 𝑭
−  𝜌 𝒖̈ = 0 

(1a) 

 

𝐾𝑐 𝛻
2𝑌 −  𝜌𝑐 𝑌̇ + 𝜌𝑁 +  𝛽𝑇0 (𝛻 ∙ 𝒖̇) = 0 

(1b) 

 

where: u are the displacements; F are the external forces 

per unit mass; λ and µ are the Lamé’s constants; ρ is the mass 

density; β is the thermal modulus; 𝐾𝑐 is the thermal 

conductivity; c is the specific heat per unit mass; N is the 

strength of the internal heat source per unit mass; T0 is the 

initial temperature; Y is the temperature difference from T0; 

finally, 𝛻, 𝛻 ∙ are the spatial gradient and divergence 

operators, while 𝛻2 denote the Laplacian. The coupled 

equation of motion, Equation (1a), and the coupled heat-

conduction equation, Equation (1b), are achieved from 

kinematic and constitutive equations. 

The coupling between the mechanical and thermal field are 

given by the third term in Equation (1a) and the fourth in 

Equation (1b). Consequently, apart from the case in which 

the initial temperature coincides with the absolute zero, the 

two fields can be completely uncoupled if the thermal 

modulus β of the material tends to zero. Instead, if the 

distribution of the temperature inside the body is uniform, the 

third term in Equation (1a) goes to zero and the linear effect 

of the spatial gradient of the temperature on the equations of 

motion vanishes. Conversely, when a spatial gradient of the 

displacement rate in Equation (1b) can be excluded, the 

mechanical problem will not affect the thermal one. In this 

case it is possible to integrate Equation (1b) and find the 

temperature distribution Y, which can be applied in a second 

step to Equation (1a). This results in a partially uncoupled 

approach, that can be followed to update the model through 

an iterative process. In other words, in a recursion, the results 

of the thermal model are used as input for the mechanical one. 

The linear effect of the temperature field on the mechanical 

response is still considered thanks to the existence of the third 

term in Equation (1a). 

 

2.2 Methodology for the thermo-mechanical model 

updating  

The proposed model updating methodology is based on the 

thermoelasticity Equations (1), thus coming down to a 

thermo-elastic updating, and implies a recursive process to 

uncouple their resolution.  
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The flowchart reported in Figure 1a depicts the holistic 

MPU methodology. The first two steps are the Mechanical 

Modal Updating (MeMU), that in this study is represented by 

an MMU, and the Thermal Model Updating (TMU) (Peeters 

et al., 2015; Sun et al., 2015; Yuan et al.2018), respectively.  

The MeMU is used to calibrate the mechanical properties of 

the FE model from the observed dynamic behaviour of the 

structure. On the other hand, the TMU is used to calibrate the 

thermal parameters of the structure and/or to determine the 

temperature distributions within the structure. If the thermal 

parameters are known, the TMU will reduce to a simple 

Thermal Analysis (TA) and, consequently, the TA will 

provide only the temperature distributions. The TMU or TA 

may relate to the whole model or a portion of it. This latter 

case holds, for example, when the thermal response of the 

portion being analysed is not appreciably influenced by the 

rest of the modelled structure, thus producing a benefit in 

terms of computational time. In an analogous way, the 

TMMU can be extended to the entire model or can involve 

just a part of it. 

 

 
(a) 

 

(b) 

 

Figure 1. Holistic methodology for the MPU (a), and 

local TMMU scheme (b); k denotes the index of a generic 

cycle of the calibration. 

 

Only the parameters affected by the temperature are 

calibrated as part of the TMMU. As a consequence, the 

number of updating variables decreases.  

It is worth noting that a more general updating 

procedure might take into account other sources of data, if 

available, to improve the reliability of the results, such as 

data coming from crack-meters, pressure cells, wire 

gauges, piezometric electric cells, hydrometers, etc. 

The TMMU scheme in Figure 1b this time applies to the 

FEM subjected to the previously calculated thermal 

distribution. 

The TMMU receives as input the mechanical parameters 

coming from the MeMU and the thermal distribution 

obtained by the TA, and supplies as output the static response 

(e.g. reaction forces). The optimisation of the elastic 

parameters of the partial model entails the reduction of the 

difference between the numerical static response and the 

measured one (force measured by the load cells).  

 

2.3 Optimisation algorithm  

Countless number of algorithms have been developed in 

the past for any kind of optimisation. Algorithms inspired by 

natural phenomena have been manifold in many applications 

due to their versatility (Nazmul & Adeli, 2016). In the field 

of civil engineering the interested applications range from 

infrastructure (Cow, 2014), to structural engineering, 

including more specialised fields such as control engineering 

(Jiang & Adeli, 2008). 

