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Summary

In this thesis we present a detailed parametric analysis of permalloy nanostruc-
tures with variable shape (disk, cylinder and sphere) and size, for possible application
in magnetically mediated hyperthermia, exploiting hysteresis losses for the heat re-
lease. Hyperthermia is a promising therapy for the cure of cancer, able to enhance the
effect of already available therapies such as chemotherapy and radiotherapy, using a
localized source of heat to increase the temperature of diseased tissues. In the case of
magnetic hyperthermia, superparamagnetic iron oxide nanoparticles are typically used
to increase the temperature of diseased tissues, when excited by alternating magnetic
fields (with a frequency from 50 kHz to 1 MHz). However, they present a medium heat-
ing efficiency, requiring the injection of large quantity of material to obtain therapeutic
effects, at the cost of potential toxicity.
In this framework, we aim at individuating more efficient heat mediators, focusing on
multi-domain ferromagnetic nanostructures, which have recently attracted strong in-
terest, due to the potential improvement of heating efficiency via hysteresis losses. The
study is performed by means of in house developed micromagnetic codes, which are
able to efficiently solve the Landau-Lifshitz-Gilbert (LLG) equation in 3D domains. In
particular, we have implemented both a 3D solver for the modelling of 3D-shape nanos-
tructures as well as a 2.5D solver for the simulation of thin-film like nanostructures ran-
domly distributed in a 3D space. The solvers, which adopt a geometric time integration
scheme for the integration of the LLG equation, are both written in CUDA Fortran to
leverage the high parallelization performance offered by Graphical Processing Units.
Bymeans ofmicromagneticmodelling, we have performed an extensive investigation of
the influence of geometrical properties (shape and size) on the amount of heat generated
via hysteresis losses. We have also obtained useful information on remanence magneti-
zation configuration and on its implications in aggregation phenomena. Third, we have
explored magnetization reversal process and determined saturation fields, which are re-
quired to obtain major hysteresis loops and thus maximize hysteresis losses. Regarding
this last aspect, caution has been paid to not exceed acceptable biophysical limits for
the maximum applicable field at a given frequency.
The attention is first focused on disk-shaped nanostructures, for which we present a
detailed comparison between micromagnetic simulations and experimental results on
samples arranged in both 2D array (intermediate production phase) and free-standing
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(in solution). Subsequently, we study the magnetization reversal process and the hys-
teresis properties of permalloy nanocylinders (diameter between 150 nm and 600 nm,
thickness from 30 nm up to 150 nm) and permalloy nanospheres (size between 100 nm
and 300 nm), to compare the relative heating performances of different nanostructures.
Focusing on disk-shaped nanostructures, we also analyze the influence on the loss gen-
eration of the state of aggregation, concentration and spatial distribution. In particular,
by means of the 2.5D micromagnetic code we investigate the hysteretic behavior of
permalloy nanodisks randomly oriented in a 3D medium, analyzing the effects of mag-
netostatic interactions and variations in the orientation with respect to the applied field.
This analysis has been conducted to have a more precise estimate of the heat delivery
during hyperthermia treatment, trying to mimic the stochastic dispersion of nanoma-
terials in a tissue or in a biological fluid.
Finally, as an alternative use ofmagnetic nanostructures, we have studied the nucleation
and control of vortex state, for possible applications in non-volatile magnetic random
access memories (MRAMs). In particular, we have investigated bi-component magnetic
nanodisks as potential storage systems, where the information unit is represented by
vortex chirality (magnetization rotational direction).
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Chapter 1

Introduction

Magnetism intrigued humanity from ancient time, but only in the last few centuries

proper theories for describing this phenomena were developed. Nowadays, ferromag-

netic materials are widespread and used in a variety of applications of everyday life.

At a large scale, we can found them in electromechanical systems, like electromagnets,

electric motors, generators and transformers. Down to the microscopic scale, they have

been used as memory supports for almost 70 years. The development of techniques

that allow us to control the matter at ever smaller scale opened new scenarios, new

challenges and new applications. In parallel, it introduced the need to understand and

predict the behaviour of magnetic materials at a very fine scale.

For example, since its initial development in the 50s, magnetic storage is one of the

technological areas where the greatest improvement was obtained, and, nowadays, it

can greatly benefits from the development of magnetic nanostructures. Another field

that is interested in the behaviour of ferromagnetic materials at the nanoscale level is

nanomedicine. In this area, ferromagnetic materials can find a wide variety of applica-

tions: imaging, sensing, biotracing, drug delivery and tumor therapies. Regarding this

last topic, which is one of the main challenges of the 21st century, many progresses

were made but we are still far from the end. To pursue better and better therapies,

magnetic nanoparticles can play an active role. The development of techniques as the
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nano-chemotherapy, or the magnetically mediated hyperthermia, showed the potential

to considerably improve the chances of treating tumors.

A large amount of research is now aimed to gain a deeper understanding of the fer-

romagnetic properties of nanomaterials, in order to develop high performing and op-

timized nanostructures for the aforementioned applications. In the following sections,

we will focus on magnetically mediated hyperthermia, explaining the idea behind such

therapy, the limitations of actual thermotherapies and how magnetic nanostructures

can help overcoming these limitations. We then discuss the challenging aspects of the

development of new and optimized nanoparticles for this kind of therapy.We also high-

light that the development of nanostructures with specific topological properties like

nanodisks, here studied for hyperthermia therapies, may find application in other sec-

tors such as magnetic recording.

1.1 Overwiev of hyperthermia therapy

Hyperthermia can refer to a condition where the tissues reach a temperature above

the normal one, in general from 42° to 45° C.These temperatures induce a series of phys-

iological responses in the cells and in the tissues themselves. In the middle of 1970s, a

large number of studies began the evaluation of the effects of hyperthermia on cancer

tissues, showing that: the threshold temperature for heat induced apoptosis is lower

for cancer cells if compared to normal ones; hyperthermia induces an increase in the

response of the immune system increasing the tumor antigen expression; it inhibits the

DNA repair process in cancer cells and the tumor vascular endothelial growth factor

[1–3]. Hence, it developed the idea to exploit the effect of the increase in temperature to

enhance traditional cancer therapy. For example, radiotherapy, which causes cell death

by damaging DNA, can receive great benefit from the reduction of the DNA repair pro-

cess,induced by the rise in temperature [4, 5].

The first studies on multi modal therapies using hyperthermia began in the early 1980s
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Figure 1.1: Surviving fraction of cancer cells after different treatments (Hyperthermia +
Radiotherapy, Radiotherapy alone, Carbon Ions) as function of the radiation dose [5].

[3], showing promising results. As reported in [5], for example, the use of thermo-

radiotherapy can provide the same surviving fraction of cancerous cells after the treat-

ment using a radiation dose four times lower than radiotherapy alone (see Fig. 1.1).

Recently, many studies have confirmed that a rise in the temperature T of the tu-

mor cells can improve chemotherapy or radiotherapy efficacy due to cellular alteration

(𝑇 = 42 − 45 ℃) or, in the case of thermo-ablation, can directly lead to cell death

(𝑇 > 46 ℃), even in treatments lasting only a few minutes [6–12].

Thermotherapies can be classified on the basis of the scale of the heated region: local hy-

perthermia, regional hyperthermia, and whole-body hyperthermia. Through the years,

a wide range of techniques was developed for the heat generation: high-intensity fo-

cused ultrasound, radiofrequency radiation, microwave radiation, laser application, to

name some of them. Typically, when using electromagnetic energy, hyperthermia is

performed at high frequencies (13 MHz to 430 MHz depending on tumor depth) with

phased-array antennas placed outside the body. On the other hand, microwaves (915

MHz or 2.45 GHz) are applied in thermal ablation through interstitial antennas placed
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inside the tumor.The variety of techniques andmodalities of heating allow us the devel-

opment of therapies suitable for the treatment of different kinds of cancer, comprising

local heating for superficial or solid tumors, regional heating for deep-seated tumors in

the pelvis or abdomen, and whole-body heating for metastatic cancer that has spread

throughout the body.

One of the main technical challenges, which has to be considered during treatment, is

the thermal dosimetry. It is proved that a close relationship exists between the thermal

dose of hyperthermia combined with radio- or chemo-therapy and the treatment re-

sponse [13]. Unfortunately, the tissue temperature regulation is a difficult phenomenon

to be controlled. The temperature of a tissue can depend on a lot of factors, including

the physical properties of the specific tissue and the physiological response of the body.

Moreover, the monitoring and measurement of temperature, in the case of deep seated

tumor, is an invasive procedure.

In the case of localized hyperthermia, another issue is the effective control of the heat

deposition. To achieve the desired therapeutic efficacy, the temperature increase must

effectively involve the Region Of Interest (ROI) of the tumor, and possibly be limited to

the only ROI. Thanks to the development of nanotechnologies, in the last two decades

a lot of attention has been paid to the application of a new technique for hyperthermia:

magnetically mediated hyperthermia. This technique, which uses magnetic nanopar-

ticles exposed to ac magnetic fields as heat mediators, has proven to be promising in

guaranteeing a more targeted and uniform heat generation.

1.2 Magnetically mediated hyperthermia

Both hyperthermia and thermal ablation proved their safety and efficacy in several

clinical trials [14]. However, both techniques suffer from poor reproducibility and con-

trol of the temperature distribution obtained into the tumor in the different clinical con-

ditions. Recent research is thus devoted to the development of personalized protocols
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[15], to the understanding of the different physical phenomena associated with heating

[16], and to the improvement of heating uniformity and target specificity while mini-

mizing invasiveness. With reference to this last issue, a promising route is represented

by thermotherapies mediated by magnetic nanostructures. In magnetically mediated

hyperthermia, magnetic nanostructures are injected into the tumor and then excited by

an alternating magnetic field, with a given frequency that typically ranges from 10 kHz

to 1.2 MHz. This leads to a localized release of heat and to a consequent increment of

the target tissue temperature.

Typically, superparamagnetic iron oxide nanoparticles (SPIONs) are used in experimen-

tal trials on magnetically mediated hyperthermia, showing promising outcomes [17–

21], and being able to reach the target temperature in a localized region. Three inde-

pendent mechanisms result in thermal energy, namely Néel relaxation, Brownian re-

laxation and hysteresis [22–24]. Their contribution strongly depends on the size, shape,

magnetocrystalline anisotropy and degree of aggregation of the nanostructures. Also

eddy current generation can concur to thermal energy production, but in a negligible

way for the frequency range typically considered [24]. One of the main limitations of

magnetic hyperthermia is the medium heating efficiency of the currently used mag-

netic nanostructures, which have to be injected in large quantity to obtain therapeutic

effects, at the cost of potential toxicity [20].

Coated SPIONs are considered promising candidates for hyperthermia applications, be-

cause of good biocompatibility and weak tendency to agglomeration [25, 26]. Moreover,

they are already approved by regulatory offices for medical trials, since by now they

are employed for other biomedical treatments. However, their heating efficiency is lim-

ited, since thermal energy comes from size-dependent Néel and Brownian relaxation,

with negligible hysteresis loss contribution. In a tumor tissue, Brownian relaxation is

practically inhibited due to nanoparticle immobilization, apart from a small oscillation

allowed by tissue elasticity [27]. A similar behaviour is also found in the cellular en-

vironment, where Brownian losses are not present, due to nanoparticle attachment to
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the cellular membrane or confinement within endosomes [28]. Studies on iron-oxide

nanoparticle size (5-22 nm) have shown that, for a diameter of 10 nm, Néel losses reach

their maximum and then their relative heating contribution starts reducing as diameter

increases. The emerging single-domain ferromagnetic behaviour leads to an increase in

hysteresis losses, which overcome Néel losses for nanoparticle dimensions higher than

15-20 nm[29, 30].

Both single- and multi-domain ferromagnetic nanostructures have recently attracted

strong interest, because of the potential improvement of heating efficiency due to hys-

teresis. Different strategies have been adopted to tune hysteresis properties (hystere-

sis loop size and shape) with the aim of increasing the relative heating contribution.

A possible way is to use materials with high saturation magnetization and/or high

uniaxial magneto-crystalline anisotropy, such as cobalt or cobalt-zinc ferrites.[28, 31–

36].Another strategy consists in modifying nanostructure geometry, introducing shape

anisotropies; promising results have been obtained by using magnetite nanorods with

250/50 nm aspect ratio [37], magnetite, maghemite or cobalt ferrite nanocubes [38–40]

and octahedral magnetite nanoparticles [41]. ]. Nanostructure geometry can strongly

affect the magnetization reversal process and thus the remanence magnetic state, which

should be characterized by negligible moment to reduce magnetostatic interactions and

agglomeration effects. To this aim, special attention has been given to nanodisks, nanor-

ings and nanotubes, which exhibit magnetic vortex configuration at remanence and

thus very small remanence moment [42–46]. They are able to preserve some of the ad-

vantages of SPIONs (reduced aggregation and good colloidal stability), allowing at the

same time to obtain large hysteresis losses.

1.2.1 Biological limitations on the ac magnetic field

In general, hysteresis losses can be augmented by increasing the amplitude 𝐻𝑎 of

the applied field up to saturation conditions and its frequency 𝑓. However, when a

patient is exposed to an alternating magnetic field, parameters 𝐻𝑎 and 𝑓 should be
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controlled to avoid the undesirable induction of eddy currents in the body, which can

cause the occurrence of hot-spots, leading to possible discomfort and tissue damage. To

limit these effects, restrictions are imposed on the product 𝐻𝑎 × 𝑓. An upper value of

4.85 × 108 Am−1s−1, known as the Atkinson-Brezovich limit [47], was first assumed

as an acceptable threshold to avoid intolerable resistive heating. A less rigid criterion,

𝐻𝑎 ×𝑓 ≤ 5×109 Am−1s−1, was successively proposed [48]. Good tolerability was doc-

umented during one of the first clinical trials on magnetic hyperthermia, performed on

patients with different tumor types (glioblastoma multiforme, sarcoma, ovarian, rectal

or prostate carcinoma), which were exposed to a magnetic field of 100 kHz, with am-

plitude variable between 2.5 kA/m and 18 kA/m [49, 50]. In silico and in vivo analyses

demonstrated the possibility of overcoming the threshold of 5 × 109 Am−1s−1 of more

than one order of magnitude, maintaining eddy current effects below safe and tolera-

ble limits [51]. As an example, breast and pancreatic tumors in mice were successfully

treated with SPIONs exposed to magnetic fields with 𝐻𝑎 = 15.4 kA/m and 𝑓 = 435

kHz [52].

These problems can be overcome with a careful design of both nanostructures and mag-

netic field applicators.This could be achieved by developing nanostructures with higher

hysteresis losses without increasing the saturation field, therefore allowing higher exci-

tation frequency without exceeding the biological thresholds. Another solution can be

the development of focused field generators, thus limiting the development of undesired

eddy currents or hot spots.

1.2.2 Design and optimization of magnetic nanostructures

In this thesis, we focus the attention on ferromagnetic nanostructures, for which

the main heating contribution comes from hysteresis losses. The optimization process

for magnetic hyperhermia application is not an easy task, since one has to consider

multiple constraints. For example, since we are interested in the hysteresis losses, it is

fundamental to estimate the minimum field necessary to reach the irreversible jumps of

7
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the hysteresis loop, in order to obtain a sufficiently large loop area and thus achieve a

good heating efficiency. As previously mentioned, because of biological limitations on

the product 𝐻𝑎 ×𝑓, the selection of the field amplitude has also impact on the choice of

the working frequency. If saturation conditions can not be reached due to biophysical

limits to the applicable fields, large hysteresis losses could be still obtained by properly

tuning the irreversible jumps via nanostructure shape and size modification.

In this thesis, we present a modelling analysis of permalloy (Ni80Fe20) nanostructures

with variable shape (disk, cylinder and sphere), for possible application in magnetically

mediated hyperthermia. A parametric study is performed by varying aspect ratio and

size (up to some hundreds of nanometers), with the aim of finding the optimal con-

ditions for the maximization of the specific heating capabilities with tolerable fields.

Hysteresis losses, which are the main heating contribution for the considered magnetic

nanostructures, are calculated by integrating the Landau-Lifshitz-Gilbert (LLG) equa-

tion [53], with the inclusion of thermal noise effects.

The attention is mainly focused on disk-shaped permalloy nanostructures, for which

we present a detailed comparison between experimental and numerical results. More-

over, we perform a parametric analysis varying the nanodisk diameter in the range

100-800 nm and the thickness in the range 15-30 nm, to find the optimal geometrical

properties for the maximization of the specific heating capabilities.We also study the

magnetization reversal process and the hysteresis properties of permalloy nanocylin-

ders (diameter between 150 nm and 600 nm, thickness from 30 nm up to 150 nm) and

permalloy nanospheres (size between 100 nm and 300 nm).We analyze hysteresis losses,

remanent magnetization state and quasi-saturation conditions, as a function of size and

shape. The aim is to find the optimal geometrical properties, which guarantee at the

same time energy release maximization, negligible magnetic remanence and fulfilment

of the biophysical constraint on 𝐻𝑎 × 𝑓, within the typical range of variation of 𝑓.

Focusing on permalloy nanodisks, which seem to be very promising for hyperthermia

application, we explore the influence of other factors, such as the angle of orientation

8



1.2 – Magnetically mediated hyperthermia

of the applied field with respect to the nanodisk surface, the magnetostatic interactions

between disks and the local concentration, to obtain a more reliable estimation of the

heating performance in a realistic hyperthermia setup. In the analysis, we also consider

the effect of temperature.

In Table 1.1 we resumed part of our bibliographic investigation, to compare our results

with the specific loss power of other nanostructures studied in the literature. As can be

seen in the table, for studies conducted in phantoms or tissue-mimicking materials, the

values of the amplitude and frequency of the applied field exceed the biological con-

straints discussed before. In vivo or in vitro studies present data in terms of heat gener-

ated in the tissues, but, especially for in vivo studies, a precise estimate of the quantity

or concentration of magnetic material deposited in the tissues is difficult to obtain. This

makes a direct comparison of the heating efficiency of the different nanostructures not

an easy task.

1.2.3 Hypertermia applicators

The other fundamental building block for the development of successful hyperther-

mia treatment is the engineering of magnetic field applicators optimized for this kind

of treatment. One of the most advanced study in this field was carried out by the Char-

ité Medical School Berlin in cooperation with MagForce Applications GmbH, a com-

pany specialized in the production of magnetic fluids, and MFH Hyperthermiesysteme

GmbH, which developed the magnetic applicator. The system was designed for mag-

netic fluids made of nanosized iron oxide particles consisting of magnetite (Fe3O4) or

maghemite (𝛾Fe2O3). The device named MFH®300F is capable of generating a field at

a frequency of 100kHz with a variable amplitude between 12 kA/m and 18 kA/m [54].

To the best of our knowledge, this is actually the only commercially available system

developed for magnetically mediated hyperthermia on human patients.

For what concerns in vitro or in vivo testing, researchers tend to use in house built

9



1 – Introduction

applicators, using a wide range of fields and frequencies. This fact makes direct com-

parison between different sources quite challenging. MagneThermTM system developed

by NanoTherics offers an interesting setup for in vitro studies [55–57], proposing dif-

ferent fixed frequency coils, and fields up to 40 kA/m. In studies on animal models [44,

58], we often find self developed hyperthermia applicators.

As the research is moving from SPIONs to novel ferromagnetic nanostructures, with-

out a previous knowledge of the hysteretic behavior of this new heat mediators, the

evaluation of their heating performance is not straightforward. For example, the used

field parameters may not be suitable to achieve the maximum heating efficiency of the

nanostructures. This kind of studies, therefore, is useful not only in the individuation

of optimized nanostructures for hyperthermia, but also in the engineering of suitable

field applicators, for both in vitro and in vivo applications.

10
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1.3 A panoramic view of other application of nanos-

tructures

Magnetic nanostructures, with peculiar magnetization configurations, such as the

permalloy nanodisks we studied for hyperthermia, attracted a lot of interest and are

widely studied for their potential application in many different sectors. A lot of anal-

yses, conducted experimentally with Magnetic Force Microscopy (MFM) and magne-

tometry as well as theoretically with the support of micromagnetic numerical models,

are performed to study closed magnetization configurations, including the out-of-plane

vortex state showed by ferromagnetic nanodisks. This configuration is of particular in-

terest for its topological stability and because it minimizes the nanostructure stray field.

Other than the application we showed, many other fields can benefit from this property,

like high-density magnetic recording.

In the last decade, special attention has been paid to the nucleation and control of vor-

tex state in magnetic nanostructures, for possible applications in non-volatile magnetic

random access memories (MRAMs).Themagnetization vortex configuration is interest-

ing for the magnetic recording because the chirality and polarity of the vortex can be

used as 0 or 1 bit indicators. The combination of the two informations can allow us the

construction of logic elements similar to what is now found in the NAND flash Multi

Level Cell (MLC) of modern Solid State Disks (SSDs): each cell has four possible read-

able states corresponding to the 2-bit strings 00, 01, 10 and 11. Moreover, the reduced

stray field of the vortex magnetization configuration permits to have closely packed

nanostructures with relatively small interactions.

In the following, we report a brief resume on the development of magnetic recording

technologies, to better understand the potentiality and advantages that nanostructures

presenting a vortex remanent state may introduce in this field. Despite the development

of new supports for data storage such has SSDs using NAND flash, which allowedmuch
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1 – Introduction

higher I/O speed, the data density of magnetic recording is still a welcome trade off, es-

pecially when the cost per terabyte of data and the longevity of the support is factored.

In modern hard disks, data are recorded magnetizing a thin film of ferromagnetic ma-

terial. Sequential changes in the direction of magnetization represent binary data bits.

A single bit involves the magnetization of a certain number of ferromagnetic grains

weakly interacting. Today, the demand pushing for always increasing data density is

rapidly approaching the physical limit of magnetic nanostructures known as the mag-

netic recording trilemma. Three main aspects contribute to the limitation imposed to

the development of magnetic recording: the grain size of which each bit cell is made,

the grain magnetic strength and the ability of the head to write the bit cell. In order to

increase the area density of stored information, namely the number of bits per square

centimeter, one can: reduce the size of the single grain, however this size is bounded

below by the superparamagnetic regime, or reduce the number of grains necessary to

record a single bit, which however would reduce the Signal to Noise Ratio). This last

aspect can be overcome using materials with stronger magnetization thus increasing

the grain strength, which however is limited by the ability of the head to overcome the

coercive field in order to write the bit. Today, the areal density reached is 1Tb/inch2. To

go beyond this limit, many different technical strategies are under development, such as

heat assisted magnetic recording (HAMR), and microwave assisted magnetic recording

(MAMR) or bit patterned magnetic recording (BPMR) [59].The first technique (HAMR)

tries to overcome the problem of writing bits with high coercivity, heating the region

to be written, therefore temporary lowering the coercive field of the grain to allow

the data recording. The second one (MAMR) tries to solve the same problem assisting

magnetization reversal in the media by using a microwave oscillator. In BPMR the idea

is to overcome the superparamagnetic limit by fabricating nano-islands composed of

strongly exchange coupled grains. In the case of BPMR, micromagnetic studies allow

us to optimize the size and distribution of the magnetic units as well as understand the

effect of magnetostatic interaction on the switching field distribution in the patterned

14
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media and coercive field of the bits.

Alongside to memory storage and hard disks, Random Access Memory (RAM) rapidly

developed in the last decades. Today the main technology for the production of RAM

is based on semiconductors, but the idea of random access memory based on magne-

toresistive effects dates back to 1960s [60].Despite showing some concrete advantages

over semiconductors technology, such as non-volatility, many issues have to be ad-

dressed before magnetoresistive elements could replace semiconductors. Research in-

terest for Magnetoresistive Random Access Memory (MRAM) grown again in the late

2000s thanks to the discover of Giant Magneto Resistance and Magnetic Tunnel Junc-

tion phenomena, whose application to magnetic sensors opened new possibility for the

development of MRAMs [61, 62].

The ability to permanently store data of MRAMs depends on the hysteresis properties

of ferromagnets, while the reading is done through the magnetoresistive properties of

the material. On a very basic level, a MRAM cell can be described as a magnetic device

presenting two magnetic stable states that correspond to the 0 or 1 bit. The reading of

the information is performed measuring the resistance of the cell that depends on the

magnetization state [63]. A MRAM chip is therefore an array of magnetoresistive cells

integrated with a circuit able to singularly address each memory element. The main

advantages of MRAM compared to traditional solutions are [64]:

• Non-volatility;

• Fast I/O operations;

• High density;

• Low power consumption once the data is written;

• Very long write endurance;

• Radiation hardness.
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The main drawbacks of this type of memory is due to writing technologies. When

MRAMs were initially developed, the writing procedure was performed with field in-

duced magnetic switching, using high current injection. In general, high currents gen-

erate a lot of heat due to Joule losses, thus limiting the data density, and causing high

power consumption. Moreover, with this technology also nearby cells are affected by

the magnetic field generated by the current pulse, further limiting the achievable data

density.

