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1 Introduction

Many problems arising in different areas of science and engineering such as,
for example, acoustics, aerodynamics, geophysics, electromagnetism lead to
the study of scattering problems and to the solution of partial differential
equations on exterior domains, whose unboundedness needs to be dealt within
the numerical simulation.

Among the methods that directly deal with the unbounded domain we
can count infinite element methods and the inverted elements method. The
former are based on a polar decomposition of the solution with suitable shape
functions which are integrable over elements that are extended towards infinity
(see for example [10], [11]). In the latter, the infinite domain is described
via a polygonal inversion mapping (see [7], [8]). Among the advantages of
this approach is the possibility of treating partial differential equations with
non constant coefficients and non local sources. However, as observed by the
authors in [8], while the method yields optimal convergence rates, when the
error is measured in the energy norm, it does not allow to obtain increased
convergence rates, when the error is measured in the weaker L? norms.

Problems of the described type, with constant coefficients (or approaching
constants at large distances) are usually solved by Boundary Element Methods
(BEMs). The mathematics of the BE approximation, especially in the Galerkin
version, is well established and the BEMs have been applied to a wide range
of elliptic and time dependent problems. It is however known that the main
drawback of the BEM is its cost related to the numerical computation of the
matrix entries of the associated discrete boundary operators, which becomes
expensive when large scale problems are considered. Moreover, once the solu-
tion of the corresponding boundary integral equation is retrieved, the solution
of the original problem at any point of the exterior domain is obtained by
computing boundary integrals. This procedure may not be efficient, especially
when the solution is required at many points of the infinite domain.

Another approach to the solution of these problems is based on truncating
the infinite domain to a finite one and applying the so-called Absorbing Bound-
ary Conditions (ABCs) or Non reflecting Boundary Conditions (NRBCs) at
a suitably chosen artificial boundary. In the engineering literature, the most
commonly used NRBCs are of local type. While their cost is comparable to
that required by the interior domain method associated to the discretization
of the bounded computational domain, they provide only rough approxima-
tions of exact boundary conditions at the artificial boundary (for a review, see
for example [20], [21], [22]). Therefore, when a high accuracy is required, the
bounded domain must be chosen quite large, and consequently the total cost
of the computation increases. In recent years the design of suitable boundary
conditions with high accuracy on a given artificial boundary has attracted the
attentions of many engineers and mathematicians. We refer to [1], [31], [24],
[25] for recent works on NRBCs.
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Alternatively, as proposed for some elliptic problems (see for instance [26],
[30]) NRBCs can be defined by using Boundary Integral Equations (BIEs).
Such conditions are of exact type (therefore more accurate than the local
ones), they allow the use of curves of arbitrary shape and can be used also in
situations of multiple scattering (see [24], [25]). The very recent one proposed
in [13], [14] [15] and [16] for time dependent problems, allows the problem to
have non trivial data, whose supports need not be included in the finite com-
putational domain. The NRBC naturally includes the effects of far away data
and is transparent for outgoing and incoming waves. The NRBC condition is
expressed in terms of the single and double layer operators, associated to the
BIE reformulation of PDE problem. However, its non locality in space and
time requires a high computational cost, in terms of CPU and memory occu-
pation. Moreover, such NRBC needs to be coupled with the internal domain
method. This is usually done by strongly imposing continuity of the solution
and of its normal derivative along the artificial boundary. Therefore conform-
ing meshes are required, and this can be a drawback especially when high
accuracy is required, which implies using a fine mesh for the interior FEM,
and, consequently, also for the mesh used in the discretization of the NRBC.

A possible remedy is to apply a mortar coupling strategy (see [4]), and relax
the pointwise continuity of the solution and of the flux to a weak one, by using
suitable Lagrange multipliers. Non conforming couplings between FEM and
BEM have been proposed in several papers. We mention here the applications
to elastic proplems ([29]), wave propagation problems ([28]), acoustic-structure
interaction ([19]) by using Lagrange multiplier approaches, or [23] where a
three field method is used in elastostatics. In the above mentioned papers the
mathematical analysis of the coupling strategies is not given. We have found
a complete analysis and the proof of optimal error estimates in the work of
[32], where a 2D elliptic problem is considered and a Dirichlet to Neumann
map is proposed as NRBC on the artificial boundary, whose shape is limited
to a circumference.

The aim of this paper is to provide a thorough analysis of the effect of
using this kind of weak coupling between FEM and BEM. To fix the ideas we
will focus on the 2D exterior Poisson problems, which is solved by using com-
putations only in an interior finite domain, bounded by an artificial boundary
B. The transmission conditions between the interior domain and the exterior
one, which is reduced to the boundary B via a BEM, are imposed weakly us-
ing a mortar approach. For the numerical discretization, we present a Galerkin
approach based on a finite element approximation in the interior of the com-
putational domain and on a piecewise linear approximation of the NRBC. In
a quite general framework we will present the analysis of the new proposed
approach, providing error estimates in the energy norm and in the L? norm
of the computational domain.

We will show that the proposed approach allows to use numerical grids on
B coarser than the one inherited on it by the interior FEM, with a consequent
strong reduction of the computational cost and the memory saving for the
computation of the matrix entries associated to the boundary integral oper-



4 S. Bertoluzza, S. Falletta

ators. Moreover, the possibility of choosing artificial boundaries of arbitrary
shape (convex or non convex curves) further allows to reduce the computation
due to the discretization of the physical domain. Finally, the approach pro-
posed allows to automatically determine the farfield behavior of the solution,
via the interior FEM.

2 The model problem

Let O¢ = R?\ O be the complement of a bounded rigid obstacle O C R2
having a smooth boundary I'. We consider the following exterior Dirichlet
problem:

{ —Au(x) = f(x), x € O°, 1

u(x) =g(x), xel.

We assume that the support of f is bounded and that f € L?(0¢). It is known
that Problem (1) admits a unique solution in the space

WHO) = {u: w(x)u(x) € L*(0°), Vu € [L*(0°)]*},

where w(x) = <\/1 + |x[? (1 +log /14 |x|2)>_1 (see [26]). Such a solution

displays the following asymptotic behaviour

u(x)—a+0<1> and Vu(x)0<i|2) for |x| — oo, (2)

x|

where « is a constant.

To solve (1) by means of a finite element method, we truncate the infi-
nite external domain by an artificial boundary B, defined by a smooth curve.
This boundary divides O¢ into two open sub-domains: a finite computational
domain (2¢, which is bounded internally by I' and externally by B, and an
unbounded domain £2¢ = R?\ 2* U O. We assume that the artificial boundary
B is chosen in such a way that the support of f is included in £2° and that the
function f is null in a whole neighborhood of the boundary B. Then, Problem
(1) can be split into two problems: a problem set on the interior domain

{-Aui(x) = f(x),x € 2

u(x)  =gx),x€el,
and a problem set on the exterior one
—Au¢(x) =0, x € 02°. (3)

Denoting by A* = 0p,u’ and \¢ = 9, u°, n; and n, being the unit normal
vectors on B pointing outward of 2° and (2°, respectively, the two problems
are coupled by the conditions

u'(x) = u®(x), MN(x) + A\(x) =0, x € B. (4)
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It is known that the solution u® of (3) in 2° can be represented by the
Kirchhoft’s formula

u(x) = VA°(x) — Ku®(x) + o x € 2°, (5)
where V : H=/2(B) — H'/?(B),

Vip(x) = /B G(x — y)b(y)dBy,
and K : H'/?(B) — H'/?(B),

K(x) = /B On.G(x — y)p(y)dB,

are the single and double layer integral operators. The function

Gx) = — 5 los([x)

is the fundamental solution of the Laplace equation —Au® = 0. We use the
trace of (5) on B as NRBC, that reads

S0 = VX () K () o, x € B, (©)

Furthermore, we know (see [26]) that the asymptotic conditions (2) coupled
with (5) imply that (A°, 1) = 0, where (-, -) denotes the duality pairing between
and H~'/2(B) and H'/?(B). We then introduce the spaces

V; = H;,F ={uc H'(2") :u=gonT},
Vi=H} p(2)={ue H(Q):u=00onT}, V°=HY*B)
A= H™V2(B), A°={peH'?*B): (u1)=0}, (7)

and, for any w € H'(2?), we denote by ~,(w) its trace on B, which belongs
to H'/2(B). Then, introducing the bilinear form a : H'(2%) x H'(2) = R

a(v,w) = /Ql Vu(x) - Vw(x)dx,

and denoting by (v,w)ni = [ v(x)w(x)dx the L?(2") scalar product, we
write the weak formulation of the coupled problem as follows:
find u’ € V), A" € A", u® € V¢, X® € A° such that for all v € V', v® € V¢,
pt € A and pf € A¢
a(ui7vi) - <)‘ia’}/svi> (
2, VAY) — (i, u) — 2(ue, Ku) = 0
(AT 4 \e,0¢) =0,
<,uia75ui 7ue> =0
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where the transmission conditions (4) are enforced in a weak form.

