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DENSITY PROBLEMS FOR SECOND ORDER SOBOLEV SPACES AND CUT-OFF

FUNCTIONS ON MANIFOLDS WITH UNBOUNDED GEOMETRY

DEBORA IMPERA, MICHELE RIMOLDI, AND GIONA VERONELLI

ABSTRACT. We consider complete non-compact manifolds with either a sub-quadratic growth of the norm of
the Riemann curvature, or a sub-quadratic growth of both the norm of the Ricci curvature and the squared
inverse of the injectivity radius. We show the existence on such a manifold of a distance-like function with
bounded gradient and mild growth of the Hessian. As a main application, we prove that smooth compactly
supported functions are dense in W%P. The result is improved for p = 2 avoiding both the upper bound
on the Ricci tensor, and the injectivity radius assumption. As further applications we prove new disturbed
Sobolev and Calderén-Zygmund inequalities on manifolds with possibly unbounded curvature and highlight

consequences about the validity of the full Omori-Yau maximum principle for the Hessian.
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1. INTRODUCTION AND MAIN RESULTS

Let (M™,g) be a smooth, complete, possibly non-compact, Riemannian manifold without boundary.
For p € [1,00) and k > 2, denote by W*P(M) the space of functions on M whose (weak) derivatives of

order 0 to k have a finite LP norm. Moreover, let Wg’p(M) be the closure of C°(M) in WFP(M).

A classical result in geometric analysis states that for any complete Riemannian manifold, WO1 P(M) =

WLP(M) for any p € [1,00), [5]. In this paper, we are interested in the following

Problem 1.1. Under which (geometric) assumptions on M does one have that W()?’p(M) =W2P(M)?

Classical results on this topic can be found in [6], [24] and references therein. In the following proposition
we collect the most up-to-date achievements: point (I) was shown by E. Hebey, [23, Theorem 2.8]; point
(IT) was proved by B. Giineysu in [I8 Proposition III.18]; point (III) is due to L. Bandara, 7] (for an

alternative proof see also [18, Proposition II1.18]).

Proposition 1.2. Let (M™,g) be a complete Riemannian manifold.
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(I) If [Ricg| < C for some constant C' > 0 and inj,(M) > 0, then for every p € [1,00) we have
WZP (M) = W2P(M).
(II) If |Riemgy| < C' for some constant C' > 0, then for every p € [1,00) we have W027p(M) =W?2P(M).
(III) IfRicy > —C for some constant C > 0 (no assumptions on the injectivity radius!) then W02’2(M) =
W22(M).

Often in the applications it is useful to relax the assumptions on the geometry of the manifold, allowing
to the bounds on the curvature and on the injectivity radii to be more flexible. The main purpose of this
paper is to investigate density problems for second order Sobolev spaces under not necessarily constant
bounds on the curvature and (when it is the case) letting the injectivity radii suitably decay at infinity. In
particular we obtain the following

Theorem 1.3. Let (M,g) be a complete Riemannian manifold and o € M a fized reference point. Set
r(z) = disty(z,0). Suppose that one of the following set of assumptions holds

(a) for someig >0 and D > 0,
io

Ricy|(z) < D*(1+r(z)?), inj,(z) > DA+ (@)

>0 on M.
(b) for some D > 0,
Sect,|(z) < D*(1 + r(x)?).
Then, for every p € [1,00), we have WOQ’p(M) = W2P(M)

Moreover, in the special case p = 2, we can obtain the following improvement of [7, Theorem 1.1], where
neither an upper bound on the Ricci curvature nor the assumption on the injectivity radii are required.
As it is customary in this case the Bochner formula plays a key role.

Theorem 1.4. Let (M, g) be a complete Riemannian manifold, o € M, r(x) = disty(o,x), and suppose
that for some D > 0

Ricy(2) > —D?*(1 + r(x)?).
Then W32 (M) = W22(M),

To prove our density results we employ the method introduced in [I7], [20]. The key step in the proof
is the construction on the manifold of special sequences of cut-off functions, with a suitable control on
the gradient and on second order derivatives. In this regard let us notice that, as a matter of fact,
Proposition [1.2| can be seen as a consequence of the existence of such sequences of cut-off functions under
the assumptions at hand. More precisely, the result in point (II) uses point (iii) of Proposition below,
while the result in point (III) can be seen as a consequence of the general criterion (point (a)) given in
Proposition Theorem B in [20], and point (i) in Proposition Finally, also point (I) can be proved
using the cut-off functions given by point (iv) in Proposition together with Proposition (b)ﬂ

Note that such cut-off functions can be tailored starting from suitable smooth exhaustion functions
whose gradient and Hessian are controlled in terms of explicit functions of the distance from a fixed
reference point. Recall that a smooth function p : M — R on a Riemannian manifold (M, g) is said to be
an exhaustion function if, for every a € R, the sublevel sets M,(a) = {x € M : p(x) < a} are relatively
compact. In this direction, in this paper we prove the following

Theorem 1.5. Let (M, g) be a complete Riemannian manifold and o € M a fized reference point, r(x) =
disty(z,0). Suppose that one of the following set of assumptions holds

(a) for some 0 <n <1, some D >0 and some iy > 0,

;
0 ~>0 on M.

[Ricg|(2) < DAL+ (@), injy() 2 5

(b) for some 0 <n <1 and some D >0,
Sect,|(z) < D*(1 4 r(x)?)".

INote however that the original proof by Hebey uses a different argument based on a delicate covering technique.
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Then there exists an exhaustion function H € C°(M) such that for some positive constant C > 1 inde-
pendent of x and o, we have on M that

(i) H is a distance-like function, i.e., C~'r(z) < H(x) < Cmax {r(x),1};
(i) |VH|(z) < C;
(iii) |Hess H| () < Cmax{r(z)",1}.

To obtain distance-like exhaustion functions with controlled gradient and Hessian, the previous strategy
introduced by L.-F. Tam in [32] and adopted also in [30] was the following. One starts with a distance-like
function with bounded gradient (which always exists on complete manifolds, [I5]) and let it evolve under
the heat flow on M. The evolution at a fixed positive time (say t = 1) preserves the linear growth of
the initial datum, as well as the boundedness of the gradient. Moreover Euclidean parabolic Schauder
estimates, applied in harmonic coordinates charts of fixed radius centered at any x € M, permit to control
the L°°-norm of the Hessian. However, when the Ricci curvature is unbounded and the injectivity radius is
possibly null, the estimates in the heat flow method are difficult to implement, and the parabolic method
apparently does not permit to get Theorem [I.5]in its more general assumptions. Accordingly, we use here
a different strategy.

The starting point is a recent result established by D. Bianchi and A. G. Setti, [8], where exhaustion func-
tions with controlled gradient and Laplacian are constructed on manifolds with Ricci curvature bounded
from below by a possibly unbounded non-positive function of the distance from a fixed reference point, with-
out any assumption on the injectivity radius. As in Tam’s result, our strategy is then, roughly speaking,
to use harmonic coordinates in order to gain a control on the whole Hessian of these exhaustion func-
tions. An application of elliptic Schauder estimates, Sobolev embeddings and a local Calderén-Zygmund
inequality permits then to conclude the proof. Note that this latter part is technically more involved than
in the parabolic case, since we have to estimate solutions of a semilinear (elliptic) equation instead of a
homogenous (parabolic) equation. To deal with the non-uniform bounds on Ric and inj, everything is
done locally, in a suitable ball, with radius decaying at infinity, where we can guarantee the existence of
harmonic coordinates with respect to which we have a good control on the metric.

We mention that these techniques can be naturally extended to study density problems for higher order
Sobolev spaces on manifolds with unbounded geometry. These results will be presented in the forthcoming
paper [26].