Among many viable optimisation strategies, based for 

example on genetic algorithms (Sarma & Adeli, 2006), or 

more in general evolutionary systems (Siddique & Adeli, 

2013), the proposed optimisation algorithm is characterised 

by the use of a linear mapping between the experimentally 

identified quantities (e.g. modal frequencies and shapes) and 

the numerical parameters (e.g. elastic moduli of the FE), 

avoiding any local approximation, such as approximations 

with partial derivative of the model parameters (output) with 

respect to the experimental quantities (input) (Mottershead et 

al., 2011). 

Thus, the main assumption of this method regards the 

definition of a projection matrix that is computed at each 

optimisation cycle, k, by multiplying two matrices. The first 

one is a rectangular matrix that contains in the columns the 

vectors of the past estimates for the numerical or model 

parameters. The second one is a square matrix and is the 

inverse of a matrix having in the columns the vectors of the 

past estimates of the modal quantities supplied by the FE 

model. 

The inversion is performed through the Singular Value 

Decomposition (SVD). Using the SVD the projection matrix 

is updated at each cycle for the estimation of the next set of 

model parameters. 

In general, indicating with p and m the number of model 

parameters and modal quantities, respectively, and being θ ∈ 

ℝpx1 and ζ ∈ ℝmx1 the corresponding vectors, the projection 

matrix, 𝑹̅𝑘 , can be written as: 

 

𝑹̅𝒌 = 𝜣 𝒌 𝒁†𝒌  (2) 

 

where kΘ ∈ ℝpxn contains the column vectors kθ of the n past 

estimates of the model parameters resulting from the 

calibration (i.e. 𝜣 𝒌 = [ 𝜽𝒌−𝒏+𝟏 … 𝜽𝒌−𝟏   𝜽𝒌 ]), while 𝒁†𝑘  is 

the pseudo-inverse matrix of kZ, computed through the SVD 
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algorithm. kZ ∈ ℝmxn contains the column vectors kζ of the n 

past estimates of the modal quantities supplied by the FE 

model (i.e. 𝒁 𝒌 = [ 𝜻𝒌−𝒏+𝟏 … 𝜻𝒌−𝟏  𝜻𝒌 ]). 
In order to improve the stability of the algorithm, the 

parameter n is selected to obtain a square matrix, kZ, thus 

imposing n=m. The model parameters in the successive cycle 

are then evaluated as: 

 

𝜽𝒌+𝟏 = 𝑹̅𝒌 𝜻  𝒊𝒅  (3) 

 

where 𝜻  𝒊𝒅  is the vector of the experimental data.  

When performing a MMU, the experimental data are 

typically modal frequencies 𝑓𝑗
𝑖𝑑  and modal shapes, the latter 

in the form of Modal Assurance Criterion, 𝑀𝐴𝐶𝑗
𝑘 . As for the 

cost function, 𝐽𝑘 ( 𝜽𝑘 ), in this study it is assumed as follows 

(Merce et al., 2007; Moller et al., 1998): 

 

𝐽𝑘 ( 𝜽𝑘 ) = = ∑𝛼𝑤(
𝑓
𝑗

𝑖𝑑 − 𝑓
𝑗

𝑘

𝑓
𝑗

𝑖𝑑
)

2
𝑚

𝑗=1

+𝛽𝑤

(

 
1 −√ 𝑀𝐴𝐶𝑗

𝑘

𝑀𝐴𝐶𝑗
𝑘

)

 

2

 

 

(4) 

where 𝛼𝑤 and 𝛽𝑤 are the weights of the squared difference 

between kζj (i.e. numerical frequencies, 𝑓𝑗
𝑘 , and the square 

root of the MAC between the numerical and experimental 

modes, 𝑀𝐴𝐶𝑗
𝑘 ) and 𝜁𝑖𝑑  (i.e. experimental frequencies, 𝑓𝑗

𝑖𝑑 , 

and the ideal MAC, i.e. equal to 1), respectively. 

For the TMMU, 𝜁𝑖𝑑 , are the loads in the tie-bars recorded 

by the load cells and kζj, are the corresponding numerical 

values supplied by the model. The cost function in this case 

has the same structure as that expressed in Equation (4), but 

the vector of experimental data, 𝜁𝑖𝑑 , will be the loads in the 

tie-bars recorded by the load cells and kζj, are the 

corresponding numerical values supplied by the model. 

The recursive procedure continues until the following 

criterion is satisfied:  

 

| 𝒈𝑚𝑎𝑥,𝑘 − 𝒈𝑚𝑖𝑛,𝑘 | <  𝜺̃ (5) 

 

 where 𝜺̃ is a maximum accepted deviation and 𝒈𝑚𝑎𝑥,𝑘
 and 

𝒈𝑚𝑖𝑛,𝑘
 defines the normalised range of generation of the 

model parameters. 