The problem of magnetic recording, as an alternative application field of magnetic nan-

odisks, is also explored in this thesis. In particular, in the last chapter we will propose

a study of bi-component (iron-permalloy) nanodisks in both single and 2D array ar-

rangement, as potential storage systems where the information unit is represented by

vortex chirality (magnetization rotational direction). We focus on 300 nm diameter nan-

odisks made of a permalloy lens and an iron crescent, with variable location of the

permalloy-iron interface. Through an extensive micromagnetic modelling analysis, we

demonstrate the possibility of tuning, via the application of a magnetic field parallel

to the interface, the nucleation of vortex (always occurring in permalloy region), its

motion up to the expulsion site and its chirality. Moreover, we find that the vortex sta-

bility is preserved over a wide field range also for highly packed nanodisks, due to the

reduced effects of inter-disk magnetostatic coupling.

This study on vortex chirality control may find application, in the aforementioned prob-

lem of magnetic recording. In the specific case of MRAMs, for example, the information

could be read by monitoring variations in the magnetoresistivity due to changes in the

relative chirality of the magnetization.
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1.4 Outline of the thesis

The thesis, which was carried out at the Istituto Nazionale di Ricerca Metrologica

(INRIM), in Torino, is divided in three parts: in the first one (Chapters 2 to 4) the micro-

magnetic theory underlying our investigation of magnetic nanostructures is presented,

together with the numerical tools developed to magnetization their reversal processes

and hysteresis losses. In the second part (Chapters 5 and 6) we focus on the applications

of micromagnetism to the optimization of magnetic nanostructures for magnetically

mediated hyperthermia therapies. In the last part, we show how magnetic nanostruc-

tures with vortexmagnetization configuration are of interest in data storage application

(Chapter 7).

1. The first chapter, which is concluded by this list, introduces the topic of theThesis.

2. In the second chapter we report the theoretical model of micromagnetism, which

is used in the thesis.

3. The third chapter describes the development and peculiarities of the 3D micro-

magnetic numerical solver implemented to analyze the hysteresis losses of nanos-

tructures with three-dimensional shape.

4. In the fourth chapter we describe the development and peculiarities of an op-

timized 2.5D micromagnetic numerical solver, implemented to analyze the hys-

teresis of thin-film nanostructures randomly distributed in a 3D space.This solver

was developed to study the effects of concentration and variable orientation with

respect to the applied field of ensembles of magnetic nanodisks, mutually inter-

acting in a 3D medium.

5. In the fifth chapter the results of a study focusing on permalloy nanostructures

of different sizes and shapes (disk, cylinder, sphere) are presented, providing in-

dication on which combination of parameters is more suitable for magnetically

mediated hyperthermia applications.

17



1 – Introduction

6. The sixth chapter summarizes the main results obtained on the optimization of

permalloy nanodisks, considering the effects of concentration (magnetostatic in-

teractions) and variable orientation with the applied field.

7. The seventh chapter presents an analysis on bi-material (iron-permalloy) nan-

odisks, showing how the shape anisotropy introduced by the material interface

affects the chirality of the vortex and its motion inside the disk.
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Chapter 2

Micromagnetic theory

In this chapter we will introduce the theoretical aspects used in the thesis. The the-

oretical framework, which enables us to describe magnetization processes at nanoscale

level, is micromagnetism. In our case, the micromagnetic study of nanostructures al-

lows us to understand which parameters mainly influence the hysteretic behavior of

nanostructures and thus their heating properties and, through a parametric analysis,

to identify the best candidates as heating mediators for hyperthermia. As we will see

in the last chapter, another potential application is the study of the possibility to con-

trol the magnetization state of nanostructures for applications in high-density magnetic

storage.

2.1 Micromagnetism

Micromagnetism is a continuum theory of ferromagnetism that describes magne-

tization processes at sub‐micrometer length scales. It was first formalized by William

Fuller Brown in 1963 [1]. Generally, a ferromagnetic material can be defined as a ma-

terial that can show a spontaneous magnetization, independently from the presence of

an external magnetic field. For long time it was supposed that ferromagnetic materials

were not homogeneously magnetized; finally, experiments conducted at the beginning
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2 – Micromagnetic theory

of the 20𝑡ℎ century by Bitter [2], followed by many others, confirmed the existence

of magnetic domains and domain walls theorized by Weiss in 1907 [3]. Nevertheless,

Maxwell’s macroscopic theory of electromagnetism alone was not able to describe the

presence of magnetic domains. During the 1950s, quantum theory developments were

able to shed light on the quantum mechanics origin of magnetic moments and their in-

teraction. However, the difference between quantum mechanics length scale and mag-

netic domain length scale is too large to explain the magnetization behavior in this

intermediate scale level.

Micromagnetism bridges the discrete quantum scale and the continuous macro-

scopic scale, describing magnetization processes in terms of microscopic continuous

quantities, taking into account quantum mechanic effects and explaining the experi-

mental findings. In 1935, Landau and Lifshitz [4] posed the base of micromagnetism,

introducing a continuous expression for quantum mechanical exchange energy, intro-

ducing the idea of domain pattern as the magnetization configuration able to minimize

the magnetostatic energy.

2.2 Micromagnetic free energy

Micromagnetism characterizes the state of a ferromagnetic object Ω by means of

its free energy and describes this state in terms of the continuous magnetization vector

field 𝐌, which is defined as

𝐌(𝐫, 𝑡) =
∑𝑁

𝑗 𝝁𝑗

𝑑𝑉
, (2.1)

where the elementary volume 𝑑𝑉 with position 𝐫 ∈ Ω is large enough to contain an

elevated number 𝑁 of atomistic magnetic moments 𝝁𝑗, 𝑗 = 1,…,𝑁, and small enough

to guarantee continuity. 𝐌 is associated with the net magnetic moment of 𝑑𝑉 (𝐌𝑑𝑉).

Magnetization in a given volume 𝑑𝑉 is also constant in amplitude and can be written as

𝐌(𝐫, 𝑡) = 𝑀𝑆𝐦(𝐫, 𝑡), (2.2)
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2.2 – Micromagnetic free energy

where the saturation magnetization 𝑀𝑆 is a property of the material. This is in agree-

ment with the quantum mechanics theory, which prescribes that each atomistic mag-

netic moment has a constant amplitude but a changing orientation.

Different physical interactions are present in a ferromagnetic material involving differ-

ent spatial scales and to each interaction is associated an energy contribution. Micro-

magnetic theory studies the magnetization state in terms of minimization of the mag-

netic Gibb’s free energy of the material. In the following sub-sections we will present

the different contributing energy terms, namely the exchange energy (describing short-

range interactions of quantum mechanics origin), the magneto-crystalline anisotropy

energy (associated with the properties of the crystal lattice), the magnetostatic or shape

anisotropy energy (describing long-range interactions) and the Zeeman energy (due

to external applied fields). Other contributions include the thermal energy (associated

with thermal noise) and the magneto-elastic or magnetostriction energy (due to the

stress anisotropy effects). The last term is here considered negligible.

2.2.1 Exchange energy

In this sub-section we will discuss the exchange interaction in ferromagnetic ma-

terials. Since this kind of phenomenon strongly depends on spin-spin interaction, it is

generally studied within the quantum mechanics framework. At the atomic scale, the

exchange interaction tends to align neighboring spins, favoring the formation of uni-

formlymagnetized regions, known asmagnetic domains.The first continuum derivation

of the exchange energy is due to Landau and Lifshitz [4] developing the initial works

of Bloch [5] and Heisenberg [6]. Let us introduce a cubic lattice of atomic moments; the

continuum expression for the exchange energy term can be derived from the homoge-

nization of the Heisenberg exchange Hamiltonian [6]:

ℋ̂𝑒𝑥 = −2 ∑
𝑖≠𝑗

𝐽𝑖𝑗(𝐫𝑖𝑗)𝐒𝑖(𝐫𝑖) ⋅ 𝐒𝑗(𝐫𝑗) (2.3)
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𝐦𝑖
𝐫𝑖𝑗

𝐦𝑗
𝜃𝑖𝑗

Figure 2.1: Two adjacent moments with the geometrical quantities that describe their
relative positions.

with 𝐽𝑖𝑗(𝐫𝑖𝑗) describing exchange interaction between atomic spin moments 𝐒𝑖 and 𝐒𝑗

at positions 𝐫𝑖 and 𝐫𝑗. The generic atomic spin moments 𝐒𝑖 can be written as 𝑆𝐦𝑖,

where 𝐦𝑖 is the unit vector parallel to 𝐒𝑖. From a theoretical point of view the Hamil-

tonian describes the interaction between all the spins in the material, however this is

relevant only over very short distances, therefore it is sufficient to consider only the

interaction with the closest neighbors to a specific atom. Thus, the exchange energy

density for one atom can be write as:

𝜙𝑒𝑥(𝐫𝑖) = −2𝐽0𝑆2

𝑉𝑎𝑡𝑜𝑚

𝜈
∑
𝑖≠𝑗

𝐦𝑖 ⋅ 𝐦𝑗. (2.4)

where 𝜈 is the number of nearest neighbors of the atom at position 𝐫𝑖, 𝑉𝑎𝑡𝑜𝑚 is the

atom volume and 𝐽0 is the nearest neighbor exchange integral. Since 𝐦𝑖 and 𝐦𝑗 are

both unit vectors for all 𝑖 and 𝑗, the scalar product 𝐦𝑖 ⋅ 𝐦𝑗 is only a function of the

angle 𝜃𝑖𝑗 between 𝐦𝑖 and 𝐦𝑗 (Fig. 2.1). This function can be rewritten as:

𝜙𝑒𝑥(𝐫𝑖) = −2𝐽0𝑆2

𝑉𝑎𝑡𝑜𝑚

𝜈
∑
𝑖≠𝑗

cos(𝜃𝑖𝑗). (2.5)

Under the assumption that the angle between neighboring spins 𝜃𝑖𝑗 is very small it

is possible to introduce the Taylor’s series expansion of the cosine of the angle 𝜃𝑖𝑗.

Moreover, if the small angle approximation |𝜃𝑖𝑗| ≈ |𝐦𝑖 − 𝐦𝑗| is verified, the scalar

product is recast as:

𝜈
∑
𝑖≠𝑗

cos(𝜃𝑖𝑗) ≈
𝜈

∑
𝑖≠𝑗

(1 − 1
2

𝜃2
𝑖𝑗) ≈ 𝜈 − 1

2

𝜈
∑
𝑖≠𝑗

|𝐦𝑖 − 𝐦𝑗|2. (2.6)
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2.2 – Micromagnetic free energy

Let us suppose to be able to write the vector 𝐦𝑖 − 𝐦𝑗 as a continuous function of 𝐦,

like

𝐦𝑖 − 𝐦𝑗 ≈ 𝐫𝑖𝑗 ⋅ ∇𝐦𝑗 (2.7)

that can be derived from the first order Taylor’s series expansion of 𝐦𝑖, i.e. 𝐦𝑖 ≈

𝐦𝑗 + 𝐫𝑖𝑗 ⋅ ∇𝐦𝑗. Then, Eq. (2.5) becomes

𝜙𝑒𝑥(𝐫𝑖) = −2𝜈𝐽0𝑆2

𝑉𝑎𝑡𝑜𝑚
+ 𝐽0𝑆2

𝑉𝑎𝑡𝑜𝑚

𝜈
∑
𝑖≠𝑗

(𝐫𝑖𝑗 ⋅ ∇𝐦)2, (2.8)

describing the exchange energy density around an atom of position 𝐫𝑖.

For a cubic lattice of edge length 𝑎 the following identities are verified

𝜈
∑
𝑖≠𝑗

𝑥2
𝑖𝑗 =

𝜈
∑
𝑖≠𝑗

𝑦2
𝑖𝑗 =

𝜈
∑
𝑖≠𝑗

𝑧2
𝑖𝑗 = 1

3

𝜈
∑
𝑖≠𝑗

𝑟2
𝑖𝑗 (2.9)

𝜈
∑
𝑖≠𝑗

𝑥𝑖𝑗𝑦𝑖𝑗 = 0 (2.10)

𝜈
∑
𝑗≠𝑖

𝑟2
𝑖𝑗 = 6𝑎2. (2.11)

Considering the above identities, neglecting the constant term (related to the exchange

energy for a uniformly magnetized medium), and summing over the number of spins

per unit volume, we obtain the expression of the exchange energy density per unit

volume

𝑔𝑒𝑥(𝐫) = 𝑘𝑒𝑥

3
∑
𝑞=1

(∇𝑚𝑞(𝐫))2. (2.12)

The exchange constant 𝑘𝑒𝑥 has the following expression

𝑘𝑒𝑥 = 2𝐽0𝑆2

𝑎
𝑐. (2.13)

As denoted before, 𝑎 is the lattice edge length and 𝑐 is a parameter describing the num-

ber of lattice points per unit cell (e.g. 𝑐=1 for cubic primitive cells, 𝑐=2 for body centered
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cubic cells and 𝑐=4 for face centered cubic cells). The passage from the quantum me-

chanical operator to classical quantities is done replacing the spin magnetic moments

𝐒 in Eq. (2.3) with the magnetization vector 𝐌 using the following relationship:

𝐌 = 𝑀𝑆𝐦 = 𝑔𝜇2
𝐵𝑜ℎ𝑟

𝑉𝑎𝑡𝑜𝑚
𝐒, (2.14)

with 𝑔 being the Landé factor (∼ 2 for iron). 𝜇𝐵𝑜ℎ𝑟 is the Bohr magneton and it is equal

to

𝜇𝐵𝑜ℎ𝑟 = 𝑒ℏ
2𝑚𝑒

= 9.274 × 10−24J/T. (2.15)

Here, 𝑚𝑒 the mass of the electron, ℏ the reduced Plank constant and 𝑒 is the elementary

charge.TheBohrmagneton is a physical constant and the natural unit for expressing the

magnetic moment of an electron caused by either its orbital or spin angular momentum.

With the opportune substitutions, the exchange constant becomes

𝑘𝑒𝑥 =
2𝐽0𝑀2

𝑆𝑉 2
𝑎𝑡𝑜𝑚

𝑔2𝜇2
𝐵𝑜ℎ𝑟𝑎

𝑐 (2.16)

Thematerial constant 𝑘𝑒𝑥 is positive in the case of a ferromagnetic material, this implies

that the exchange energy is minimized when the magnetic moments are parallel. The

total contribution of the exchange interaction to the free energy of a magnetic body can

be obtained integrating Eq. (2.12) over the ferromagnetic region Ω, obtaining:

𝐺𝑒𝑥 = ∫
Ω

𝑘𝑒𝑥[(∇𝑚𝑥)2 + (∇𝑚𝑦)2 + (∇𝑚𝑧)2]𝑑𝑉 . (2.17)

2.2.2 Magneto-crystalline anisotropy energy

It is quite common to experimentally observe anisotropic effects in ferromagnetic

materials, due to the symmetries of the crystal lattice of the material. In particular,

32



2.2 – Micromagnetic free energy

certain ferromagnetic materials exhibit energy-favored directions, known as easy di-

rections. This effect originates from quantum mechanical phenomena, namely the cou-

pling between spin moments and electronic orbital moments, and the coupling between

spin moments and the anisotropic crystal field acting on the atoms. This behavior can

be taken into account, introducing a phenomenological term to the free energy func-

tional, based on lattice symmetry considerations.

Let us consider a volume Δ𝑉 with uniform magnetization 𝐌. We aim at describing the

dependence of the anisotropy energy on the orientation of 𝐌. The state of the system

can be represented as a function of the unit vector 𝐦 = 𝐌
𝑀𝑆

, identified by the cartesian

components 𝑚𝑥, 𝑚𝑦, 𝑚𝑧 and the spherical angles 𝜃 and 𝜓 (Fig. 2.2), being respectively

the polar and azimuthal angles

𝑚𝑥 = sin 𝜃 cos𝜓

𝑚𝑦 = sin 𝜃 sin𝜓

𝑚𝑧 = cos 𝜃

. (2.18)

The anisotropy energy density 𝜙𝑎𝑛(𝐦) can be expressed as a function of the angles

𝜃 and 𝜓, and the anisotropy energy as the integral of the energy density function over

z

x

y
θ

ψ

Figure 2.2: Reference system with polar and azimuthal angles.
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the volume

𝐺𝑎𝑛 = ∫
Ω

𝜙𝑎𝑛(𝐦)𝑑𝑉 . (2.19)

The expression of the energy density function 𝜙𝑎𝑛(𝐦) describes the macroscopic an-

isotropic behavior, the minima of the function correspond to the easy axes, the saddle

points correspond to the medium-hard axes and the maxima correspond to the hard

axes.

Uniaxial anisotropy

One of the most common kind of anisotropy is the uniaxial anisotropy, where only

one lattice direction is favored. This type of behavior can be found in cobalt or in rare

earth transitionmetal intermetallic compounds (e.g. SmCo5, SmCo17, Nd2Fe14B). In this

case the energy density function is rotationally symmetric with respect to the easy axis

and depends only on the relative orientation of 𝐦 with the easy axis. If, for simplicity,

we suppose that the easy axis coincides with the Cartesian 𝑧 axis, it is possible to write

the anisotropy energy density as an even function of 𝑚𝑧 = cos 𝜃. With a change of

variables 𝑚2
𝑥 + 𝑚2

𝑦 = 1 − 𝑚2
𝑧 = 1 − cos2 𝜃 = sin2 𝜃 the expansion series becomes:

𝜙𝑎𝑛(𝐦) = 𝐾0 + 𝐾1 sin2 𝜃 + 𝐾2 sin4 𝜃 + 𝐾3 sin6 𝜃 + … (2.20)

where the anisotropy constants 𝐾0,𝐾1,𝐾2,… have the dimensions of energy per unit

volume. The expansion is generally truncated at the second-order term:

𝜙𝑎𝑛(𝐦) = 𝐾0 + 𝐾1 sin2 𝜃 (2.21)

With this approximation the anisotropic behavior depends on the sign of 𝐾1. From

the first order derivative the critical points of the function are 0, 𝜋
2 ,𝜋. If 𝐾1 > 0 , we

have two minima at 𝜃 = 0 and 𝜃 = 𝜋 corresponding to easy axis anisotropy. If 𝐾1 < 0,

we have a minimum at 𝜃 = 𝜋/2 (𝑥𝑦-plane) and thus an easy plane anisotropy. The two
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Figure 2.3: Uniaxial anisotropy energy density function. On the left easy axis anisotropy.
On the right easy plane anisotropy.

types of anisotropy are described in Fig. 2.3

The anisotropy energy, derived from the integration of Eq. (2.21) becomes:

𝐺𝑎𝑛(𝐦) = ∫
Ω

𝐾1[1 − (𝐞𝑎𝑛(𝐫) ⋅ 𝐦(𝐫))2]𝑑𝑉, (2.22)

where 𝐞𝑎𝑛 is the easy axis unit vector and the constant 𝐾0 is neglected.

Cubic anisotropy

Other ferromagnetic materials, such as iron and nickel, show cubic anisotropy be-

havior. This is mainly due to spin-lattice coupling in cubic crystals. In cartesian coordi-

nates the anisotropy energy density function can be expressed as

𝜙𝑎𝑛(𝐦) = 𝐾0 + 𝐾1(𝑚2
𝑥𝑚2

𝑦 + 𝑚2
𝑦𝑚2

𝑧 + 𝑚2
𝑥𝑚2

𝑧) + 𝐾2𝑚2
𝑥𝑚2

𝑦𝑚2
𝑧 + … (2.23)

where 𝐾0,𝐾1,𝐾2,… are the anisotropy constants. Also in this case we neglect the

higher order terms, i.e. 𝐾𝑖≥2 = 0. If 𝐾1 > 0, we have six equivalent minima along

the 𝑥, 𝑦, 𝑧 axes in both the positive and negative directions as illustrated by Fig. 2.4a. If

𝐾1 < 0, we have eight equivalent minima along <111> directions (see Fig. 2.4b), while

<110> directions are the medium‐hard axes and <100> directions are the hard axes.
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Figure 2.4: Cubic anisotropy energy density function. On the left: coordinate axes are
easy directions. On the right: coordinate axes are hard directions.

2.2.3 Magnetostatic energy

The magnetostatic interaction represents how the magnetic moments interact with

each other over the long distance and it is due to the shape anisotropy of the magne-

tized sample. To describe this interaction we introduce the magnetostatic field 𝐇𝑚𝑠,

which depends on the contribution from the whole magnetization spatial distribution,

leading to an integral term in the magnetization dynamic equations. The phenomena

can be described at the macroscopic level starting from the Maxwell equations for a

magnetized media, and can be derived using both the vector potential or the scalar po-

tential, introducing the concept of magnetic charge density. In the following part we

will derive 𝐇𝑚𝑠 using the scalar potential.
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2.2 – Micromagnetic free energy

In the absence of current, the following equations are considered:

⎧
{{
⎨
{{
⎩

∇ ⋅ 𝐁𝑚𝑠 = 0

∇ × 𝐇𝑚𝑠 = 0.

𝐁𝑚𝑠 = 𝜇0(𝐇𝑚𝑠 + 𝐌)

(2.24)

From the first and third equation one can easily obtain that

∇ ⋅ 𝐇𝑚𝑠 = −∇ ⋅ 𝐌 (2.25)

while, from the second equation, it is possible to introduce a scalar potential 𝜓𝑚𝑠 such

that −∇𝜓𝑚𝑠 = 𝐇𝑚𝑠 [7]. In analogy with electrostatics, we can introduce an effective

magnetic charge density, defined as 𝜌𝑚𝑠 = −∇ ⋅ 𝐌, which allows us to write the

following relationships

⎧{{{{
⎨{{{{⎩

∇ ⋅ 𝐇𝑚𝑠 = −𝜌𝑚𝑠 in Ω

∇ ⋅ 𝐇𝑚𝑠 = 0 in Ω𝑐

𝐧 ⋅ ⟦𝐇𝑚𝑠⟧𝜕Ω = 𝐧 ⋅ ⟦𝐌⟧𝜕Ω

𝐧 × ⟦𝐇𝑚𝑠⟧𝜕Ω = 0

, (2.26)

where Ω𝑐 represents the space external to the magnetic domain Ω. Despite magnetic

charges are a fictitious abstraction of their electrical counterpart, they are a useful con-

cept to understand how the magnetization configuration reduces the magnetostatic en-

ergy via the minimization of magnetic pole number.
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The scalar potential 𝜓𝑚𝑠 is the solution of the Poisson’s equation boundary problem:

⎧
{{{{
⎨
{{{{
⎩

∇2𝜓𝑚𝑠(𝐫) = ∇ ⋅ 𝐌(𝐫) in Ω,

∇2𝜓𝑚𝑠(𝐫) = 0 in Ω𝑐

[𝜓]𝜕Ω = 0

[𝜕𝜓
𝜕𝐧

]
𝜕Ω

(2.27)

which admits the following solution:

𝜓𝑚𝑠(𝐫) = − 1
4𝜋

∫
Ω

∇′ ⋅ 𝐌(𝐫′)
|𝐫 − 𝐫′|

𝑑𝑉 ′ + 1
4𝜋

∮
𝜕Ω

𝐧′ ⋅ 𝐌(𝐫′)
|𝐫 − 𝐫′|

𝑑𝑆′ (2.28)

where

𝜎𝑀 = 𝐧 ⋅ 𝐌, (2.29)

is amagnetic surface charge density [7]. Using the divergence theorem the surface inte-

gral can be rewrite as a volume integral, obtaining

𝜓𝑚𝑠(𝐫) = 1
4𝜋

∫
Ω

−∇′ ⋅ 𝐌(𝐫′)
|𝐫 − 𝐫′|

+ ∇′ ⋅ ( 𝐌(𝐫′)
|𝐫 − 𝐫′|

) 𝑑𝑉 ′ (2.30)

Tanks to this equality ∇ ⋅ (𝑓𝐯) = 𝑓∇ ⋅ 𝐯 + 𝐯 ⋅ ∇𝑓, the previous equation is recast as:

𝜓𝑚𝑠(𝐫) = − 1
4𝜋

∫
Ω

∇′ 1
|𝐫 − 𝐫′|

⋅ 𝐌(𝐫′)𝑑𝑉 ′ (2.31)

Applying the gradient operator to both sides of the equation, we obtain the following

expression of the magnetostatic field

𝐇𝑚𝑠(𝐫) = − 1
4𝜋

∇ ∫
Ω

(∇′ 1
|𝐫 − 𝐫′|

⋅ 𝐌(𝐫′)) 𝑑𝑉 ′. (2.32)

The same expression can be derived from the microscopic point of view calculating the

field generated by the single magnetic moments and summing their contribution over
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2.2 – Micromagnetic free energy

the whole body. Analyzing the expression of the magnetostatic field in Eq. (2.32), it is

trivial to notice that, apart from the linear dependence on 𝐌, the magnetostatic field is

determined uniquely by the geometrical shape of the magnetic object.