As a further application, the distance-like function H exhibited in Theorem permits to deduce
the validity of a disturbed Sobolev inequality on non-compact manifolds with possibly unbounded Ricci
curvature and possibly vanishing global injectivity radius. It is well known that on a complete non-compact
manifold with Ricci curvature bounded from below and a strictly positive lower bound on vol(Bi(x))
uniform in z, one has the continuous embedding W (M) c LP™/(m=P)(M), [33]. By a result of Croke, the
assumption on the volumes of unitary balls is implied by a positive lower bound on the injectivity radius,
[12, Proposition 14]. Under a conformal change of the Riemannian metric the Ricci curvature modifies
following an equation which involves the gradient and the Hessian of the conformal factor. Accordingly,
in the assumption of Theorem we can use the distance-like function H to get a metric g in the same
conformal class of (M, g) with bounded Ricci curvature and a lower bound on the volumes of unitary ballsﬂ
Moving back from g to g, we deduce a Sobolev-type inequality on (M, g).

Theorem 1.6. Let (M™, g) be a smooth, complete non-compact Riemannian manifold without boundary.
Let o € M, r(z) = disty(z,0) and suppose that for some 0 <n <1, D >0 and some ig > 0,

[Ricyl(2) < D*(1+r(@)’),  injy(@) > Ha— s,

2Because of [28], this result is true without curvature and injectivity radius assumptions. The main achievement here is
the second order control of the conformal factor.
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Let p € [1,m) and q € [p,mp/(m — p)]. Then there exist constants A; > 0, Ay > 0, depending on m, p, q
and the constant C from Theorem such that for all ¢ € C°(M) it holds

1 1 1
(1) (/ |<p|qdvolg> ’ < A (/ |Vg0pdvolg> "y As (/ max{l;rZ”}|g0|pdvolg) ’
M M M

Disturbed Sobolev inequalities were obtained in the original paper by Varopoulos, [33], and subsequently
improved by Hebey, [23]. Namely, they proved that if Ric, > —(m — 1)D for some positive constant D,
then

p ES

m— 1 1
2 m=5 y%dvol ’ <A VolPvBdvol, | + B PoBdvol, ) ,
2 g ¥ g ¥ g
M M M

where 1 < p < m, a and ( are real constants satisfying 3/p — a(m — p)/(mp) > 1/m, and v(zx) =
(volg(B1 (z)))"!. Combining with Theorem and the conformal method described above, we get
a quite general family of Sobolev-type inequalities which contains the one in Theorem when ¢ =
mp/(m — p); see Theorem As a special case of Theorem one has also the validity of provided

that [Secty|(x) < D?(1 + r(x)?)" and

E
L+ (@)
It is a natural question whether together with Ric, 2 —721 would suffice to prove Theorem Note
that both the upper bound on Ricci and the lower bound on the injectivity radius are used to get harmonic

radius estimates. On the other hand, the weight 27 in probably can not be avoided since an unweighted
Sobolev inequality would imply a lower bound on voly(Bi(z)), [9].

Ideas in the proof of Theorem and Theorem can also be applied to other integral inequalities,
permitting for instance to obtain the validity of the following L?-Calderén-Zygmund inequality with weight
in our general assumptions. For some results in the same spirit see also [3, Section 7].

(3) VOIQ(BT*"(JU) (I‘)) >

Theorem 1.7. Let (M™, g) be a smooth, complete non-compact Riemannian manifold without boundary.
Let o € M, r(z) = disty(x,0) and suppose that one of the following curvature assumptions holds

(a) for some 0 <n <1, some D >0 and some iy > 0,

i
0 ~>0 on M.

[Ricgl() < D*(1+r(@))", iniy(@) 2 5o

(b) for some 0 <n <1 and some D >0,
Sect,|(z) < D*(1 + r(x)?)".

Then there exist constants A1 > 0, As > 0, depending on m, n, D and the constant C' from Theorem
such that for all o € C°(M) it holds

(4) [ Hess plgl|7. < A1[H*"¢72 + Asl| A 7.

An extensive study of LP-Calderén-Zygmund inequalities (in short CZ(p)) and their interplay with the
geometry was initiated in [20], and we refer to that paper for an introduction to this topic. Even though
CZ(2) is known to hold globally, without even require geodesic completeness, under a global lower bound
on the Ricci curvature, it is in general false without this assumption; see [20, Theorem B]. On the other
hand, for p # 2, p € (1,00), CZ(p) holds if (M, g) has bounded Ricci curvature and a positive injectivity
radius; see [20, Theorem C]. The proof of this result seems to really depend on a harmonic radius bound,
and hence on the bound on the injectivity radius. Since in our setting (M, §) has bounded Ricci curvature
and volume non-collapsing but, as far as we know, its injectivity radius is not necessarily bounded from
below on the whole of M, it remains an open question if a CZ(p) with weight similar to holds in our
assumption when p # 2, .

The organization of this paper is as follows. In Section[2] we recap some known results about the existence
of special sequences of cut-off functions and see how these can be used to obtain density results for second
order Sobolev spaces. In Section [3| we see explicitly how, on a suitable ball centered at each point of a
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manifold with a non-constant Ricci curvature bound and suitably decaying injectivity radii, we can control
in harmonic coordinates the metric. In Section [4] we construct good distance-like exhaustion function in
this generality, first dealing with sub-quadratic Ricci curvature growth and suitably decaying injectivity
radii and then with the situation in which we have sub-quadratic sectional curvature growth (and no
assumptions on the injectivity radii). Starting from these exhaustion functions, in Section [5| we construct
the cut-off functions needed for the proof of our first density result (Theorem . In Sectio we focus on
the case p = 2 and give the proof of Theorem In this case we are assuming only a quadratic negative
lower bound on the Ricci curvature. Making use of the weak Laplacian cut-off functions constructed in [§],
under these assumptions, we are able to prove the density result by applying the divergence theorem to a
suitable compactly supported vector field together with the Bochner formula. In Section [7] we prove the
general Theorem [7.I] about disturbed Sobolev inequalities and, as a consequence of the proof of this latter,
we deduce Theorem [1.6] Finally, as suggested by one of the anonymous referees, in Section [§] we discuss
some further applications of Theorem [I.5] and of the proof of Theorem [1.6] In a first part we deduce
geometric conditions ensuring the validity of the full Omori-Yau maximum principle at infinity for the
Hessian or the validity of martingale completeness. A final subsection is devoted to the proof of Theorem

7

2. SEQUENCES OF CUT-OFF FUNCTIONS AND APPLICATIONS TO DENSITY PROBLEMS

Sequences of Laplacian and Hessian cut-off functions where defined in [I7] and [20]. Here we will need to
introduce also the slightly different notions of weak Laplacian and weak Hessian cut-off functions. Namely

Definition 2.1. A complete Riemannian manifold (M, g) is said to admit a sequence {xn} C C°(M) of
Laplacian cut-off functions, if {xn} has the following properties:
(C1) 0 < xn(x) <1 forallneN, ze M;
(C2) for all compact K C M, there is a no(K) € N such that for all n > ng(K), one has xn|x = 1;
(C3) IVxnlloo = 0 as n — oo;
(C4) |Axnl|loe = 0 ad n — oo.

Furthermore, (M, g) is said to admit a sequence {xn} C C°(M) of weak Laplacian cut-off functions, if

{xn} satisfies (C1), (C2), and there exist constants Ay, Ay such that, for all n € N,
(C3) [Vl < 555

(C4) [[Axnlle < A2
Definition 2.2. (M, g) is said to admit a sequence {xn} C C°(M) of Hessian cut-off functions, if {xn}
satisfies (C1), (C2), (C3), and

(C47) [[Hess(xn)

Furthermore, (M, g) is said to admit a sequence {x,} C C°(M) of weak Hessian cut-off functions, if {xn}
satisfies (C1), (C2), and there exist constants Ay, Aa such that, for alln € N,

(C3") [[Vxalls < A1;

(C47) ||Hessxn|l o < Aa.

— 0 as n — 0.

oo

The following proposition (partially taken from [I8]) should give the state of the art on the existence of
such sequences of cut-off functions: point (i) follows by [31] (see also [I7] for an alternative proof in the
case C' = 0), point (ii) was proved in [8]; point (iii) is a consequence of [10, Lemma 5.3|, point (iv) was
proven in [30, Corollary 5.1] sharpening a construction given in [32]; (v) is a consequence of [25] Theorem
1.3].