We remark that in equation (8) the solution in £2¢ enters only via its trace
on B. Therefore, for the sake of notational simplicity, we denoted such a trace
by the same symbol u€, as there is no need of distinguishing between functions
in H'(£2¢) and their traces on B. Moreover observe that, as we test equation (5)
with u¢ € A°, satisfying by definition (¢, 1) = 0, the unknown constant « does
not appear in the formulation (8). Nevertheless, the asymptotic behavior «
will be automatically determined tanks to the coupling with the interior FEM
method, since, contrary to A¢, the multiplier space A’ contains the constant
functions.

As usual we can reduce the non homogeneous boundary condition on I” to
an homogeneous one by splitting u’ as the sum of a suitable fixed function in
V and of an unknown function in V*. We therefore from now on consider the
case g = 0. Problem (8) is well posed, as stated by the following Theorem.

Theorem 1 For g = 0, Problem (8) admits a unique solution (u®,u, \, \¢) €
Vix Ve x At x A® satisfying
w10 + w2, + NN 21/2.8 + XN 21j2,8 S 1 F vy (9)

Proof In order to analyze the method, we let V = V% x V¢ x A°, endowed with
the norm

1w, Ay = lu' [l @i + ullljz,s + Al -1/2,5,
and we let a: V xV — R be defined as
a(u’,u®, N 0", 0%, 1®) = a(u’, v) +2(us, VA — (u®,u®) — 2(u®, Ku®) + (X, v°)
and b:V x A" — R as
b(u', u®, A ') = (', ypu’ — u®).

The problem can then be rewritten as: find (uf,u®,\¢) € V, A € A? such
that for all (vi,v¢, u¢) € V, ut € A*

a(ut,u®, A% 08 ve, u®) — b(vh,ve, ué A = (f,v%) o,

b(ul, u®, A% ') =0.

Following [9] (Theorem 1.1 Section II.1), in order to prove that such a
problem is well posed we need to prove an inf-sup condition for b and a second
inf-sup condition for a on the kernel of b. The former is stated in the following
proposition, which is an immediate consequence of the duality between vgV*
and A"

Proposition 1 It holds that

b(u; \!
inf sup _ bwX) > 1.
xieae uev [[ullv[|A 21 /2,5
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Let us now consider the restriction of the bilinear form a to ker b. We start
by observing that

kerb = {u = (u’,u®,\%) € V:u® = qgu'} ~ V' x A°.
The two inf-sup conditions

inf  sup _a(uiv) =1 and inf  sup _a(uiv) =1
uekerbyeperb [[ullv/[vilv vekerbucrer b [ullv[v]lv

reduce then to

inf sup a(u’, ypu', A v', ypv', pu€)
AV (1 e ae (08,0, NI, 0, )] ~

and

. a(uz7’yBuZ7Ae;vz7fvaz’ue)
inf sup - . - . 2 1.
(v8,ue)EVIXAC (yi Ne)eVix Ae ||(U NUP )”V”(U 0,0 )”V

These are not difficult to prove in view of Lemma 2 of [26]. The above men-
tioned theorem of [9] gives us the thesis.

Corollary 1 For all g € HY*(I'), Problem (8) admits a unique solution
(ut, u®, N, \°) satisfying

||Ui||1,m + w1 /2,8 + H)‘iH—1/2,B + XN =1/2,8 S W lvey +lgllijz,r-

Remark 1 We remark that, as the solution of (8) satisfies (A, 1) = —(\¢,1) =
0, we could also think of strongly embedding the zero average condition in the
definition of A?. However, it is not difficult to check that for such a choice we
would not get a well posed problem, as equation (8) would only determine
up to a constant.

2.1 Galerkin discretization

We present here a class of Galerkin type discretizations of Problem (8), which
includes, but is not limited to, finite element methods. In Section 3 we will give
an example of an order one discretization that falls in the framework consid-
ered. Once again we focus on the case of homogeneous boundary conditions on
I'. The results for the case of non homogeneous boundary conditions can then
be obtained by standard arguments, under suitable standard assumptions on
the discretization.

Let Vi Cc Vi, V¢ C Ve, AL C A* and A C A° denote finite dimensional
subspaces, and let ap : Vi x Vi — R and (-, : A" x Vi — R denote
two bounded bilinear forms, respectively approximating a and (-, 7y,(-)). We
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consider the following discrete problem: find ul € Vi, ug e Ve, N e Al
Aj, € Af, such that for all v; € Vi, vf € Vi&, iy € A}, puj € A5,
ah(ung;;) - <)\;z5v;7,>h = 71}2)9""
2<:U‘27 V>‘Z> - <Mi,ui> - 2<MZJCUZ> =
(N + A%, v5)

<,U‘;La U;l>h - <:U‘;m uz>

)

(10)

(

0
0,
0

)

or, in compact form: find w, = (ui,uf,\5) € V), = Vi x Vi€ x A5, i € A}
such that for all v, = (’U;L,Uf“,qu) €V, ,u}l € Alﬁ it holds

ap(up;vy) —ba(vii A,) = (f,0h) 0
bh(uhvlu‘;l) = Oa

with
an(up; vi) == an(uj, vh) + 2(uf, VALY — (i, ui) — 2{uf,, Kug) + (Af, vf),

and
b (wn; p,) = (b uh)h = (s )

Remark that, for the sake of simplicity, we assumed that the couplings be-
tween V,¢ and Aﬁw V¢ and AF as well as the right hand side and the integral
operators are computed exactly, while the bilinear form a and the coupling
between V;' and A! are only approximated. As we will see in Section 3, this is
what happens when, for the interior problem, the geometry of the domain is
approximated by a polygonal mesh, while the boundary B is described exactly
via a parametrization. Of course one could choose to approximate also some
of or all the other bilinear forms. The resulting method could be analyzed by
the same approach, yielding similar results.

We assume that the discrete spaces and functionals satisfy the following
assumptions.

A.1 The discretization is of order & > 1, that is, the following direct inequalities
hold for all w € VN HF1(02Y), z € H*1(B), n € H*(B)

inf |Jw—vjll,00 S hE w1, 0, (11)
vREVE
inf € < hk+1/2 12
v;lgv,f Iz = vpllij28 S he lzllk+1,8 (12)
inf (g —phll—1/2,8 S REInllk-1/2.8 (13)
Ky €AY
inf |9 — puill—1/0.8 S RET2 |0k, (14)

uy €A
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A.2 For all t < 3/2, V¢ C H'(B) and the following inverse inequality holds: for
all u, € V¢, and for all s with —1/2 <'s <t we have

lulles < he™ llublls 5. (15)
A.3 The spaces V;' and A} verify the following assumptions:

(AhsVn)n
Anll=1/2,8vn

inf sup ) (16)

>‘h€/‘2 U}LGVhi

o ™~
ah(vh,vh) 2/ ||Uh||im: for all vy, € V;Z : <,uh7vh>h =0 Vuh S A;’L (17)

A4 For all u,vi € Vi, ui € Al we have

U,

1191‘, (18)

L_Qi. (19)

|a(up, vh) = an(up, o) S hE il e

[{tths vh) — s vidnl S BE il -1 2,510,
Under such assumptions, the following theorem holds.