Following the similitude between magnetic and electric charges [8], the total energy of

the magnetostatic field in the whole space 𝒟 can be written as

𝒰𝑚𝑠 = 1
2

𝜇0 ∫
𝒟

𝐻2
𝑚𝑠𝑑𝒟 (2.33)

From Eq. (2.24) the integral can be recast as

𝒰𝑚𝑠 =1
2

𝜇0 ∫
𝒟

𝐇𝑚𝑠 ⋅ (𝐁𝑚𝑠
𝜇0

− 𝐌) 𝑑𝒟 =

=1
2

∫
𝒟

𝐇𝑚𝑠 ⋅ 𝐁𝑚𝑠𝑑𝒟 − 1
2

𝜇0 ∫
𝒟

𝐇𝑚𝑠 ⋅ 𝐌𝑑𝒟
(2.34)

The first integral is equal to zero because 𝐁𝑚𝑠 is solenoidal and 𝐇𝑚𝑠 is irrotational.

Since 𝐌 is nonzero only inside the magnetic object, the second integral is reduced to

the volume of the magnetic body Ω, leading to the following expression for the magne-

tostatic energy

𝐺𝑚𝑠 = −1
2

𝜇0 ∫
Ω

𝐌(𝐫) ⋅ 𝐇𝑚𝑠(𝐫)𝑑𝑉 . (2.35)

Therefore, the magnetostatic energy density becomes

𝜙𝑚𝑠 = −1
2

𝜇0𝐌 ⋅ 𝐇𝑚𝑠 (2.36)

2.2.4 Zeeman energy

The presence of an external magnetic field 𝐇𝑎 produces a long-rage effect on a mag-

netized object, therefore we introduce into the energy functional a term that is able to

describe the interaction between the magnetization and the applied field.
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2 – Micromagnetic theory

Let us consider the force acting on a magnetic dipole with magnetic moment 𝝁 in pres-

ence of an external field,

𝐅ext = 𝜇0∇(𝝁 ⋅ 𝐇𝑎). (2.37)

This force can be seen as the negative gradient of a potential energy

𝐸𝑎 = −𝜇0𝝁 ⋅ 𝐇𝑎, (2.38)

which is zero when the magnetic moment is aligned parallel to the applied field and

reaches its maximumwhen the two vectors are orthogonal, thus it models the tendency

of a magnetic moment to align itself to the applied field. In a magnetized body the total

energy contribution is obtained performing a sum over all the local magnetic moments,

thus

𝐸𝑎 = −𝜇0 ∑
𝑖

𝝁𝑖 ⋅ 𝐇𝑎. (2.39)

With the introduction of the micromagnetic continuum approach this energy, which is

expressed in terms of discrete magnetic moments, is rewritten as the potential energy

of a continuous distribution of magnetic moments under the action of an externally

applied magnetic field. It results the following expressions

𝐺𝑎 = −𝜇0 ∫
Ω

𝐌 ⋅ 𝐇𝑎𝑑𝑉 . (2.40)

This term is known as the Zeeman energy, named after the Dutch physicist Pieter Zee-

man.
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2.3 – Micromagnetic equilibrium configuration

2.2.5 The Gibb’s free energy

It is now possible to introduce the expression of the Gibb’s free energy functional

as

𝐺(𝐌,𝐇𝑎) = 𝐺𝑒𝑥 + 𝐺𝑎𝑛 + 𝐺𝑚𝑠 + 𝐺𝑎

𝐺(𝐌,𝐇𝑎) = ∫
Ω

[𝑘𝑒𝑥(∇𝐦)2 + 𝜙𝑎𝑛(𝐦) − 𝜇0
1
2

𝐌 ⋅ 𝐇𝑚𝑠 − 𝜇0𝐌 ⋅ 𝐇𝑎] 𝑑𝑉
(2.41)

The Gibb’s free energy is closely related to the Helmholtz free energy by the following

equation

𝐺 = 𝑈 − 𝑇 𝑆⏟
Helmholtz energy 𝐹

−𝜇0 ∫ 𝐌 ⋅ 𝐇𝑎𝑑𝑉 (2.42)

where 𝑈 is the internal energy of the system, 𝑇 is the absolute temperature, 𝑆 is the

entropy and the integral is the interaction energy with the external field.The Gibb’s free

energy can be regarded as a complicated functional of the magnetization. This energy

displays a multi-valley articulated landscape, which is transversed by the system when

the applied field is changed. The search for the local equilibrium configurations of the

magnetization spatial distribution in a bodymay in principle be carried out by imposing

a minimum condition on the Gibb’s free energy, looking for the minima of the energy

landscape.

2.3 Micromagnetic equilibrium configuration

Under the assumptions of constant external field and negligible temperature ef-

fects, the system equilibrium points (metastable states) correspond to the minima of

the Gibb’s free energy. Using variational techniques we will study the response of the

functional 𝐺(𝐌,𝐇𝑎) to small variations 𝐦 + 𝛿𝐦 with the non convex constraint

𝐌 = 𝑀𝑆𝐦, |𝐌| = 𝑀𝑆 , which thus implies |𝐦 + 𝛿𝐦| = 1. In particular, we fo-

cus on the linear part of the change in the functional, namely its first order variation.
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2 – Micromagnetic theory

2.3.1 First‐order variation of Gibb’s free energy

The idea is to find the distribution of 𝐌 that minimizes the Gibb’s free energy, there-

fore we want to study the critical points of the functional, which satisfies the following

relationship

𝛿𝐺(𝐌,𝐇𝑎) = 0, (2.43)

where 𝛿𝐺(𝐌,𝐇𝑎) is the first order variation of the functional. Imposing the vanish-

ing of the first order variation 𝛿𝐺, for any variation 𝛿𝐦 of 𝐦, allows us to derive the

equilibrium condition of the system and consequently the equilibrium configuration of

the magnetization in the body [1]. To do this task we will now analyze each term of the

energy functional and introduce, one by one, their first order variation.

Exchange energy

The first order variation of Eq. (2.17) is

𝛿𝐺𝑒𝑥 = 𝐺𝑒𝑥(𝐦 + 𝛿𝐦) − 𝐺𝑒𝑥(𝐦) = ∫
Ω

2𝑘𝑒𝑥∇𝐦 ⋅ ∇𝛿𝐦𝑑𝑉 . (2.44)

Using the vector identity

𝐯 ⋅ ∇𝑓 = ∇ ⋅ (𝑓𝐯) − 𝑓∇ ⋅ 𝐯 (2.45)

and considering

∇𝐦 ⋅ ∇𝛿𝐦 = ∇𝑚𝑥 ⋅ ∇𝛿𝑚𝑥 + ∇𝑚𝑦 ⋅ ∇𝛿𝑚𝑦 + ∇𝑚𝑧 ⋅ ∇𝛿𝑚𝑧 (2.46)

for the generic 𝑞𝑡ℎ component of the integral we obtain

∫
Ω

𝑘𝑒𝑥∇𝑚𝑞 ⋅ ∇𝛿𝑚𝑞𝑑𝑉 = ∫
Ω

[∇ ⋅ (𝛿𝑚𝑞𝑘𝑒𝑥∇𝑚𝑞) − 𝛿𝑚𝑞∇ ⋅ (𝑘𝑒𝑥∇𝑚𝑞)] 𝑑𝑉, (2.47)
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2.3 – Micromagnetic equilibrium configuration

having assumed 𝑓 = 𝛿𝑚𝑞 and 𝐯 = ∇𝑚𝑞 Using the Gauss theorem it is possible to

rewrite the first term of the right hand side of the last equation as a surface integral

over the boundary 𝜕Ω, resulting in

∫
Ω

𝑘𝑒𝑥∇𝑚𝑞 ⋅ ∇𝛿𝑚𝑞𝑑𝑉 = ∫
𝜕Ω

𝛿𝑚𝑞𝑘𝑒𝑥
𝜕𝑚𝑞

𝜕𝐧
𝑑𝑆 − ∫

Ω
𝛿𝑚𝑞∇ ⋅ (𝑘𝑒𝑥∇𝑚𝑞)𝑑𝑉 . (2.48)

Thus the exchange contribution to the first order variation of the energy functional in

Eq. (2.44) can be recast using the last reformulation of the integral term (2.48) as

𝛿𝐺𝑒𝑥 = − ∫
Ω

2∇ ⋅ (𝑘𝑒𝑥∇𝐦) ⋅ 𝛿𝐦𝑑𝑉 + ∫
𝜕Ω

[2𝑘𝑒𝑥
𝜕𝐦
𝜕𝐧

⋅ 𝛿𝐦] 𝑑𝑆. (2.49)

Anisotropy energy

The first order variation of anisotropy energy described in Eq. (2.19) can be written

as:

𝛿𝐺𝑎𝑛 = ∫
Ω

𝜕𝜙𝑎𝑛
𝜕𝐦

⋅ 𝛿𝐦𝑑𝑉 . (2.50)

For example, in the case of uniaxial anisotropy the latter equation becomes

𝛿𝐺𝑎𝑛 = − ∫
Ω

2𝐾1(𝐦 ⋅ 𝐞𝑎𝑛)𝐞𝑎𝑛 ⋅ 𝛿𝐦𝑑𝑉 . (2.51)

Magnetostatic energy

The first order variation of Eq. (2.35) is

𝛿𝐺𝑚𝑠 = −1
2

𝜇0 ∫
Ω

𝑀𝑆𝛿𝐦 ⋅ 𝐇𝑚𝑠𝑑𝑉 − 1
2

𝜇0 ∫
Ω

𝑀𝑆𝐦 ⋅ 𝛿𝐇𝑚𝑠𝑑𝑉 . (2.52)
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Because of the reciprocity theorem [1], the two terms in the above integral are equal,

therefore the equation becomes

𝛿𝐺𝑚𝑠 = −𝜇0 ∫
Ω

𝑀𝑆𝐇𝑚𝑠 ⋅ 𝛿𝐦𝑑𝑉 . (2.53)

Zeeman energy

The applied magnetic field does not depend on the magnetization so the first order

variation of Zeeman energy is

𝛿𝐺𝑎 = −𝜇0 ∫
Ω

𝑀𝑆𝐇𝑎 ⋅ 𝛿𝐦𝑑𝑉 . (2.54)

2.3.2 Brown’s equations and effective field

Summing the previous results, the first-order variation of the Gibb’s free energy

functional is written as follows

𝛿𝐺 = − ∫
Ω

[2∇ ⋅ (𝑘𝑒𝑥∇𝐦) − 𝜕𝜙𝑎𝑛
𝜕𝐦

+ 𝜇0𝑀𝑆𝐇𝑚𝑠 + 𝜇0𝑀𝑆𝐇𝑎] ⋅ 𝛿𝐦𝑑𝑉 +

+ ∫
𝜕Ω

[2𝑘𝑒𝑥
𝜕𝐦
𝜕𝐧

⋅ 𝛿𝐦] 𝑑𝑆.
(2.55)

From here we will obtain an equation describing the equilibrium state of the problem.

As stated previously |𝐦 + 𝛿𝐦| = 1, therefore the most general variation of 𝐦 is a

rotation, and can be written as:

𝛿𝐦 = 𝐦 × 𝛿 ⃗𝜃 (2.56)
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2.3 – Micromagnetic equilibrium configuration

where 𝛿 ⃗𝜃 is the vector representing the elementary rotation of an angle 𝛿𝜃. Performing

a substitution in Eq. (2.55) and using the following vector product identities

𝐯 ⋅ (𝐰 × 𝐮) = 𝐮 ⋅ (𝐯 × 𝐰) = −𝐮 ⋅ (𝐰 × 𝐯) (2.57)

it is possible to obtain by imposing 𝛿𝐺 = 0

𝛿𝐺 = ∫
Ω

𝐦 × [2∇ ⋅ (𝑘𝑒𝑥∇𝐦) − 𝜕𝜙𝑎𝑛
𝜕𝐦

+ 𝜇0𝑀𝑆𝐇𝑚𝑠 + 𝜇0𝑀𝑆𝐇𝑎] ⋅ 𝛿 ⃗𝜃𝑑𝑉 +

+ ∫
𝜕Ω

[2𝑘𝑒𝑥
𝜕𝐦
𝜕𝐧

× 𝐦] ⋅ 𝛿 ⃗𝜃𝑑𝑆 = 0.
(2.58)

Since the elementary rotation is arbitrarily chosen, the latter equation can be equal to

zero if and only if the following equations are satisfied

⎧{{
⎨{{⎩

𝐦 × [2∇ ⋅ (𝑘𝑒𝑥∇𝐦) − 𝜕𝜙𝑎𝑛
𝜕𝐦

+ 𝜇0𝑀𝑆𝐇𝑚𝑠 + 𝜇0𝑀𝑆𝐇𝑎] = 0

[2𝑘𝑒𝑥
𝜕𝐦
𝜕𝐧

× 𝐦]
𝜕Ω

= 0
(2.59)

The second equation of the system 𝜕𝐦
𝜕𝐧 × 𝐦 implies that 𝜕𝐦

𝜕𝐧 = 0 on the surface of the

body. Since the two vectors are always orthogonal, the vector product can only vanish

if the normal derivative of 𝐦 is identically equal to zero. Opportunely regrouping the

constants in the first equation of the system allows us to obtain in the right hand side

of the vector product the expression of the effective field

𝐇eff = 2
𝜇0𝑀𝑆

∇ ⋅ (𝑘𝑒𝑥∇𝐦) − 1
𝜇0𝑀𝑆

𝜕𝜙𝑎𝑛
𝜕𝐦

+ 𝐇𝑚𝑠 + 𝐇𝑎 (2.60)
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Here the two first terms represent how the exchange and anisotropy interactions act

respectively on the magnetization as two magnetic fields:

𝐇𝑒𝑥 = 2
𝜇0𝑀𝑆

∇ ⋅ (𝑘𝑒𝑥∇𝐦), (2.61)

𝐇𝑎𝑛 = − 1
𝜇0𝑀𝑆

𝜕𝜙𝑎𝑛
𝜕𝐦

. (2.62)

The quantity

𝑙𝑒𝑥 = √ 2𝑘𝑒𝑥
𝜇0𝑀2

𝑆
(2.63)

is the exchange length, which gives a measure of the distance at which the exchange

interaction is prevalent. This parameter is generally in the order of 5 ÷ 10 nm, thus one

can reasonably expect that around that spatial scale the magnetization is uniform. This

aspect has to be taken into account in the spatial discretization of the problem for the

numerical integration of magnetization equation, since generally one of the assump-

tions is that the magnetization is uniform in each mesh element. Therefore, the size of

each discretization element should not be larger than the exchange length to correctly

represents the physics of the problem.

It is now possible to rewrite Eq. 2.59 as

⎧{
⎨{⎩

𝜇0𝑀𝑆𝐦 × 𝐇eff = 0
𝜕𝐦
𝜕𝐧

∣
𝜕Ω

= 0
(2.64)

which are known as the Brown’s equations.

The solution of this system of equations allows us to find the equilibrium configuration

of the magnetization within a magnetic body. The first Brown’s equation is strongly

non linear since 𝐇eff has a strong integro-differential dependence on the magnetization

vector field 𝐦. To properly describe the system it is necessary to take into account its

dynamics too. In the following section we will derive the equation to evaluate the time
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behavior of the system.

2.4 Magnetization dynamics and the Landau-Lifshitz-

Gilbert equation

The theory described before allows us to study the equilibrium configuration of

a magnetic body, but does not give us any information on the time evolution of the

system towards a new minimum energy point when the applied field changes. We will

now introduce the dynamic model proposed by Landau and Lifshitz in 1935 [4], further

developed by Gilbert [9] in 1955.

2.4.1 Gyromagnetic precession

We start introducing the gyromagnetic precession of spin magnetic moment. From

quantum mechanics we know that the spin magnetic moment can be expressed as a

function of the angular momentum of electrons, following the relation

𝝁 = −𝛾𝐋 (2.65)

where 𝛾 is the absolute value of the gyromagnetic ratio, which expresses the propor-

tionality between the two moments and has an absolute value of 1.76×1011radT−1s−1.

In particular:

𝛾 = 𝑔𝑒
2𝑚𝑒

= 𝑔𝜇𝐵
ℏ

(2.66)

where 𝑔 ∼ 2 is the Landé splitting factor, 𝑒 = 1.6 × 10−19C is the elementary charge

and 𝑚𝑒 = 9.1 × 10−31kg is the electron mass. As for the second cardinal equation of

motion 𝑑𝐋/𝑑𝑡 = 𝜏 (assuming that the polo speed is zero), one can write:

𝑑𝐋
𝑑𝑡

= 𝜇0𝝁 × 𝐇 (2.67)
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expressing the relation between the torque exerted by the field on themagnetic moment

𝜏 = 𝜇0𝝁×𝐇 and the rate of change of the angular moment. From Eq. (2.65) it is possible

to derive the equation describing the precession of the spin magnetic moment around

the field
𝑑𝝁
𝑑𝑡

= −𝜇0𝛾𝝁 × 𝐇 (2.68)

with frequency

𝑓𝑙 = 𝜇0
𝛾𝐻
2𝜋

(2.69)

known as the Larmor frequency or precession frequency.

Let us now consider an elementary volume 𝑑𝑉, for each magnetic moment 𝝁𝑗 in the

volume we can rewrite Eq. (2.68) as

𝑑𝝁𝑗

𝑑𝑡
= −𝜇0𝛾𝝁𝑗 × 𝐇 (2.70)

and under the hypothesis of spatially uniform field 𝐇 we can derive the volume average

of the previous equation

1
𝑑𝑉

𝑑 ∑𝑗 𝝁𝑗

𝑑𝑡
= −𝜇0𝛾

∑𝑗 𝝁𝑗

𝑑𝑉
× 𝐇. (2.71)

Recalling the definition of magnetization 𝐌 we provided in Section 2.2, from the last

equation we obtain the continuum gyromagnetic precession model, namely

𝜕𝐌
𝜕𝑡

= −𝜇0𝛾𝐌 × 𝐇. (2.72)

2.4.2 Landau-Lifshitz equation

In 1935 Landau and Lifshitz proposed a first model for the processional motion of

magnetization. Starting from continuum precession model described by Eq. (2.72), the
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2.4 – Magnetization dynamics and the Landau-Lifshitz-Gilbert equation

quantummechanics and anisotropy effects are taken in account through a phenomeno-

logical approach by means of the effective field 𝐇eff, which is described in Eq. (2.60),

leading to the following equation:

𝜕𝐌
𝜕𝑡

= −𝛾𝐿𝐌 × 𝐇eff, (2.73)

where 𝛾𝐿 is the gyromagnetic ratio according to the precessional motion definition pro-

vided by Landau and Lifshitz as 𝜇0𝛾. This formulation is equivalent to the first Brown’s

equation when the rate of change of the magnetization vanishes 𝜕𝐌
𝜕𝑡 = 0, and the same

boundary condition applies, that is 𝜕𝐌
𝜕𝐧 ∣

𝜕Ω
= 0. The Landau-Lifshitz equation, as the

precessional model it comes from, is a conservative Hamiltonian equation. However, we

know, from experimental observation, that dissipative processes take place in magneti-

zation dynamics. Atomic-level dynamics involves interactions between magnetization,

electrons and phonons. Magnetization damping can occur through energy transfer from

an electron’s spin to itinerant electrons, lattice vibrations, spin waves, magnons impu-

rities [10]. In order to take into account these effects, Landau and Lifshitz introduced

𝐇eff

𝐌

−𝐌 × 𝐇eff

(a)

𝐇eff

𝐌

−𝐌 × 𝐇eff

−𝐌 × (𝐌 × 𝐇eff)

(b)

Figure 2.5: (a) Scheme of magnetization precession motion as described by Eq. (2.73) in
absence of dissipative term. (b) Scheme of dampened magnetization precession motion
as described by Eq. (2.74).

in the equation 2.73 a dissipative term , which drives the magnetization towards the
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2 – Micromagnetic theory

direction of 𝐇eff. Specifically

𝜕𝐌
𝜕𝑡

= −𝛾𝐿𝐌 × 𝐇eff − 𝜆
𝑀𝑆

𝐌 × (𝐌 × 𝐇eff). (2.74)

In the above equation 𝜆 > 0 is a phenomenological parameter that depends on the

properties of the magnetic material. The additional term preserves the non convex con-

straint on the magnetization, since, by its vector product definition, it always acts or-

thogonally to the magnetization. Its damping role is well illustrated by the comparison

of the schemes in Fig. 2.5.

2.4.3 Landau-Lifshitz-Gilbert equation

In 1955 Gilbert [9] proposed an alternative approach for the inclusion of the dissipa-

tive phenomena in the precession equation. Gilbert, applying a Lagrangian approach to

the gyromagnetic equation of magnetization (2.73), introduced the phenomenological

damping as a “viscous force” proportional to the time derivative of the magnetization,

i.e.
𝛼

𝑀𝑆
𝐌 × 𝜕𝐌

𝜕𝑡
. (2.75)

Adding this term is equivalent to the introduction of a torque produced by a field equal

to:

− 𝛼
𝛾𝑀𝑆

𝜕𝐌
𝜕𝑡

. (2.76)

Also in this case, the formulation of the damping term is able to preserve the magne-

tization amplitude. The parameter 𝛼, known as the Gilbert damping constant, is adi-

mensional and its value ranges between 0.001 ÷ 0.01. We can now write the Landau-

Lifshitz-Gilbert (LLG) equation:

𝜕𝐌
𝜕𝑡

= −𝛾𝐺𝐌 × 𝐇eff + 𝛼
𝑀𝑆

𝐌 × 𝜕𝐌
𝜕𝑡

. (2.77)
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2.4 – Magnetization dynamics and the Landau-Lifshitz-Gilbert equation

In the following part we will show how to obtain the Landau-Lifshitz equation from the

LLG equation and we will discuss the differences between the two. An external product

is applied to Eq. (2.77), multiplying both sides by 𝐌. The equation thus becomes

𝐌 × 𝜕𝐌
𝜕𝑡

= −𝛾𝐺𝐌 × (𝐌 × 𝐇eff) + 𝐌 × ( 𝛼
𝑀𝑆

𝐌 × 𝜕𝐌
𝜕𝑡

) . (2.78)

Recurring to the vector triple product formula a×(b×c) = b(a ⋅c)−c(a ⋅b) and since

𝐌 ⋅ 𝜕𝐌
𝜕𝑡 = 0, the last equation is rewritten as:

𝐌 × 𝜕𝐌
𝜕𝑡

= −𝛾𝐺𝐌 × (𝐌 × 𝐇eff) − 𝛼𝑀𝑆
𝜕𝐌
𝜕𝑡

. (2.79)

We can now take the LLG equation (2.77) and substitute in the last term the expression

we just introduced, obtaining

𝜕𝐌
𝜕𝑡

= −𝛾𝐺𝐌 × 𝐇eff − 𝛾𝐺𝛼
𝑀𝑆

𝐌 × (𝐌 × 𝐇eff) − 𝛼2 𝜕𝐌
𝜕𝑡

. (2.80)

Bringing the last right hand side term of the equation on the left side and dividing the

equation by (1+𝛼2), it is possible to derive the Landau-Lifshitz equation in the Gilbert’s

form:
𝜕𝐌
𝜕𝑡

= − 𝛾𝐺
(1 + 𝛼2)

𝐌 × 𝐇eff − 𝛾𝐺𝛼
(1 + 𝛼2)𝑀𝑆

𝐌 × (𝐌 × 𝐇eff), (2.81)

where

𝛾𝐿 = 𝛾𝐺
(1 + 𝛼2)

, 𝜆 = 𝛾𝐺𝛼
(1 + 𝛼2)𝑀𝑆

(2.82)

are the coefficients of the Landau-Lifshitz (LL) equation. The equations (2.74) and (2.81)

are equivalent from amathematical point of view, but they describe two different physics.

Taking a closer look, they behave in the same way only in the case of pure precession

without damping (𝛼,𝜆 → 0). As pointed out by Mallinson [11] and Kikuchi [12] in the

51
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case of infinite damping (𝛼,𝜆 → ∞) they have two different behaviors, i.e.

𝜆 → ∞ LL equation
𝜕𝐌
𝜕𝑡

→ ∞

𝛼 → ∞ LLG equation
𝜕𝐌
𝜕𝑡

→ 0
(2.83)

Since, for very large damping, we expect that the motion is very slow, we can say that

the LLG formulation is better suited to describe the physics of the problem. In the fol-

lowing chapter, we will refer to the magnetization dynamics equation in the LLG form,

indicating for conciseness 𝛾𝐺 as 𝛾.