Proposition 2.3. Let (M™,g) be a complete Riemannian manifold.

(i) If (M, g) has Ricy > —C' for some constant C > 0, then M admits a sequence of Laplacian cut-off
functions.
(ii) More generally, fix a reference point o in (M, g), and denote by r(x) = disty(z,0). If

Ric, > —(m — 1)C*(1 + r?)",
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with n € [—1,1] then, for every R > 1 when n € (—1,1] and for every R > 0 when n = —1, and
for every ~ bigger than some constant I'(n, C,m) depending only on n, C and m, there ezists a
sequence {¢pr} C C(M) of cut-off functions such that
(1) ¢pr =1 on Br(o);
(2) supp(¢r) C Byr(0);
(3) IVor| < G
(1) |Adr < 22
In particular, for n € [—1,1) this is a sequence of Laplacian cut-off functions.

(iii) If [|[Riemg|| < oo then there exists a sequence of Hessian cut-off functions.

(iv) If ||Ricyl|, < oo and inj(M) > 0 then there exists a sequence of Hessian cut-off functions

(v) There exist e(m) and A'(m) such that if —A" < Ricy < A and volg(Bi(z)) > (1 — &)wpm, for all
x € M and for some A > 0, then there exists a sequence of Hessian cut-off functions.

Following the terminology introduced in [20], we recall that a LP-Calderén-Zygmund inequality (CZ(p))
is said to hold on (M, g) for some 1 < p < oo if there are constants C; > 0 and Cy > 0, such that for all
u € C°(M) one has

(CZ(p)) [Hess(u)[» < Cu[lull s + C2[|[AullLy -

Note that, as in [20], here we have left out the case p = 1, since such an inequality indeed fails for the
Euclidean Laplace operator in R™.
The following result was proven in [I7]; see also Proposition 3.6 in [20].

Proposition 2.4 (Theorem 2.6 in [I7] and Proposition 3.6 in [20]). (a) Assume that holds for
some 1 < p < oo and that M admits a sequence of Laplacian cut-off functions. Then one has that
WoP (M) = WP(M).

(b) If M admits a sequence of weak Hessian cut-off functions, then one has WOQ’p(M) = W?2P(M) for all
1 <p<oo.

Remark 2.5. Actually, what is asked in point (b) of Proposition 3.6 in [20] is the existence of a sequence
of genuine Hessian cut-off functions. Here we observe that what is really needed for the density result is
that the gradient and the Hessian of the cut-offs are uniformly bounded. Indeed, first note that C°°(M)N
W2P(M) is dense in W2P(M) (see for instance [16, Theorem 2]). Then, given a smooth f € W?2P(M),
pick a sequence {x,} of weak Hessian cut-off functions and define f,, = x, f. Proceeding as in [20], we get
that

(5) 1 = Dllze = (1 = xn) )l
(6) IV(fo = Pllie < VXnlle + 111 = xa) Ve
(7) [Hess(fr = fllze < [[fHess(xn)llze + [[[VXal[V e + [[(1 = xn)Hess(f) | v

Each of (1 — xy,,), Vx,, and Hess(x,,) is uniformly bounded and supported in supp(1 — x,). Moreover by
property (C2), given any compact set K C M, we have that supp(l — x,) C M \ K for n large enough.
Since f € W*P(M) this permits to conclude that all the terms at the RHS of (F]), () and tend to 0 as
n — 00.

3. HARMONIC COORDINATES AND RESCALINGS

Recall that a local coordinate system {xl} is said to be harmonic if for any i, Ag:ci = 0. The harmonic
radius is then defined as follows.

Definition 3.1. Let (M™, g) be a smooth Riemannian manifold and let x € M. Given Q@ > 1, k € N, and
a € (0,1), we define the C** harmonic radius at = as the largest number rg = r(Q, k,a)(x) such that
on the geodesic ball By, (x) of center x and radius rg, there is a harmonic coordinate chart such that the
metric tensor is C* controlled in these coordinates. Namely, if 9ij, 4,7 = 1,...,m, are the components
of g in these coordinates, then

(1) Q7165 < gij < Qb as bilinear forms;
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B k 059i5(2)—059:5(y)
(2) Y1cipin T Sup 103015 ()] + Xy i supy o 220E 0000 < g,

We then define the (global) harmonic radius i (Q, k, o) (M) of (M, g) by
T'H(Qy k, O‘)(M) = ;Q{/I T’H(Q, k, O‘)(m)

where r(Q, k, ) (x) is as above.
As a consequence of [4, Lemma 2.2] we have the validity of the following

Proposition 3.2. Let a € (0,1), @ > 1, § > 0. Let (M™,g) be a smooth Riemannian manifold, and
an open subset of M. Set
Q) ={zeM st dy(z,Q) <d}.
Suppose that
[Ricg(z)| <1 and inj,(z) >7 forall z € Q(9),
then, there exists a positive constant Cyr = Crr(m,Q,k,a,d,1), such that for any x € Q

ra(Q,1,a)(r) > Chr.

Since - o
959" = —0sgg" 9",
note that under the assumptions of Proposition for every x € Q, on B, (z) we have also that:
(1) Q716 < g < Qb%;
, ¥ 1 959" (2)—0s9" (y)
(2 ) Zgnzl TH sup ‘asg” (y)| + Z;n:1 TH+a Supy;ﬁz ‘ dg(y,z)a ’ S C(Q)7

for some constant C'(Q) > 0, depending only on Q.

Fix now o € M, denote by r(x) = d4(z,0) and assume that, for some non-decreasing A : R — R and
some uniform constant ig > 0,

on M.

. .. 20
[Ricy(x)] < XN(r(z)) and inj,(x) >

! ! A(r(z))
We are going to suitably rescale the metric g in order to be able to apply Proposition

Given z € M \ Bj(o), for any y € Bf(x) we have that

: . io
R < \? 1 d >
’ ng(y)| — (T(JJ) + ) an ln.]g(y) - )\(T(.%') + 1)

Denoting by
)\1 = )\(T’(ZL’) + 1),
we introduce the rescaled metric

a(y) = Mo(y).
Then, for any y € B} (x),

[Ricg, ()| <1 and injg, (y) > Aainjy(y) = - = io.
1
By Proposition we have that there exists a constant Cgr(m, @, a,d,79) > 0 such that Vy € Bii_é(x),

there exist harmonic coordinates on B%AH n (y) for which the metric g, satisfies the analogous relations to
(1), (17), (2) and (2’) with rg = Cygr (and k = 1).

Hence, coming back to g, for every y € Bi’_i(:c) we can find on BY

: Crrn/h (y) harmonic coordinates with

respect to which

(i) Q7N %055 < gij < QA %0uy;

(1) 000 MCrrsup Dogis ()] + S0y Ol Al sup, ., P28l < g 1,
and thus also

(i") Q7N < gV < QA3SY;
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aes m — id m o —9— o |9s97 (2)—0s g™
(11 ) 25:1 >\1 2CHR sup |asg j(y)‘ + 25:1 011{+R SUPy£ >‘1 2 ‘ g égg%z)g (y)| < C(Q)a

for some constant C(Q).

4. CONSTRUCTION OF CONTROLLED EXHAUSTION FUNCTIONS

The key step in our construction of sequences of (weak) Hessian cut-off functions is to exhibit suitable
smooth exhaustion functions with a good explicit control on the gradient and the Hessian in terms of the
distance function r to a fixed reference point. It is already known that this is possible when ||Riem,|| < oo,
[10], or when [|Ricyl|,, < co and inj, (M) > 0, [30]. For a further recent result see also [25]. Here, we will
deal with the situation in which the curvature is controlled by a sub-quadratic function of the distance
from a fixed reference point.

4.1. Sub-quadratic Ricci growth. Let o € M, r(x) = disty(z,0) and suppose that we are in the
assumption (a) of Theorem (1.5l Up to change the values of the constants D and ig, this is equivalent to
assume that for some 0 <7 <1, D > 0 and some g > 0,
. 2 27 - 12 .. 20

(8) [Ricy () < DX(1+ (@) = X(r(x). imy(@) 2 05, on M.