Theorem 2 There exist hg > 0 and v > 0 such that if h;,he < hg and
hi/he <, then the discrete problem (10) has a unique solution satisfying

H%Hl,m + lup 12,8 + ||)\Z||71/2,B + Al =1/2,8 S I flleviy -

Using [9] (Theorem 1.1, Section II.1) once again, in order to prove the well
posedness of our problem it is sufficient to prove

1. that an inf-sup condition of the form

b )
inf  sup h(“’;’“ AR (20)
wi €y wpevy, [anllvllpgll-1/2,5

holds;
2. that, setting

kerby, := {u, € Vi, : bp(up; i) =0 Vul, € AL},
the problem of finding uy, € ker by, such that for all v € ker by,

ap(up;vy) = L(vy) (21)
is well posed for all L € V.
The inf-sup bound (20) derives easily from (16). Let us then concentrate

on the well posedness of problem (21). We start by characterizing ker by,.
Let £}t : H'Y/?(B) — V} be a discrete harmonic lifting operator, defined as
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LHu® = uf, where (uf,\;) € Vji x A& is the solution of the following saddle
point problem:

ap(uf,vp) — (A5, vi)p =0, Yol € Vi,
) ) ) ] (22)
<M§L7u;(b>h = </j‘27ue>7 V/J,';L S A;L

It is easy to see that, thanks to Assumption A.4, Problem (29) is well posed
and that for all v € H'/2(B) we have

L7 ol + 1IN 12,8 S ol (23)
We have the following proposition.
Proposition 2 uy, = (u},u$, ) € ker by, if and only if
uj, = uj, + LI (uf) (24)

with u% € Vf? = {uh € Vhi s {up,upyp = 0, Yy € AZ} Moreover, for all
uy, € ker by, with ui, = uf) + L]t (u§) it holds that

lanllv = lupllsei + luf /2.6 + IAGl-1/2,5-

Proof 1t is not difficult to verify that any triple (uf,u$,\$) with u} and u$
satisfying (24) is in ker by,. On the other hand, (u},u§,\y) € ker by, implies

(s un ) = (s i) = (s L3R 0y Vi, € A,
Then uf) = ul — L7 (u§) € V)2, and, since it is not difficult to verify that
il < 1CF Rl @i + lupller S lubllhyzs + llupl,en
we get the thesis.

Proposition 2 states that ker by is isomorphic to V}? x V¢ x A7 uniformly in
h. The isomorphism takes the form

(u) + L7tu§,ub, \S) € kerby, < (ul), uf, \) € VP x Vi€ x A5,
Proving the well posedness of (21) reduces then to proving an inf-sup condition
on the bilinear form a: (V0 x V¢ x A%) x (V;¥ x V¢ x A¢) — R defined by

a(up, uf, A vh, Vi, 1) = an(up, vp) + 2(uf, VAL) = (i, uf) + (O, o)
_2<M27 ’C“2> + Sh(uza UZ)

with
sn(uf, vf) = an(Lhfug,, L)

In order to take advantage of the characterization of ker by, provided by
Proposition 2, in the next lemma we study the approximation properties of
the discrete harmonic extension operator.
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Lemma 1 Letting H : HY/?(B) — H'(02') denote the harmonic lifting, L}tv
approximates Hv and we have the following error bounds, the first one holding
ifve HY* Y (B) with t > 1/2:

127 = Holly o S R 0218, (25)
H/:ZLU - HU||Hk—1(Qi)' N hf||”||1/2,87 (26)
L3 —vll1ja—k8 S BE(]1)/2,8- (27)

Proof We observe that Hv satisfies

a(Hv,w) — (On, Ho,w) =0, Yw € V¥
(s v8HY) = (1, v), Vu e A"

Let us then assume that v € H'/2+(B). We can use [9, Proposition I1.2.16],
and we have that

[Ho = L} oll,0i + 100, Ho = Al 212,

< inf ||Hv-— Uh||17gi + inf ||On,Hv — /\hH—l/Q,B
’UhGV;z )\)1,6/17;L

sup |ah(HU7wh)—<3n,-'HU7wh>h\+ sup [(h,, Hop — (i, Ho)|

+ d
wp €V} Hwhﬂl,m pi €Al ||M2Hf1/2,8

(28)

The first two terms on the right hand side can be bound thanks to Assump-
tion A.1, while we bound the third term by adding a(Hv,wp) — (On, Hv, wp)
which is null and using a triangular inequality, yielding

|CLh(HU,wh) B <6niHU?wh>h| < ‘ah(Hanh) - a(Hanh”

||wh||17m
|{On, Hv, wp) — (On, Hv, wp) 1|

[wn 1,

||wh\|1,m

Now, letting v,{L € Vhi denote the H!({2) projection of Hv, using (18), using
(19), we can bound
lap,(Hv, wp,) — a(Hv, wp)]
S lan(Ho = vj, wp)| + la(Ho — v, wp)| + lan (vf,, wp) — a(vg, wy))|
S Ho —vpllvallwnlly, o0 + 0F g 1,00

S EPM )y o

wh||1,m

willor S B ol o sllwnllor-

Similarly, letting pf € A denote the H~1%(B) projection of 0y, Hv, we
can bound

(O H, W) — (O Mo, wi)n| S (|0 Ho — b |1 2.8l wn 1.0
in{t,k
+ h wn) — (b wn)al S B0l o s o0

in{t,k
§h;nm{ }||U||1/2+t,m

wh”uzu
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where we used that for t > 1/2, v € HY?T*(B) implies VHv € H'(£2") which
admits a trace in H*~/2(3). By the same arguments we also have

|<:uh7Hv> - <:U’h7Hv>h|

S lpnll-1/2,51Ho — vy h

L+ n, vn) = (e, vn)al

in{t,k
S i 18 e 151 Py

(25) easily follows.

We next need to bound

/ (L) — Ho(x)) o(x) dx
[LHv — Holl gr-r(@iy = sup & :

PEHE—1(02) Pl k—1,0

Let v? be the solution to —Av? = ¢, v® = 0 on 82 = I'UB, and let v} € V}i,
wi € Al be the solution to

ah(”ﬁv“’h) - <M27wh>h = f_Qi pwp, Vwy € V;f7 (20)
(1, vh)n =0, Vi e At

Observe that, with the same arguments used to prove (25), it is not difficult
to prove that

[v? = w00 + 1000 = i ll-1/2,8 S BV lksr,00 S AT I0—1,0:

Integrating by parts and using the definition of £} and of v} and ui, it is
not difficult to check that we can write

/ (LT 0(x) — Ho(x)o(x) dx
Ql

= o V(LHu(x) — Ho(x)) - Vo?(x) dx

- / (£10(x) — 0(x))O, 0" (x) dBx
B
<T4IT4+III+1V+V,

with
I= V(L v(x) — Ho(x)) - V(v?(x) — v} (x))dx
i
< \E?fv - H””l,ni v? — ”;z| 1,028 < thU||1/2,B||¢||k—1,Qi§
11 = | [[(£78060) = 0(0) (00,0 (x) = () B

S LT = vllh2,5100, 07 (%) = 13, () | =172, S A lvlhy2,510 k1,00
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IIT = |<M27/~:H Y — <M§u£H MBS hfH%”—uz,zz”ﬁ;:t””l,m N hf||¢||0,ls||UH1/27B;
‘a(ﬁh v Uh) ah(‘Ch v Uh)‘ S h?Hﬁ?{[UHLm '
S hi‘CHU||1/2,B||U¢||1,Qi S hf
and, since the definition of v} and v® yields (A}, v ), = 0 and (On, Hv,v?) = 0,
= lan(LF v, 03) = a(Ho,vh)| = [N, vi)n — (On, Ho, v, — 0)]
S 1100, Hol - - S B olly2.8l6llk-1,00-

Combining the five bounds we easily obtain (26). As far as (27) is con-
cerned, we have

P —w

[:H _
1LY = vllij2-s = sup T
pEHE—1/2(B) ||¢||k—1/275

We can write, for ¢, € A arbitrary
(&, L v —v) = (¢ = ¢n, Lo = 0) + ($n, L0 =)
<¢ (,bh, ‘Ch v = U> <¢ha ‘C’;L-Lv> - <¢h7 ,C:;L?)>h
S LR vll0ille = dnll-1/2.8 + Bl L vl o

where we used the definition of £]f and Assumption A.4. Choosing ¢, € Aj
as the H—1/2 (B) projection of ¢, thanks to Assumption A.1 we easily see that
(27) holds.

onll-1/2,8

In order to prove the well posedness of the discrete problem, we start
by proving the following lemma, which compares s, to the bilinear form s :
Ve x V¢ — R associated to the Steklov-Poincaré operator:

s(u®,v®) = a(Hu®, Ho®).