In fact, the model parameters, kθ, need to be randomly re-

initialised when they reach the normalised boundaries of the 

variation range [ 𝜽𝑛
𝑚𝑖𝑛 ; 𝜽𝑛

𝑚𝑎𝑥 ], in order to avoid instability 

in the process. More specifically, during the optimisation the 

range of random generation of parameters progressively 

change according to the following laws: 

 

𝒈𝑚𝑖𝑛,𝑘 =
𝐽𝑚𝑖𝑛

𝐽0
𝒈

𝑚𝑖𝑛,(𝑘−1)
+ (1 −

𝐽𝑚𝑖𝑛

𝐽0
) 𝜽𝑖𝑑 𝑛 

(6a) 

  

𝒈𝑚𝑎𝑥,𝑘 =
𝐽𝑚𝑖𝑛

𝐽0
𝒈

𝑚𝑎𝑥,(𝑘−1)
+ (1 −

𝐽𝑚𝑖𝑛

𝐽0
) 𝜽𝑖𝑑 𝑛 

(6b) 

 

where 𝐽𝑚𝑖𝑛  and 𝐽0  are the smallest and the initial value of the 

cost function and 𝜽𝑖𝑑 𝑛 is the vector of the normalised 

parameters associated to 𝐽𝑚𝑖𝑛 .  For 𝑘 = 1, 𝒈𝑚𝑖𝑛,0
 and 𝒈𝑚𝑎𝑥,0

 

are assumed equal to 𝜽𝑛
𝑚𝑖𝑛  and 𝜽𝑛

𝑚𝑎𝑥 , respectively. 

The normalised i-th parameter at cycle k, 𝜃𝑛,𝑖
𝑘 , is defined 

as: 

 

𝜃𝑛,𝑖
𝑘 = 

𝜃𝑖
𝑘 − 𝜃𝑖

𝑚𝑖𝑛

𝜃𝑖
𝑚𝑎𝑥 − 𝜃𝑖

𝑚𝑖𝑛
− 
1

2
  (7) 

 

where minθi and maxθi identify the not-normalised 

boundaries of the variation range of the i-th parameter kθi, that 

fill the vector kθ. 

During the process, the normalised range of generation 

[ 𝒈𝑚𝑖𝑛,𝑘 ; 𝒈𝑚𝑎𝑥,𝑘 ] tends to narrow around 𝜽𝑖𝑑 𝑛, until 𝒈𝑚𝑖𝑛,𝑘
 

becomes equal to 𝒈𝑚𝑎𝑥,𝑘
, with a tolerance 𝜺̃. Consequently, 

even if the normalised parameters are in the range 

[ 𝜽𝑛
𝑚𝑖𝑛 ; 𝜽𝑛

𝑚𝑎𝑥 ], the random re-initialisation will fall inside 

[ 𝒈𝑚𝑖𝑛,𝑘 ; 𝒈𝑚𝑖𝑛,𝑘 + 𝜺̃], and the optimisation will go to 

convergence when Equation (5) is satisfied. Thus, the 

optimality condition is ruled by the random re-initialisation 

of the normalised model parameters around 𝜽𝑖𝑑 𝑛. 

The described improvement (random generation of 

parameters) leads to a reduction of iterations to 1/10 - 1/100 

with respect to standard heuristic algorithms (e.g. genetic 

algorithm, particle swarm etc.). Thus, with this metaheuristic 

algorithm high efficiency and accuracy can be obtained in the 

calibration of computationally demanding models, like those 

used to simulate heritage structures. 

 

 

3. THERMO-ELASTIC MODEL UPDATING OF THE 

WORLD’S LARGEST OVAL MASONRY DOME 

 

The Sanctuary dedicated to Regina Montis Regalis is a 

monumental masonry building located in Vicoforte, Italy 

(Figure 2). The construction began in 1596 and finished in 

1735. The impressive oval dome is the fourth largest masonry 

dome in the world and the world’s largest oval one, with 

internal axes of 37.23 by 24.89 meters (Chiorino et al. 2006; 

Chiorino et al., 2008) (Figure 3). 

Since the first years of its construction, the building has 

been affected by several structural problems due to the 

differential settlement caused by the heterogeneous 

characteristics of the soil underlying the foundation 
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(Casalegno et al., 2014). In 1987 a strengthening system, 

consisting of 4 rings composed by 56 active steel tie-bars, was 

put in place at the drum level in order to reduce the horizontal 

cracks. In the same year, a static monitoring system was 

designed and installed (Chiorino et al., 2008). 

To better understand the structural behaviour of the 

Sanctuary, several non-destructive survey campaigns have 

been conducted during the last few decades (Aoki et al., 2004), 

and a first dynamic testing campaign was performed in 2008 

(Chiorino et al., 2011). More recently, the data acquired by the 

static monitoring system, in the decade 2004-2014, underwent 

a systematic analysis that proved the cracks had not widened 

and, therefore, the effectiveness of the strengthening system 

put in place in 1987 (Ceravolo et al., 2017). 

In 2016 a permanent dynamic and seismic monitoring 

system was installed to investigate the global phenomena 

affecting the structure (Pecorelli et al., 2017). The continuous 

monitoring permits to appreciate seasonal variations of modal 

parameters. Hence, the results of the model calibration 

performed on these new records have a higher statistical 

significance with respect to previous campaigns. 