For completeness we include also the normalized LLG equation, since it is often use-

ful to have an equation expressed in dimensionless units. We introduce the normalized

quantity

𝐦 = 𝐌
𝑀𝑆

, 𝐡eff =
𝐇eff

𝑀𝑆
. (2.84)

The normalized LLG equation is obtained dividing both sides of Eq. (2.81) by 𝛾𝑀2
𝑆 and

measuring the time in units of (𝛾𝑀𝑆)−1. These operations lead to

𝜕𝐦
𝜕𝑡

= − 1
(1 + 𝛼2)

𝐦 × 𝐡eff − 𝛼
(1 + 𝛼2)

𝐦 × (𝐦 × 𝐡eff). (2.85)

The expression of 𝐇eff in Eq. (2.60) can be renormalized by same normalizing the dif-

ferent field terms, therefore the normalized version of the effective field becomes:

𝐡eff = 2
𝜇0𝑀2

𝑆
∇ ⋅ (𝑘𝑒𝑥∇𝐦) − 1

𝜇0𝑀2
𝑆

𝜕𝜙𝑎𝑛
𝜕𝐦

+ 𝐡𝑚𝑠 + 𝐡𝑎. (2.86)

2.4.4 Properties of magnetization dynamics

Let us now briefly recap the properties of the Landau-Lifshitz-Gilbert equation.
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Conservation of magnetization amplitude

Taking the normalized LLG equation (2.85) and applying the scalar product by 𝐦 to

both sides of the equation, we can rewrite the left side as the derivative of the square of

the module of 𝐦, while the right side becomes identically equal to zero because of the

orthogonality.
𝑑
𝑑𝑡

(1
2

|𝐦|2) = 0. (2.87)

therefore

∀𝑡1, 𝑡2 ∈ ℝ+ and 𝐫 ∈ Ω |𝐦(𝑡1, 𝐫)| = |𝐦(𝑡2, 𝐫)|. (2.88)

This means that any magnetization motion, at a given location 𝐫, evolves on the unit

sphere. In Chapter 3 we will see how this property influences the choice of time inte-

gration methods.

Lyapunov structure

Taking the normalized LLG equation (2.85), we can rewrite it in the following form:

𝜕𝐦
𝜕𝑡

= −𝐦 × (𝐡eff − 𝛼𝜕𝐦
𝜕𝑡

) . (2.89)

If we apply the scalar product by (𝐡eff − 𝛼𝜕𝐦
𝜕𝑡 ) to both sides of the equation, the right

hand side term vanishes because of the orthogonality and we obtain

𝜕𝐦
𝜕𝑡

⋅ (𝐡eff − 𝛼𝜕𝐦
𝜕𝑡

) = 0 (2.90)

Introducing now the following expression for the time derivative of the free energy 𝑔

𝑑𝑔
𝑑𝑡

= ∫
Ω

( 𝛿𝑔
𝛿𝐦

⋅ 𝜕𝐦
𝜕𝑡

+ 𝛿𝑔
𝛿𝐡𝑎

⋅ 𝜕𝐡𝑎
𝜕𝑡

) 𝑑𝑣 = ∫
Ω

(−𝐡eff ⋅ 𝜕𝐦
𝜕𝑡

− 𝐦 ⋅ 𝜕𝐡𝑎
𝜕𝑡

) 𝑑𝑣 (2.91)
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using the result in Eq. (2.90) we obtain

𝑑𝑔
𝑑𝑡

= − ∫
Ω

𝛼 ∣𝜕𝐦
𝜕𝑡

∣
2

𝑑𝑣 − ∫
Ω

𝐦 ⋅ 𝜕𝐡𝑎
𝜕𝑡

𝑑𝑣 (2.92)

This is an energy balance equation for magnetization dynamics. Since 𝛼 > 0 the first

integral will always be positive, therefore when the applied field is constant (𝜕𝐡𝑎
𝜕𝑡 = 0),

the derivative of 𝑔 can only be negative or zero, thus we can conclude that the free

energy is a non-increasing function of time. Moreover if 𝛼 is also equal to zero then the

energy is constant. This is referred as the Lyapunov structure of the LLG equation [13,

14].

2.5 Stochastic LLG equation: inclusion of thermal ef-

fect

The theory presented until now does not consider the effects of temperature, there-

fore it does not include in the model the effects of the thermal noise on the magnetiza-

tion dynamics. The study of thermal fluctuations becomes more and more relevant as

the size of the magnetic body reduces. In fact, thermal effects, which tend to destabilize

the magnetization configuration, potentially overcoming energy barriers and moving

the system into the basin of attraction of a different energy minimum, are more evident

when the objects are small. This property is confirmed, for example, by the transition to

the superparamegnetic behavior of ferromagnetic objects with dimensions lower than

a critical size. This problem is relevant, for example, in the study of magnetic recording.

To increase the capacity of magnetic memories one of the main strategy is to increase

the information density, thus shrinking the magnetic bits. The information units are

now approaching a size where the effect of thermal noise can be large enough to cause

a reversal of magnetization, therefore causing a bit switch from 0 to 1 or vice-versa,

corrupting the stored information. Looking at our main application in hyperthermia
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2.5 – Stochastic LLG equation: inclusion of thermal effect

therapy, the thermal fluctuations can ease the switch between mangetization states,

changing the hysteresis loop, and reducing the value of saturating field.

The introduction of thermal effects requires a modified stochastic version of LLG equa-

tion, which will be described in this section. The treatment of stochastic PDEs would

require a deeper analysis and the introduction of theories related to Wiener processes

and stochastic calculus, but this is not the scope of this thesis, therefore we provide only

few details. For a proper analysis of stochastic PDEs we suggest to read references [15,

16].

The most common way to introduce the effects of thermal noise in LLG equation, it is

to include, as a stochastic noise contribution with precise stochastic property, a thermal

field 𝐇𝑡ℎ in Eq. (2.81), which becomes

𝜕𝐌
𝜕𝑡

= − 𝛾
(1 + 𝛼2)

[𝐌 × (𝐇det + 𝐇𝑡ℎ)] − 𝛾𝛼
(1 + 𝛼2)

𝐌 × [𝐌 × (𝐇det + 𝐇𝑡ℎ)]. (2.93)

Initially introduced by Brown [1], in this equation, 𝐇det correspond to the effective field

𝐇eff of the original LLG equation, representing the deterministic part, while 𝐇𝑡ℎ is the

stochastic Langevin term. Its components are assumed to be uncorrelated in space and

time [17],and have

⟨𝐇𝑡ℎ(𝐫, 𝑡)⟩ = 0 (2.94)

⟨𝐻𝑖
𝑡ℎ(𝐫, 𝑡) ⋅ 𝐻𝑗

𝑡ℎ(𝐫′, 𝑡′)⟩ = 2𝐷𝛿𝑖𝑗𝛿(𝑡 − 𝑡′)𝛿(𝐫 − 𝐫′) (2.95)

where ⟨, ⟩ denotes the average, 𝑖, 𝑗 = 𝑥, 𝑦, 𝑧 are the cartesian components and 𝐷 is the

amplitude of the thermal fluctuation according to the fluctuation-dissipation theorem,

which is assumed to have the following expression

𝐷 = 𝛼𝑘𝐵𝑇 /𝛾𝜇0𝑀𝑆Δ𝑉 (2.96)
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where 𝑇 is the absolute temperature, 𝑘𝐵 is the Boltzmann constant and Δ𝑉 is the cell

size in the discretized problem [18]. This term, when solving the LLG equation, intro-

duces aWiener process, which requires to be treated inside the framework of stochastic

calculus. For an in depth analysis on the choice of appropriate numerical methods we

suggest reading the works of Berkov [19, 20]
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Chapter 3

Development of a 3D micromagnetic

numerical code

As the size of the magnetic object grows, the reversal process of the magnetization

presents more complex, non-uniform magnetization configurations. These can not be

determined analytically, thus requiring the numerical integration of the LLG equation.

The problem complexity increases even more for 3D magnetic objects, which can not

be approximated as thin films.

In this chapter we will present the development of a 3D numerical code for the effi-

cient simulation of themagnetization reversal process of 3Dmagnetic nanostructures in

presence of thermal effects. This code will be used in Chapter 5 to calculate the hystere-

sis losses of cylindrical and spherical permalloy nanostructures, in order to investigate

their suitability for hyperthermia uses.

The numerical integration of the LLG equation can be computationally very demand-

ing for multiple reasons related to the need of simulating phenomena at the exchange

length scale (5-10 nm) as well as to the integral description of the magnetostatic field.

As an example, the modelling of a permalloy cube with a 200 nm long side requires

a spatial discretization Δ𝑠 ∼ 5 nm, in order to correctly calculate the exchange field,

since the exchange length of the material is about 5 nm. Each side of the cube is then
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3 – Development of a 3D micromagnetic numerical code

discretized in 40 subdivisions, with a consequently total number of element 𝑁 = 64000.

The computation of the magnetostatic field being a long-range phenomenon requires

the calculation of the interactions between each mesh element. In the above example

we have to compute around 4 × 109 contributions, since they scale with 𝑁2. Because

these contributions have to be calculated at each time step, it is essential to implement

an algorithm able to reduce the computational burden. To this aim, we have chosen to

use the Fast Fourier Transform (FFT) for the determination of the magnetostatic field

in the 3D code implementation, despite some of its drawbacks, such as the need to

use a regular (structured) mesh. This type of mesh limits the accurate reconstruction

of curved boundaries, which are approximated in a stair-case like way. Moreover, since

the main goal of our work is the computation of the hysteresis loops of magnetic nanos-

tructures, it is important to implement an efficient time-integration scheme, allowing

a rapid convergence to equilibrium for a given applied field value. This task becomes

particularly critical for irreversible jumps. For this reason we have opted for a time in-

tegration scheme based on the Cayley transform, which has proven to be very efficient

in the calculation of equilibrium states [1, 2].

In the following sections we will describe the implementation of the 3D micromagnetic

code, focusing on the used time integration scheme and on the calculation of the differ-

ent terms of the effective field. In particular, the time integration is performed by means

of a two-step time scheme based on the Cayley transform (see Fig. 3.1 and Fig. 3.2). The

exchange field is calculated by means of a Finite Difference method, while the magneto-

static field is evaluated via an FFT based approach, as anticipated before. Furthermore,

details are given about the computation of possible thermal noise contribution.

In the last part of the chapter, the developed 3D code is validated by comparison to other

micromagnetic solvers, focusing on two of the standard reference problems proposed

by the Micromagnetic Modeling Activity Group (𝜇MAG), as part of the Center for The-

oretical and Computational Materials Science (CTCMS) of the US National Institute of

Standards and Technology (NIST) [3]. Moreover, we perform a direct comparison with
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3 – Development of a 3D micromagnetic numerical code

MuMax3 [4–6], a micromagnetic solver developed by the Ghent University.
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Figure 3.1: Scheme describing the structure of the 3Dmicromagnetic code.We identify twomain blocks,
a preprocessing one where we input the mesh, the properties of the materials, define the simulation
parameters and compute the kernel necessary for the computation of the magnetostatic field. The second
block comprehends the part of the solver for the evaluation of the effective field and the time integration
algorithm (in the scheme we show the Heun adaptive solver), which are called at each time step. Two
kind of simulations can be done. We can perform a time evolution analysis, where the applied field 𝐇𝑎
is a function of time, and the simulation is performed for a given time interval, or we can search for the
equilibrium points of the system. In this second case the applied field 𝐇𝑎 is a discountinous piecewise
constant function. For each value of applied field the simulation runs until a torque threshold is reached.
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Figure 3.2: 𝐇eff is the sum of four contributes:

• the applied field 𝐇𝑎;

• the magnetostatic field 𝐇𝑚𝑠 (computed with an FFT algorithm);

• the exchange field 𝐇𝑒𝑥 (computed with a finite difference algo-
rithm);

• the anisotropy field 𝐇𝑎𝑛 (evaluated pointwise).
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3 – Development of a 3D micromagnetic numerical code

3.1 Time integration of the LLG equation

In this section we will address the time integration of the LLG equation. The spatial

discretization of the LLG equation, by means of the Finite Difference approach, like in

our 3D code, or by Finite Element techniques, leads to a system of ordinary differential

equations (ODEs), with dimension equal to the number of mesh elements or nodes. The

resulting ODE system has to be time integrated to calculate the magnetization dynam-

ics. The discretized micromagnetic problem has very peculiar properties that must be

taken into consideration in the choice of the time integration numerical solver. These

features are listed in the following.

• The magnetization has constant magnitude ∀𝑡 ∈ ℝ and ∀𝐫 ∈ Ω. Classical time

stepping algorithms do not preserve this property, independently of the scheme

order and of the time step [7]. Thus, classical Euler, Adam-Bashford, Runge-Kutta

schemes [8] are not properly suitable. In many micromagnetic codes this prob-

lem is circumvented either re-normalizing the magnetization at each time step,

or if |𝐌| > 𝑀𝑆 + 𝜀, with 𝜀 being a given tolerance [9, 10]. This approach is not

without concerns, in fact the process of re-normalization is a numerical modifi-

cation of the time evolution, and in some cases can have a strong effect on the

magnetostatic field evaluation [1, 11] since

∇ ⋅ (𝑀𝑆
𝐌𝑛+1
|𝐌𝑛+1|

) ≠ ∇ ⋅ 𝐌𝑛+1. (3.1)

Taking a closer look to standard integration algorithmswith the following form (explicit

methods):

𝐮(𝑥, 𝑡 + Δ𝑡) ≈ 𝐮(𝑥, 𝑡) + 𝐹(𝐮(𝑥, 𝑡), 𝑡,Δ𝑡), (3.2)

the impossibility of these numerical schemes to preserve the magnetization module is

obvious. In fact the expression of 𝐹(·, ·, ·), which may vary depending on the chosen

scheme, clearly represents a translation of 𝐮(𝑥, 𝑡) and not a rotation (Fig. 3.3), hence
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Figure 3.3: A simple example of how classic integration schemes do not preserve the vec-
tor module. In the simple case of a constant rotation, an explicit scheme will inevitably
tend to generate an outward moving spiral instead of a circumference; conversely, an
implicit scheme will produce an inward spiral trajectory.

this kind of schemes does not inherently preserve the magnetization amplitude. This

type of behavior is also present in some implicit schemes such as the implicit Euler one

(see Fig. 3.3).

• The LLG equation has a Lyapunov structure, that is, for a time-constant external

field, the free energy functional decreases in time [12].Thismeans that the system

tends to a stable equilibrium point, which is a minimum of the free energy. In

general, classical integration schemes can preserve this property only when using

very small time steps. The use of large time steps can lead to the occurrence of

instability phenomena, for example causing a steady increase in the exchange

energy [2]. This limitation on the step size can be very strong, greatly affecting

the solution computational time.

• When the dissipation phenomena are neglected (𝛼 = 0), we expect that the time

integration algorithm is able to preserve the total energy, since the problem, in

the case of no damping, is Hamiltonian (conservative).
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3 – Development of a 3D micromagnetic numerical code

In general, explicit methods do not guarantee that any of the above properties are sat-

isfied, unless the used time step is extremely small. For what concerns the family of

implicit methods, many of them have good stability performance, however they do not

guarantee the norm preservation of the magnetization nor the energy conservation

properties of the LLG equation. Moreover, in general implicit methods tend to be com-

putationally heavy, requiring to solve large non-linear coupled systems of equations

[13], therefore it is preferred to use semi-implicit methods [14].

The geometrical integrators are a family of solvers, which are able to preserve these

properties and, before being applied in micromagnetics, they were used in many re-

search fields in computational mechanics, where this kind of constraints appears [15–

18]. In micromagnetics, geometrical methods were developed using semi-implicit algo-

rithms and quasi-Newton method [13]. However, these methods require the implemen-

tation of iterative techniques; therefore, they need that, at each iteration, the effective

field and thus themagnetostatic field are recalculated, resulting in very time-consuming

operations.

In the following sub-sections we will introduce the explicit Cayley transform based

method, which is implemented in our code [1, 2]. To this aim, one has to utilize the

mathematical framework of the Lie Groups and of the Lie algebras. For completeness,

a brief introduction to these mathematical concepts can be found in Appendix A.

3.1.1 Cayley transform based scheme

Let us rewrite the LLG equation (2.81) in a more general form:

𝐌̇(𝐫, 𝑡) = 𝐀(𝐌(𝐫, 𝑡)) × 𝐌(𝐫, 𝑡) (3.3)
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3.1 – Time integration of the LLG equation

where 𝐀 is a non linear operator containing both the effective field and the damping

term of the LLG equation, i.e.

𝐀 = 𝛾
1 + 𝛼2 [𝐇eff + 𝛼

𝑀𝑆
(𝐌 × 𝐇eff)] . (3.4)

For convenience, it is possible to introduce a generalization 𝝎 of this non linear opera-

tor:

𝝎(𝐌) = 𝐀(𝐌) + 𝜎(𝐌)𝐌. (3.5)

In Eq.3.5 𝜎 is an arbitrary scalar function, and since 𝜎(𝐌)𝐌 is parallel to the mag-

netization vector, this new term does not affect the dynamics of 𝐌. Hence, we can

substitute 𝐀 with 𝝎 in Eq.3.3.

By considering the mathematical framework provided in Appendix A about Lie al-

gebras, one is now able to rewrite Eq. (3.3) in terms of a skewmatrix using the properties

of the underlying Lie Groups. This is done introducing a family of curves 𝑄 such that

𝑄(𝑡) ∶ Ω → 𝑆𝑂(3) / 𝐌(𝐫, 𝑡) = 𝑄(𝐫, 𝑡)𝐌0(𝐫), ∀𝐫 ∈ Ω (3.6)

with 𝐌0(𝐫) being the magnetization vector at the time instant 𝑡 = 0.

From the mathematical passages contained in Appendix A we know that

𝐌̇(𝑡) = 𝑄̇(𝑡)𝐌0 (3.7)

𝐌̇(𝑡) = 𝑠𝑘𝑒𝑤[𝜉(𝑡)]𝐌(𝑡), (3.8)

𝐌̇(𝑡) = 𝜉(𝑡) × 𝐌(𝑡) (3.9)

where 𝜉(𝑡) ∈ ℝ is a function that verifies the reletionship 𝑄̇(𝑡) = 𝑠𝑘𝑒𝑤[𝜉(𝑡)]𝑄(𝑡).

Comparing this last equation with the original system described by Eq. (3.3) yields

𝜉(𝑡) = 𝝎(𝐌(𝑡)). (3.10)
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3 – Development of a 3D micromagnetic numerical code

Using Eq. (3.8) and Eq. (3.5) one can define a family of ODEs

𝑄̇ = 𝑠𝑘𝑒𝑤[𝝎(𝑄𝐌0)]𝑄, (3.11)

With this process, instead of searching directly for the vector field 𝐌 ∈ ℝ3, we look

for the family of rotations in 𝑆𝑂(3) describing the rotation of 𝐌. Recurring to the ge-

ometric integration techniques developed for the Lie groups, it is possible to determine

approximate discrete solution curves of these ODEs. In its generic form, an integrator

of this kind can be written as [7, 19]

𝑔𝑛+1 = exp(𝐹(𝑔𝑛−𝑝,… , 𝑔𝑛,Δ𝑡))𝑔𝑛. (3.12)

Now the exponential mapping can be replaced by the Cayley transform

cay(𝜉) = (𝐼 + 𝑠𝑘𝑒𝑤[𝜉/2])(𝐼 − 𝑠𝑘𝑒𝑤[𝜉/2])−1, (3.13)

which is a second order approximator of the exact exponential for the group 𝑆𝑂(3).

It is important to notice that algorithms of any order can be built from the Cayley

transform applied to matrix groups determined by quadratic constraint [11, 20]. Thus,

the implementation of an opportune scheme using the Cayley transform allows us to

solve:

𝑄𝑛+1 = cay(𝐹(𝝎(𝑄𝑛𝐌0),Δ𝑡)𝑄𝑛 (3.14)

𝐌𝑛+1 = 𝑄𝑛+1𝐌0 = cay(𝐹(𝝎(𝐌𝑛),Δ𝑡)𝐌𝑛. (3.15)

Another advantage of this implementation with the Cayley transform is that the image

of a vector 𝝂 ∈ ℝ3 under the action of cay(𝝎) takes the following simple form:

cay(𝝎)𝝂 = 𝝂 + 1
1 + ||𝝎/2||2

[𝝎 × 𝝂 + 1
2

𝝎 × (𝝎 × 𝝂)] (3.16)
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3.1 – Time integration of the LLG equation

It is now possible to introduce variants of the classical explicit Euler and Heun time-

integrator schemes using the Cayley transform. In this way, these twomethods preserve

the properties of the LLG equation, independently of the time step, since now those

are intrinsic properties of the integration scheme. In order to solve the ODEs in each

discretization cell or 𝑖, 𝑗, 𝑘 mesh element the system can be written as:

𝐌𝑖,𝑗,𝑘
𝑛+1 = cay (Δ𝑡𝝎̃) 𝐌𝑖,𝑗,𝑘

𝑛 , (3.17)

where, for the explicit first order Euler scheme:

𝝎̃ = 𝐴(𝐌𝑖,𝑗,𝑘
𝑛 ) + 𝜎𝐌𝑖,𝑗,𝑘

𝑛 ; (3.18)

and for the second order Heun method:

⎧
{
{
⎨
{
{
⎩

𝝎̃ = 1
2

(𝝎∗ + 𝝎𝑛)

𝝎∗ = 𝐴(𝐌𝑖,𝑗,𝑘
∗ ) + 𝜎𝐌𝑖,𝑗,𝑘

∗

𝐌∗ = cay(Δ𝑡𝝎𝑛)𝐌𝑖,𝑗,𝑘
𝑛

(3.19)

3.1.2 Effects of term 𝜎M

In this section we take a closer look to the effects of the generalized operator we

introduced previously, focusing on the effects of the term 𝜎(𝐌)𝐌 on hysteresis loop

computation. In our implementation of the algorithm, 𝜎(𝐌) is a constant in time and

space equal to parameter 𝜎. In the following part we discuss how, acting on this con-

stant, we are able to speed up the computation of static hysteresis loops.

To explain the contribution of the term 𝜎𝐌 to the magnetization dynamics, we fo-

cus the attention on a simplified case, where 𝛼 is fixed to zero (𝐀 = 𝛾𝐇eff) and the

magnetization update is performed by means of the Euler algorithm (one-step method).
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3 – Development of a 3D micromagnetic numerical code

Considering the Euler method described in Eq. (3.18), using Eq. (3.16) and opportunely

regrouping the terms we obtain:

𝐌𝑛+1 − 𝐌𝑛 = 𝛾Δ𝑡

1 + ∣∣
Δ𝑡(𝛾𝐇eff𝑛

+𝜎𝐌𝑛)
2 ∣∣

2 [ (𝐇eff𝑛
× 𝐌𝑛) +

+ 1
2

Δ𝑡𝛾𝐇eff𝑛
× (𝐇eff𝑛

× 𝐌𝑛)
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

numerical damping

+ 1
2

Δ𝑡𝜎𝐌𝑛 × (𝐇eff𝑛
× 𝐌𝑛)

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
numerical damping

].

(3.20)

In the above equation, the first term is the external product between 𝐇eff𝑛
and 𝐌𝑛. This

term describes the precessional motion of the magnetization vector via physical way.

The second and third term assume instead the form of a damping. The second term

comes from the numerical integration and is responsible of appreciable artificial damp-

ing phenomena only for high effective fields and large timestep Δ𝑡. The third term has

also a numerical origin, and it is an increasing function of 𝜎 and time step Δ𝑡. The effect

of this last term becomes significant when 𝜎 and 𝛾 are of the same order of magnitude

and Δ𝑡 is of the order of picoseconds.

Artificial damping phenomena have a strong impact on computational efficiency, influ-

encing the time step number between two successive equilibrium states, the maximum

step size able to guarantee the convergence of the solution, and the threshold defining

the criterion of convergence to equilibrium [2]. As proposed in [2, 21], despite the time

trajectories are modified, it is possible to exploit the additional damping phenomena

introduced by the geometrical integrator in the magnetization time evolution, without

altering the expected equilibrium state, to strongly reduce the computational time (see.

Fig. 3.4). As shown in [2] the optimized combinations of parameters, e.g. (𝛼 = 0.1,

𝜎 = 4.5𝛾) or (𝛼 = 0.03), 𝜎 = 9𝛾, lead to a remarkable improvement in terms of com-

putational efficiency.
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Figure 3.4: Representation of the influence of parameter 𝜎 on the magnetization tra-
jectory in the plane (𝑀𝑥,𝑀𝑦) corresponding to a transition between two states, with
𝛼 = 0.1. The black dot is the starting point of the two solutions; it is clear that when
𝜎 = 9𝛾 there is an enhancement of damping phenomena, and a much quicker conver-
gence to equilibrium.

3.1.3 Adaptive time stepping

To further increase the performance of the code, we implement an adaptive time

integration scheme. The purpose of introducing an adaptive step size is to obtain a pre-

determined accuracy of the solution, reducing as much as possible the computational

cost. Generally, in the calculation of static hysteresis loops, after the update of the ex-

ternal applied field, the solution can evolve through a series of rapid transients, where

very small time steps are required, alternated with much smoother transients, where

the time step can be increased, up to the final damping of the magnetization motion

when approaching the equilibrium point, where the step size can be greatly increased

[2]. The time reduction obtained in some cases can be in the order of tenths to hun-

dredths times of the original computation time.

The parameter governing the process of time step adaptation is the local truncation

error, or at least a good estimate of it, since the calculation of truncation error would

require to know the exact solution at a given time instant. The simplest way to obtain
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3 – Development of a 3D micromagnetic numerical code

this estimate is to compare the numerical solution obtained with two successive steps

to the numerical solution obtained with a single step corresponding to the double of

the chosen step size. In details

𝐌1(𝑡 + 2Δ𝑡) = cay (2Δ𝑡𝝎̃) 𝐌(𝑡), (3.21)

where 𝐌1(𝑡 + 2Δ𝑡) is the solution obtained with a single step of length 2Δ𝑡.