Lemma 2 For all t with 1/2 <t < 1, there exists a positive constant ¢; such
that for all uj,v;, € V¥ we have

|s(uf,, vf) = sn(uf, )| < e (hif/he)* ||uf 12,5105 12,5
Proof We have
[s(ufy, vf) — sn(uf, vp)| = la(Huf, Hopy) — an(Llfug, L1fop))|

< |a(Huf,, Hoj, — Lof)| + |a(Hug, — Litug, LFy)]
+ la(LHtug,, LTvf) — an(LFtug, L)
S h?“”i||1/2,BHUZ||1/2+t,B + h§HUZH1/2+t,B||UZ||1/2,B

+ h¥

where we added and subtracted ﬁ#vfw and we used Lemma 1 and Assumption
A.4. Finally, as h¥ < (hi/he)?, by using Assumption A.2, we have

|s(uf,, vf,) — sn(uf, vi)| < (hi/he) l|u 12,8105 11 /2,5-
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Let now
s (Uhs A Vi if,) = 2(pfy, VAR) = (i uh) + (N 0i) — 2{uf,, Kug) 4 sn(uf, 07
Lemma 4 of [26] yields the following Lemma.
Lemma 3 For all (uf, \}) € Vi¢ x A, we have
Sh ue,)\e;ve7ue e e
oup STy
(we e yevexas [0h 2,8 + 1ugll-1/2,5
Proof Let s : (V¢ x A¢) x (V€ x A°) = R be defind as
s(u®, A% 0%, u) = 2(us, VA% — (u,u®) + (A%, 0v°) — 2(u°, Ku®) + s(u®,v®).
As a corollary to Lemma 2 in [26], it is easy to show that there exist (v, u¢) €
Ve x A° such that
s(u®, A% v, 1)

luélliy2.6 + l1éll-1/2,5
Proceeding then as in the proof of Lemma 4 of the same paper, it is not
difficult to prove the existence of (a5, A7) € V¢ x Af, such that for some a > 0
independent of h,

s(up, Aji Uy AR)

a5 1l1/2.5 + ARl ~1/2.8

2 w28 + A1 /2,8- (30)

> a||lupll1/2,8 + 1M |1=1/2,8)-

Without loss of generality, 4§ and ¢ can be chosen in such a way that
lagll1/2,8 + ALl =1/2,8 = l[uglli28 + ARl -1/2,8-

Now we have:
sn(uf, M3 @5, AG) = s(uf, i @, AR + sn(uf, af) — s(uj,, @)
Using Lemma 2, we can then write
sh (W, i @6, A7) = o[l 112, + 1Nl -1/2,8)°
—ci (hi/he)* (lull1 /2,8 + [ING ] -1/2,8)*.

Provided (h;/h.) < p, with p chosen in such a way that 3 = ¢;p?" < «a, we get

sn(uh, Ajif, ML) 2 (@ = B) (Il lhy2,8 + X -1/2,8)°. (31)

The thesis easily follows.

Thanks to the coercivity of a; on V;? , we immediately have the following
corollary.
Corollary 2 For all uy € ker by, we have
ap(up; vy
sup  22(ERVR)
v Eker by, ||Vh||V

Theorem 2 easily follows.
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2.2 Error estimates in the energy norm

Under the assumptions of the previous section, the method satisfies an error
estimate with optimal order, as stated by the following theorem.

Theorem 3 Under assumptions A.1-4, if the solution of Problem 1 verifies
uloi € HFYL(82Y), then the following error bounds hold true:

lu® =l jo,s + 1A = Ajll-1/2,8 S (b + R ) ulligron (32)

Ju’ — U%Hl/z,B + [N — Z||—1/2,B S (W + h§+1/2)“u”k+1,9i~ (33)

Proof We start by observing that, in general, if the solution of Problem 1 ver-
ifies u|pi € HFT1(02%), we have that u¢ € H*T1/2(B) and that \' = —\¢ =
On,u € H k—1/ 2(B). However, under our assumptions, namely that f is sup-
ported away from B, u is harmonic in a neighborhood of B and hence u¢ and
Al = —)\¢ have a higher regularity. In particular we have that u¢ € H*+1(B)
and \* € H*(B) with

lullks1.8 S N ks, NNk S [ g, (34)

Moreover we have that the right hand side f = —Au verifies f € H*~1(§2?)
(actually, with the assumptions we made on the domain 2, f € H*~1(0) if
and only if u’ € H*1(027)).

Let us introduce the compact notation u® = (u°, A°) and u§, = (uf, A}),
and let wi = (wy,,n;,), where wi € V¢ and n;, € A7 denote, respectively, the
H'Y/%(B) projection of u® onto V;¢ and the H~1/2(B) projection of A® onto AS§.
Setting v’ = Hv® and v} = £#vi in the first equation of, respectively, (8) and
(10), it is not difficult to check that u® and u§ satisfy, respectively

s(u®,ve) = £(v°), Wv¢ = (v°, u°) € HY*(B) x H~Y/2(B), (35)

and
Sh(uivva) = fh(vi)7 sz = (Uic;?.UJZ) € Vhe X AZ? (36)

with
f(v°) = o f(x)Hve(x) dx, fr(vy) = o f(x)LTtvg (x) dx.
As in the proof of Lemma 3 (see (31)), there exists v§ = (05, i5) € Ve x A§,
which we can normalize in such a way that ||[V§|ly = ||u§ — w§||v, such that
[uf, = Will5 = [luf, — willvlVillv S sn(af, — wi, ¥7).

Now, adding and subtracting s(u®, v{) and s(w§,, ¥ ), and using (35) and (36),
we can write

sn(uy, — wi, Vi) = (v,) — £(¥5) (37)
s e
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Let us then separately bound the different components at the right hand
side. We have:

[ (Vi) — £(Vi)| = o FO(L]E05(x) — Hoj (x)) dx

S im0 1CR 0, — HO || i1y

Using (26) we can then write

[£0(95) = £5) S RNl

iz S P, 95 v (38)

Next, using A.1 and (34), we have

REFL2 g1 81 1% v

S ullps0 Vv (39)

s(u® —wj, Vi) S [u® = willv|[Villv S

Finally, we have
Is(wh, Vi) = sn(wi, Va)| = lan(Chfwy, L1F07) — a(Hw, Hop))|
< lan(Lhfwp,, Lff05) — (ﬁ?wiiﬁiﬂ
Ha(Lh (wf, — u®), L3o5)| + la(Lhfu® — Hus, L]F07)]

Ha(Hue, LFFo; — Hop)| + |a(H(u® - wf), Hop)|

S hfllﬁ}i‘willm

[’;;z{’ah”l,ﬂi

|| Hu® — L]t °ll1 o

O llij2,8 + la(Hu®, Lh oy, — Hop)l,
where we used Assumption A.4. |[Hu® — L]tu®||; oi can be bound by using
Lemma 1. Moreover, Assumption A.1 and (34) yield

< plH/2 < ph+1/2

[ —whll1/2.8 S (KOS [PRSRERS [l

Now, integrating by part, we can write

/5‘7-Lu (LHo —05)

S ||3niHue”k—l/2,BH£h op, — 17;||1/2—k,13,

la(Hu®, h”h ‘—

which, using Lemma 1 once again, finally yields

(W, Vi) = su(wWi, V)l S (e ™2 4 B)[ullira,00 195l (40)

Bounding the right hand side of (37) by combining (38), (39) and (40), we
get (32). Bound (33) is then not difficult to prove. In fact, observing that u’
and A\® are solution to

{a(uivvi) - <)‘i7’7BUi> = (f7 vi)Qia

41
<Ni375ui> = <Niaue>a ( )
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using [9, Proposition I1.2.16] once again we can write

[u® = upll00 + N = Ml crjes S inf flu’ —vpll g+ inf [N = gl o128
v, €Vy HLEAL

an (', wh,) — (X' wi ) — (f, wh) e

+ sup

w};EV,f ||w;1||1,91
+ sup <€;z7u7>h B <£;7,7ue> + sup <€;1,U€> B <§}zu uli> )
gL e, [ISAIRSYER gieAl 1€ 11-1/2,5

We bound the first two terms using Assumption A.1, which gives us

inf lu' = vjlhos + inf N = pglloies S [P
VeV WA,

Using (41) and Assumption A.4, we have

< b flwh]

|ah(ui7w2) - <Ai,w§;>h - (f, wﬁl)m 1,820 UZ||k+1Q

Since u® = ygu’, and in view of the definition of £L}* we can write

(st )n = (Ehu)] = [(Ehs Hu — L u)nl
S ||§ZH71/2,B||HU6 - E#uelll,m S hf||ue|\1/2+k,6

€ ll-1/2,5,
and, using (32),

[(€h u®) = (€ uid| S I€hl-1 2510 — il /2,5

S (b + R -2 8l ull g1, 0

(33) easily follows.