The dynamic parameters identified using the records 

acquired from 2016 onwards substantially confirmed the main 

modes identified during the dynamic tests carried out in 2008 

(Chiorino et al., 2011). This result, combined with the 

systematic analysis of the data acquired by the static 

monitoring system, suggests that no important damage 

progression has occurred in the last decade. Consequently, the 

information supplied by the dynamic monitoring system can 

be combined with data acquired by the static monitoring one, 

in spite of being referred to different periods. 

The numerical FE model developed for the Sanctuary is 

composed by spring, link, beam, shell and brick elements, for 

a total of about 210228 elements and 119192 nodes. The 

average dimension of the mesh is about 0.8 m and varies from 

the soil to the lantern. 

 

 

Figure 2. External view of the Sanctuary of Vicoforte. 

 

3.1 The model updating methodology 

The MPU procedure, as proposed in Section 2, has been 

further articulated and implemented for application to large 

and complex monumental buildings, such as the Sanctuary of 

Vicoforte. 

 

 

 

     S.Pietro Basilica 

   ø: 42.40 m h: 138 m 

 

              S. Maria del Fiore 

                ø: 41.70 m h: 114 m 

 

           Gol Gumbaz 

        ø: 38 m h: 51 m 

 

    Vicoforte Sanctuary 

   ømax: 37 ømin: 24 m h: 75 m 

 

S.Sofia 

ø: 33.30 m h: 55 m 

 

Figure 3: Ranking of the world’s largest masonry domes. 
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In detail, the application of the methodology can be 

summarised in four steps: (i) preliminary dynamic model 

updating of the entire model (reference starting 

configuration); (ii) thermal analysis on a portion of the model 

(partial model); (iii) TMMU of a portion of the model; (iv) 

MMU of the entire model. Figure 4 reports a layout of the 

methodology with the different steps.  

 

 

Figure 4. Layout of the methodology. 

 

The preliminary model updating, based on the 

experimental modal parameters, provided a first estimate of 

the mechanical parameters for all the macro-elements (dome, 

drum, buttresses, basement, bell towers, tie-bars, clay, 

marlstone and lantern) of the FE model. The elastic 

parameters obtained by the preliminary model updating were 

used in the local thermal analysis of the drum-dome system. 

Then, the temperature data recorded in a finite number of 

points were used in the thermal model to extrapolate the 

temperature distribution of the drum-dome system. It is worth 

noting that, according to this procedure, the thermal and the 

mechanical analyses are partially decoupled in the assumption 

of a uniformly zero velocity field (see Equation (1b) for 

clarity).  

The aim of this updating was to obtain the values of the 

elastic parameters that best reproduce the tensile forces 

measured in the hooping system. The updating can be 

restricted to the drum-dome system because, in this model, the 

forces in the tie-bars are not significantly affected by the 

thermal behaviour of the omitted macro-elements.   

Thus, the TMMU process consisted in minimising the 

difference between the measured and numerical forces in the 

tie-bars, under the calculated thermal distribution. At the end 

of the procedure, the elastic parameters of the drum-dome 

system were updated. 

Since the model used in the TMMU simulates only a part 

of the structure, the assimilation of the new parameters into 

the global model hardly can result in a perfect fitting in terms 

of modal parameters.  Consequently, a further dynamic 

model updating was required. However, in this last 

calibration, the elastic parameters of the drum-dome system 

were kept fixed and the updating involved the other portions 

of the structure. In fact, the global vibration modes are not 

very sensitive to the elastic parameters of the drum-dome 

portion. 

It is worth underlining that in the general case the holistic 

TMMU should extend to all macro-elements, and a recursive 

procedure between the TMMU and the MMU should be 

activated in order to obtain more accurate results. 

 

3.2 Preliminary model updating 

The first model updating of the Sanctuary was performed 

by Chiorino et al., 2011, and was based on the results of a 

dynamic test campaign conducted in 2008. The campaign 

consisted of 7 different setups, each one of 12 accelerometers 

mainly located in correspondence of the dome. Modes were 

identified essentially from ambient vibration records. Figure 5 

reports three of the measurement setups. 

This first updating relied on a homogeneous model, that 

did not account for different types of materials. Even soil-

structure interaction had been neglected. In fact, this 

calibration was essentially aimed to support the identification 

of higher modes whose classification was uncertain. 

The geometric and mechanical models of the Sanctuary 

exploited multi-disciplinary information gathered with laser 

scanner survey, historical documentation and geotechnical 

survey campaigns (Novello & Piumatti, 2012, Aoki et al., 

2004). 