All over this section, C will denote real constants greater than 1, all independent of x € M, whose
explicit value can possibly change from line to line. Moroever, for any § > 0, the Fuclidean ball of radius
B centered at the origin will be denoted by Bg .

STEP 0: FEzhaustion functions with controlled Laplacian.

Let h € C*°(M) be the exhaustion function given in [8, Theorem 2.1]. Then
(i) Ctr(z)'* < h(z) < Cmax {r(z)*",1} on M;
(ii) |[Vh| < Cr" on M \ Bi(o);
(iii) |AR| < Cr?" on M \ By (o).
Moreover, by the construction in the proof of [8, Theorem 2.1], h is a solution of
(9) Ah = |Vh|* — 0721 = f
on M \ Bi(0), where @ is a positive fixed constant and # € C°°(M) is a smooth 1st order approximation of
the distance function, which satisfies in particular
o Clr(x) <7(x) < Cmax{r(x),1}
o V7| <C
on M.
STEP 1: using harmonic coordinates.
Given z € M \ Bz(0), we define h, : B-(x) — R by

ha(y) = h(y) — h(z).

Then h,(z) = 0, h, satisfies @D, and

i |th’ < Cr';

o |Ahy| < Cr¥,

e |Hessh,| = |Hessh| ,
Fix now a € (0,1), an accuracy > 1 and a sufficiently small § > 0. By and Section [3| letting again

A= A(r(2) + 1) = D((r(z) + 1)% + 1)"/2,
we know that there exists a constant Cgrr(m, @, «, d,1g) such that we can find on Beyn/n () a harmonic
chart
pH = (yl, ... ,ym) : BCHR/Al(x) — U C ij
such that ¢ (z) = 0, and with respect to which
(i) Q7'AT*6i5 < gij < QA %655

i1 - 85 19 *85 19
(1) Y0y NCrrsup |9sgs5 (1)] + S0y Cle AT sup,, ., 1220208500 < g — 1,
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() QAT < g < QA6
) m — ij m ay—2—« 959" (2)=0sg"
(i) Y0 A 2Crrresup [Dug U (y)| + Y0, Clhear 2 sup, ., 12202070 < ),

for some constant C(Q).

STEP 2: pointwise Schauder estimate.
Note that
BCHR/\/@ CU=vpn (BCHR/)\l (1:)) :

Define hy, = hy 0 o', f = fopyt, and §7 = gV o !, Letting 8 = Cr/(2v/Q), define g, : By — R by
hg.e(v) = hy(Bv). Then
2 242 7
9; hﬂx( )= az‘jhw(ﬁv)-
By @, we hence get that in these coordinates, on B,

G (B0)0% s 2(v) =525 (B0) 0 b (Bv)

=5 f(Bv).
Hence
(10) A2 (B0)05 s, (v) = AT B2f(Bv) = fo(v).
Note that

A% (8) 2 APQTIASY = @716 on By,
IAT237 (8| oo 3y < QA;W =Q,
—2
B
C(@QA = C(Q)/2V/Q.

CHR
Applying classical pointwise Schauder estimates for second order elliptic operators (see in particular [21
Theorem 1.1] or [22, Theorem 5.20]) to equation we hence get that

(11) {hﬁ’x}c%gg (0) < C{Hhﬁ’x Lo (By) + HfﬁHLOO(]El) {fﬁ}cgg’; (© )}'

From this it follows that

257 (8)] co.e (0) <2

A A 7 s
Z]hx(O)] =C { P ey T 22 1l o) BA% {f }c%ssmﬁ)}’
i.e.
(12) azz‘]il’x(o)‘ = 0{52 ‘ z IB%[;) HfHLOO (Bg) f\% [f] CE’;(B[&)} '

From now on we will denote hy simply by iL, being understood the fact that it depends on the point x we
have fixed on M.

About the first term on the RHS of , we note that for any v € Bg, letting y = gol_{l (v), we have that
(13) |A(v)] =|ha(y)| = |h(y) — h(@)]
§0d9($, y) Sup{?‘n(C) : C € Bdg(:c,y) (QT)}
n
<C <r(3:) N CHR> Cur

A1 A1
<C.

Here the last inequality comes from the definition of A;.
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About the second term, note that

1f@) =1 W) = |IVha*(y) — 07()*"|
<Cr(y)*
2n
<C <r(x) + CHR)
A1
<Cp*r(x)™,
for some positive constant p > 1. In particular
. r(a:)Q”
14
14 eI Leo( BB) AP
<C.
It remains to estimate | f] - Letting v,w € Bg, note that
w5 \ﬂW—f@ﬂ:Jvmﬁw;@»—wmﬁw;wm—ﬂw%w;@»—#wwﬂwmr
v — w|* v — w|*
[Py (v) = ey ()]

<[IVhal* o 0p'Ico0 5,y + C

v —w|

The first term will be estimated in Step 3 and Step 4 below. About the second term, letting y = g0;11 (v)
and z = @ (w), we have that

(16) 7 () = 75 (W) _|F(y)*" — 7(2)*")

o —wlo o= wl
< ~r \2—1 o ) B dg(y, 2)
< sup{2nr(Q)™" " |V7[(¢) : ¢ € max{dg(m,y),dg(m’z)}(x)}m
2 V@ —a
<2nCsup{F(¢)*" " : ( € B, () (x)})T’U —w|!
§27]C\<@(26)10‘p2’717“(x)2"1,
1
where @ is the chosen accuracy of the harmonic coordinates.
STEP 3: estimate of [|[Vhg|? o @ﬁl]cg,gé (Bs) using Sobolev embeddings.
Letting p > m, by the Euclidean Sobolev embeddings (see e.g [I, p. 109]), we have
1/p

IVhal? 0 i)ne 5,y < K 3 11Vhal? 0 05 o, -+§:na (IVhal? 0 05 s,

with aa =1 — % and K3 a positive constant depending only on p, m and «. Concerning the first term in
the RHS, since |Vhg| < Cr" we get

(a7) 1V 0 05 s,y < Clr?" 0 05 nqay) < omCB™ IFE 5 o
2/\1
Cur 2np
<
<o+ Gy

where w,, is the volume of the m-dimensional unit sphere. Concerning the second term, let us compute
0i(|Vhal* 0 ') = 0j(OchaOihag™)
= 20;0khy0ihy g™ + Ophy0ihy 0™,
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so that

10;(IVhal® 0 05 M Lo,y <2010506h0hG" | 1o, + 06101053 || Lo )
C(Q)

<2 10506k 1o @) 1017 oo () @AT + > IOkl o) HalilHLoo(Bﬁ)THR AT
k,l k,l

<2m?2||D?h Dh 22+ m2||Dh Dh @AQ

<2m°|| DAl Lo ®,) | DRl Lo 85) QAT + m” | Dh| Lo 8,5 | DR oo 8,) Crn 1

§2m2||DQiLHLP(Bﬁ)”|th’ o SOHIHLOO(BB)Q?’/QM
QC(Q)

+m?|||Vhg| o ot Vhg| o 0t | oo (B ) ~———t
[IVha| ooy 2e@a) [ VRa| 0 05 [l (my) Cin

where we are denoting by Dh and DQiL, respectively, the Euclidean gradient and the Euclidean Hessian of
h, and we have used the fact that

(18) |Dh|? = 9xhdyhé™ < A\T2QORhdhg* = AT2Q|Vhy|? 0 o}t
Reasoning as in we get

10;(IVhal? 0 05 ) | Lo@g) <2mPCID?h| Lo 77 © @7 | 0w (85 Q> As
QC(Q)

2 -1 -1
+m C|lr" o r'o S Eea—
[ YH ”LP(IB%/;)” eu Iz (Bg) Cun

Cur\" | s Cur)™
<CM <7“(;1:) + 2)\1> D hHLp(B,B) +C | r(@)+ 21 '

STEP 4: estimate of HDQ}AzHLp(BB) by a Calderon-Zygmund inequality.