Remark 2 The higher regularity of the solution in a neighborhood of the
boundary B allows us to obtain an error estimate where the meshsize h. for
the spaces used in the discretization of the integral operator appears with a
higher exponent (namely k + 1/2 rather than k). As continuity is only im-
posed weakly, this allows to use a coarser mesh for discretizing V¢ and A?,
with consequent savings both in CPU and storage requirements.

Remark 3 The assumption, made at the beginning of Section 2, that I is
smooth, is essentially needed only for the duality arguments ¢ la Aubin-Nitsche
used in deriving the error estimates. In particular, the smoothness of I is
needed to derive the bound on [|£7¢6§ — Hig | rr—1(0i) . However, such an
assumption is not needed to prove the well posedness of both the continuous
problem (8) and the discrete problem (10), results that hold, with unchanged
proof, also in the more general case of a Lipschtiz boundary. Remark that, if I
is piecewise smooth, rather than globally smooth, the error estimate can still
be proven, provided the discretization spaces are chosen in way well suited to
deal with the pointwise lack of smoothness of I
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2.3 L? error estimate

We want now to give an estimate on the error e}, = u’ — u}, in the weaker
L?(02%) norm. In order to do so, always assuming that A.1-4 hold, we make
the following stronger assumption:

A.5 For v,w € WH>°(02%), u € L*(B) it holds that

ja(v, w) = an(v, w)| < BT V]lo 00,01 [ Vello,c0, 01 (42)

as well as
(s w)n = (i w)| < R ullo.sl|vh llo,c0,0:- (43)

Moreover, we assume that V;' and A} satisfy the following additional direct
and inverse inequalities.

A.6 The spacesAi and V} respectively satisfy A% C L*(B) and Vi C W (07,
and the following inverse bounds hold: for all uj, € A%, v, € V', and for
all s,t with0 <s<t<1

1/2

lpnllo.s < by llinll-1/2,8, (44)

vallt,o0,2i S B vnlls 00,00 IVurllo,oo,0i S h71/2|vh|1,m- (45)
A7 For all u € H™(£2%),2 <m < k + 1 there exists wy, € Vhi such that

0,00,0¢ + Rl V(= wp)lo,co,00 S R[], 00

llu —wnlly, 0 + |lu—wn

We start by proving some bounds on the discrete solutions in the stronger
norms appearing in Assumption A.6. More precisely, we have the following
Lemma.

Lemma 4 Let u’, A\, u®, \° and ui,, i, u$, XS be the solutions of (8) and (10).
Then, under the additional Assumptions A.6-7, if he < hi/s we have

||VU2||o,oo,m S by |ull2,00, foralle >0 (46)

1N

0.8 S 1N llo,5, (47)
the implicit constants in the first inequality depending on €.
Proof Let wy, denote the approximation of u given by Assumption A.7 for

m = 2. Adding and subtracting wy,, using A.6 for wy, and subsequently adding
and subtracting u we can write

Vb llo,00,00 S IV (= wn)llo,c0,00 + 15 “llwn = ulli—c 00,00 + 7 [l —c 00,0



FEM solution of exterior elliptic problems with weakly enforced integral NRBCs 19

We bound the first term using, once again, A.6, then adding and subtract-
ing u, and using A.7 as well as Theorem 3:

IV (i, = wn)llo.00,20 S B2l = wnll1 o
—-1/2 ;
S b2 (g, = ully o + Il = willy o)
—-1/2
Sh i+ W) ullz.00 S Nullo,gn
We next bound the second term by using A.7, which, by space interpolation
yields
hi “llwn = ulli—c 00,00 S hillull2,e-

Thanks to the injection of H2(£2%) in W1=°°(0%) we also have
hi “llulli—e 00,00 < i ©llull2, 01,

finally yielding (46).

Letting now ! be the L?(B) projection of A\ onto A%, and proceeding in
a similar way as before, we can write

1N llos S NG — skllos + ko,
SR P(INL = Nl ajas + N = ihll—1/2.8) + 1N lo,5-

The bound (47) then follows from combining Theorem 3 with Assumption
A.1, and using a standard Aubin-Nitsche’s duality argument to bound ||\ —

phll=1/2,8-

Observe that a bound similar to (46) can be proven for z € H?(") and
zp, € Vil its H'(£2%) projection. Then, letting now u?, X, u®, A\¢ and uf, i | u$, ¢
be the solutions respectively of (8) and (10), under Assumptions A.5-7 we have
the following corollaries, the implicit constant in both inequalities depending
on €.

Corollary 3 For z € H*(§2"), z, € Al denoting its H'(£2") projection, we
have
h/'chle

|a(uj,, zn) — an(up, 20)| S [0 2,01 2]]2, 0 for alle >0
[\ 20) = (N 2ndal S BN o, 112 12,0
Corollary 4 For ¢ € L%(B) it holds that

¢ i) — (¢ up)nl S BEFEIICNo s lullz, 0

We now introduce z € V', ( € A® such that for all w € V?, £ € A° it holds
that

aw,2) = (Cgw) =2(CKe) = | ew.
2(G,VE) +(6,2) =0.
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We have the following smoothness result (see [26, Lemma 3]): 2 € H?(£2%)
¢ € HY?(B) and it holds that

0,27 (48)

We set: 2zt = z, 2° = vz, (! = —( — 2K*¢, where we denote by £* :
H~'/2(B) — H~'2(B) the adjoint of K. It is not difficult to check that we
have, for all w® € Vi, w® € Ve, £ € A%, £&° € A°,

I2ll2, 0 + 1€ /2,5 < lleh

a(w',2') + (¢', s w’) = Jo: ehw,
— (&', 752") + (€', 2°) =0,
2(C%, VE°) + (€7, 2°) =0,
— (¢, we) — 2(C°, Kw®) — (¢, we) =0,
which, using the compact notation introduced in Section 2, can be rewritten
as
a(w;z) — b(z; &) + b(w; %) = (e}, w") .

Let now w = e = (e}, e5,6%) and & = &}, with e} = u’ —ul, ef = u® —u§,
8t = A" — X\l and 07 = \° — \¢. Adding and subtracting z, = (2}, 27, (?) and
Cj,, where z; € V! zp € Vi©, (; € A}, and ( € Aj are suitable interpolants to
2%, 2¢, ¢* and (®, which, thanks to Assumption A.1, we can choose in such a
way that

|z = znllv + I€ = Cull—1/2,8 S (hi + he)l 2]2,01, (50)
we can write
lerll3,0: = ale;z —zn) — b(z — 245 8,) + b(e; ¢ = ()
+a(e;zn) — b(zn; 6j,) + b(e; ).
Now it is easy to check that
|a(e; z1) — b(za;07,) + ble; )| <
|a(up,, 25) = an(uh, 25) ] + [(Ahs 2000 — (A, 20|+ 1(Ghs uh) — (Chs ub)nl
S (ullar + 1M lo,8) 121,26

where we used Corollary 3 and Corollary 4. Combining with (50) we can then
write

lei 5. < (hi + he)(llelly + 10411 /2,)l12" 2,00 + R |lu[l2,1l2"|

S (hiF + he)(hf + hIeCH/Q)HUHkH,m||Zi||2,m-

2,02

Dividing both sides by ||€}, [0, as (48) holds, we finally get the quasi
optimal estimate

leillo, o = llu’ — whllo,i S (A% + he) (hf + he ™) [ullira, 0. (51)
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3 The discrete scheme

We assume that 2% is approximated by a polygonal domain 2% = U KkeT, K,
union of the elements of a quasi uniform, shape regular triangular mesh 7p,,
of mesh size h;, defined in such a way that all the nodes on 92 lie on 9£2°.
The boundary 92, will be naturally split as 82, = I'a U Ba, where I'a
and B respectively denote the piecewise linear curves interpolating I" and B
at the boundary nodes of the triangulation. Observe that in general, we will
neither have QiA C 2" nor ¢ C QiA. It will then be convenient to define the
approximation spaces V; , and V;! as subspaces of H(21U£2%). In order to do
so, we will extend to H'(£2°U §2%,) the standard P1 finite element approxima-
tion defined on 2%, by using the natural linear extension: the linear function
defined on a triangle K with an edge e on B is prolongated linearly to the
region wff delineated by e and by the corresponding arc of B. More precisely
we introduce the finite dimensional spaces

Von = {vh, € CUR2'URL) : vj |z €PYK € oy 0hlrs = Gnls
fo = {U;L € CO(Ql U QzA) : v“f{ € ]PlaK € 7717:7'0;1‘1) = 0}7
where P! denotes the space of polynomials of degree less than or equal to 1,

and gp € V,ﬂp . denotes the piecewise linear function interpolating g at the
triangulation nodes on I'a, and

o {K Uwf if K has an edge on Ba,

K otherwise.