 In particular, the geotechnical investigations revealed the 

miscellaneous composition of the soil underlying the building: 

a marl layer slants downward from the north-east to the south-

west corner (dip angle 5°- 6°), whilst under the rest of the 

building there is a clay layer. Therefore, three of the eight 

pillars are based on a marl layer while all the others float on 

the clay layer. Details on cross-hole tests are reported in 

Chiorino et al., 2008, and Casalegno et al., 2014. 

Successively, in order to consider the structural, 

typological and historical peculiarities of each component of 

the structure, a more accurate FE model was built that 

consisted of 9 homogeneous macro-elements: 7 for the 

building (lantern, dome, drum, basement, buttresses, bell-

towers and iron ties) and 2 for the soil (marl and clay), see 

Figure 6 for clarity. 
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Figure 5. Three of the setups used in the dynamic test campaign of the 2008. 

Most of the structure was modelled by 8-node brick 

elements, in consideration of their volumetric and spatial 

complexity (Casalegno et al. 2014). Instead, shell elements 

were used to model the lantern, the bell-towers, the buttresses, 

the thin vaults of the radial chapels, the apse, the atrium and 

the dome (Ceravolo et al. 2016). The cracking pattern, located 

especially in the drum-dome area, was taken into account in 

the process by reducing Young’s modulus of the cracked 

macro-elements. The bottom part of the FE model (soil, 

foundations and pillars) was modelled using 8-node 

hexahedral solid elements. A weak interaction between the 

Sanctuary and the adjoining convent building was modelled 

through spring elements. 

The initial values of the masonry properties were assigned 

in accordance with the experimental data obtained by non-

destructive tests carried out in 2004 (Aoki et al., 2004). The 

elastic moduli resulting from this test campaign spanned from 

1.3 to 4.8 GPa and the average Poisson’s ratio was about 0.38. 

 

 

Figure 6. The FE model of the Sanctuary. 

 

        The preliminary calibration followed a multi-step 

procedure based on the first five modes, among those 

identified after the 2008 dynamic campaign (Casalegno et al. 

2014). In this calibration, the cost function of Equation (4) was 

minimised in accordance with previous studies (Merce et al. 

2007; Ceravolo et al., 2014). The weighting coefficients for 

frequency and modal shapes were kept constant to 1. 

Table 1 reports the mechanical characteristics of the 

macro-elements at the end of the preliminary calibration, 

which involved the elastic moduli, the Poissons’ coefficients 

and the mass density of all the macro-elements. However, the 

successful calibration process does not imply that the model 

is locally verified. This is particularly true for macro-

elements whose dynamics is ruled by local modes, such as 

the drum-dome system. 

 

Table 1 

Values of the mechanical parameters after the preliminary 

calibration  
 
 

Macro-element E (GPa) υ (-) ρ (Kg/m3) 

Bell-towers 2.00 0.35 1800 

Basement 2.90 0.35 1800 

Buttresses 2.70 0.30 1700 

Clay 0.55 0.35 1900 

Dome 5.90 0.35 1800 

Drum 2.60 0.30 1700 

Lantern 1.80 0.35 1800 

Marlstone 4.15 0.35 2100 

Steel 210 0.30 7800 
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3.3 Thermal analysis 

The aim of the thermal analysis is to obtain the temperature 

distribution of the drum-dome system as related to the forces 

acting in the tie-bars. This distribution was determined by 

applying local temperature measurements to the thermal FE 

model. The temperature distribution obtained for the drum-

dome system was then used as the input for the successive 

TMMU. 

The thermal analysis was performed on the partial FE 

model of the Sanctuary. In detail, this model was limited to 

the upper macro-elements: lantern, dome, drum, buttresses, 

tie-bars (Figure 7). A 4-node shell element was used to model 

the lantern, the dome, the drum and the buttresses. This is a 

layered shell element having in-plane and through-thickness 

thermal conduction capability, suitable for conducting static 

and transient thermal analysis. The tie-bars of the 

strengthening system were modelled using 2-node beam 

elements. Both materials, masonry and steel, were assumed 

to have isotropic thermal conductivity, as reported in Table 

2. In detail, the value for the conductivity parameter, 𝐾𝑐, was 

assumed to be in accordance with the literature, whilst the 

mass densities were the same ones used in the preliminary 

model calibration.   

 

  

 

Figure 7. The thermal FE model limited to the upper 

macro-elements. 

 

 

Table 2 

  Thermal and mass properties of the macro-elements  
 

Macro-element Kc (W/m∙K) ρ (Kg/m3) 

Buttresses 0.7 1700 

Dome 0.7 1800 

Drum 0.7 1700 

Lantern 0.7 1800 

Steel     60.5 7800 

 

 

The thermal analysis used the brickwork inner temperature 

defined from the temperature data acquired by the static 

monitoring system during 2009. Figure 8 shows the positions 

of the thermometers:  internal sensors (T1, T3, T5, T7); 

external sensors (T2, T4, T6, T8); sensors in the stairwells 

(T12, T17, T22, T23, T24); sensors on the frames close to the 

tie-bars (T13-T16, T18-T21); sensors on the extrados of the 

dome (T9-T11). 