Let ¢ € C°(Bag) be such that 0 < ¢ <1 and ¢ =1 on Bz and max{||Ve|/c; [|Ad|/sc} < C1 for some
Cy = C1(B,m) € R. According to the Calderén-Zygmund inequality, [14, Corollary 9.10], there exists a
constant Cy = Cy(m,p) > 0 such that

(19) 1D Lo,y < 1D (8R)]| Lo (8o
< Co| Ao (¢h) || o By
< Oy (Hd)AOiLHLP(IBQﬁ) + A0l o By ) + 2/ D - ng“LP(IBQﬁ))
< Cs (180l o (2y5) + Cllblloo,) + 2C11 DRl 1o,y ) -

where Ay = )", 0;0; is the Euclidean Laplacian.

Now,
|Agh| = |0x0;h6" |
< |0k05hGH [QAT? = QAT |Ahy| 0 0!
<O (r*Mo o).
Accordingly,

. Cur\*"
80hlzs) < O (r(a)+ SE0)

As in we have that H}AIHLOO(B26) < C, so that |]ﬁ|]Lp( ) < C. Moreover, using ([18),

Bog

N . B . C n
Dhlir 5 < X V@Vl 97 5020 < 2770 () + S22
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Inserting these estimates in ([19)) gives

CA? (r(x) + CflR)% +C (1 + A (r(az) + C;’ff)]

ID?1]| Lo(g4) <Co

<C.
Coming back to Step 3,
10;(IVhal? 0 03 o (yy < Cr*"

and

2 -1 2
(20) [[Vhe|® o YH ]CE’&(BB)) < Crel.
STEP 5: estimate of |Hess h|.

Using and , we get by that
/B P < 07

T%[f]c%;(m) =
and hence, by , and ’
1075ha ()| = [05;2(0)] < C.
Recalling now that
ViVjhe = 0ha — Tij0kha,
we can compute that

N

Hess hy| (z) = [gikgﬂ (02 ha — T5;05hs) (9 g — Fll;lathx)} ()

< o™ Ofha R + 9" ¢ T3 T DDt
1

_2gikgﬂa§jhxr';dathx] 2 (2).
Since
19" 67 0% b Oy | () <QPAT (5% 67O by () Oy s | ()
=Q*M[0iha|*(z) < O} < Cr¥(a),

o T o) <300 G st
< Crin(z),
2902 Tl () <207Q° QL LA )
< Cri(a),
we eventually obtain that
(21) [Hess h| (z) = |Hess hy| (z) < Cr?7(z).

We have thus proved the following
Theorem 4.1. Let (M, g) be a complete Riemannian manifold and o € M a fized reference point, r(x) =
disty(z,0). Suppose that for some 0 <n <1, some D >0 and some ig > 0,

Ric,|(z) < D*(1 + r(z)?)" il >0 on M.
Ricg , m

) = Dy

Then there ezists an exhaustion function h € C*°(M) such that, for some positive constant C independent
of  and o, we have that
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(i) C7lr(z)t < h(z) < Cmax {r(z),1} on M;
(ii) |Vh| < Cr" on M\ By(o); B
(iii) |Hessh| (z) < Cr(x)*" on M \ Bs(o)
Finally note that the first part of Theorem [I.5] is equivalent to Theorem [£.I] up to introduce the new
1
function H € C*°(M) defined by H = h1+n.

4.2. Sub-quadratic sectional curvature growth (no assumptions on injectivity radius). Let
o€ M, r(x) = disty(x,0) and let us assume that, for some 0 <n <1 and D > 0,
(22) Sect,|(z) < D*(1 4 r(x)?)".
As in Step 0 of Subsection we start with the exhaustion function h given in [g].
Given Ry € RT, to be chosen later, and z € M such that r(z) > 1+ Ry, we have that on Bg,(z)
Secty| < D*(1+ (Ro + r(2))*)" = Ky -

By a localized version of the Cartan-Hadamard theorem (see e.g. [19, Lemma 2.7]) we have that for every
0 < R < min {7T / \/m , RO}, there exists a smooth complete Riemannian manifold (M, g), € M, and
a smooth surjective local isometry
F = Fyur : B(7) = Bj(a),

such that

o F(Z)=ux;

* injg(f) > R

e [Sectz| < Ky g, on B%(Z);

e F(B!(z)) = B}(z), for all 0 < r < R.
In particular, for every § € B% /2(3_0) ,we have that

(23) |Secty|(§) < Kuros  injg(y) > dg (5, 0BH(T)) >

vl 5

We define h, : B%(:E) — R by

Then h,(z) = 0, and

o [Vha| < O

° |Ahx| < Cr2n B

e |Hess7h,|5(y) = [Hess?h|y(y) on B%(Z),
with 7 = r o F'. Moreover, by @,

Ah, = Wﬁx@ —f(FoF)M=Ff
Letting A% = (m — 1)K, Rr,, we set
Ir = Aiod

Then, by

) i . R
|Ricg, [(7) <1, mjg, (7) = )\Rgg-

a1
Assuming that Ry > (%) 41 we can take R = 5 K” , getting that
z,R(
o o Vm—1T
mjg, (y) > 1 20-

Givena € (0,1), @ > 1and 0 > 0, Proposition[3.2]hence yields that there exists a constant Crr(m, @, a, 8, i)

such that for every y € B}, , (Z) we can find on B%HR (y) harmonic coordinates with respect to which
27 xR, ARy

() Q7' AR0y < 3ig < QA0 o
(i) 32, N, Crrrsup 0.5 ()] + X, Ol N supy; 224000, < ) .
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and thus also
(I") Q'A% 09 < g < QX% 67
) — ~ij e —2-a |05 (2)—0s5"
(i) >, ARgCHRsup}ang(y)‘ +>, C’};}z SUpy_z /\Rg [2:9 égzw)f )] < C(Q),

for some constant C(Q). Traveling through again Step 2, 3, 4 and 5 of Subsection we eventually get
that

|Hessh|y(x) = [Hesshy|z(z) < CF21(z) = Cr*(z).
We have thus proved the following

Theorem 4.2. Let (M, g) be a complete Riemannian manifold and o € M a fized reference point, r(x) =
disty(z,0). Suppose that for some 0 <n <1 and D >0,

Sect,|(z) < D*(1 + r(x)?)".
Then there exists an exhaustion function h € C(M) such that, for some positive constants C > 1
independent of x and o and for some radius Ry, we have that
(i) C7tr(2)' < h(z) < Cmax {r(z)'*",1} on M;
(ii) |Vh| < Cr" on M\ Bi4+r,(0);
(iii) [Hessh|(z) < Cr(z)?" on M \ B11g,(0)

Once again, defining H € C*°(M) by H = hﬁ, we get that the second part of Theorem [1.5]is equivalent
to Theorem [4.2l

5. HESSIAN CUT-OFF FUNCTIONS

In this section we construct (weak) Hessian cut-off functions starting from the distance-like functions
obtained in the previous sections. This will permit to conclude the proof of Theorem

Lemma 5.1. Let (M, g) be a complete Riemannian manifold and o € M a fized reference point. If there
ezists an exhaustion function h € C*°(M) such that for some positive constants D;, p >0, > ¢g; >0, we
have that

(i) Dir(2)? < h(z) < Dymax {1,r(z)?} for every x € M;
(i) |Vh|(z) < Dar(z)P==1, for every x € M \ Bs(0);
(iif) [Hess(h)|(x) < Dyr(x)P=22, for every x € M \ B;(o).
Then given a v > (Dy/D1)Y?, there exists a family of cut-off functions {xg} such that
(1) xr =1 on Br(o) and xr =0 on M \ Byr(0);
(2) |Vxrl < 7
(3) [Hess(xr)| < famee

Rmin{2ey,e0} *
In particular {xn} is a family of weak Hessian cut-off functions for every ei,es and of genuine Hessian
cut-off functions whenever ejea > 0.

Proof. Let I' = g—f > 1, and v > I'% a real number. Let ¢ € C°(R, [0, 1]) be such that

¢|(—oo,1"] =1, ¢|['yﬁ,oo) =0, |¢/| + ‘qb”‘ < a,
for some a > 0. For any R > 0, let ¢ € C°°([0,+00)) be defined by

or(t) = ¢ (DfRﬂ) .