By abuse of notation, we will also denote by V;)h and V}! the restriction of
such spaces to both £’ and ). Observe that for all function vj, in V;, or in
V)i, we have that

1,02000% s (52)

IV 0hll0,00,20 = V05 ll0,00,2, = 1V ll0 00, 200021, - (53)

[vhlle = l[vhll,0y = [lvh]

This is easy to prove, by taking advantage of the fact that v}ll is linear on K.

The space A C L?*(B) is defined as the space of continuous functions
which are piecewise linear in the curvilinear ascissa, on the decomposition
B = UM Bi induced on B by the nodes of the mesh 7T,

h = {vh € C°(B) : |5 € P'(By), By € B} C A'.

For approximating V¢ and A°, we consider a second, independent quasi
uniform decomposition B = Uﬂf 1B, of mesh size h., and we define V¢ and
A as

Vii = {v}, € C°(B) : vf |5y € PY(BY)} C V°,

i = {uhe C°(B) - vils; € PU(BY), (W, 1) =0} C A°.
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It is not difficult to check that the spaces thus defined satisfy assumptions
A.1-3 as well as A.6-7 for k = 1. More in detail (13), (14) (12), and (44) can be
obtained by duality from well known approximation and inverse inequality in
a fairly standard way ([3], see also [5]). By smoothly extending w € H*+1(0?)
to a function w € H ’”1(62), where (~21A is a polygonal domain obtained
extending all boundary triangles of 7'}; by a small strip of thickness < h;, in
such a way that 2°U 2} C 2, and applying the standard estimates for the
finite element space defined on the resulting extended mesh, it is also easy to
prove (11).

We now define the bilinear forms ap, and (-, -);,. We set:

au) = [ Vu-o. (= () (54)
A

where, for u € C°(02' U 2%), Ygu € HY/?(B) is defined as the piecewise linear
(in the curvilinear abscissa) function interpolating u at the boundary nodes of
Th,- We need to prove that, with such a choice, Assumptions A.3 and A.4 are
satisfied. We have the following Lemma.

Proposition 8 The spaces A, and V)i, and the bilinear form (-, -}, defined by
(54) satisfy Assumption A.4.

Proof Letting @ : [0, |B|] — B denotes the arc length parametrization of the
curve B, we let ¢ : 2% — 2" be defined as follows: for all triangle K € T}’
with an edge e C 042, letting xg = ®(z0), x1 = ®(z1) denote the two vertices
of e and y denote the third vertex of K, we define ¢ by the relation
V(A1y + Aoxp + AsXpq1) = Ay + (1 — Ap)@ (W) ;
2+ A3

where, using barycentric coordinates, we expresses x € K as x = A1y + Aoxp +
AsXpq1, with 0 < Aj; A9, A3 < 1, A1 + Ao + A3 = 1. For triangles K which do
not have any edge on 942, (this includes interior triangles as well as triangles
that have a single node on 9§2%) we let ¢ be the identity. We now observe
that

Vi ={uj o9, uj € Vi} S H' (')
satisfies
;1 = VlﬂBv

and that, for all A} € A} and u}, € V}' we have

<>‘§uuz>h = </\;L,UZ © 1/}>
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Moreover, is not difficult to verify that [luj, ||y oi = [lu}, o ¥l i Letting

70 L3(B) — ‘7]11 = A denote the L? projection operator, we can write

)\h(b )\hﬂogf)
[Anll-1/2,8 = sup 187: sup fl@ih
peH/2(B) 9ll1/2.5 bEH/2(B) ll1/2,8
S sup sup M: M
~ pemiiz2s) pemizm) 1Thol/2s i evi, uh o ¥l
sup i)
~ uievi, umll,QiA

The thesis follows thanks to (52).

Proposition 4 The bilinear forms ay, and (-, ")y, satisfy both Assumptions A.4
and A.5.

Proof Tt is not difficult to prove that (42) holds. In fact, etting w;, = (£2° U
20\ (27N 02Y), it is easy to see that

la(v, w) — ap (v, w)] §/ Vo - Vuw.

Wh

Recalling that the area of |wy| is if the order of h? (]26]), (42) follows easily.
Let us now prove (43). For u € L*(B) and v € Wh*°(02¢ U £2%) we have

(s 0)n = (s V)| = ‘/Bu(v:sv —780)| < llwllo,sllvsv = Fs0ll0,5- (55)

Now, we can write, for x € B and £ a point of the segment [x, X]

~ X—X -
YuR(X) — YBUR(X) = VU(&)H(X - X). (56)
whence we easily obtain
[vsu = Asullos S hil[Vullo oo qi- (57)

(43) immediately follows. As already observed, the validity of Assumptions
A.5 and A.6 together with A.2 finally entails the validity of A.4.

The spaces Vi, A%, V¢ A% and the bilinear forms aj and (,-), satisfy then
Assumptions A.1-7, and then obtain an error bound both in the energy norms
(as given by Theorem 3), and in the L2(£2?) norm, as given by (51).
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4 Numerical results

In this section we present some numerical examples to illustrate the application
of the proposed method to some test problems. For a comparison with existing
results, some of these are taken from [27] and [8].

In the results we will show, we will compare our approach, in which the
NRBC is imposed weakly, with that in which the NRBC is imposed strongly
(see [26] for details on the corresponding formulation). These approaches, and
whatever refers to them, will be labeled by the letters W and S, respectively.

We will test the accuracy of the approximate solutions uil’w and uZ’S ob-
tained by the two approaches in the interior finite computational domain 2*,.
To this aim, we will compute the relative H' and L? errors defined by

% 9%
. u—u i . u—1u i
Errl), = | “ ”Hlm“), Err’s = | h ”Lz(%),
[ull 1y lull 22z,

for x = {W,S}. We will also compare the efficiency of the two approaches
in terms of CPU and memory storage required by the discretization of the
NRBC. With respect to this, we recall that the memory required to store the
matrices V and K involved in the discretization of the NRBC is O((M¢)?)
and O((M?%)?) in the approaches W and S, respectively. In the latter case M
denotes the number of boundary points of B inherited by the triangulation of
the interior domain 2°. In particular, we will report the quantities
. (Me)? ' cpPu"”
mem(%) := 100 ( (Ml)Q) , CPU(%) := 100 (1 CPUS ) )
that correspond to the memory and time saving to construct all the entries of
the matrices V and K for the new approach with respect to the standard one.

Remark 4 When the boundary B is a circle and the mesh points chosen on it
for the approximation of the NRBC in the approach W are equidistant, the
matrices V and K have the particular Toeplitz structure. This means that only
the first row of each matrix needs to be computed and stored, a property that
allows to save significantly the CPU time and the memory storage requirement.
We remark that the Toeplitz structure can not be obtained when the strong
imposition of the NRBC is considered since the mesh grid inherited on B by
the triangularization of (2% is, in general, non uniform.

Ezample 1. In this first test, we perform a numerical study to investigate the
accuracy of the solution uz’w with respect to the choice of the discretization
parameter h.. In particular, we aim at determining which choice of h, guaran-
tees that, for a fixed triangulation of the finite computational domain (hence
for a fixed h;) the new proposed method allows to compute the solution uZ’W

with the same accuracy of the solution u?® in terms of the H' and L? errors.
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To this aim, we consider Problem (1) where O°¢ is the unbounded region of
R?, exterior to the unit disk, centered at the origin of the cartesian axis. We
choose the artificial boundary

B ={(r,y) € R?: 2 = Rcos(¥),y = Rsin(¥),d € [0,27)},

circumference centered at the origin and having radius R = 2. The finite com-
putational domain §2° is bounded internally by I', the circumference of radius
1, and externally by B. We denote by u(x) = u(z,y) = 71,7 the solution
of (1), with ¢ = wp and f = 0. We denote by nr the number of triangles
of the decomposition of 2. We choose the parameter h, by decomposing the
boundary B into M€ sub-arcs of equal length, which corresponds to a uniform
decomposition of the parametrization interval [0, 27r) into M¢ subintervals. In
P
and ErriL’ZV with respect to decreasing values of h., for the choices np = 3106
and np = 12874, respectively, and we report the corresponding values in the
associated tables. In the last two columns of the tables we report the CPU
and memory saving. As we can see, the same order of accuracy for the H'
error is achieved when the parameter h. is about ten times greater than h;,
while for the L? error when it is approximately four times greater than h;. We
highlight the very high memory and CPU saving, which is due, in this case,
to the particular choice of the artificial boundary and of its refinement (see
Remark 4).