 
 

 

Figure 8. Temperature sensors of the static monitoring 

system. 

 

In details, the brickwork inner temperature at 32 m and 50 

m was defined (i) by calculating the thermal flux 𝑞 at 30 m, 

using the internal and the external sensors at this height and 

then (ii) this value was used to determine the temperature at 

the mid-thickness of the masonry at 32 and 50 m, starting 

from the temperature acquired by the internal sensors and by 

the sensors on the extrados of the dome. The thermal flux, 𝑞, 

was evaluated using the data acquired in winter, when the 

effects of convention and radiation are negligible.  

The data acquired by the sensors on the frames close to the 

tie-bars (T13-T16 and T18-T21) were not used because 

previous studies proved that the temperature recorded by 

these sensors is comparable to the external temperature, due 

to presence of opening (see Ceravolo et al. 2017).  Similarly, 

the data recorded by the sensors T12, T17, T22, T23 and T24 

are not considered as they are located outside the drum-dome 

system. The brickwork inner temperature was assumed 

constant along the parallel according to the previous studies 

(see Ceravolo et al. 2017) which proved that the temperature 

inside the Sanctuary is constant along the parallel. Defined 

the temperature time-histories at 32 m and 50 m, the whole 

temperature distribution was obtained employing FE thermal 

analysis.  

 

3.4 Thermo-elastic model updating 

TMMU was used to calibrate the elastic properties of the 

partial model, minimising the difference between the 
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measured and the calculated internal forces in the hooping 

system. 

From a qualitative observation of the static monitoring 

data, the tensile forces in the tie-bars are seen to decrease 

during the hot seasons and increase during the cold ones. This 

behaviour is associated to the different thermal expansion 

coefficient and thermal inertia of masonry and steel. The 

validity of the above stated relation for all the tie-bars can be 

easily proved comparing the temperature measured by the 

thermometers placed on the tie-bars with the cyclic behaviour 

of the data acquired by the cell-load sensors. For instance, 

Figure 9 overlays data trends recorded by the thermometer 

T20 and the cell load cells LC29 after mean removal (see 

Figure 8 and Figure 10 for the position of the sensors). This 

phenomenon results in regular seasonal cycles of the loads in 

the tie-bars, as reported in Ceravolo et al., 2017. 

Consequently, the thermo-elastic model can be updated to 

reproduce the forces measured on the tie-bars when subjected 

to the temperature distributions recorded over a whole year. 

The TMMU of the Sanctuary was thus performed on the 

partial model derived from the thermal one (shells for 

masonry and beams for the tie-bars, as for the global model). 

In order to consider the boundary conditions provided by the 

missing part of the model (basement, bell-towers and soil) 

spring elements were introduced at the base of the model. The 

stiffness of each spring was set to globally reproduce the 

restoring force applied by the omitted (lower) macro-

elements. In particular, the stiffnesses were evaluated on the 

global model by applying a force field at the base of the drum 

and reading the displacements in the same nodes. Then, the 

average value of the stiffness was introduced in the partial 

model, in the two orthogonal directions. 

 

 

 

Figure 9. Overlays of the time history of data recorded 

by the thermometer T20 and the load cell LC29. 

 

The pretension in the tie-bars was modelled applying an 

axial force to the corresponding elements in the FE model. The 

initial value of this force, at ambient temperature (i.e. 20 °C), 

was set equal to the average axial prestress of about 52 MPa 

evaluated over all the bars (Ceravolo et al., 2017). The 

hooping system, located in the drum at about 32 m height, was 

modelled with beams elements and attached to link elements 

simulating the connection to the masonry. 

The TMMU was performed by varying the mechanical 

parameters of the modelled macro-elements (drum, dome, 

buttresses and lantern). The cost function used in the 

optimisation process has the same form of Equation (4), but in 

this case the measurements vectors, kζ and idζ, contain the 

tensile forces in the tie-bars, as the aim of the optimisation is 

to minimise the difference between the forces obtained with 

the FE model and the ones measured by the static monitoring 

system, which are due to the thermal deformation of the 

structure. In detail, the forces in the tie-bars were measured by 

load cells placed at the end of each tie-bar of the strengthening 

system, as shown in Figure 10. The optimisation procedure 

used data acquired by sensors that showed consistent and 

reliable behaviour, while data affected by any sort of 

anomalies (e.g. non-monotonic trends) were discarded (see 

Ceravolo et al., 2017 for more details). Uniform values equal 

to 1 were assigned to the weighting coefficients (like in the 

MMU), in the absence of specific indications. 

 

 

 

Figure 10. Positions of the load cells.  

 
 

 

Figure 11. Displacements of the drum-dome system due 

to a typical temperature distribution in winter (m). 
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For each set of elastic parameters and temperatures, the 

displacements of the structure and the forces consequently 

acting in the tie-bars were calculated. Figure 11 shows, for 

instance, the displacements of the drum-dome system, 

during a winter’s day, as generated by the temperature 

distribution resulting from the TA. As it can be seen in 

Figure 11, the maximum displacements are at the top of 

the building in correspondence of the lantern. 