𝐌∗(𝑡 + Δ𝑡) = cay (Δ𝑡𝝎̃) 𝐌(𝑡) (3.22)

𝐌2(𝑡 + 2Δ𝑡) = cay (Δ𝑡𝝎̃) 𝐌∗(𝑡 + Δ𝑡), (3.23)

where 𝐌2(𝑡 + 2Δ𝑡) is the solution obtained with two steps of length Δ𝑡.

In general, the local truncation error 𝜀 can be defined as the difference between the two

computed solutions

𝜀 = 𝐌1 − 𝐌2 (3.24)

This method of estimation of the local truncation error would require an extra evalu-

ation of the solution, introducing an heavy computational overhead at each time step.

Since we have implemented the Euler-Heun integration scheme, which belongs to the

family of Runge Kutta 1-2 methods, we choose a way of evaluating the error following

the technique developed for the embedded Runge-Kutta methods. In this case, instead

of computing a second solution by doubling the time step, the solutions obtained from

two methods with a different accuracy order are compared. Recalling equations (3.17)

and (3.19) we have that 𝐌∗ is the solution of the Euler method and also the first step

solution of the Heun integration scheme. The comparison of these two solutions does

not require other evaluations, apart from the computation of the current error. Once the

truncation error is obtained it is possible to estimate the correctness of the used time

step. As shown in [20] the order of accuracy of a Cayley transform method is the same

of the associated explicit method, therefore our truncation error is 𝜀 = 𝒪(Δ𝑡2). Let 𝜀0
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3.2 – Spatial Discretization of the LLG equation

be our target accuracy and 𝜀∗ the truncation error corresponding to the time step Δ𝑡∗

it is easy to obtain an estimate for Δ𝑡0 as the time step required to achieve the target

accuracy as

Δ𝑡0 = Δ𝑡∗ ∣𝜀0
𝜀∗

∣
1
2

(3.25)

If the truncation error is smaller than the target accuracy the solution is stored and

the estimate is used to reasonably increase the time step, without exceeding the desired

accuracy; if the truncation error is larger the solution is discarded and recalculated using

the corrected time step. The definition of the local truncation error is not an easy task

and may depend on the peculiarity of the problem. In this case we choose

𝜀 = max
𝑖,𝑗,𝑘

|𝝉 𝑖,𝑗,𝑘
high − 𝝉 𝑖,𝑗,𝑘

low |Δ𝑡 (3.26)

where 𝝉 𝑖,𝑗,𝑘
high and 𝝉 𝑖,𝑗,𝑘

low are respectively the torques 𝐇𝑖,𝑗,𝑘
eff × 𝐌𝑖,𝑗,𝑘 obtained from the

Heun and the Euler estimates. Using a cautelative approach the time step is adjusted

introducing a precautionary factor equal to 0.8, moreover it is possible to specify an

upper and a lower limit to the time step to ensure a better control of the magnetization

time evolution, i.e.

Δ𝑡0 = 0.8 ∣𝜀0
𝜀∗

∣
1
2

Δ𝑡∗ (3.27)

In the last section of this chapter we will show the performance of the adaptive time

step solver comparing the relative solution with the one obtained with the maximum

time-step achievable with the Euler and Heun algorithms.

3.2 Spatial Discretization of the LLG equation

In micromagnetic solvers, the most time-comsuming operation is the calculation of

the magnetostatic field, being a long-range interaction. Over the years, many strate-

gies and algorithms were developed to increase the efficiency of the computation of
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3 – Development of a 3D micromagnetic numerical code

this field. In general, Finite Element Methods (FEMs) are very accurate in the solution

of problems with high gradient fields, and provide high flexibility in the reconstruc-

tion of shapes with curved boundaries, or complex 3D structures. Different approaches

were implemented to solve the Poisson equation with FEMs in the whole space, like the

coupling of FEMs with asymptotic boundary conditions [22], or the use of hybrid meth-

ods coupling FEMs to BEMs (Boundary Element Methods) for the solution of the open

boundary problem [23, 24]. In the first case the precision of the solution depends on the

size of the domain selected to solve the open boundary problem (magnetic object plus

external amagnetic region) and on the order of the asymptotic boundary conditions. In

the second case it is necessary to solve a large set of dense linear algebraic systems.

Alternatively to the solution of the Poisson’s equation with FEM-based techniques, it is

possible to speed up the integration of themagnetostatic field using the properties of the

Discrete Fourier Transform, implementing a Fast Fourier Transform (FFT) algorithm for

the evaluation of the Green’s integral [5, 25]. This method can lead to a good computa-

tional efficiency, however it introduces some limitations in the choice of the geometric

discretization. The FFT methods require in fact a structured regular grid, which imposes

strong limitations to the reconstruction of curved surfaces. In the development of our

3D code we chose to use this last approach because, when dealing with 3D structures,

the dimension of the micromagnetic problem can grow very rapidly. Hence, we opted

for greater computational efficiency at the expense of more flexibility in the accurate

geometrical reconstruction of curved shapes.

The computational domain 𝒟 is a regular prism composed of regularly placed par-

allelepiped shaped Finite Difference (FD) cells of size Δ𝑥 × Δ𝑦 × Δ𝑧. This compu-

tational domain includes the ferromagnetic sample Ω. In each FD cell we define the

corresponding material properties, i.e. the saturation magnetization 𝑀𝑆, the exchange

constant 𝑘𝑒𝑥, the magneto-crystalline anisotropy constants 𝑘𝑎𝑛 and the easy/hard axes.

The FD cells that do not correspond to a part of the magnetic sample have the free

space properties (amagnetic regions). The total number of discretization FD cells is
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𝑁 = 𝑁𝑥 × 𝑁𝑦 × 𝑁𝑧; in each cell the magnetization is assumed to be uniform with

a value associated with the barycenter of the cell.

3.3 Effective field terms evaluation

In this section we present the spatial discretization of the effective field 𝐇eff, mainly

focusing on the terms that are computationally heavy, discussing the techniques used

to reduce the computational cost.

3.3.1 Exchange field

The exchange field introduced in Chapter 2, which describes the effects of the ex-

change interaction, has the following expression

𝐇𝑒𝑥 = 2𝑘𝑒𝑥
𝜇0𝑀2

𝑆
Δ𝐌, (3.28)

This quantity can be calculated using a standard finite difference scheme, which re-

quires the use of structured meshes. In this case, we use a 6-neighbor approximation

for the Laplacian operator [26], similarly to [27]. For each FD cell identified by the triplet

(𝑖, 𝑗, 𝑘) with 𝑖, 𝑗, 𝑘 = 1,… ,𝑁𝑥,𝑦,𝑧 we have:

𝐻𝑖,𝑗,𝑘
𝑒𝑥𝑞 = 2𝑘𝑒𝑥

𝜇0𝑀2
𝑆

( 1
Δ𝑥

(𝑀 𝑖+1,𝑗,𝑘
𝑞 + 𝑀 𝑖−1,𝑗,𝑘

𝑞 − 2𝑀 𝑖,𝑗,𝑘
𝑞 )+

+ 1
Δ𝑦

(𝑀 𝑖,𝑗+1,𝑘
𝑞 + 𝑀 𝑖,𝑗−1,𝑘

𝑞 − 2𝑀 𝑖,𝑗,𝑘
𝑞 )+

+ 1
Δ𝑧

(𝑀 𝑖,𝑗,𝑘+1
𝑞 + 𝑀 𝑖,𝑗,𝑘−1

𝑞 − 2𝑀 𝑖,𝑗,𝑘
𝑞 ))

(3.29)

for each component 𝑞 = 𝑥, 𝑦, 𝑧. Special attention must be paid to the cell elements on

the boundaries with a non magnetic material, where we have to enforce the Neumann

condition (2.64). When the computation of the exchange field in a FD cell 𝑖, 𝑗, 𝑘 located
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3 – Development of a 3D micromagnetic numerical code

on this type of boundary is performed, the terms in Eq. (3.29) that correspond to an

outside cell are replaced with the value of the computation cell 𝑖, 𝑗, 𝑘, thus enforcing
𝜕𝐌
𝜕𝐧 ∣

𝜕Ω
= 0.

Taking a look to the algorithm that evaluates 𝐇𝑒𝑥 it is clear that it scales as 𝒪(𝑁), in

fact the calculation of the Laplacian operator depends exclusively on local quantities.

3.3.2 Magneto-crystalline anisotropy field

The magneto-crystalline anisotropy field introduced in Chapter 2, which describes

the role of the crystal lattice, as:

𝐇𝑎𝑛 = 1
𝜇0𝑀𝑆

𝜕𝜙𝑎𝑛
𝜕𝐦

, (3.30)

depends pointwise on 𝜕𝜙𝑎𝑛
𝜕𝐦 , thus in each FD cell we can compute the anisotropy field

value independently. The code is able to treat both uniaxial and cubic anisotropy. For

the former, the expression (3.30) becomes

𝐇𝑎𝑛 = 2𝑘𝑎𝑛
𝜇0𝑀𝑆

(𝐦 ⋅ 𝐞𝑎𝑛)𝐞𝑎𝑛. (3.31)

where 𝐞𝑎𝑛 is the unit vector along the uniaxial anisotropy direction.

Cubic anisotropy is more difficult to implement, because one must consider the relation

between the lattice axes (𝐞1, 𝐞2, 𝐞3) orientation and the axes of the reference system

(𝐮1,𝐮2,𝐮3). The cubic anisotropy energy density is, for a generic lattice not aligned

with the reference system, defined as

𝜙𝑎𝑛(𝐦) = 𝐾1(𝛼2
1𝛼2

2 + 𝛼2
1𝛼2

3 + 𝛼2
1𝛼2

3) + 𝐾2𝛼2
1𝛼2

2𝛼2
3 + … (3.32)
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3.3 – Effective field terms evaluation

with𝛼𝑖 = 𝐦⋅𝐞𝑖, 𝑖 = 1,… ,3. Applying the chain rule to Eq. (3.30) the generic anisotropy

field component becomes

𝐻𝑎𝑛𝑖
= − 1

𝜇0𝑀𝑆

𝜕𝜙𝑎𝑛
𝜕𝛼𝑗

𝜕𝛼𝑗

𝜕𝑚𝑖
(3.33)

The cubic anisotropy axes are expressed as functions of the cartesian axes

𝐞 = 𝐐𝐮 (3.34)

It is easy to also show that

𝐦 = 𝐐𝑇𝜶 (3.35)

therefore
𝜕𝛼𝑗

𝜕𝑚𝑖
= [(𝐐𝑇)−1]

𝑖𝑗
(3.36)

From these equations it is now straightforward the implementation of Eq. (3.33) into

the 3D code. Since the calculation of 𝐇𝑎𝑛 in a FD cell requires no other input from

any other cell of the computational domain, this calculation can be carried out in 𝒪(𝑁)

operations.

3.3.3 Magnetostatic field

The magnetostatic field introduced in Section 2.2.3 as

𝐇𝑚𝑠(𝐫) = − 1
4𝜋

∫
Ω

∇ (∇′ 1
|𝐫 − 𝐫′|

⋅ 𝐌(𝐫′)) 𝑑𝑉 ′. (3.37)

depends in each point 𝐫 on the integral over the whole volume. Once fixed the spatial

discretization, we aim at computing the value of 𝐇𝑚𝑠(𝐫) in the center 𝐫𝑖 of each FD

cell. Since for hypothesis we assume that, in each cell, the value of the magnetization is
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3 – Development of a 3D micromagnetic numerical code

constant, we can rewrite the above equation as a sum of integrals over each FD cell, as

𝐇𝑚𝑠(𝐫𝑖) = −𝑀𝑆
4𝜋

𝑁
∑
𝑗=1
𝑖≠𝑗

∫
𝒱𝑗

∇ (∇ 1
|𝐫𝑖 − 𝐫𝑗|

) 𝑑𝒱𝑗 ⋅ 𝐦𝑗. (3.38)

In this case 𝐦𝑗 can be taken out from the integral on the volume 𝒱𝑗 of each individual

cell, where it is assumed to be constant. It is clear that, for each FD cell, the evaluation

of the magnetostatic field requires 𝒪(𝑁) operation, if a classic integration scheme is

used. To derive the computational cost of the magnetostatic field evaluation on the

total volume we multiply this estimate by the number of cells 𝑁, resulting in the total

number of operations 𝒪(𝑁2).

In the following part we will illustrate howwe can reduce this computational cost using

the properties of the Discrete Fourier Transform (DFT), which can be used thanks to

the opportune choice of structured geometrical discretization [6, 28]. Because of the

very efficient numerical implementation of the DFT using the Fast Fourier Transform

algorithm, this approach allows us a noticeable speed up of the calculations.

The basic idea behind the DFT procedure is that whenever a field 𝑓 can be expressed

as a discrete convolution between a Green’s function 𝑔 and a source 𝑠 in the spatial

domain for this specific case

𝑓(𝐫𝑖) =
𝑁

∑
𝑗=1

𝑔(𝐫 − 𝐫𝑗)𝑠(𝐫𝑗), (3.39)

the Fourier transform ̂𝑓 of the field 𝑓 can be written as a scalar product of the transform

of the source and of the Green’s function in the spatial frequency domain, thanks to the

properties of Fourier transform.This is of particular interest in our case since, for each of

the 𝑁 points or FD cells, the product can be easily computed in 𝒪(1) operations giving

a total complexity for the evaluation of ̂𝑓 in the order of 𝒪(𝑁). With this technique,

in the transformed space domain we are able to obtain the DFT of the function that

we want to evaluate with a cost of 𝒪(𝑁) instead of 𝒪(𝑁2) operations, required to
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3.3 – Effective field terms evaluation

directly calculate the function in the spatial domain. Since the discrete transform can

be computed by means of a family of well-known algorithms known as Fast Fourier

Transforms that perform the transform in 𝒪(𝑁 log𝑁) operations [29], at the endwe are

able to lower the computational cost of the magnetostatic field evaluation to 𝒪(𝑁) +

𝒪(𝑁 log𝑁) ⊆ 𝒪(𝑁 log𝑁) operations. Now, we will see how this approach can be

applied to the micromagnetic problem and briefly illustrate the convolution theorem.

Convolution theorem

Let 𝑔 and 𝑠 be two integrable functions for which there exists the Fourier transform,

the convolution theorem states that: the transform of the convolution between g and s,

𝔉(𝑔∗𝑠), is equal to the pointwise product between the transform of 𝔉(𝑔) and the transform

of𝔉(𝑠)[30]. By definition, the Discrete Fourier Transform operates on a finite number of

equispaced samples of a function in the “spatial domain”, giving a same-length sequence

of samples of a complex function in the “spatial frequency domain” with the following

relation:
̂𝑓𝑘 =

𝑁−1
∑
𝑛=0

𝑓𝑛 ⋅ 𝑒− 2𝜋𝑖
𝑁 𝑘𝑛 (3.40)

where ̂𝑓𝑘, 𝑘 = 0,… ,𝑁 −1, is the series of complex coefficients, i.e. the Discrete Fourier

Transform of the series 𝑓𝑘, 𝑘 = 0,… ,𝑁 − 1. The inverse operation is given by:

𝑓𝑛 = 1
𝑁

𝑁−1
∑
𝑘=0

̂𝑓𝑘 ⋅ 𝑒2𝜋𝑖
𝑁 𝑘𝑛 (3.41)

The discrete form of the convolution theorem states:

Theorem 1. If a signal 𝑠𝑗 is periodic with period 𝑁, so that it is completely determined

by the 𝑁 values 𝑠0,… , 𝑠𝑁−1, then its response function of finite duration 𝑁 is related to

the discrete Fourier transform pair

𝑓𝑗 =
𝑁/2

∑
𝑘=−𝑁/2+1

𝑔𝑗−𝑘𝑠𝑘 ⇔ ̂𝑓𝑛 = ̂𝑔𝑛 ̂𝑠𝑛, (3.42)
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where ̂𝑔𝑛 (𝑛 = 0,… ,𝑁 − 1) is the Discrete Fourier Transform of 𝑔𝑗, while ̂𝑠𝑛, (𝑛 =

0,… ,𝑁 − 1) is the Discrete Fourier Transform of 𝑠𝑘.

It is quite simple to extend these results to the three dimensional case. In the ap-

plication it is important to notice that by its definition the DFT accurately reconstructs

the sampled signal, but inherently assumes its periodicity, however our physical prob-

lem is not guaranteed to be periodic in any of the 3D directions. The convolution when

performed with the DFT, if one does not take the proper precaution, will then force a

periodic boundary condition into the problem. In order to avoid this imposition a zero-

padding technique should be used. Zero-padding consists in extending the signal to be

transformed with a sequence of zeros that must be at least as long as the signal itself.

When performing the inverse DFT this buffer of zeros will guarantee that the physical

data of the un-padded signal will not be affected by the periodicity condition. This pro-

cedure can be easily extended to the 3D case, supposing that the computational domain

𝒟 is subdivided into 𝑁𝑥 × 𝑁𝑦 × 𝑁𝑧 cells. In order to perform the convolution, the

input data will have, in the case of no periodicity in any of the three directions, size of

2𝑁𝑥 × 2𝑁𝑦 × 2𝑁𝑧 (after the introduction of zero-padding).

FFT method for magnetostatic field evaluation

The implemented FFT scheme is based on the direct evaluation of the components

of the magnetostatic field. We chose this approach, instead of the evaluation of the

magnetostatic potential and then of its derivatives, since even if it is computationally

heavier and requires much more memory, it guarantees higher accuracy [31].

Let us consider the discretization of the domain𝒟 in𝑁𝑥×𝑁𝑦×𝑁𝑧 rectangular prisms of

size Δ𝑥,Δ𝑦,Δ𝑧 with the faces parallel to the coordinate system axes. Each FD cell can

be easily identified by the triplet 𝑖, 𝑗, 𝑘 with 𝑖 = 1,… ,𝑁𝑥, 𝑗 = 1,… ,𝑁𝑦, 𝑘 = 1,… ,𝑁𝑧.

The source cell is identified by the triplet 𝑝, 𝑞, 𝑟 defined in the same range of values.
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With this notation Eq. (3.38) becomes

𝐇𝑝,𝑞,𝑟
𝑚𝑠 = −𝑀𝑆

4𝜋

𝑁𝑥

∑
𝑖=1
𝑖≠𝑝

𝑁𝑦

∑
𝑗=1
𝑗≠𝑞

𝑁𝑧

∑
𝑘=1
𝑘≠𝑟

∫
𝒱𝑖,𝑗,𝑘

∇
𝐫𝑝,𝑞,𝑟 − 𝐫𝑖,𝑗,𝑘

|𝐫𝑝,𝑞,𝑟 − 𝐫𝑖,𝑗,𝑘|3
𝑑𝒱𝑖,𝑗,𝑘 ⋅ 𝐦𝑖,𝑗,𝑘. (3.43)

which can be explicitly rewritten as a convolution product

𝐇𝑝,𝑞,𝑟
𝑚𝑠 =

𝑁𝑥

∑
𝑖=1
𝑖≠𝑝

𝑁𝑦

∑
𝑗=1
𝑗≠𝑞

𝑁𝑧

∑
𝑘=1
𝑘≠𝑟

𝐆(𝐫𝑝,𝑞,𝑟 − 𝐫𝑖,𝑗,𝑘) ⋅ 𝐦𝑖,𝑗,𝑘, (3.44)

where 𝐆(𝐫) is the symmetric Green’s tensor.

𝐆(𝐫) =
⎛⎜⎜⎜⎜⎜
⎝

𝑔𝑥𝑥(𝐫) 𝑔𝑥𝑦(𝐫) 𝑔𝑥𝑧(𝐫)

𝑔𝑥𝑦(𝐫) 𝑔𝑦𝑦(𝐫) 𝑔𝑦𝑧(𝐫)

𝑔𝑥𝑧(𝐫) 𝑔𝑦𝑧(𝐫) 𝑔𝑧𝑧(𝐫)

⎞⎟⎟⎟⎟⎟
⎠

(3.45)

The components of the tensor can be calculated via numerical integration or using the

analytical formulation proposed by Nakatani [32], see Appendix (B). Transposing the

results of theorem (1) to Eq. (3.44) it is possible to compute the convolution integral by

applying the FFT to the magnetization vector and the Green tensor. Then, the integral

becomes the simple product in the spatial frequency domain

𝐇̂𝑖,𝑗,𝑘
𝑚𝑠,𝑥 = ̂𝑔𝑖,𝑗,𝑘

𝑥𝑥 𝑚̂𝑖,𝑗,𝑘
𝑥 + ̂𝑔𝑖,𝑗,𝑘

𝑥𝑦 𝑚̂𝑖,𝑗,𝑘
𝑦 + ̂𝑔𝑖,𝑗,𝑘

𝑥𝑧 𝑚̂𝑖,𝑗,𝑘
𝑧

𝐇̂𝑖,𝑗,𝑘
𝑚𝑠,𝑦 = ̂𝑔𝑖,𝑗,𝑘

𝑥𝑦 𝑚̂𝑖,𝑗,𝑘
𝑥 + ̂𝑔𝑖,𝑗,𝑘

𝑦𝑦 𝑚̂𝑖,𝑗,𝑘
𝑦 + ̂𝑔𝑖,𝑗,𝑘

𝑦𝑧 𝑚̂𝑖,𝑗,𝑘
𝑧

𝐇̂𝑖,𝑗,𝑘
𝑚𝑠,𝑧 = ̂𝑔𝑖,𝑗,𝑘

𝑥𝑧 𝑚̂𝑖,𝑗,𝑘
𝑥 + ̂𝑔𝑖,𝑗,𝑘

𝑦𝑧 𝑚̂𝑖,𝑗,𝑘
𝑦 + ̂𝑔𝑖,𝑗,𝑘

𝑧𝑧 𝑚̂𝑖,𝑗,𝑘
𝑧

(3.46)

Now applying the inverse FFT to the three components of 𝐇̂𝑚𝑠 it i possible to obtain

the magnetostatic field in the spatial domain 𝒟. This algorithm thus requires:

• once at the beginning of the computation

1. the determination and the transformation of the Green kernel tensor, as
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described in detail in Appendix C;

• for each magnetostatic field evaluation:

2. the Fourier transformation of the three components of the magnetization;

3. 9 multiplications of the transformed components of 𝐦 by the transformed

elements of the Green tensor;

4. the anti-transformation of the result of the previous product to obtain the

value of the magnetostatic field.
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Figure 3.5: The graph reports a quick visual representation of the differences between algorithms pre-
senting different scaling on a log-log scale.Themore efficient algorithm scales as𝒪(𝑁), whichmeans that
its computational cost progresses linearly with the number of FD cells. In the micromagnetic code almost
every type of computations present this cost. 𝒪(𝑁2) represents the scaling of an algorithm that imple-
ments the standard integration technique for the computation of the magnetostatic field. 𝒪(𝑁 log𝑁) is
the scaling we can achieve using the FFT technique described in this section.

Many considerations can be done on the effectiveness of the algorithm. To have an

immediate visual perception, Fig. 3.5 reports the graph that compares the number of

operations requested to perform a task given the algorithm and the size of the processed

data. It is evident that the scaling of the FFT algorithm 𝒪(𝑁 log𝑁) is much better when

compared to the standard integration of a convolution product 𝒪(𝑁2). As 𝑁 grows, the
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performance benefit rapidly outweighs the computational cost of the determination

of the Green kernel tensor at the beginning of the simulation. Further improvements

can be obtained implementing Fast Multipole Techniques for the calculation of farther

interactions, as shown in [33].

3.3.4 Thermal field

Thermal effects are considered following the Langevin approach: an isotropic, spa-

tially and temporally uncorrelated Gaussian white-noise term is incorporated in the

LLG equation. The introduction of the thermal field, described in Section 2.5, leads to

a change in the equation properties and imposes the setting of proper procedures for

the determination of the equilibrium points of the system. This is relevant for exam-

ple when solving the LLG equation to compute the hysteresis loops of nanostructures.

In the absence of thermal effects, the applied field is changed in discrete steps and the

solution is computed up to the reaching of the equilibrium for that value of field am-

plitude. The reaching of the equilibrium is evaluated imposing a torque threshold on

the system, that is, for each FD cell we have to verify that the maximum instantaneous

local value of the torque

𝜏 =
||𝐌 × 𝐇eff||

𝑀2
𝑆

(3.47)

is lower than a fixed threshold 𝜏∗, typically in the order of 10−8. The inclusion of the

thermal field does not allow us to reach the equilibrium, since the thermal noise contin-

ues to perturb the system. Since the criterion based on torque threshold can not be used,

the simulation is performed leaving the magnetization to evolve over a defined time in-

terval Δ𝑇𝑡ℎ for each step of the external field, and after that, changing the applied field

to the next value. As shown in [34, 35] the length of Δ𝑇𝑡ℎ can affect the results of the

simulations. Therefore Δ𝑇𝑡ℎ should be long enough to guarantee that the time average

of the thermal noise is equal to zero, and that the time interval is greater than the time

required to achieve the full evolution of the magnetization for a specific applied field
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value. One could get a good estimate of the minimum length of Δ𝑇𝑡ℎ evaluating the

time required to achieve the zero torque condition for the non stochastic LLG simu-

lation (𝑇 = 0). In general, in micromagnetic studies, Δ𝑇𝑡ℎ should be in the order of

several nanoseconds to enable the determination of a reliable solution.