Figures 1 and 2 we show the behavior, in logarithmic scale, of the errors Err

Fig. 1 Example 1. Behavior of the H' and L? errors with respect to the artificial boundary
refinement parameter he. R = 2, np = 3106.

e
10 y . .
....... VR W e h; Err;_’l"? Err’tL’g
- -Em? [62E —02 | 5.72E — 02 | 6.09E — 04 |
he Err;’(‘{v Errzgv CPU(%) | mem(%)
T.6E +00 | 7.09E —02 | 7.50E — 03 98 99.9
7.9E —01 | 5.91E —02 | 1.62E — 03 29 99.9
0 3.9E — 01 | 5.74E — 02 | 7.64E — 04 29 99.8
62E-02 98E-02  20E01  39E01  TOEO1  16E+00 2.0E — 01 6.38E — 04 99 99.6
h 9.8E — 02 - 6.10E — 04 99 99.2

In Tables 1, 2, 3 and 4 we report the study of the H' and L? errors behavior
with respect to the refinement of the triangular mesh, and the associated
expected orders of convergence (EOC), for the choices R = 2 and R = 4,
respectively. Starting from an initial triangular mesh, the mesh refinement
is obtained by halving the mesh size h; (which implies that the number of
triangles ny is approximately multiplied by a factor 4 at each refinement).
We point out that, based on the previous test, h. has been chosen in such a
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Fig. 2 Example 1. Behavior of the H! and L2 errors with respect to the artificial boundary
refinement parameter he. R = 2, np = 12874.

W
12
| Erri}'ﬁ

W

10° Erryt

=e~Err

4,
10
31E-0249E-02 9.8E-02 20E-01 39E-01 7.9E-01 1.6E+00

h

0,8 i,S
hy Err®’ Err®’
i ot ety
[(B1E —02 2.77E — 02 | 1.60E — 04 |
he Err;_’[‘{v Errzgv CPU(%) mem (%)
1.6E + 00 | 4.98E — 02 | 7.41E — 03 99 99.9
7.9E — 01 | 3.12E — 02 | 1.45E — 03 99 99.9
3.9E — 01 | 2.82E — 02 | 4.64E — 04 99 99.9
2.0E —01 | 2.77E —02 | 2.52E — 04 99 99.9
9.8E — 02 - 1.84E — 04 99 99.8
4.9E — 02 - 1.60E — 04 99 99.6

way that the accuracy of the solution is preserved. In the last two columns
of Tables 2 and 4 we report the percentage of the CPU and of the memory
saving of the new approach with respect to the standard one.

From the results we have obtained, it is evident that the use of the weak
FEM-BEM coupling strategy allows to reduce significantly the computational
cost of the NRBC with respect to the approach where the strong coupling
is considered, while preserving the accuracy of the approximate solution as
well as the expected order of convergence, independently of the location of the

artificial boundary B.

Table 1 Example 1. Relative H' and L? errors for the FEM-BEM method with strongly
imposed NRBCs, and corresponding EOC. R = 2.

hy np Err;ﬁ EOCY, ErrlL’ZS EOCY,

52E — 01 1z 152E — 01 5.47E — 02

0.9 2.1
2.66 — 01 174 | 2.43E — o1 1.27E — 02

11 2.3
1.3E — 01 710 1.14E — 01 2.57F — 03

0.9 2.1
6.4F — 02 | 2874 | 5.77E — 02 6.055 — 04

0.9 1.9
3.2E — 02 | 11804 | 2.92E — 02 1.55E — 04

Ezample 2. We consider here the example proposed in [27], for which O¢ is
the exterior of the unit disk, centered at the origin of the cartesian axis, f =0
and g on I is defined as

74

g(:c,y) =

The artificial boundary
B={(z,y) € R?: 2 = Rcos(d),y = Rsin(¥),d € [0,27)},

0

x>0,
xz < 0.
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Table 2 Example 1. Relative H' and L? errors errors for the FEM-BEM method with
weakly imposed NRBCs, and corresponding EOC. R = 2.

i\W i\ W
h; he Err;_[l EocVHV1 ErrLL'2 EOCLW2 CPU(%) | mem(%)

5.2E — 01 3.14E + 00 4.73E — 01 7.15E — 02 65 98.4
0.9 2.3

2.6E — 01 1.57E + 00 2.47E — 01 1.49E — 02 93 99.3
1.1 2.3

1.3E —01 | 7.85E —01 | 1.15E — 01 3.08E — 03 99 99.6
1 2.0

6.4E — 02 | 3.92E — 01 | 5.79E — 02 7.48F — 04 99 99.8
0.9 2.0

3.2E — 02 1.26E — 01 2.92FE — 02 1.85E — 04 99 99.8

Table 3 Example 1. Relative H! and L? errors for the FEM-BEM method with strongly
imposed NRBCs, and corresponding EOC. R = 4.

hy np Ex®d BoCY Endf BOCY,

G2E —01 | 156 | 4.58E — 01 T.47E — 02

11 2.4
2.8E — 01 790 2.20E — 01 8.31E — 03

1.0 2.1
135 01 | 3636 | 1.07E — 01 1.95E — 03

1.0 2.0
6.4E — 02 | 14502 | 5.30E — 02 4.88E — 04

1.0 1.9
3.2E — 02 | 60064 | 2.64E — 02 1.24E — 04

Table 4 Example 1. Relative H! and L? errors for the FEM-BEM method with weakly
imposed NRBCs, and corresponding EOC. R = 4.

hy he Err;‘iv eocl, Errzg" eocl, | CPU%) | mem(%)

6.2E — 01 3.14FE + 00 4.58E — 01 4.45E — 02 79 99.2
1.1 2.4

2.8E — 01 1.57E + 00 2.20E — 01 8.43FE — 03 98 99.5
1.0 2.1

1.3E—01 | 7.85E—01 | 1.07E — 01 2.04F — 03 99 99.8
1.0 1.9

6.4E — 02 2.51E — 01 5.29FE — 02 5.16E — 04 99 99.8
1.0 1.9

3.2E — 02 8.38E — 02 2.64E — 02 1.31E — 04 99 99.9

is the circumference of radius R centered at the origin. In Figure 3 we show
the behavior of the approximate solution u}’ obtained by applying the new
proposed approach in the bounded region §2¢ delimited by the boundary I’
and by B for the choices R =2, R=4, R =8 and R = 50.

It is known that (see [27]) the asymptotic behavior of the solution u for
|x| = o0 is @ = 3/16 ~ 1.87E — 01. As remarked in the presentation of our
method, and differently from the numerical approach proposed in [27], the
value of the constant « is determined by the interior FEM. In Figure 4 we
show the behavior of u3 (z,0) and u)" (x,0) for the values of x € [-50, —1]
(left plot) and for & € [1,50] (right plot), obtained by choosing R = 50.
In this case, the approximate solutions uy and u}” have been obtained by
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decomposing the interior domain into np = 27168 triangles and by choosing
M¢e = 32 for the approach W, which is definitely much smaller than the value
M? = 320 inherited by the FEM triangulation of the domain 2¢. Nevertheless,
the two solutions perfectly match and tend to the asymptotic value o which is
represented by the dashed line. Moreover, the new approach allows to retrieve
the solution with a CPU saving of about 98% and with a memory saving
mem ~ 99%.

Fig. 3 Example 2. Behavior of the solution u,VlV in 2 for the choices R = 2 (top-left plot),
R = 4 (top-right plot), R = 8 (bottom-left plot) and R = 50 (bottom-right plot).