In Figure 12, the loads measured by the cells LC22 and 

LC51 (symmetrically located on the West and East side of 

the strengthening system), and the loads estimated by the 

model before and after the TMMU are overlaid. Similar 

trends were also found for other tie-bars. 

 

 
(a) 

 

 
(b) 

 

 

Figure 12. Pre- and post-updating load trends associated  

with data acquired by a load cell (a) LC22 and (b) LC51. 

 
 

Table 3 summarises the mechanical properties of different 

macro-elements of the partial model before and after the 

TMMU. With the TMMU the elastic moduli and the 

Poisson’s ratios of the partial FE model were updated. It can 

be noticed that the elastic properties of the lantern remain 

unvaried because of the weak interaction of this macro-

element with the tie-bars. 

As said, updating of the elastic parameters of some macro-

elements will result in some modifications in the frequencies 

of the global model of the Sanctuary. Therefore, a further 

model updating of the entire model is required to match the 

experimental frequencies and shapes. 

 

Table 3 

Pre- and post-updating values of mechanical properties. 
 

Pre-updating 

Macro-element E (GPa) υ (-) ρ (Kg/m3) 

Buttresses 2.70 0.30 1700 

Dome 5.90 0.35 1800 

Drum 2.60 0.30 1700 

Lantern 1.80 0.35 1800 

Post-updating 

Macro-element E  (GPa) υ (-) ρ (Kg/m3) 

Buttresses 5.50 0.30 1700 

Dome 5.50 0.35 1800 

Drum 2.30 0.35 1700 

Lantern 1.80 0.35 1800 

 

3.5 Final calibration  

The aim of this last calibration step was to restore the 

capability of the model to describe the dynamic behaviour of 

the real structure after the TMMU step. To this purpose, only 

the elastic moduli of the macro-elements that were not taken 

into account (basement, bell-towers and soil) or that 

remained unchanged (lantern) in the TMMU, underwent a 

further updating. The moduli to be updated were initialised 

to the values found with the preliminary dynamic model 

updating (see Subsection 3.2). The cost function is still the 

same of Equation (4), with weighing coefficients kept equal 

to one. The calibration procedure continues until the stopping 

criterion reported in Equation (5) is satisfied, assuming the 

tolerance vector, 𝜺̃, equal to 10−10 ∙ | 𝒈𝑚𝑖𝑛,𝑘 |.  
The experimental modes used for this last calibration were 

obtained by averaging those identified from data of the 

permanent dynamic monitoring system over the last year. For 

details about the dynamic identification procedure one can 

refer to Pecorelli et al., 2017.  

It is worth evidencing that the data of static and dynamic 

monitoring used in the TMMU refer to different periods, as 

the dynamic monitoring system was installed more recently. 

However, this inconsistency is not expected to affect the 

updating as no important changes in the static or dynamic 

behaviour were recorded over the last decade. In particular, 

modal quantities identified in 2017 were used in this last 

updating. 

The first three modes (1st bending Y, 1-st bending X, and 

1-st torsional, in terms of frequencies and MAC) were used 

to update the 5 elastic moduli of basement, bell-towers, clay 

marlstone and lantern, respectively. With this configuration, 

the number of parameters to be optimised resulted lower of 

the available experimental data (3 frequencies and 3 MAC), 

this also thanks to the previous TMMU. At the end of the 

calibration, the vibration modes of the updated model are 
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seen to be in good agreement with the experimental ones, 

both in terms of frequencies and modal shapes. In more 

detail, it can be noted from Table 4 that for the first three 

frequencies the error is lower than 1%, with a perfect 

matching for the 1st bending in Y direction and for the 

torsional one. The MAC between experimental and updated 

modal shapes, as presented in Figure 13b, confirms the good 

correspondence between the updated model and the 

monitoring data. At the same time, also the static behaviour, 

in terms of stress in the tie-bars, shows a good 

correspondence, as a result of the TMMU step. It is also 

possible to notice (see Table 5 and Table 6), that the 

calibrated value of the Young’s modulus of the basement and 

drum regions is around 2 GPa, while higher values, about 5 

GPa, are found for the other macro-elements. This is 

confirmed by the literature values (Aoki et al., 2004) and by 

the pronounced and distributed cracking pattern observed in 

the drum region. 

 

Table 4 

Experimental frequencies identified from data of the 

permanent monitoring system (averaged over a year) 

and numerical frequencies. 