Then a a
/ /!
|¢R’ < W ) |¢R < W
For each radius R > 1, define xr := ¢r o h. Then it is immediate to verify that {xr} meets the required
properties. O

We are finally in the position to give the
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Proof (of Theorem . Under the assumptions (a) or (b) of the theorem, applying respectively Theorem
or Theorem we get the existence of a distance-like function h with suitably controlled growth of
the derivatives up to the 2nd order. Hence Lemma [5.1| applies and guarantees the existence of a sequence
of (weak)-Hessian cut-off functions. Then Theorem [1.3|is a direct consequence of Proposition (b). O

6. THE SPECIAL CASE p = 2

Proof of Theorem[1.J) Let A\2(r(x)) = —D?(1 + r(z)?). By [8, Corollary 2.3] we know that there exist a
large constant v > 1 and a sequence of weak Laplacian cut-off functions {x,} C C2°(M) such that

(1) xn =1 on By(0);
(2) supp(xa) C an(0)§
(3) |Vxn| <<

(4) [Axa| < Co.

with C; and Cy independent of n.

As noticed in Remark it is sufficient to consider f € C°(M)NW?22(M). We want to prove that x, f
converges to f in W22(M). By properties (1) and (2) and the dominated convergence theorem it follows
that

[ 18 = sl >0,
M
as n — oo. Furthermore, by properties (1), (2), (3), and the dominated convergence theorem, we have that
/ IVf = V(xnf)|*dvoly :/ IVf = (xaVf + fVxn)[Pdvoly
M M
:c/ F2V xn|?dvol, + c/ (1 — xn)?|Vf[*dvol, — 0,
M M
as n — oo. We now note that
/ |Hess(xn f)—Hess f|?dvol, —/ (1—Xn)2]Hessf]2dvolg+2/ |Vxn\2]Vf\2dvolg+/ | f|?|Hessxn|*dvol,.
M M M M

Reasoning as above we get that the first two terms on the RHS converge to 0. About the last term, using
Bochner formula and our curvature assumption, we have that

2 2
div (fQVWX”’ ) =f2AWX”’ + (V£ V|Vxal*)

2 2
=/ [|Hessxu|? + Ricg(Vn, Vn) + (Vxns VAXR)] +2f[ Vx| (V.f, VIVn|)
2
> f*|Hessyn[* + f*Ricy(Vatn, Vn) + £ (Vxn, VAXn) — %MVW =2Vl IV S
2
> L Hessal? — 219XV A2 = X219 + div (280 Y x0)

= 2f A (V £, Vxn) = £*(Axn)?
> L Hessil? = 3193 PIVFE = XLV 2+ div (A% V) — 20
Integrating, we get that
(24) ;/M f?Hessx,|*dvol, < /M N 2|V xn [2dvol, + 2 /M F2(Axy)?dvol, + 3/M IV £12|V xn|*dvol,.

By property (3), and the dominated convergence theorem the last term on the RHS of converges to 0 as
n — 0o. Moreover, by properties (1) and (2), we have that Vx,, and Ay,, are supported in By, (o) \ By, (0).
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Hence, using property (3), the definition of ), and the fact that f € L?(M), we have that

/ M| Vx| f2dvol, = / NV x| f2dvol,
M Byn(0)\Bn (o)

1 2,2 B
< / =™ Pyl < € f2dvoly — 0,
M\Bufo) 7 M\Ba (o)

as n — oo. Similarly, by property (4),
/ F2(Axn)?dvol, < C3 / f2dvol, — 0,
M M\ B (0)

as n — oo. This finally gives our claim. O

7. A DISTURBED SOBOLEV INEQUALITY

In this section we first prove the following general disturbed Sobolev inequality. Then we will deduce
Theorem from the proof of Theorem

Theorem 7.1. Let (M™, g) be a smooth, complete non-compact Riemannian manifold without boundary.
Let o € M, r(z) = disty(z,0) and suppose that one of the following set of assumptions holds

(a) for some 0 <n <1, some D >0 and some iy > 0,

[Ricy|(x) < D*(1 + r(z)?)", inj,(z) > D 10 >0 on M.

1+7r(x))n
(b) for some 0 <n <1 and some D >0,
Sect,|(z) < D*(1 4 r(x)?)".

Let p € [1,m) and g = mp/(m — p) and let (o, B) € R x R satisfying B/p — a/q > 1/m. Then there exist
constants Ay > 0, A > 0, depending on m, p, a, 8 and the constant C' from Theorem [1.5, such that for
all o € CX(M) it holds

1 1 1
(/ Va]cp|qdvolg) e (/ V5|V<p\pdvolg) g (/ Vg\gp]pHp"dvolg) .
M M M

C™(r(z) —1)"" if r(x) >1+C1
1 otherwise,

Here

Va(x) = (r(z)+1)7™ (volg(B%,l1 (x))>_a, with Ry = Ry(x) = { )
and
Vo) = (max{L:r(2) — 1))~ (vol, (B, (a:))>_ﬁ © with Ry = Ro(z) = % min{1; r(z)"}.

Remark 7.2. As we will see in , a lower bound on the injectivity radius implies a lower bound on the
volumes. Accordingly, Theorem applies in more general situations with respect to Theorem e.g.
under the assumption (b), or in case the volumes of geodesics balls of (M, g) increase at infinity. On the
other hand, in Theorem [7.1 the value of ¢ = pm/(m — p) is fixed.

Proof (of Theorem . Let ¢ € C°°(M) be a positive function to be choosen later, and define a new
conformal metric § = €2?g. Then, for any X € TM, we have that
Ricy(X, X) = Ricy(X, X) — (m — 2) [Hess(¢)(X, X) — g(X, V$)?*] + g(X, X) (A¢p — (m — 2)|V¢[?)
Accordingly
Ricz| < C(m)e2? {|Ricy| + [[Hess(¢)| + [Vo[*]}
Now, let H € C*°(M) be the exhaustion function given by Theorem Without loss of generality we
can suppose that H > 1 on M. Indeed, if it is not the case, one can replace H with a new function which

approximates max{2; H} uniformly on M, and in C2-norm outside a compact set. We recall the properties
of H: for some positive C' > 1,
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e max {1,C"!r} < H < Cmax{1,r};
o |VH|(z) < C;
o |Hess H|(z) < Cmax {r", 1}.

Choose ¢ = nln(H). In particular, since e = H" > 1, (M, §) is complete. Moreover,

VH
= — <
Volia) =0 || < nC
and

< 2nC? max {r(z)", 1} .

HessH dH ® dH
Hessol(a) = |25 — P

H
Thus there exists a constant C' > 0 depending on m, 1 and C such that

C(m)
H?2n

(25) |Ricg|(z) < {)\(r(x)) + 2nC? max {r(z)", 1} + 17202} <C,

where we are still using the notation A\(r(x)) = D?(1 + r2)".
_ -1
Set v(z) = (Volg(Bf(x))) . Letting p € [1,m) and ¢ = mp/(m — p) and let («, 5) € R x R satisfying
B/p—a/q > 1/m, from [24, Theorem 3.8], we have the validity on (M, g) of the disturbed Sobolev inequality

1 1 1
(26) ( / |u|qvadv01§> <4 ( / §(Vu, @u)é’vﬂdvolg) "+B ( / |u|l’vﬁdvolg> ’
M M M

for all u € C2°(M), and for some positive constants A and B independent of u.
Moving back to the metric g, this latter becomes

1 1 1
(/ Ua‘u’qemd’dvolg) ’ <A (/ 9(Vu, Vu)ge(mp)¢uﬁdvolg> ’ + B (/ u‘Peme’vﬂdvolg) ’
M M M

for all u € C°(M), i.e.