-

solution u®
solution u®’

-
-

solution u®
o
(3,

—
oo
/
’/
/'/
o l
solution u™’
o

- 0 0 -~ 0

y axis X axis yaxis .50 .50 X axis

Example 3. For some geometries of the physical domain boundary I, or of
the domain of interest §2¢, the choice of a circular artificial boundary B can
be wasteful both from the computational and space memory point of view. To
show the feasibility in the choice of the geometry of the artificial boundary,
we apply the proposed scheme to the problem presented in [27] where O¢
is the unbounded region having the elliptic boundary I' = {(z,y) € R? :
2?/R? + y* = 1} and the Dirichlet datum on I is g(z,y) = /R. A natural
choice for B in this case can be, for example, the ellipse

B={(z,y) € R?*: 2 = Ry cos(?),y = Rysin(v),? € [0,2)},
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Fig. 4 Example 2. Behavior of the solutions ui (z,0) and u}Y (z,0) for x € [—50, —1] (left
plot) and for z € [1,50] (right plot).

solution u
solution u

X axis X axis

with Ry and Rs properly chosen. It has been shown in [27] that the expression
of the solution to this problem along the positive real axis is

u(m,O):L(x—vx?—Rz—i—l), x> R. (58)
R-1

We consider the domain 2 obtained by choosing the parameters R = 2, Ry =
4 and Ry = 2 and two refinements of it: the first, labelled by ref;, is obtained
by a decomposition into ny = 4010 triangles, which induces M*® = 158 points
on the artificial boundary B; the second one, labelled by refs, obtained with
ny = 16210 and M*? = 312. In Figure 5, top-left and top-right plots, we

show the behavior of the solution th in 2°. In the bottom-right plot, we

compare uZ’W with the exact solution (58) for x € [R, R;] for the two choices
of the refinements and we show, in the bottom-right plot, the corresponding
absolute errors. In both cases, the weak NRBC has been computed by choosing
M?¢ = 40. For the chosen discretization parameters, despite the fact that the
matrices V and K do not have the special Toeplitz structure, because of the
choice of the artificial boundary B, the CPU and memory saving are CPU ~
91% and mem ~ 94% for ref; and CPU =~ 97% and mem =~ 98% for refy. We
remark that the maximum absolute error computed in the interval [R, Ry] is
approximately 3.0F — 03 for ref;, and it does not improve for larger values
of M¢. For the refinement refy, by maintaining M¢ = 40, the maximum error
decreases to 6.8E — 04.

Ezample 4. We consider here an example of multiple obstacles. Let O¢ be the
region exterior to five circles of radius 1 centred at C; = (0,0), Cy = (—6,0),
C3 = (6,0), Cy = (0,—6), C5 = (0,6). Aiming at determining the solution in
a region close to the obstacles, we surround the circles by the curve

By = {(z,y) € R? : 2 +y* = p(¥¥), p(9) = 6(1 + 0.8cos(499)), ¥ € [0,2m)}

which determines the non convex finite computational domain §2?, represented
in Figure 6 (left plot) with a triangular decomposition. We prescribe the datum
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Fig. 5 Example 3. The approximate solution uz’w in 2% 2D view (top-left plot) and 3D
view (top-right plot). Comparison with the exact solution (bottom-left plot) and absolute
error (bottom-right plot).
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g(z,y) = 2* on the boundary I', which is the union of the boundary of the
five circles. In Figure 6, middle and right plot, we show the 2D and 3D view
of the solution uz’w obtained by decomposing 2% into ny = 11498 triangles
and by choosing M¢ = 256. Being the number of nodes inherited by the
triangularization M*® = 535, it results that the memory saving is mem ~ 77%.
In order to estimate the asymptotic value « of the solution for |x| — oo, we
enlarge the finite computational domain by choosing

By = {(z,y) € R*: 22 +y* = p(¥9), p(¥)) = 200(1 + 0.8cos(49)), 9 € [0,27)}.

In the left plot of Figure 7 show the 3D view of the solution u}lw, ob-
tained by decomposing the resulting computational domain into np = 570681
triangles (M? = 3075) and by choosing M¢ = 512. In the right plot we
show the behaviour of the solution w(z,0) for z € [7,360] (solid line) and
of u(0,y) for y € [7,360] (dashed line). The computed values u(360,0) ~ 775
and u(0,360) ~ 774.5 provide an approximation of the limit value a.

Ezxample 5. In this example we apply our method to a Poisson problem pro-
posed in [8] with non null source f. We consider Equation (1) with g = 0 on
the elliptic boundary I' = {(z,y) € R? : b%2?% + a®y? = a?b*}, with a = 1.5
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Fig. 6 Example 4. The finite computational domain .QiA (top-left plot) for the choice Bj.

The 2D (top-right plot) and 3D (bottom plot) view of the solution u}V.
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and b = 1. The source term f = f; is chosen such that the exact solution is

b2.’£2 + a2y2 _ (L2b2
(.132 +y2 + 1)2

ul(xa y) =

In Figure 8, we show the graphic comparison between the exact solution (left
plot) and the approximate one u"V (right plot) in the computational domain
2% bounded externally by B circle of radius R = 20. The approximate solution
has been obtained by decomposing §2¢ into ny = 276480 triangles (M* = 1032)
and choosing M¢ = 32. In the bottom plot we show the point-wise distribution
of the absolute error in [—5,5]% (see [8] for a comparison). We remark that
the source f; does not have a local support, and thus contradicts one of our
assumption. Indeed f; assumes approximately values of the order 1.0e — 05
at the points belonging to the artificial boundary B. This justifies the good
agreement of the approximate solution with the exact one around the obstacle
and the behavior of the error, that increases as the point moves away from I'.

By modifying the source term, that is choosing f = f5 such that the exact
solution is

b x? + a?y? — a?b? —0.1(2%+y?)

UQ(l',y): ($2+y2+1)2
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Fig. 7 Example 4. The 2D (top-left plot) and 3D (top-right plot) view of the solution u}”

for the choice Ba. The asymptotic behavior of u}’ (bottom plot).
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it results that f decays exponentially fast to zero for |x| — oo, in such a way
that from the computational point of view it can be regarded as supported
in a disk of radius R (indeed f, assumes approximately values of the order
1.0e—19 at the points belonging to the artificial boundary B). With this choice,
the approximate and the exact solution perfectly match in the whole domain
% and the pointwise error is bigger around the obstacle (see Figure 9).
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Fig. 8 Example 5. Exact solution (top-left plot) and approx1mate solution uh (top-right

plot) in the domain 2?. Pointwise absolute error in [—5, (bottom plot). f = f1
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Fig. 9 Example 5. Exact solution (top-left plot) and approximate solution th (top-right
plot) in the domain £2?. Pointwise absolute error in [—5,5]2 (bottom plot). f = fa

0.2 0.2
19 1045 107 0.15
0- 0.1 0 -0.1
-10 0.05 -10 0.05
20 0 20 0

5
4
0.8
" 0.6
0.4
0.2
-5 0



34 S. Bertoluzza, S. Falletta

5 Conclusions

We proposed a weak FEM—-BEM coupling method for the solution of elliptic
problems on unbounded exterior domains, allowing to use two non-matching
grids for the discretization of the non reflecting integral boundary condition
and for the interior finite element solver. This allows to use a much coarser
grid for the former, as compared to the grid induced on the artificial boundary
by the finite element mesh, with a consequent reduction of the computational
cost related to the numerical evaluation of the integral operators and with
substantial saving in memory occupation. A theoretical analysis in a abstract
framework is provided demonstrating the optimality of the method, under
assumption that can, in principle, accommodate a variety of discretization
spaces for both the boundary integral equation and the interior PDE. Numer-
ical tests, confirming the validity of the theoretical estimates, are presented
for a linear finite element discretization.

In allowing the discretization for the boundary integral operators to be cho-
sen independently of the one for the interior PDE — only a mild compatibility
condition between the two is required by the analysis — the proposed approach
allows for a large flexibility in the choice of the approximation spaces, which
in principle, do not need to be of finite element type. This can be exploited for
designing efficient methods for the solution not only of elliptic problems but
for a much wider class, including, for instance, wave propagation problems.
This approach allows for instance the use of a wavelet discretization for the
boundary integral operators, which we expect to yield a sparsification of the
matrices relative to the integral operators, with a consequent further reduction
of the storage requirement and computational cost of the overall procedure. In
this case, special coupling strategies of the two methods will be required (see
for instance [6] and [12]).
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