Reference values 
Preliminary 

updating 
Final updating 

Mode fID (Hz) 
fFEM 

(Hz) 

Error 

(%) 

fFEM 

(Hz) 

Error 

(%) 

1st 

bending 

Y 

1.93 1.98 0.50 1.93 0.00 

1st 

bending 

X 

2.09 2.20 -5.77 2.11 -0.96 

1st 

torsional 
2.84 2.98 12.87 2.84 0.00 

2nd 

bending 

Y 

3.60 4.00 -29.87 3.89 -8.06 

2nd 

bending 

X 

3.96 4.29 -13.79 4.17 -5.30 

 

Figure 14 reports the first three modal shapes of the 

Sanctuary as resulting from the proposed updating 

procedures, while Table 5 summarises the corresponding 

elastic parameters at the end of the process. 

As already stated in Section 3.1, in the general case, the 

holistic TMMU should extend to all macro-elements, and a 

recursive procedure between the TMMU and the MMU 

should be activated. 

 

 

 

(a) 

 

 

(b) 
 

Figure 13. MAC obtained using only the experimental 

modes (a); MAC between experimental and updated 

numerical modal shape (b).  

 

 

 (a) 
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 (b)  

  (c) 
 

 

Figure 14. First three modal shapes of the Sanctuary of 

Vicoforte: (a) 1-Y, (b) 1-X, (c) 1-T. Dotted lines identify 

the undeformed configuration at the dome level. 

 

Table 5 

Values of the elastic moduli after the final calibration. 
 

From the thermo-mechanical model updating 

Macro-element E (GPa) v (-) ρ (kg/m3) 

Buttresses 5.50 0.30 1700 

Dome 5.50 0.35 1800 

Drum 2.30 0.35 1700 

From the final dynamic model updating 

Macro-element E (GPa) v (-) ρ (kg/m3) 

Bell-towers 4.50 0.35 1800 

Basement 2.00 0.35 1800 

Clay 0.75 0.35 1900 

Lantern 5.60 0.35 1800 

Marlstone 5.00 0.35 2100 
 

 

Table 6 

Comparison between preliminary (pre.) and final (fin.) 

elastic parameters. 

Macro-

element 

E (GPa) υ (-) ρ (Kg/m3) 

pre. fin. pre. fin. pre. fin. 

Bell-

towers 
2.00 4.50 0.35 0.35 1800 1800 

Basement 2.90 2.00 0.35 0.35 1800 1800 

Buttresses 2.70 5.50 0.30 0.30 1700 1700 

Clay 0.55 0.75 0.35 0.35 1900 1900 

Dome 5.90 5.50 0.35 0.35 1800 1800 

Drum 2.60 2.30 0.30 0.35 1700 1700 

Lantern 1.80 5.60 0.35 0.35 1800 1800 

Marlstone 4.15 5.60 0.35 0.35 2100 2100 

Steel 210 210 0.30 0.30 7800 7800 

 

In Table 6 a comparison between the preliminary and the 

updated elastic parameters is reported. From this table it can 

be observed that after the calibration process significant 

changes occurred in the elastic properties of many of the 

macro-elements relative to the preliminary model updating. 

This is visible also by looking at the Young’s modulus of the 

buttresses before and after the calibration. Its value changed 

about of about 100% after the updating conducted with local 

thermo-elastic data, i.e. temperatures and internal forces in 

the tie-bars. Finally, it is worth noting that also the bell-

towers underwent important changes after calibration. 

Nevertheless, due to lack of direct measurements on these 

elements, the final updating for bell-tower macro-elements is 

deemed less reliable. Opposite is the case of the lantern, 

whose elastic modulus is seen to triplicate after the last 

updating. This difference can be associated to the fact that 

this macro-element had not been instrumented in the first 

dynamic test campaign.  

 

4. CONCLUSIONS 

 

This paper combines dynamic and thermo-elastic model 

updating for the calibration of elastic properties in complex 

FE models, like those used to simulate the structural behavior 

of monumental structures. Moreover, in order to obtain the 

required efficiency for updating such computationally 

demanding models, a novel metaheuristic approach with 

random generation of parameters has been introduced. 

The whole methodology has been demonstrated on a large 

and complex monumental building, i.e. the Sanctuary of 

Vicoforte, based on data from both static and dynamic 

monitoring systems, and exploiting the information related to 

the cyclic seasonal behavior of masonry and steel elements.  

The results obtained in this research show that the 

proposed multiphysics approach can introduce significant 
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improvements in the accuracy of complex FE models, thus 

producing real predictions of both static and dynamic 

behaviors.  

In conclusion, to the authors’ knowledge, this study 

constitutes the first example of thermo-mechanical model 

updating applied to an important monumental building, 

namely the world’s largest masonry oval dome.  

Future studies on the Sanctuary of Vicoforte will take 

advantage of the thermo-elastic model in order to predict the 

wandering of modal parameters. This will require further 

investigations on the role played by the soil-structure 

interaction. In addition, a study on the sensitivity of the modal 

and thermal analysis with respect to the basic variables of the 

identification problem will be performed to increase the 

reliability of the calibration process and the accuracy of the 

results, especially as regards the tie-bars forces. 
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