The thermal field was initially studied by Brown [36], which investigated the behavior

of single domain particles and thermal switching phenomena. The theory presented by

Brown can be also applied to micromagnetic simulations since each FD computational

cell can be seen as a single domain particle. For practicality, we report the equation

introduced in Section 2.5

⟨𝐇𝑡ℎ(𝐫, 𝑡)⟩ = 0

⟨𝐻𝑖
𝑡ℎ(𝐫, 𝑡) ⋅ 𝐻𝑗

𝑡ℎ(𝐫′, 𝑡′)⟩ = 2𝐷𝛿𝑖𝑗𝛿(𝑡 − 𝑡′)𝛿(𝐫 − 𝐫′)
(3.48)

where 𝐷 is equal to

𝐷 = 𝛼𝑘𝐵𝑇
𝛾𝜇0𝑀𝑆Δ𝑉

(3.49)

being Δ𝑉 the volume size of the FD cell, 𝑘𝐵 the Boltzmann constant and 𝑇 the absolute

temperature. From the equations 3.48 the thermal field 𝐇𝑡ℎ is determined in such a way

that:

• its average, taken over different stochastic realizations, vanishes in all spatial di-

rections;

• the thermal fluctuations are uncorrelated in time and are uncorrelated at different

spatial points of the finite difference mesh.

It is important to remember that the thermal field does not correspond to an actual

magnetic field, and it is not derived from any energy functional. It is a mathemati-

cal abstraction inserted to reproduce the effects of thermal noise in the context of the

stochastic processes theory. This is defined to verify the correct noise statistical prop-

erties.
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The thermal field is computed as:

𝐇𝑡ℎ(𝐫, 𝑡) = 𝜼(𝐫, 𝑡)√ 2𝛼𝑘𝐵𝑇
𝛾𝜇0𝑀𝑆Δ𝑉 Δ𝑡

(3.50)

where 𝜼(𝐫, 𝑡) is a stochastic vector with components that are Gaussian random num-

bers. These numbers are uncorrelated in space and time, and have zero mean value and

dispersion equal to 1, Δ𝑡 is the time step used in the integration of the LLG equation

[9, 34, 35, 37]. In the solution of the stochastic LLG equation, one must keep in mind

that each simulation is the realization of a stochastic process. Therefore, to estimate the

correct value, one should run many simulations and average the results.

3.4 Validation of 3D micromagnetic code

In this section we validate and test the accuracy of the developed 3D FFT based

micromagnetic code. The validation process is divided in three parts. In the first one

standard reference micromagnetic problems proposed by NIST are considered, in the

second part the results of a simple test case are compared with the results obtained

with MuMax3, a well established micromagnetic code developed by Ghent University.

In the last section we will present an analysis of the adaptive time stepping scheme,

investigating the time step size that guarantees the numerical stability.

3.4.1 Test on 𝜇Mag standard problems

The Micromagnetic Modeling Activity Group (𝜇MAG), as part of the NIST Cen-

ter for Theoretical and Computational Materials Science (CTCMS), developed a series

of micromagnetic standard problems to allow researchers to compare computational

techniques, identify problems, and detect programming bugs of micromagnetic codes

[3]. Each problem is set to test a specific aspect of micromagnetic simulations. For our

code standard problems #3 and #4 are the most suitable to perform the validation.
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Standard problem #3

The standard problem #3 is aimed at the calculation of the single domain limit of

a cubic magnetic particle. This is the size 𝐿 of equal energy for the so-called flower

state (which one may also call a splayed state or a modified single-domain state) on

the one hand, and the vortex or curling state on the other hand. The aim is to find for

which length expressed in units of the intrinsic length scale the transition happens.The

intrinsic length scale is defined as

𝑙𝑒𝑥 = (𝑘𝑒𝑥/𝐾𝑚)1/2, (3.51)

where 𝐾𝑚 is a magnetostatic energy density, 𝐾𝑚 = 1/2𝜇0𝑀2
𝑆. The transition is ex-

pected to be found around 𝐿 = 8𝑙𝑒𝑥. The problem is solved using a cubic grid with edge

length around 1 nm. Simulations are performed in a range of sizes from 7.5 times to 9

times the exchange length. Setting 𝑀𝑆 at 800 kA/m and 𝛼 at 0.02 the other simulation

parameters are fixed following the specifications of the standard problem, imposing

uniaxial anisotropy with 𝑘𝑎𝑛 = 0.1𝐾𝑚, and with the easy axis directed along one of

the principal axis of the cube. Each cube is initialized with a random distribution of the

magnetization and relaxed to a quasi-zero torque equilibrium condition (𝜏∗ = 10−8).

We find three different ground states: flower state (a), twisted flower state (b) and vor-

tex state (c). The results show that the ground state is the flower state for 𝐿 < 8.2𝑙𝑒𝑥

(Fig. 3.6a), the twisted flower state for 8.2𝑙𝑒𝑥 < 𝐿 < 8.46𝑙𝑒𝑥 and the vortex state for

𝐿 > 8.46𝑙𝑒𝑥 (Fig. 3.6b).The transition at 𝐿 = 8.46𝑙𝑒𝑥 is in line with the solutions posted

on µMag site [3, 38] and presented in the validation of Mumax3 [5], which also shows

the presence of the twisted flower state in a similar range of values.
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(a) Flower State (𝐿 = 8.13𝑙𝑒𝑥) (b) Vortex State (𝐿 = 8.47𝑙𝑒𝑥)

Figure 3.6: Results of simulations for the 𝜇Mag standard problem #3, showing the mag-
netization vector configuration for the transition values of single domain limit length.
The color bar represents the 𝑥 component of the normalized magnetization (p.u.).

Standard problem #4

Standard problem #4 is focused on dynamic aspects of micromagnetic computa-

tions [39]. This problem tests the ability to correctly reproduce the reversal of the mag-

netization in a thin film, when a constant uniform field is applied nearly antiparallel to

the initial direction of the magnetization.

12
5 n

m

500 nm
3 nm

x

yz

Figure 3.7: Scheme and dimensions of the thin film sample considered in the 𝜇Mag
standard problem #4.

The following material parameters are considered:

𝑘𝑒𝑥 = 13 pJ/m;
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Magnetization Angle

Figure 3.8: 𝜇Mag#4 Initial magnetization configuration (s-state). The color bar repre-
sents the angle (in degrees) between the projection of the magnetization in the 𝑥𝑦 plane
and the positive direction of the 𝑥 axis.

M𝑆 = 800 kA/m;

𝑘𝑎𝑛 = 0.0 Jm−3;

𝛼 = 0.02.

Starting from an initial s-state with zero field the time evolutions of the magnetization,

as the systemmoves towards equilibrium in the new fields, are examined.The following

values of the external field are applied:

Field 1: 𝜇0𝐻𝑥=-24.6 mT, 𝜇0𝐻𝑦= 4.3 mT, 𝜇0𝐻𝑧= 0.0 mT which is a field approxi-

mately equal to 25 mT, directed 170° counterclockwise from the positive 𝑥 axis;

Field 2: 𝜇0𝐻𝑥=-35.5 mT, 𝜇0𝐻𝑦=-6.3 mT, 𝜇0𝐻𝑧= 0.0 mT which is a field approx-

imately equal to 36 mT, directed 190° counterclockwise from the positive 𝑥 axis.

The magnetization dynamics are calculated using different mesh sizes Δ𝑠 ranging be-

tween 2 nm and 4 nm to verify mesh size independency of the solution. The results

shown in Fig. 3.9 and Fig. 3.10 are obtained by using a mesh with Δ𝑠 = 3.125 nm and

a fixed time step Δ𝑡 = 0.1 ps. It is verified that the choice of Δ𝑠 does not affect the

accuracy of the solution for the considered range of variables.
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Magnetization configuration for < 𝑀𝑥 >= 0

(a) Field 1

(b) Field 2

Figure 3.9: Comparison of magnetization reversal processes obtained with the two applied fields. The
magnetization configurations are taken when the 𝑥-component of the spatially averaged magnetization
first crosses zero. The color bar represents the angle (in degrees) between the projection of the magneti-
zation in the 𝑥𝑦 plane and the positive direction of the 𝑥 axis.

Figure 3.10 reports a comparison of the solutions available on the 𝜇Mag site with

the results obtained with our 3D code. We can see a good qualitative and quantita-

tive agreement of the magnetization time evolutions when the two different fields are

applied. From Fig. 3.9a and 3.9b, it is possible to observe the two different reversal phe-

nomena of the magnetization. For the first applied field the magnetization reversal pro-

cess proceeds by propagation of end domains towards the sample center, while for the

second applied field the process is much more complex, involving the rotation of the

end domains in one direction, while the magnetization in the center of the rectangular

sample rotates in the opposite direction. This complex magnetization evolution causes

the appearance of 360° domain walls, which later on collapse allowing the complete re-

versal of the magnetization [39]. From the plots of the average value of 𝑚𝑦 in Fig. 3.10b

emerges that the integration of the LLG equation, when the second field is applied, is
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Albuquerque et al. D'Aquino et al. Martinez et al.Our code
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Figure 3.10: In the two plots we present the time evolution of the 𝑦-component of the
spatially averaged magnetization, up to the reaching of the equilibrium, for the two dif-
ferent applied fields, comparing our results with different solutions submitted to 𝜇Mag
website.

more problematic, as it is demonstrated by the greater differences between the solu-

tions computed with the different solvers. In fact, after 0.5 ns some differences appear

between the values of magnetization computed by each solver. However, those differ-

ences later disappear and each method converges practically to the same value, finding

the same equilibrium configuration. Finally we can conclude that the results obtained

with our code are in full agreement with the other provided solutions.

3.4.2 Validation by comparison to MuMax3

Here we present the comparison between the solutions on a simple test case com-

puted with MuMax3 [5] and our code. The full static hysteresis loop of a 100 nm diame-

ter permalloy sphere is calculated. The same material parameters are used for both the

solvers, namely:

𝑘𝑒𝑥 = 13 pJ/m;

M𝑆 = 860 kA/m;
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Figure 3.11: Comparison of the hysteresis loops of a permalloy sphere with diameter
equal to 100 nm, calculated with our code (red line) and with MuMax3 (blue line).

𝑘𝑎𝑛 = 0.0 Jm−3;

𝛼 = 0.1.

The applied field is swept between 300 kA/m and -300 kA/m at 1kA/m step and applied

along the 𝑥-axes. After each step of the applied field the magnetization is evolved until

it reaches a torque equilibrium condition (𝜏 < 10−6). The simulations are performed

using the same spatial discretization in cubic elements with a side length of 3.125 nm. In

our code we apply the Heun adaptive time integration algorithm based on the Cayley

transform, setting 𝜎 = 9𝛾, and imposing a tolerance 𝜖 = 10−6. In MuMax3 we choose

the Heun adaptive time integration scheme, imposing the same tolerance.

The calculated static hysteresis loops are shown in Fig. 3.11. First of all, the two solvers

predict nearly the same fields for the irreversible jumps. Second, also the magnetization

configuration at different equilibrium points, labelled with letters in Fig. 3.11, are very
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similar. This is well demonstrated by the comparison reported in Fig. 3.12. We can ap-

preciate a difference in the chirality of the vortex appearing after the first irreversible

jump, this is due to the complete symmetry of the system; therefore both chirality di-

rections are equally probable.
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(a) (b) (c)

(d) (e) (f)

Figure 3.12: Comparison between the equilibrium magnetization configurations ob-
tained with our code (1st and 3rd row) and MuMax3 solver (2nd and 4th row). The
cones represent the magnetization direction while the color bar the 𝑥 component of the
normalized magnetization. The equilibrium points are indicated along the descending
branches of the hysteresis loops in Fig. 3.11.
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3.4.3 Analysis of the performance of the adaptive time stepping

scheme

In this sub-section we provide a comparison between the three time stepping algo-

rithms implemented in the 3D code: Euler, Heun, and Euler-Heun with adaptive time

step. To perform this comparison we consider the same geometry, initial magnetiza-

tion condition and applied field already used for the 𝜇Mag reference problem #4. In this

case, we apply the second field, which proved to generate a magnetization time evo-

lution more complex to be reproduced by micromagnetic codes. The test is performed

varying the time steps and looking for the maximum Δ𝑡 able to guarantee the nu-

merical stability and the convergence of the solution for both the Heun and the Euler

algorithms coupled to the Cayley transform based scheme. The maximum time steps

for Heun and Euler algorithms are then compared with the time dependent one for the

Euler-Heun adaptive scheme. Specifically, we present a plot of the time steps Δ𝑡 set by

the algorithm when a reasonable truncation error tolerance is imposed.

Number of
Δ𝑡 (fs) Convergence time steps

Euler 12.5 ✓ 400000
25 × 200000

Heun 25 ✓ 200000
50 ✓ 100000

100 ✓ 50000
150 ✓ 33333
187 ✓ 26738
200 × 25000

Number of
Tolerance 𝜖 Convergence time steps

Adaptive 0.5 × 10−5 ✓ 31500
Euler-Heun 1 × 10−5 ✓ 27190

Table 3.1: The table reports the number of time steps required by each algorithm to complete a 5 ns
long simulation, and a checkmark when the algorithm is able to successfully compute the correct results.
For the Euler and Heun algorithms we report the time step used in each simulation, for the Euler-Heun
adaptive algorithm we indicate the used error threshold.
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In Fig. (3.13) we report the time evolution of the spatially averaged value of the three

components of the magnetization, using the three integration algorithms with different

time steps. The graphs show that the Euler algorithm is accurate when the time step is

in the order of 12.5 fs, but it becomes unstable when doubling the time step (Δ𝑡 = 25

fs). Heun algorithm starts losing stability for Δ𝑡 higher than 190 fs. The instability is

also evident from the graph of the exchange energy in Fig. 3.14, where we can see a

rapid increase in the exchange energy in correspondence of the time instant where the

solution loses stability. The adaptive Euler-Heun implementation, as shown in the plot

of time step in Fig. 3.15, presents a steep increase in the time step size around 0.25 ns

from the beginning of the simulation, when the magnetization reversal happens, stabi-

lizing around Δ𝑡 = 0.19 ps when the magnetization starts precessing around the new

equilibrium point. Even if the adaptive time step algorithm does not show a dramatic

reduction in the number of necessary time steps, it has a comparable computational

efficiency with the Heun algorithm when the latter uses the maximum allowable time

step. The number of time steps necessary to complete the simulations are summarized

in Tab. 3.1. Even if in this specific case we can not see a significative increase in per-

formance comparing the Heun scheme with its time-adaptive counterpart, we want to

point out that the time-adaptive step algorithm is able to guarantee a good level of per-

formance without any effort for the user. Without a long process of trial and error to

find the optimal time step for the Heun scheme, one would not obtain a priori the same

computational efficiency of the adaptive solver.
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(a)

(b)

(c)

Figure 3.13: Comparison of the solutions for the 𝜇Mag problem #4 (Field 2) obtained using different
time integration algorithms and time steps.The graphs report the average values of the three components
of the normalized magnetization.

94



3.4 – Validation of 3D micromagnetic code

Ex
ch

an
ge

 e
ne

rg
y 

(J
)

Figure 3.14: Comparison of the time evolution of the exchange energy, using different time steps and
solvers. We can see that, for the unstable solutions (Euler Δ𝑡 = 25 fs, Heun Δ𝑡 = 200 fs), the exchange
energy rapidly increases where the solution loses stability.

Figure 3.15: Comparison between the time steps used by different time-integration algorithms for the
𝜇Mag problem #4 (Field 2).
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3.5 Conclusions

In this chapter we presented the development of a 3D micromagnetic code able to

efficiently simulate the magnetization dynamics of 3D objects. The integration of the

LLG equation is particularly complex because of a number of factors: the magnetiza-

tion is a norm conserving quantity, inducing a non convex constraint on the equation,

moreover the equation has Lyapunov structure. In addition, the magnetostatic field be-

ing a long-range interaction is computationally heavy to integrate, and the description

of quantum mechanics phenomena involved in the magnetization dynamics via the ex-

change field imposes a strong limit on the maximum size of the spatial discretization.

Each aspect and the related computational challenges are analyzed in this chapter. To

address these criticalities our code presents the features detailed in the following.

• The time integration scheme is based on a second order time-adaptive geometri-

cal integrator using the Cayley transform, to guarantee the preservation of the

constraint on the module of the magnetization.

• Themagnetostatic field is calculated using a 3D-FFT algorithm to reduce the com-

putational cost of this operation.

• The exchange field is calculated by means of a standard Finite Difference method.

The code is massively parallelized leveraging the high core count of Graphical Process-

ing Units (GPUs). For what concerns the CPU part, the code is developed in FORTRAN,

while the GPU parallelization is written in CUDA, a parallel computing platform and

application programming interface (API) model created by Nvidia [40–42].

On the computational level GPUs can be much faster than CPUs, however the data

transfer rate is considerably lower for GPUs, which can result in a significant bottle-

neck for high performance computing. Therefore, to optimize the computational speed

of the simulations, we decided to perform all the calculations on the GPU to reduce

at the bare minimum the data transfer between CPU and GPU. In our micromagnetic
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code, after the initial setup, all the data are transferred to the GPU and transferred to the

CPU only for the output to the data file. The developed 3D solver has been successfully

tested on widely adopted micromagnetic standard problems, and it has been success-

fully applied to calculate the hysteresis loop of different 3D nanostructures, showing

good performance and good accuracy in the reconstruction of the solutions.
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Chapter 4

2.5D micromagnetic solver for

randomly distributed magnetic thin

objects

The material presented in this chapter is submitted for publication on Journal of

Magnetism and Magnetic materials.

Over the years a lot of efforts have been made to speed-up micromagnetic simulations,

with the aim of efficiently modelling the magnetization evolution in samples with large

size, i.e. higher than some microns. Several strategies were implemented to improve

the efficiency of the calculation of the magnetostatic field, like Fast-Multipole methods

[1–7], Fast Fourier Transform (FFT) techniques [8, 9] that we presented in the previ-

ous chapter and hybrid approaches combing FFT and multipole expansion [10, 11]. To

accurately handle curved structures, finite-element solvers have also been developed,

integrating the Poisson equation by means of Finite Element Method (FEM) or hybrid

approaches that couple FEM with open boundary techniques, like the Boundary El-

ement Method (BEM). Finally, particular attention has been paid to the development

of parallelized micromagnetic solvers, which exploit massively parallel architectures.
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These can be based on multiprocessor systems and, more recently, on graphical pro-

cessing units (GPUs) [8, 12–18], like the 3D micromagnetic code presented in Chapter

3, which makes use of parallelization, via the implementation on a CPU-GPU-based

system.

As we already discussed in the previous chapters, the spatial discretization of the LLG

equation is a very critical task, whose complexity in terms of memory consumption and

computation time increases when a high number of interacting magnetic nano-objects

has to be modelled. This problem has to be faced when simulating large dot arrays for

magnetic storage or magneto-logic devices [19–21], artificial spin-ice structures [22]

and magnetic nano-systems for biomedical applications, like magnetic hyperthermia

[23, 24]. In the last example, which is related to the objective of this thesis, the nano-

objects can be randomly distributed in a 3D space (a biological fluid or a tissue) at lo-

cally elevated concentrations and with very different orientations with respect to the

applied field. In this case, 3D-FFT techniques, as the one implemented in Chapter 3,

cannot be applied, since they require structured meshes, which are not suitable for ob-

jects with complex shape and orientation not-aligned with mesh grid. For this specific

case, neither the 3D FEM is suitable, since strongly irregular mesh elements should be

employed to simultaneously discretize the ensemble of thin objects and the 3D medium

where they are randomly distributed. Moreover, the solution accuracy and computa-

tional cost strongly depend on the size of the domain selected for approximating the

open boundary problem and on the order of the asymptotic boundary conditions, if ap-

plied [25]. As a possible solution, we could combine two-dimensional (2D) FEM, for the

discretization of the thin objects, with BEM, for the treatment of the surrounding non-

magnetic medium. As pointed out in Chapter 3, the use of BEM leads to dense matrices

and results in an additional computational complexity in the order of 𝒪(𝑀2), where M

is the number of boundary nodes.

To face the above numerical problems, in this chapter we present a novel 2.5D GPU-

parallelized micromagnetic solver, able to simulate a high number of interacting 2D
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nano-objects, randomly distributed in a 3D space. Each nano-object is discretized with a

non-structured mesh made of hexahedral elements, to well-reproduce complex shapes

and very different mutual orientations. The exchange field is calculated with a finite

difference approach able to handle non-structured meshes [26, 27], while the magne-

tostatic field is locally separated into two contributions: an internal and an external

one. The internal term includes the interactions between magnetic spins in the hexahe-

dra belonging to the same object. This is obtained by numerically solving the integral

equation derived from Green’s theorem application. The external term describes the

inter-object magnetostatic interactions and it is determined by approximating the con-

tribution from each mesh element as the stray field produced by a magnetic dipole [28,

29]. The time integration is performed by means of a norm-conserving scheme based

on the Cayley transform and on the forward Euler method presented in Chapter 3; this

scheme has been proven to be very efficient in the determination of the equilibrium

states along hysteresis loops [30].

We investigate the performances of the developed 2.5D micromagnetic solver by ana-

lyzing the accuracy in the calculation of the external magnetostatic contribution and

the computation cost per each time instant. The solver is validated by comparison to

a reference code, where all the magnetostatic field terms are evaluated by numerically

solving the Green’s integral equation, as well as to a standard 3D-FFT code. As a final

goal, we demonstrate the solver reliability by calculating the hysteresis loop of a high

number of magnetic nanodots, strongly interacting and randomly oriented in the space.

4.1 Methodology

We consider a set of 𝑁 equal 2D-approximable magnetic bodies (flat objects with

uniform very low thickness 𝑡) distributed in the 3D space. Each object is discretized with

the same mesh composed of 𝑇 hexahedra with height fixed to 𝑡. In each hexahedron the

magnetization vector 𝐌 is assumed to be uniform. The time evolution is determined
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under the assumption of no spatial variation along 𝑡, by solving the LLG equation (2.81).

For the generic 𝑖-th hexahedron belonging to the 𝑛-th object it becomes:

𝜕𝐌𝑖,𝑛

𝜕𝑡
= − 𝛾

(1 + 𝛼2)
𝐌𝑖,𝑛 × 𝐇eff𝑖,𝑛

− 𝛾𝛼
(1 + 𝛼2)𝑀𝑆

𝐌𝑖,𝑛 × (𝐌𝑖,𝑛 × 𝐇eff𝑖,𝑛
),

1 ≤ 𝑖 ≤ 𝑇, 1 ≤ 𝑛 ≤ 𝑁
(4.1)

where 𝑀𝑆 is the saturation magnetization, 𝛾 is the absolute value of the gyromagnetic

ratio and 𝛼 is the damping coefficient. The effective field 𝐇eff is the sum of the applied

field 𝐇𝑎, the exchange field 𝐇𝑒𝑥, the magnetocrystalline anisotropy field 𝐇𝑎𝑛 and the

magnetostatic field 𝐇𝑚𝑠, which is in turn decomposed into an “internal” and an “exter-

nal” term (Fig. 4.1). The internal term includes the magnetostatic contributions in the

hexahedron of calculus due to the magnetic spins in all the other hexahedra belonging

to the same object, namely

𝐇𝑚𝑠,int𝑖,𝑛 = 1
4𝜋

𝑇
∑
𝑗=1
𝑖≠𝑗

∫
𝜕Ω𝑗

𝐌𝑗,𝑛 ⋅ 𝐧𝑗
(𝐫𝑖,𝑛 − 𝐫𝑗,𝑛)
|𝐫𝑖,𝑛 − 𝐫𝑗,𝑛|3

𝑑𝑠,

1 ≤ 𝑖 ≤ 𝑇, 1 ≤ 𝑛 ≤ 𝑁

(4.2)

where 𝜕Ω𝑗 is the surface of the 𝑗-th hexahedron and 𝐧𝑗 its normal unit vector, while 𝐫𝑖,𝑛

and 𝐫𝑗,𝑛 are the position vectors of the barycenters of the 𝑖-th and 𝑗-th hexahedra of the

𝑛-th object, respectively. The external term includes the magnetostatic contributions in

the hexahedron of calculus due to the magnetic spins in the hexahedra belonging to all

the other objects.This is approximated by associating each hexahedron with a magnetic

dipole centred in its barycentre, namely

𝐇𝑚𝑠,ext𝑖,𝑛 = 1
4𝜋

𝑁
∑
𝑞=1
𝑞≠𝑛

𝑇
∑
𝑗=1

3[𝐦𝑗,𝑞 ⋅ (𝐫𝑖,𝑛 − 𝐫𝑗,𝑞)](𝐫𝑖,𝑛 − 𝐫𝑗,𝑞)
|𝐫𝑖,𝑛 − 𝐫𝑗,𝑞|5

−
𝐦𝑗,𝑞

|𝐫𝑖,𝑛 − 𝐫𝑗,𝑞|3
,

1 ≤ 𝑖 ≤ 𝑇, 1 ≤ 𝑛 ≤ 𝑁

(4.3)
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(a) (b)

Figure 4.1: (a) Schematic of the hexahedral mesh of a single object in coordinate system (𝑋,𝑌,𝑍)
(local reference frame) and representation of the interaction concurring to the internal magnetostatic
field term. (b) Schematic of a 3D distribution of objects randomly arranged in coordinate system (𝑥,𝑦, 𝑧)
(absolute reference frame) and representation of the interaction concurring to the external magnetostatic
field term.

where 𝐦𝑗,𝑞 is the magnetic moment in the 𝑗-th hexahedron of the 𝑞-th object, equal to

𝐌𝑗,𝑞Δ𝑉𝑗, where Δ𝑉𝑗 is the volume of the 𝑗-th hexahedron.