1 1 1
(27) </ (]u\HTyvadvolg) <4 </ \Vu|PH(mp)?7U5dvolg> "iB </ |u\pHm’7v5dvolg> "
M M M

In the following we will simplify the notation by writing |V - |? for g(V-, V). Set ¢ = uH 7', Then
mn

u=@H < and
2
2m
Vul? <H 0 <\w\ + m"‘"'vm) :
q H
from which, using Jensen’s inequality, we deduce that
mn p
VulP <H 4 <|w + mmyvm)
q H
m p e
<P L |Vl 4 20! (”;”) o )P g g
and
m p m
\VulP Hm=Pn < 2P71H<m—P—TP)W|V(p‘p 2P 77;]”7> Hmnfpnf%fp‘v]_[‘p

m p m
<2 0w L tiop (20) B .
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Since |V H| is bounded, we finally get from (27))

1 1
</ ‘80|qvadvolg> "= </ (|u!Hn?zn>qvadvolg> !
M M

— mp p m ;
< A2 (/ [H(mpq)ﬂw\p + [P (m”> Hm”(?p\vmp} vﬁdvolg)
M q

1
+B (/ |<p\pHmnm;podvolg> ’
M
1 1
. mp P m p
< ([ e Dmarn,) o ([ =)
M M

—1 —1
where A’ = A2"% and B/ = A2 7 %C%— B, with C the constant in Theorem Note that % =m-—p,

[un

which in turn implies that mn — % = pn. Hence

1 1 1
(28) </ v (|])? dvolg> oA </ ]Vgp|pvﬁdvolg> "+ B </ |g0]pH7"7vﬁdvolg) "
M M M

To conclude, we need the following lemmas.

C™(r(x) —1)"" if r(x)>1+C!

Lemma 7.3. Forallz € M, Blg(m) C BY, (z), with Ry = Ry (x) = ,
! 1 otherwise.

Lemma 7.4. For all x € M, Bf(:):) D B}, (x), with Ry = Ry(x) = % min{1;r(x)""}.

According to Lemma [7.3] and using the point-wise control on H, we have that

/ Hm"(y)dvolg(y)>
BY, (@)

> C(r(a) + 1) (volg (B, (2)))

v (x) = (volg(By, ()" = (

while according to Lemma[7.4] we have that

B
v (2) < (volg(Bf, (2)) ™ = < / Hm"(y)dvolg(y)>
B

9. (@)
< OF(max{1;r(z) — 1})~Fm (volg(Bgz (z)))_ﬁ .

Inserting the previous inequalities in concludes the proof of Theorem
O

It remains to prove Lemmas [7.3] and [7.4]

Proof (of Lemma([7.3). Let y € Blg(:v) and o : [0,a] — M a minimizing geodesic of (M, g) connecting x
and y. Let ag = sup{s € [0,a] : o([0, s]) C B (z)}. Then

(29) 1> dg(z,y)
— [ 0.6 (s)as
0
° 5 &, 6)Y2%(s) ds
2/0 g(e,6)/=(s)d

ap
- / e g(6,6)Y2(s) ds
0

>inf{H"(z):z € Bdgg(x’y) (x)}dg(z,y).

g(x,y)
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Since H(z) > max{1;C~'r(2)}, we get
(30) dg(x,y) <1,
which prove the lemma when r(z) < 1+ 1/C. Otherwise,

inf{H"(2):z € ng(%y) ()} > C"(r(z) —1)".

Inserting in gives
(31) dg(z,y) < C"(r(x) —1)7".
This concludes the proof of the remaining case. O

Proof (of Lemma[7.4)). Let y € B}, (x) and o : [0,a] = M a minimizing geodesic of (M, g) connecting x
and y. Then

(32) Ry > dy(x,y)
= / g(6,6)?(s) ds
0

= / e~ %4(6,6)"?(s) ds
0

> inf{H"(2) : z € B} (v)}dg(x, y)

> inf{C™Tmin{1,r7"(2)} : 2 € B, (x)}dz(x,y).
Suppose first that 7(z) > 1+ Ra(x). Then BY, (x) C M \ Bf(0). In particular, for all z € B} (z) it holds
r~"(z) < 1, from which

inf{C™" min{1,77"(2)} : z € BY (x)} = inf{C™"r7"(2) : 2 € B (v)}
>C7"r(z)+ Ra] "

The relation implies in this case that

ds(z,y) <RaC" [r(x) + Ra]" = % min{1:r(z) "} [r(z) + Ra]"

<%7~(:1:)_77 [r(z) + Ro)" < T(a;)_n {T(w) + ;r <217t <1

since Ry < 1/2. On the other hand, if r(x) < 14 Ra(z), then for all z € B} (z) one has
r(z) <r(x)+ Ry <1+2Ry <2.
In particular min{1;7="7(z)} > 27" and implies
C™"27dg(z,y) < Ry < ?;

from which dg(z,y) < -1 < 1. O

Proof (of Theorem @) Suppose first that ¢ = mp/(m — p). Since the assumptions of Theorem are
satisfied, we have the validity of .

Reasoning as in the proof of Lemma one get the existence of R > 0 such that for all z € M \ B,(0),
p > 0, one has

(33) BY

¢ (@) C B ().
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Then

(34) voly(B, () > voly(BY, _, ., (x))

> inf{em¢(z) HIVAS Blgw—n(x) (x)}VC’lg(Bzr—n(m) (x))

> (r(a) — pr ()™ voly (B ) (2)
> rm;(x) VOlg(BzT—n(x) (2))

for r(z) large enough. Recall the following result by Croke.

Lemma 7.5 (Proposition 14 in [12]). There exists a dimensional constant Cy, > 0 such that for any x € M
and © > 0, if
Vy € BY(x), inj,(y) > 1,
2

then
voly(BY(z)) > Cypi™.

[ SIS

Let E = min{io/D;2} and choose i = i(x) = E(1 4+ r(x))~". There exists a positive radius R, large
enough depending on 7 such that for all x € M \ B%n(o) and for all y € BY (z) we have
2
E S 1 E S
Lr(y)n = 2 (A +r(x)" —
Then Lemma |7.5| applies and we get that for all x € M \ B%n(o)

injy(y) > (

Em
g
volg (BE(1+r(:c))*"/4(x)> 2 Cm 2m (1 + r(z))mn

Choosing p = E/4 in , we finally obtain that

(35) volg(B{ (z)) = volg(BY, , (x))
()
= 9 VOIQ(B%rfn(w)/4(x))
() E™
2 On =5 o o (@)
Cpn E™
>
- 2

if r(x) is large enough. In particular, since vol; (Bij (x)) is continuous with respect to x on M, it is uniformly

lower bounded by a positive constant on the whole M. On the other hand, Volg(Bf (x)) is also uniformly
upper bounded on M by Bishop-Gromov theorem, since Ricjz is bounded. In particular v® is uniformly
lower bounded by a positive constant, and v? is uniformly upper bounded, so that the conclusion follows

from )

The case g € [p,mp/(m — p)) can be treated similarly, using the standard Sobolev inequality instead of
(26). Indeed, according to [33, 1] (see also [23, Theorem 3.2]),

1 1 1
</ |u‘qdvolg> ! <A </ §(Vu, @u)gdvo@) "+B (/ |u|pdV01§) ’
M M M

for all u € CZ°(M). This latter is satisfied because of the bounds on the Ricci curvature and on the volumes
of small balls given in and . O
8. SOME FURTHER APPLICATIONS

In this last section we highlight some additional applications of Theorem and of the proof of Theorem
1.0l
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8.1. Full Omori-Yau maximum principle for the Hessian. Recall that a Riemannian manifold (M, g)
is said to satisfy the full Omori-Yau maximum principle for the Hessian if for any function u € C?(M)
with u* = sup); u < 400, there exists a sequence {z,},, C M with the properties

1 1 1
D ular) > =2, (1) [Vu(z)] <, (i) Hess(u)(2x) < 79,

for each k € N.

Letting o be a fixed reference point in the complete Riemannian manifold (M, g) and denoting by r(x)
the distance function from o, the full Omori-Yau maximum principle for the Hessian is known to hold e.g.
if the radial sectional curvature of M (i.e. the sectional curvature of 2-planes containing Vr), satisfies

k
Kra > —=C°(1+ ") [] (ln(j)(r)>2,

j=1

where log") stands for the j-th iterated logarithm; see [29].