4.1.1 Implementation

The developed 2.5D micromagnetic solver is composed of two main blocks. The first

block, at the beginning, is related to the input of the geometry, the discretization mesh

of a single object and the physical properties of the problem (pre-processing phase),

followed by the calculation of the time-invariant system matrices for the exchange and

internal magnetostatic fields. The second block is associated with the determination

of the effective field contributions and the update of the magnetization at each time

instant.

The first block starts with the input of the hexahedral mesh of a single object Ω in

the local reference frame, i.e. the coordinate system (𝑋,𝑌,𝑍), centered in the object

barycenter and with 𝑍-axis perpendicular to the object surface (Fig. 4.1a). Then, a 3D

distribution of 𝑁 objects is randomly generated in the absolute reference frame, i.e. the

107



4 – 2.5D micromagnetic solver for randomly distributed magnetic thin objects

coordinate system (𝑥, 𝑦, 𝑧) (Fig. 4.1b), providing for each object the translation vector

components (Δ𝑋𝑛, Δ𝑌𝑛, Δ𝑍𝑛) and the rotation (Euler) angles (𝜙𝑛, 𝜃𝑛, 𝜓𝑛) for the

transformation from (𝑋,𝑌,𝑍) to (𝑥, 𝑦, 𝑧). It results in

⎡
⎢⎢⎢
⎣

𝑥

𝑦

𝑧

⎤
⎥⎥⎥
⎦

= 𝐑𝜙𝜃𝜓𝑛

⎡
⎢⎢⎢
⎣

𝑋

𝑌

𝑍

⎤
⎥⎥⎥
⎦

+
⎡
⎢⎢⎢
⎣

Δ𝑋𝑛

Δ𝑌𝑛

Δ𝑍𝑛

⎤
⎥⎥⎥
⎦

, 1 ≤ 𝑛 ≤ 𝑁 (4.4)

where 𝐑𝜙𝜃𝜓𝑛
is the rotation matrix for the 𝑛-th object that is expressed in the Gold-

stein’s notation
𝐑𝜙𝜃𝜓𝑛

=

⎡
⎢
⎢
⎣

cos(𝜓𝑛) cos(𝜙𝑛) − cos(𝜃𝑛) sin(𝜙𝑛) sin(𝜓𝑛) − sin(𝜓𝑛) cos(𝜙𝑛) − cos(𝜃𝑛) sin(𝜙𝑛) cos(𝜓𝑛) sin(𝜃𝑛) sin(𝜙𝑛)

cos(𝜓𝑛) sin(𝜙𝑛) + cos(𝜃𝑛) cos(𝜙𝑛) sin(𝜓𝑛) − sin(𝜓𝑛) sin(𝜙𝑛) + cos(𝜃𝑛) cos(𝜙𝑛) cos(𝜓𝑛) − sin(𝜃𝑛) cos(𝜙𝑛)

sin(𝜃𝑛) sin(𝜓𝑛) sin(𝜃𝑛) cos(𝜓𝑛) cos(𝜃𝑛)

⎤
⎥
⎥
⎦

.

(4.5)

After inputting the geometry, physical parameters (𝐌𝑆, exchange constant 𝑘𝑒𝑥 and

magnetocrystalline properties) and source conditions (spatial-temporal distribution of

𝐇𝑎), we calculate the time-invariant matrices 𝐆 and 𝐊 for the determination, in the

local reference frame (𝑋,𝑌,𝑍), of the internal magnetostatic and exchange fields, re-

spectively. Matrices 𝐆 and 𝐊 are described later, in Subsections 4.1.2 and 4.1.3. The

second block of the solver, detailed in Fig. 4.1b, involves the time integration of the LLG

equation, which is performed by means of the Cayley transform and the forward Euler

method as described in Section 3.1. At each time step, for each object, the magnetization

at instant 𝑡𝑘 is transformed from the absolute reference frame (𝑥, 𝑦, 𝑧) to the local one

(𝑋,𝑌,𝑍). For the 𝑖-th hexahedron of the 𝑛-th object, it results

𝐌𝑋,𝑌,𝑍
𝑖,𝑛 (𝑡𝑘) = 𝐑−1

𝜙𝜃𝜓𝑛
𝐌𝑥,𝑦,𝑧

𝑖,𝑛 (𝑡𝑘), 1 ≤ 𝑖 ≤ 𝑇, 1,≤ 𝑛 ≤ 𝑁. (4.6)

Then, for each object, we first compute the internal term of the magnetostatic field and

the exchange field in the local reference frame, by using the 3𝑇 × 3𝑇 system matrices

𝐆 and 𝐊 calculated at the beginning and the spatial distribution of the magnetization
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vector, expressed in the local reference frame. For the 𝑛-th object

⎧{
⎨{⎩

𝐇𝑥,𝑦,𝑧
𝑚𝑠,𝑖𝑛𝑡𝑖,𝑛

(𝑡𝑘) = 𝐆𝐌𝑋,𝑌,𝑍
𝑖,𝑛 (𝑡𝑘)

𝐇𝑥,𝑦,𝑧
𝑒𝑥𝑖,𝑛(𝑡𝑘) = 𝐊𝐌𝑋,𝑌,𝑍

𝑖,𝑛 (𝑡𝑘)
1,≤ 𝑛 ≤ 𝑁. (4.7)

𝐊 is reduced to a matrix 𝐊∗ with size 𝑇 × 𝑇, since the relative geometric contribution

is the same for each component. Second, we transform the two fields from (𝑋,𝑌,𝑍) to

(𝑥, 𝑦, 𝑧) by means of the rotation matrix, resulting in the following operations for the

𝑖-th hexahedron of the 𝑛-th object:

⎧{
⎨{⎩

𝐇𝑥,𝑦,𝑧
𝑚𝑠,𝑖𝑛𝑡𝑖,𝑛

(𝑡𝑘) = 𝐑𝜙𝜃𝜓𝑛
𝐇𝑋,𝑌,𝑍

𝑚𝑠,𝑖𝑛𝑡𝑖,𝑛
(𝑡𝑘)

𝐇𝑥,𝑦,𝑧
𝑒𝑥𝑖,𝑛(𝑡𝑘) = 𝐑𝜙𝜃𝜓𝑛

𝐇𝑋,𝑌,𝑍
𝑒𝑥𝑖,𝑛

(𝑡𝑘)
, 1 ≤ 𝑖 ≤ 𝑇, 1,≤ 𝑛 ≤ 𝑁. (4.8)

Then, by implementing equation (4.3), we determine 𝐇𝑚𝑠 , i.e. the external term of the

magnetostatic field, in the absolute reference frame (𝑥, 𝑦, 𝑧). If present, we also calcu-

late in (𝑥, 𝑦, 𝑧) the magnetocrystalline anisotropy field and, by means of the Langevin

approach, the thermal field (for more details see Section 2.5, Subsection 3.3.4 and related

references). At the end, the effective field 𝐇𝑥,𝑦,𝑧
eff is determined, by summing all the field

contributions obtained in coordinate system (𝑥, 𝑦, 𝑧). Finally, we update the magneti-

zation vector in (𝑥, 𝑦, 𝑧) by means of the geometric time-integration scheme based on

the Cayley transform, already presented in Chapter 3 for the 3D micromagnetic code.

4.1.2 System matrix for internal magnetostatic field

In this subsection we describe the 3𝑇 × 3𝑇 system matrix 𝐆 for the determination

of the internal term of the magnetostatic field in the local reference frame (𝑋,𝑌,𝑍), in

accordance with Eq. (4.3). The geometric interaction between the generic 𝑖-th and 𝑗-th

hexahedra in the reference object Ω leads to the following 3 × 3 symmetric sub-matrix
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of 𝐆

𝐆𝑖𝑗 =
⎛⎜⎜⎜⎜⎜
⎝

𝑔𝑖𝑗
𝑋𝑋 𝑔𝑖𝑗

𝑋𝑌 𝑔𝑖𝑗
𝑋𝑍

𝑔𝑖𝑗
𝑌 𝑋 𝑔𝑖𝑗

𝑌 𝑌 𝑔𝑖𝑗
𝑌 𝑍

𝑔𝑖𝑗
𝑍𝑋 𝑔𝑖𝑗

𝑍𝑌 𝑔𝑖𝑗
𝑍𝑍

⎞⎟⎟⎟⎟⎟
⎠

(4.9)

where

𝑔𝑖𝑗
𝑝𝑞 = 1

4𝜋
∫

𝜕Ω𝑗

𝑛𝑞𝑗

(𝑝𝑖,𝑛 − 𝑝𝑗,𝑛)
|𝐫𝑖 − 𝐫𝑗|3

𝑑𝑠 (4.10)

for 𝑝 and 𝑞 equal to local system coordinates 𝑋,𝑌 or 𝑍. The numerical integration in

Eq. (4.10) is performed by means of the Gaussian quadrature rules with 9 nodes.

4.1.3 System matrix for exchange field

In this subsection we describe the 𝑇 × 𝑇 system matrix 𝐊∗ for the determination

of the 𝑝-th component of the exchange field in the local reference frame (𝑋,𝑌,𝑍) at

instant 𝑡𝑘, defined as

𝐻𝑋,𝑌,𝑍
𝑒𝑥𝑝

(𝑡𝑘) = 𝑘𝑒𝑥 [
𝜕2𝑀𝑋,𝑌,𝑍

𝑝 (𝑡𝑘)
𝜕𝑋2 +

𝜕2𝑀𝑋,𝑌,𝑍
𝑝 (𝑡𝑘)
𝜕𝑌 2 ] , (4.11)

where 𝑝 = 𝑋,𝑌,𝑍 and the derivative of 𝑀𝑋,𝑌,𝑍
𝑝 (𝑡𝑘) with respect to 𝑍 is assumed equal

to zero, due to the thin-film approximation [26, 27].

The exchange field is here computed by means of a finite difference method suitable

for non-structured meshes, thus allowing the accurate treatment of curved boundaries.

Focusing on the 𝑋𝑌-plane, the formulation is derived by approximating the magneti-

zation vector by a second-order Taylor series expansion around the point of calculus

(𝑋0, 𝑌0), namely

𝐌𝑋,𝑌,𝑍 =𝐌𝑋,𝑌,𝑍
0 + ℎ

𝜕𝐌𝑋,𝑌,𝑍
0

𝜕𝑋
+ 𝑙

𝜕𝐌𝑋,𝑌,𝑍
0

𝜕𝑌
+ ℎ2

2
𝜕2𝐌𝑋,𝑌,𝑍

0
𝜕𝑋2

+𝑙2

2
𝜕2𝐌𝑋,𝑌,𝑍

0
𝜕𝑌 2 + ℎ𝑙

2
𝜕2𝐌𝑋,𝑌,𝑍

0
𝜕𝑋𝑌

+ 𝑂(Δ3)
(4.12)
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where ℎ = 𝑋 − 𝑋0, 𝑙 = 𝑌 − 𝑌0 and Δ =
√

ℎ2 + 𝑙2.

By associating the points of calculus with the hexahedron barycenters, the five un-

known derivatives in Eq. (4.12) can be obtained by considering the contributions from

𝑆 surrounding hexahedra, where 𝑆 is here assumed ∼ 8 to avoid ill-conditioning. For

hexahedra located at the object boundaries 𝜕Ω, the boundary condition on 𝐌

𝜕𝐌𝑋,𝑌,𝑍
0

𝜕𝐧
∣
𝜕Ω

= 0 (4.13)

is imposed by introducing fictitious points outside Ω, replicating the magnetization

value.

The five unknown derivatives of 𝐌 in the generic 𝑖-th hexahedron of the 𝑛-th object

can be determined via the minimization of the following norm

𝔉 =
𝑆

∑
𝑗=1

[(𝐌𝑋,𝑌,𝑍
𝑖,𝑛 (𝑡𝑘) − 𝐌𝑋,𝑌,𝑍

𝑗,𝑛 (𝑡𝑘) + ℎ𝑖𝑗
𝜕𝐌𝑋,𝑌,𝑍

𝑖,𝑛 (𝑡𝑘)
𝜕𝑋

+ 𝑙𝑖𝑗
𝜕𝐌𝑋,𝑌,𝑍

𝑖,𝑛 (𝑡𝑘)
𝜕𝑌

+

+
ℎ2

𝑖𝑗

2
𝜕2𝐌𝑋,𝑌,𝑍

𝑖,𝑛 (𝑡𝑘)
𝜕𝑋2 +

𝑙2𝑖𝑗
2

𝜕2𝐌𝑋,𝑌,𝑍
𝑖,𝑛 (𝑡𝑘)
𝜕𝑌 2 +

ℎ𝑖𝑗𝑙𝑖𝑗
2

𝜕2𝐌𝑋,𝑌,𝑍
𝑖,𝑛 (𝑡𝑘)
𝜕𝑋𝑌

) 1
Δ3

𝑖𝑗
]

2

,

1 ≤ 𝑖 ≤ 𝑇, 1,≤ 𝑛 ≤ 𝑁
(4.14)

where ℎ𝑖𝑗 = 𝑋𝑖 − 𝑋𝑗, 𝑙𝑖𝑗 = 𝑌𝑖 − 𝑌𝑗 and Δ𝑖𝑗 = √ℎ2
𝑖𝑗 + 𝑙2𝑖𝑗 . From

𝜕𝔉
𝜕Δ𝐌𝑋,𝑌,𝑍

𝑖,𝑛 (𝑡𝑘)
= 0 (4.15)

we derive a 5 × 5 algebraic system of equations for the generic 𝑝-component of 𝐌, i.e.

𝐂𝚫𝐌𝑋,𝑌,𝑍
𝑝𝑖,𝑛

(𝑡𝑘) = 𝐃, 1 ≤ 𝑖 ≤ 𝑇, 1,≤ 𝑛 ≤ 𝑁, (4.16)
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where the transpose of vector 𝚫𝐌𝑋,𝑌,𝑍
𝑝𝑖,𝑛

is equal to

[
𝜕𝑀𝑋,𝑌,𝑍

𝑝𝑖,𝑛

𝜕𝑋
,
𝜕𝑀𝑋,𝑌,𝑍

𝑝𝑖,𝑛

𝜕𝑌
,
𝜕2𝑀𝑋,𝑌,𝑍

𝑝𝑖,𝑛

𝜕𝑋2 ,
𝜕2𝑀𝑋,𝑌,𝑍

𝑝𝑖,𝑛

𝜕𝑌 2 ,
𝜕2𝑀𝑋,𝑌,𝑍

𝑝𝑖,𝑛

𝜕𝑋𝑌
] (4.17)

In Eq. (4.16) 5 × 5 matrix 𝐂 depends on the mesh geometry, being a function of the

spatial coordinates of the hexahedra barycenters. The elements of 𝐂 have the following

expressions:

𝑐𝑚1 =
𝑆

∑
𝑗=1

2
Δ3

𝑗
ℎ𝑗𝑝𝑚 𝑐𝑚2 =

𝑆
∑
𝑗=1

2
Δ3

𝑗
𝑙𝑗𝑝𝑚

𝑐𝑚3 =
𝑆

∑
𝑗=1

ℎ2
𝑗

Δ3
𝑗
𝑝𝑚 𝑐𝑚4 =

𝑆
∑
𝑗=1

𝑙2𝑗
Δ3

𝑗
𝑝𝑚

𝑐𝑚5 =
𝑆

∑
𝑗=1

2
Δ3

𝑗
ℎ𝑗𝑙𝑗𝑝𝑚 𝑚 = 1,… ,5

(4.18)

with

𝑝1 = ℎ𝑗 𝑝2 = 𝑙𝑗 𝑝3 =
ℎ2

𝑗

2

𝑝4 =
𝑙2𝑗
2

𝑝5 = ℎ𝑗𝑙𝑗.
(4.19)

The elements of 𝐃 are defined as

𝑑1 = −2
𝑆

∑
𝑗=1

(𝐌𝑖 − 𝐌𝑗)
Δ3

𝑗
ℎ𝑗 𝑑2 = −2

𝑆
∑
𝑗=1

(𝐌𝑖 − 𝐌𝑗)
Δ3

𝑗
𝑙𝑗

𝑑3 = −
𝑆

∑
𝑗=1

(𝐌𝑖 − 𝐌𝑗)
Δ3

𝑗
ℎ2

𝑗 𝑑4 = −
𝑆

∑
𝑗=1

(𝐌𝑖 − 𝐌𝑗)
Δ3

𝑗
𝑙2𝑗

𝑑5 = −2
𝑆

∑
𝑗=1

(𝐌𝑖 − 𝐌𝑗)
Δ3

𝑗
ℎ𝑗𝑙𝑗

(4.20)

By combining Eq. (4.11) and Eq. (4.16), for the generic 𝑖-th hexahedron in the reference

object Ω we can derive the 𝑇 × 𝑇 system matrix 𝐊∗.
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(a)

(b)

(c)

(d)

Figure 4.2: On the left: schematics of the analysed cases with indication of the magnetization spatial
distribution. In the centre: maps of the module of the external magnetostatic field term calculated by
solving Green’s integral equation (reference solution). On the right: maps of the relative error of the
external magnetostatic field, obtained by approximating each object as a collection of magnetic dipoles.
In the reported results parameters 𝑑 and ℎ are fixed to 10 nm.

4.2 Analysis of accuracy

In the developed 2.5D micromagnetic solver, possible sources of inaccuracy are in-

troduced in Eq. (4.3) when evaluating the external magnetostatic field term. This is

caused by the approximation of the contribution from a single hexahedron as the stray

field of a magnetic dipole, located at the hexahedron barycenter [28, 29].

We here investigate the loss of accuracy in the calculation of the inter-object magne-

tostatic interactions, by first considering a set of simple test cases with two interact-

ing squared thin-films made of permalloy (saturation magnetization 𝑀𝑆 of 860 kA/m,

exchange constant 𝑘𝑒𝑥 of 13 pJ/m and negligile magnetocrystalline anisotropy). The

features and main results of the analyzed cases are illustrated in Fig. 4.2. The reported
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(a)

(b)

(c)

(d)

Figure 4.3: On the left: schematics of the analysed cases with indication of the magnetization spatial
distribution. In the centre: maps of the module of the external magnetostatic field term calculated by
approximating each object as a single magnetic dipole. On the right: maps of the relative error. In the
reported results parameters 𝑑 and ℎ are fixed to 10 nm.

schemes depict the configuration of the magnetization, which is assumed to be uni-

formly distributed, with the same spatial orientation in the two films. In cases #1 and

#2 the films are located in the 𝑥𝑦-plane with a side-side distance 𝑑; in cases #3 and #4 the

films are piled up with a face-face distance ℎ. In cases #1 and #3 the magnetization lies

in the 𝑥𝑦-plane; in cases #2 and #4 it is orientated orthogonally to the film plane. The

two squared films have a side of 200 nm and a thickness of 15 nm and are discretized

with a structured mesh whose size in the 𝑥𝑦-plane is fixed to ∼ 3.5 nm.

Figure 4.2 also reports the maps of the module of the external magnetostatic field term,

calculated by setting parameters 𝑑 and ℎ at 10 mm. Contextually, it shows the maps of
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the relative error, which is determined in the following way

𝐸(𝐫) =
∣𝐇𝑟𝑒𝑓

𝑚𝑠,𝑒𝑥𝑡(𝐫) − 𝐇𝑚𝑠,𝑒𝑥𝑡(𝐫)∣

∣𝐇𝑟𝑒𝑓
𝑚𝑠,𝑒𝑥𝑡(𝐫)∣

100. (4.21)

In Eq. (4.21) 𝐇𝑟𝑒𝑓
𝑚𝑠,𝑒𝑥𝑡(𝐫) is the reference solution, which is obtained by using the same

approach adopted for the evaluation of the internal magnetostatic field term, calculat-

ing Green integrals via Gaussian quadrature rules with 9 nodes.

The highest relative errors are found for cases #1 and #2 in proximity to the adjacent

sides, where peak errors in the order of 12% and 16% are encountered for #1 and #2,

respectively (see Figs. 4.2a and 4.2b). The relative errors strongly decay by moving from

the film side, going down 1% for distances from the boundary higher than 40 nm. More-

over, the peak values reduce to about 1% by increasing parameter 𝑑 to 50 nm. Maximum

errors in the order of 4% are found for cases #3 and #4, when ℎ = 10 nm (see Figs. 4.2c

and 4.2d). They reduce to less than 1% when ℎ = 50 nm.

As a second test, we compare the above solutions with the one obtained by approximat-

ing the external magnetostatic field term as the interaction between objects represented

by a unique magnetic dipole, centered in the object barycenter. It results in

𝐇𝑑𝑖𝑝
𝑚𝑠,ext𝑖,𝑛 = 1

4𝜋

𝑁
∑
𝑞=1
𝑞≠𝑛

3[𝐦̃𝑞 ⋅ (𝐫𝑖,𝑛 − ̃𝐫𝑞)](𝐫𝑖,𝑛 − ̃𝐫𝑞)]
|𝐫𝑖,𝑛 − ̃𝐫𝑞|5

−
𝐦𝑞

|𝐫𝑖,𝑛 − ̃𝐫𝑞|3
,

1 ≤ 𝑖 ≤ 𝑇, 1 ≤ 𝑛 ≤ 𝑁

(4.22)

where 𝐦̃𝑞 is the magnetic moment of the 𝑞-th object and ̃𝐫𝑞 the vector position of its

barycenter. As can be seen in Fig. 4.3a for case #1 and 𝑑 = 10 nm, this strong approx-

imation leads to a significant increase in the relative errors. In particular, they reach

peak values in the order of 85% when 𝑑 = 10 nm and 50 % when 𝑑 = 50 nm, for cases

#1 and #2. Very critical issues arise for cases # 3 and #4 (Fig. 4.3c, 4.3d), due to the ap-

pearance of quasi-singularity in proximity to the position of the magnetic dipole that
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approximates the contribution of an object to external magnetostatic field term. When

ℎ = 10 nm, for points located within 20 nm from the object barycenter the error tends

practically to infinite.

As a third test, we analyze how the error introduced in the evaluation of the external

magnetostatic field propagates during the solution of the LLG equation in a specified

time interval. To this aim, we calculate the time evolution of the magnetization after the

application of a uniform dc magnetic field, with amplitude variable between zero and

100 kA/m. The reference solution is obtained by calculating the external magnetostatic

field term via Green integral evaluation. The damping coefficient 𝛼 is fixed to 0.1, the

time step to 50 fs and parameter 𝜎 in Eq. (3.5) to zero.

In the first and second tests, the geometrical configuration and the initial magnetization

state correspond to case #1, with 𝑑 = 10 nm and the external field applied along nega-

tive 𝑥-axis (inset of Fig. 4.4a). Figure 4.4a shows the relative error in the average value

of the 𝑥-component of the magnetization at the equilibrium state reached at the end of

the time evolution, as a function of the applied field amplitude. The errors are reported

for the solutions obtained by approximating the external magnetostatic field term as in

Eq. (4.3) (each hexahedron contributes as a dipole) and as in Eq. (4.22) (each object con-

tributes as a dipole). For 𝐻𝑎 = 0, an error higher than 4 % is found for the object-dipole

approximation, while the hexahedron-dipole approximation implemented in the 2.5D

code leads to an error of 0.5 %. This decreases to 0.004 % when 𝐻𝑎 = 100 kA/m.