The search of conditions weaker than a quadratic sectional curvature decay to —oo is a challenging
problem; see e.g. [2l Remark 5.6]. As a consequence of our results we can actually guarantee the validity
of the full Omori-Yau maximum principle for the Hessian under a Ricci quadratic bound and a linear
injectivity radius decay. Namely, let (M, g) be a complete Riemannian manifold, o € M a fixed reference
point and r(z) = dist,(z,0). Suppose that for some D > 0 and some iy > 0, we have that

(36) Ricy| (x) < D1+ r(x)?), (@) > 00 onM

1+7r(x))
Then the smooth exhaustion function H constructed in Theorem fulfill all the relevant requirements of
[29, Theorem 1.9] with the choice G(t) = 1 +t2. We hence obtain the validity of the following

Corollary 8.1. Under the assumptions , the full Omori- Yau maximum principle for the Hessian holds
on (M, g).

In this regard, one could also note that distance-like functions with controlled Hessian on an ambient
space are actually inherited by properly immersed submanifolds with controlled growth of the second
fundamental form. Indeed, using the same notations as above, suppose that (M, g) is a complete manifold
satisfying

(37) Ricy| () < D*(1+r(2)2)", inj,(z) > m >0 on M.

and let ¢ : (X,h) — (M, g) be an isometric proper immersion. Then, letting H be the distance-like function
given by Theorem on (M, g), we have that the function v : ¥ — R™ defined by

2
1= ()

is still a proper function. Moreover, letting {e;} be a local orthonormal frame on ¥, we can compute

V)2 =Zh<w ei)? = (H(w))QZhNMH, e;)?

<(H(p))!IVMH[* < C(H(p))? = 2C,

Denoting by (-)* the projection on the normal bundle of ¥, and by A(-,-) the second fundamental form of
the immersion, we also have that, for any X € T%,

Hessv(X, X) =h(Vx V7, X)
=g(VX(HVYH — H(VYH)"), X)
=H Hess ™ (X, X) 4 (¢(VMH, X))? — Hg(VMH)*, A(X, X))
< (H||Hess™ (H)| + VM H|? + |H||[V* H||Al) | X ?
Hence, using the properties of H, an application of [29] Theorem 1.9] yields the validity of the following
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Corollary 8.2. Let (M,g) be a complete Riemannian manifold, o € M, r(x) = disty(x,0) and assume
that assumptions (37)) are satisfied. Let ¢ : (X,h) — (M, g) be an isometric proper immersion such that
the second fundamental form A satisfies

|A| < C'r,

outside a compact set, for some constant C > 0. Then the full Omori- Yau mazimum principle for the
Hessian holds on (3, h).

8.2. Martingale completeness. A probabilistic concept, introduced in [I3], that in many instances seems
to be related to maximum principles for the Hessian, is the martingale completeness. A manifold (M, g)
is called martingale complete if and only if each martingale on (M, g) has infinite lifetime almost surely.
Even though recent advances, using the language of subequations by Harvey-Lawson, can be found in [27],
the relation between this property and geometry has not been fully understood yet. A classical criterion
for its validity is given in [I3, Proposition 5.37]: if on (M, g) there exists a positive function f € C? such
that
(i)f is proper, (ii)|Vf| < C, (iii) Hess(f) < Cy,

for some constant C' > 0, then (M, g) is martingale complete. It is hence a simple consequence of [30)
Proposition 1.3] that a manifold with bounded Ricci curvature and positive injectivity radius is martingale
complete. Up to our knowledge this was not yet observed in literature. One can then argue similarly to

the previous subsection to transfer this property also to properly immersed submanifolds with bounded
second fundamental form.

8.3. An L?-Calderon-Zygmund inequality with weight. In this final subsection, reasoning as in
Section [7], we give a proof of Theorem stated in the Introduction.

Proof of Theorem[1.7. Let H € C*°(M) be the exhaustion function given by Theorem As in the proof
of Theorem [7.1], without loss of generality we can suppose that, for some positive C' > 1,

e max {1,C7'r} < H < Cmax{l1,r};
e |VH|(z) < C;
o |Hess H|(z) < C'max {r", 1}.

Choose ¢ = nIn(H) and define a new conformal complete metric § := €2?g on M. We have in particular
that |Ricg|(x) is uniformly bounded on M; see (25). According to [20, Theorem B and Proposition 4.5],
one has the validity of the following Calderon-Zygmund inequality on (M, g): for all w € C°(M) and all
€ > 0, it holds

_ o 2\
2 2 2
(39) | Hess ulg|12; < =~ llull2; + (1 - 2) |AulZ,.

where C is the constant in .
Here and in what follows recall that Hess, A, V and |- |§ are respectively the Hessian, Laplacian,
covariant derivative and tensorial norm on M relative to the metric g. Moreover we are denoting || f HiZ =

[3s | f12dvolz. All over this proof, C; will denote real positive constants depending only on m, , D and the
constant C' in Theorem [
By standard computations, one has

(39) Hessu = Hessu — du ® d¢ — dé @ du + 9(Vu,Vo)g,
from which
¢*?|Hess u% = |Hess ulg + 2[Vu|§]V¢\f] + (m — 2)g(Vu, Vo) — 2g(Vu, Vo) Ayu — 4Hess u(Vu, V)
> [Hessu2 + 2/ Vu2[V[2 - (m — 2)|[VulZ| Vo2 = [Vul2Vof2 — |Aul?

1
- §]Hessu\f] — 8\Vu]§\V¢|§.
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Since |V¢|, < nC we obtain
— 1
|Hess u|§dv01§ > e(m=4)9 {2]Hess u|§ —(m+ 5)77202|Vu]§ - |Agu\2} dvoly.

On the other hand, tracing and proceeding as above, we get
|A uldvol; < 2e(m=1)® {|Au|2 + (m — 2)2172C2|Vu|3} dvoly.
m—4

Suppose that mT_‘ln (Tn — 1) # 0, the other case being easier. Inserting the two last inequalities in ,

and recalling that e? = H", we obtain

(40)  |H 2 Hess uly |72 < 2(m + 5)nP C H V"2Vl g||72 + 2| H D2 Aulf

B ~2
G H 2, + 2 (2 + C;) | Hm= 0272,
€

¢ -
2 (2 * ) (m — 2P C|[H 02|Vl |

= CE|H™ " u|| 72 + Cr | H D72Vl |72 + Col H D72 Aul|7,.

Now, given ¢ € C°(M), choose u = H~(m=491/2¢ We can compute that

m—4

v¢::—7?anW%®W24uVH>%H“”AWﬂvu

4 4 4
Hess ¢ =7 <m n— 1> HM=92=24H @ dH + anH(m_4)"/2_1uHessH

2 2
—14
+ mTnH(m_‘l)”ﬂ_l(du ® dH + dH ® du) + H™ 9"/?Hess v,
and
m—4 (m—4 (m—4)n/2—2 2 M—4 L (moay/2-1
Ap = 5 5 n—1|H e |VH| +T77H M uAH

+ (m — )nH™=/2=1g(Gu, VH) + H™ 2 Aq,
In turn, since [VH|/H < C, |Hess H|/H < C and H™=97/2 < H™1/2  this gives
[Hess @lgl|72 < 4] H™ D72 Hess uly |72 + Csl|H™ul|7. + Cal H™ 2|5l ||7,
and
1A@)Z2 > 4 H 72 Au|[Fe — O5 || H™ |72 — Col | H ™92 Vulg |72,

Noticing also that
|H 121G ulg||72 < 20 Velgll7e + Cr| H™ ?ul|7,

from , we thus get
I[Hess plyl|72 < CrllH* 0|72 + Csl[ Vel 72 + Coll Al 7.

To conclude the proof, we note that by divergence theorem and Cauchy-Schwarz inequality one has

11Vl|2 = /M Vep[2dvoly = — /M oA < 2|2 + 2] A2
< 2 H? o2 + 2] A,
]
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