In the third test, the geometrical configuration and the initial magnetization state cor-

respond to case #4, with ℎ = 10 nm and the external field applied along negative 𝑧-axis

(inset of Fig. 4.4b). In this case, the hexahedron-dipole approximation is responsible for

an error of about 0.1 %, while the object-dipole approximation does not guarantee the

reaching of the equilibrium state, also for large external fields, due to the appearance of

quasi-singularities. This is well depicted by Fig. 4.4b, which reports the time evolution

of the average value of the 𝑧-component of the magnetization when 𝐻𝑎 = 100 kA/m,

for the reference and the two approximated solutions. From the above analysis, it is
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clear that the object-dipole approximation is inadequate in the calculation of hysteresis

loops, since in presence of very close objects it introduces such strong errors to not

permit the reaching of equilibrium states.
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(a)

(b)

Figure 4.4: The insets in (a) and (b) show the geometrical configuration, the initial uniform magnetiza-
tion state and the direction of the external field. (a) Relative error in the average value of the 𝑥-component
of the magnetization at the equilibrium state reached after the application of a uniform dc field (along
negative 𝑥-axis) with variable amplitude 𝐻𝑎. The solutions are calculated with the hexahedron-dipole
and object-dipole approximations, for 𝑑 = 10 nm. (b) Time evolution of the 𝑧-component of the mag-
netization in presence of a uniform dc field with 𝐻𝑎 = 100 kA/m, applied along negative 𝑧-axis. The
solutions calculated for ℎ = 10 nm with the hexahedron-dipole and object-dipole approximations are
compared to the reference one, obtained via Green integral evaluation

118



4.3 – Analysis of computation time

4.3 Analysis of computation time

We here investigate the computational cost of the developed 2.5D solver, highlight-

ing its advantages when compared to a standard approach, where all the magnetostatic

interactions are calculated via Green integration. The study is performed on a variable

number 𝑁 of objects, discretized with a fixed mesh composed of 1000 hexahedra. The

algorithm can be split in two main blocks, a preliminary one, where the local time-

invariant system matrices 𝐆 and 𝐊∗ are calculated and permanently transferred to

GPU, and a second one, where the LLG equation is solved at each time instant.

The computation time for the first block, which involves the determination of the ex-

change and internal magnetostatic field matrices in the local reference frame (equal for

each object), does not depend on 𝑁, but only on the number 𝑇 of hexahedra. The as-

sembly of the exchange field matrix 𝐊∗ requires a negligible computation time, 5000

times smaller than the one necessary to build the Green tensor 𝐆 for the internal mag-

netostatic field term.

The non-dependence on 𝑁 represents a great advantage in terms of computational effi-

ciency and memory requirement. If we consider a standard approach, where the entire

Green tensor is calculated at the beginning, we have to evaluate a total of 9𝑁2 × 𝑇 2

matrix elements, compared to a number of 9𝑇 2 elements for the developed 2.5D algo-

rithm. This poses limits to the maximum number of objects that can be handled with a

standard approach, e.g. with a GPU card NVIDIA Quadro K6000 we can treat up to 15

objects, considering the additional storage of the exchange field matrix. In this case, the

total time to assemble the entire Green tensor is roughly 200 times larger than the one

required for the matrix for the only internal magnetostatic field term.

The computation time for the second block is analysed in Fig. 4.5, which shows the

time required for the calculation of the exchange field and of the internal and external

magnetostatic field terms and for the update of the magnetization per each time instant.
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Figure 4.5: Analysis of the computation time for distributions of 𝑁 objects (discretized with 1000 hex-
ahedra), separately considering the calculation of the exchange field and of the internal and external
magnetostatic field terms and the update of magnetization at each time instant. The time required for the
evaluation of the external magnetostatic field term without approximation is also reported for compar-
ison, up to 𝑁 = 15. The computation time contributions are normalized to the time needed to calculate
the approximated external magnetostatic field with 𝑁 = 5.

The computation time contributions, normalized to the time needed to calculate the ex-

ternal magnetostatic field with 𝑁 = 5, are registered under the condition of optimal

data transfer to GPU.

Themost time-consuming task is the evaluation of the external magnetostatic field term

𝐇𝑚𝑠,𝑒𝑥𝑡, which is directly computed in the absolute reference frame. For each of the

𝑁 × 𝑇 mesh elements (hexahedra), this consists in summing the dipole contributions

from all the mesh elements belonging to the other (𝑁 − 1) objects. As demonstrated by

Fig. 4.5, the computation time of this operation is a quadratic function of 𝑁. A similar

computation time is obtained with the standard approach (non-approximated calcula-

tion of 𝐇𝑚𝑠,𝑒𝑥𝑡), up to the admissible number of objects (𝑁 = 15), since the geometric

contributions have been already computed and stored in the preliminary part of the
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algorithm. With the used hexahedron-dipole approximation, described by Eq. (4.3), we

can operate entirely in the GPU with a much larger number of objects (up to 95 with

the NVIDIA Quadro K6000), without incurring in the bottleneck of the data transfer

bandwidth between CPU and GPU.

A strong reduction in the computational cost of the inter-object magnetostatic interac-

tion can be obtained by approximating the contribution from each object as the stray

field of a single dipole, as described by Eq. (4.22). The reason is that in this case for each

of the 𝑁 × 𝑇 mesh elements (hexahedra) we have to sum only (𝑁 − 1) contributes.

This effectively improves the scaling, which passes from 𝒪(𝑁2𝑇 2) to 𝒪(𝑁2𝑇 ), but as

shown in the previous subsection the introduced approximation is not acceptable in

terms of accuracy.

Concerning the computation of the internal magnetostatic field term 𝐇𝑚𝑠,𝑖𝑛𝑡 and of

the exchange field 𝐇𝑒𝑥, which is performed in the local reference frame, we find a lin-

ear scaling with 𝑁. The operation of rotation of the fields from the local to the absolute

reference frames concurs with a marginal cost.

Finally, we analyze the computation time necessary to calculate the effective field in

the absolute reference frame (sum of the different field contributions) and to update

the magnetization according to the Cayley transform based scheme. A quadratic de-

pendence on 𝑁 is found; this time is negligible for low numbers of objects, becoming

comparable to the one required for calculating the exchange and the internal magneto-

static fields for 𝑁 > 50.

4.4 Application to 3D distributions of objects

In the following subsections we will illustrate three different applications of the de-

veloped 2.5D micromagnetic code. In the first one we compare the accuracy and the

computational efficiency of the 2.5D code to the ones of the 3D FFT implementation.

To do this task the objects are distributed in the space, but mutually parallel. In this
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specific case the 3D micromagnetic code can reconstruct the geometry providing a re-

liable solution for the comparison with the results of the 2.5D micromagnetic code. In

the second subsection we perform a comparative test with the 3D code, showing its

drawbacks in a simple case, where two thin films are oriented at 45° in the 3D space.

In the third subsection we test the 2.5D micromagnetic code in the evaluation of the

hysteresis loops of 3D randomly orientated objects.

4.4.1 Test case with a 3D distribution of thin objects mutually

parallel

In this subsectionwe apply the 2.5Dmicromagnetic solver to calculate the hysteresis

loops of ensembles of magnetic thin objects distributed in a 3D medium, but mutually

parallel. The considered objects are circular nanodots made of permalloy, with diameter

of 200 nm and thickness of 20 nm. For these samples, it is expected that the magneti-

zation reversal process occurs via the nucleation, transverse motion and expulsion of a

vortex [31].

We consider a set of nanodots with the same orientation in the space, assuming that

they lie parallel to the 𝑥𝑦-plane of the absolute reference frame. In this case, it is possi-

ble to compare the solution calculated with the 2.5D solver with the one obtained with

the 3D-FFT code, where the magnetostatic field is computed via an FFT approach based

on the discrete convolution theorem 1 described in Chapter 3 and the exchange field

with a standard finite difference method. The application of the 3D-FFT code, which

implements the same time-integration scheme of the 2.5D solver, requires the use of

a structured mesh and the discretization of the volume containing all the objects. The

2.5D solver is more flexible, needing as an input the mesh of a single nanodot, which is

non-structured to accurately reproduce the dot curved boundaries and thus avoid the

introduction of fictitious shape anisotropy effects. The solutions are obtained by setting

the damping coefficient 𝛼 at 0.1, the parameter 𝜎 in Eq. (3.5) at 5𝛾 and the time step at
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1 ps, according to the analysis reported in Ref. [32].

Figure 4.6a shows the hysteresis loops of a distribution of 30 nanodots with a volume

(a)

(b)

Figure 4.6: (a) Comparison of the hysteresis loops calculated with the 2.5D and the 3D-FFT solvers, in
the case of a distribution of 30 permalloy nanodots lying parallel to the 𝑥𝑦-plane of the absolute reference
frame (inset). The nanodot diameter is 200 nm and the thickness is 20 nm; the external field is applied
along 𝑥-axis. (b) Comparison of the magnetostatic energy for the entire set of nanodots (top) and for a
single nanodot (bottom), coloured in black in the distribution in the inset of (a).
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concentration of 25% (see inset), comparing the results obtained with the 2.5D and the

3D-FFT solvers. The volume concentration is defined as the ratio 𝑉dots/𝑉system, where

𝑉dots is the volume of a nanodot multiplied by the number of nanodots and 𝑉system is the

minimum volume of the 3D domain containing all the nanodots. The 2.5D code solution

is calculated with a spatial discretization size Δ𝑠 of 6.25 nm in the film plane, while the

3D-FFT code one is determined on a 800 × 800 × 160 nm3 volume, by fixing Δ𝑠 to 6.25

nm along 𝑥- and 𝑦-axes and to 5 nm along 𝑧-axis. Figure 4.6b compares the different

solvers in the computation of the specific magnetostatic energy for the entire ensemble

of nanodots and for a single nanodot, coloured in black in the distribution in the inset

of Fig. 4.6a.

Overall, a good agreement is reached between the results obtained with the 2.5D and

the 3D-FFT solvers. The small discrepancies are mainly attributable, for the 2.5D code,

to the approximation of the interdot magnetostatic interactions and, for the 3D-FFT

code, to the staircase reconstruction of the dot circular edges, responsible for the intro-

duction of pinning sites for the nucleation of vortexes.These lead to a non-synchronous

field-evolution of the magnetization inside the dots, as demonstrated by the compari-

son of the maps in Fig. 4.7, which shows the magnetization configurations at different

equilibrium points along the descending branch of the hysteresis loops, for 𝐻𝑎 equal

to 20 kA/m (4.7a), zero (4.7b) and –50 kA/m (4.7c). At the beginning of the reversal

process, the maps calculated with the 2.5D and the 3D-FFT codes are very similar; at

remanence, deviations appear for certain dots, due to variations in the computation of

the external magnetostatic field term and in the dot mesh. As a consequence, the rever-

sal mechanism of some dots could be different, with possible non-occurrence of vortex

state. Anyway, the 2.5D solver is able to predict the global behaviour of the ensemble of

nanodots, with a reliable determination of the hysteresis loop and of the energy terms.

Finally, its advantages in terms of computational efficiency with respect to the 3D-FFT

code become evident for lower concentrations of objects, since in this case the 3D-FFT

solver has to manage a larger portion of non-magnetic region. As an example, for an
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(a)

(b)

(c)

Figure 4.7: Magnetization configurations calculated with the 2.5D (left) and the 3D-FFT (right) solvers
at different equilibrium points along the descending branch of the hysteresis loops in Fig. 4.6a. The maps
are reported for 𝐻𝑎 equal to 20 kA/m (a), zero (b) and –50 kA/m (c), considering an external field applied
along 𝑥-axis. The colour bar represents the angle, in degrees, between magnetization component in the
𝑥𝑦-plane and 𝑥-axis.

occupied volume 10 times larger than the previously considered one and for the same

number of nanodots (𝑁 = 30) , the computation time increases of a factor 6 for the 3D-

FFT code, remaining unvaried for the 2.5D code. For the small volume (800×800×160
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nm3), the computation time of the 2.5D code is 2 times higher than the one of the 3D-

FFT code, while for the large volume the computation time of the 2.5D code is a third

of the one of 3D-FFT code.

4.4.2 Test case highlighting the drawbacks of 3D-FFTmicromag-

netic code

In this subsection we will show how strong inaccuracies arise when applying 3D-

FFT micromagnetic codes to the solution of even simple problems, where structured

meshes do not appropriately reproduce the object shape (e.g. for objects not aligned

with mesh grid). As an example, we calculate the hysteresis loop of a thin permal-

loy square (200 nm size and 15 nm thickness) for two equivalent configurations in

terms of object-applied field orientation. The two considered cases are illustrated in

the schematic of Fig. 4.8a. Given a common absolute reference frame (𝑥, 𝑦, 𝑧), in case

#1 the film is orientated parallel to the 𝑥𝑦-plane and the external field is applied along

a direction that forms an angle of 45° with the 𝑥-axis. In case #2, the film is inclined of

45° with respect to the 𝑥𝑦-plane and the external field is aligned with the 𝑥-axis. Figure

4.8b reports the hysteresis loops for the two analyzed cases, calculated with the 2.5D

solver as well as with the 3D-FFT code described in Chapter 3 and used in the previous

tests. Even if from physical and geometrical point of view the two problems are equiv-

alent, very different results are obtained with the 3D-FFT code when adopting, for both

cases, a mesh aligned with the reference frame (𝑥, 𝑦, 𝑧). The reason is that in case #2

the use of 3D-FFT code forces to reconstruct the object edges and faces with a staircase

function, introducing fictitious shape anisotropy effects. As a consequence, for a spatial

discretization Δ𝑠 of 5 nm (see the bottom of Fig. 4.8a), strong discrepancies are found

between the solutions of problems #1 and #2 computed with the 3D-FFT code. On the

contrary, the two solutions are identical when using the 2.5D solver, since the same dis-

cretization mesh is employed, apart from a rotation with respect to the reference frame.
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(a) (b)

Figure 4.8: (a) Schematics of the two considered cases with a permalloy thin film (size of 200 nm and
thickness of 15 nm) inclined of 45° with respect to the applied field 𝐇𝑎. (b) Hysteresis loops for the two
cases calculated with both the 2.5D solver and a 3D-FFT code that uses a structured mesh aligned with
the reference frame (𝑥,𝑦, 𝑧). The 2.5D code solutions are calculated with a spatial discretization size Δs
of 5 nm in the film plane, while the 3D-FFT code ones by fixing Δs to 5 nm (as shown in the schematics)
and to 2.5 nm.

As expected, these solutions practically coincide with the one of problem #1 calculated

with the 3D-FFT code. Finally, it is interesting to note that with a finer mesh (Δ𝑠 = 2.5

nm) the solution of problem #2 calculated with the 3D-FFT code is a bit closer to the

other three ones, but strong discrepancy remains. Moreover, the computational cost

rises dramatically, due to the increase in the FFT matrix size (including the contribu-

tions also from non-magnetic hexahedra) and the simultaneous reduction in the time

step that guarantees numerical stability. For a single object, these criticalities can be

avoided by generating a mesh aligned with the object itself. However, these strong lim-

itations of 3D-FFT solvers cannot be bypassed when one has to handle multiple objects,

like thin films, with different spatial orientations in a 3D medium.
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4.4.3 Test case with 3D random distributions of thin objects

In the case analyzed in Subsection 4.4.1, staircase reconstruction is imposed by the

3D-FFT code only to the dot circular edges, while dot faces are flat. Severe criticalities

occur for random spatial distributions, where the thin-film objects can have different

orientations with respect to the structured mesh axes. As described in the previous

subsection for a simple test case, when the objects are not aligned with the mesh grid,

fictitious shape anisotropies are introduced due to the staircase reconstruction of faces.

This leads to strong inaccuracies, which increase with the misalignment with respect to

the mesh and can be reduced only by considering very small spatial discretization sizes.

In the following, we demonstrate the capability of the 2.5D code to reliably reproduce

the behaviour of random distributions of thin-film objects. To test the accuracy, in Fig.

4.9a we compare the solutions obtained with the solver, as described in Section 4.1, and

without introducing approximations in the evaluation of the external magnetostatic

field term. The analysis is performed by calculating the hysteresis loop of a distribution

of 5 permalloy nanodots (diameter of 200 nm and thickness of 20 nm), differently orien-

tated in the space and with a minimum (maximum) barycentre distance of 120 nm (300

nm). Very small differences are found, demonstrating the high-order approximation in-

troduced by equation Eq. (4.3) and confirming the conclusions of Refs. [28, 29]. To test

the efficiency of the 2.5D code, in the same figure we report the hysteresis loop calcu-

lated for a random distribution of 45 nanodots, with a volume concentration of 25%.

Figure 4.9b reports the map of the relative magnetization configuration at remanence,

well illustrating how the magnetostatic interactions and the different orientations with

respect to the applied field lead to a non-synchronous evolution of the magnetization

in the nanodots.
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(a)

(b)

Figure 4.9: (a) Hysteresis loops calculated with the 2.5D solver for two random distributions of permal-
loy nanodots, with 𝑁 equal to 5 and 45. The solution obtained for 𝑁 = 5 is compared to the one where
the external magnetostatic field term is not approximated and is determined via Green integration. (b)
Magnetization configuration calculated at remanent state for the case with 𝑁 = 45. The colour bar rep-
resents the angle, in degrees, between magnetization component in the 𝑥𝑦-plane and 𝑥-axis (direction
of application of the external field).
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4.5 Conclusions

We have developed a 2.5D micromagnetic solver that is able to efficiently simu-

late the magnetization dynamics in 3D distributions of magnetic thin-film objects, ran-

domly arranged in a non-discretized space. Thanks to the integration of a finite dif-

ference method for the exchange field calculation on non-structured meshes, objects

with complex shape can be easily handled, without the introduction of fictitious shape

anisotropy effects. Moreover, the mesh element-dipole approximation introduced in the

evaluation of the inter-object magnetostatic interactions permits to efficiently simulate

large numbers of objects, with strong reductions in the computation time needed to

assemble Green tensor as well as in memory requirements.

The developed 2.5D solver has been successfully applied to calculate the hysteresis loop

of a high number of strongly interacting magnetic circular nanodots, with different ori-

entations in the space and with respect to the applied field. The analysis has put in evi-

dence the great advantages of the 2.5D code in comparison to standard 3D-FFT solvers,

which are typically used for the simulation of large samples. In this case, the use of

non-structured meshes does not allow to accurately treat problems with thin objects

having complex shape and not aligned with mesh grid. Moreover, the need to discretize

the non-magnetic medium surrounding the objects affects in a strong way the compu-

tational efficiency, while with the 2.5D solver the computational cost does not vary with

the extension of the volume where the objects are distributed.

As further developments, the 2.5D solver can be generalized to enable the handling of

different types of objects, with variable size and shape. In this case, the preliminary

block of the algorithm would involve the calculation of more time-invariant matrices

for the internal magnetostatic field term and the exchange field, one for each type of

object.
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Chapter 5

Influence of shape, size and

magnetostatic interactions on the

hyperthermia properties of

permalloy nanostructures

The material presented in this chapter is published in

Scientific Reports 9 (6591):1-12, April 2019

In this chapter we present a parametric analysis of permalloy nanostructures with vari-

able shape (disk, cylinder and sphere) for possible application in magnetic hyperther-

mia, exploiting hysteresis losses for the heat release. The study is performed by varying

the aspect ratio and the size of the nanostructures (up to some hundreds of nanome-

tres), with the aim of finding the optimal conditions that enable the maximization of

their specific heating capabilities. At the same time, the parameters are tuned to guar-

antee negligible magnetic remanence and fulfilment of biophysical limits on the product

of frequency and applied field amplitude, to avoid aggregation phenomena and intoler-

able resistive heating. Hysteresis losses, which are themain heating contribution for the
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considered magnetic nanostructures, are calculated by integrating the Landau-Lifshitz-

Gilbert (LLG) Eq. (2.81), with the inclusion of thermal noise effects. The attention is

first focused on disk-shaped nanostructures. For this shape we present a detailed com-

parison betweenmicromagnetic simulations and experimental results, obtained on nan-

odisks still attached on the lithography substrate (2D array form) as well as dispersed in

ethanol solution (free-standing). This analysis enables us to investigate the role of mag-

netostatic interactions between nanodisks (diameters ranging from 270 nm to 680 nm)

and to individuate an optimal concentration for the maximization of heating capabili-

ties. Finally, we study the magnetization reversal process and the hysteresis properties

of permalloy nanocylinders (diameter between 150 nm and 600 nm, thickness from 30

nm up to 150 nm) and permalloy nanospheres (size between 100 nm and 300 nm), to

provide insights on the best combination of geometrical parameters for the design of

novel hyperthermia mediators.

The chapter is organized as detailed in the following.

• In the first section we will give a brief description of the production technique of

permalloy nanodisks, of the characteristics of the samples we modeled and of the

measurements performed on the samples.

• The second section is devoted to a brief discussion on the numerical approaches

used to perform the different kind of simulations.

• The third section describes the numerical analysis of the fabricated samples and

a comparison to the experimental results.

• In the fourth sectionwe present the parametric study showing the effects of shape

and size of nano-structures on the hysteresis losses.

136



5.1 – Experimental methodology

5.1 Experimental methodology

In this section we describe the fabrication process of nanodisks and the adopted

measurement technique.The preparation of nanodisks and themeasurements were per-

formed at the Istituto Nazionale di Ricerca Metrologica (INRIM), in Torino, by the group

leaded by Dr. Paola Tiberto and, in particular, by Dr. Marco Coïsson, Ms Federica Cele-

gato and Dr. Gabriele Barrera.

5.1.1 Sample fabrication and dimensional characterization

Disk-shaped permalloy nanostructures are prepared bymeans of a bottom-up nano-

lithography technique based on the self-assembling of polystyrene nanospheres[1, 2].The

nanofabrication procedure consists in sputtering a continuous thin film of permalloy

on a Si substrate, coated with a layer of optical resist. Successively, a monolayer of

polystyrene nanospheres is deposited on the permalloy film and properly reduced in

diameter by plasma etching in Ar+. The polystyrene nanospheres are then used as a

hard mask for sputter etching with Ar+ ions the exposed areas of permalloy. Subse-

quently, the hard mask is removed by sonication in deionised water, resulting in a 2D

array of permalloy nanodisks on the resist layer surface. Finally, the nanodisks are de-

tached from the substrate, by chemically dissolving the underlying resist.

Samples of three sizes were prepared. The sizes depend on the initial diameter of the

polystyrene nanospheres used for the lithographic mask (nominal values of 300 nm, 500

nm and 800 nm) and on the duration of plasma etching process. The dimensional char-

acterization is performed in an intermediate stage of the fabrication process, when the

nanodisks are still attached on the substrate, forming a 2D array with quasi-hexagonal

lattice. The diameter distribution is derived by analysing a set of Scanning Electron Mi-

croscopy (SEM) images of different areas of the 2D arrays (top of Fig. 5.1), by means

of ImageJ software [3]. Image processing enables us to obtain the statistical distribu-

tions of the nanodisk diameters (bottom of Fig. 5.1), corresponding to mean diameters
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Figure 5.1: Top: Scanning electron microscopy (SEM) images of permalloy nanodisk
arrays prepared by self-assembling of polystyrene nanospheres with initial diameter of
300 nm (sample #A), 500 nm (sample #B) and 800 nm (sample #C). Bottom: graphs of the
statistical distribution of nanodisk diameters. All samples have an average thickness of
30 nm.

of 270 nm (sample #A), 380 nm (sample #B) and 680 nm (sample #C), and relative stan-

dard deviations of 5 nm, 9 nm and 14 nm. Via SEM image analysis we also determine

the centre-to-centre distance among disks, which results to be in the order of 300 nm

(sample #A), 480 nm (sample #B) and 780 nm (sample #C). For all the samples, the thick-

ness of the nanodisks is 30±1.5 nm, as derived from a priori calibration of the sputter

deposition of permalloy film.

5.1.2 Details of hysteresis loop measurements

First, measurement were performed on disk-shaped permalloy nanostructures in

the 2D array form, a stage where their spatial distribution can be easily reproduced in

the modelling analysis. Static hysteresis loops are obtained in a temperature range from

10 K to 300 K, in order to extrapolate the temperature dependence of saturation mag-

netization, remanent magnetization and coercive field. This characterization is done by

means of an ultra-sensitive alternating-gradient field magnetometer (AGFM) equipped
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with a liquid-He continuous flow cryostat.

Second, the room-temperature hysteresis loop of free-standing nanodisks in ethanol

suspension is measured by using a Vibrating-Sample Magnetometer (VSM). The fer-

rofluid is placed within a sample holder suitable for VSM.

Microstructure and, consequently, magnetic properties of the sputtered permalloy films

and of the derived nanodisks strongly depend on the deposition conditions (e.g. work-

ing gas pressure and substrate temperature) [4]. In particular, high deposition pressures

can induce porosity or void structure leading to a variation in the film density, which re-

sults lower than the bulk one [5, 6]. As a consequence, also the saturationmagnetization

of the thin films and of the derived nanodisks is decreased with respect to the nominal

bulk value (in the order of 800 kA/m for permalloy) [7]. For this reason, an experimen-

tal characterization of the saturation magnetization of a permalloy continuous film is

performed. The continuos thin film has a thickness comparable to the one of the layers

used for the nanodisk production and it is obtained with the same deposition param-

eters. The saturation magnetization measured at 300 K results to be ∼ 570 kA/m: this

value is set as a reference for both hysteresis loop measurements and micromagnetic

modelling.

5.2 Micromagnetic modelling methodology

The micromagnetic modelling of permalloy nanostructures is performed by numer-

ically integrating the LLG equation 2.81. For the simulations the damping coefficient

is fixed to 0.02, and the magnetocrystalline anistropy is assumed to be negligible for

permalloy. Where required, the thermal field 𝐇𝑡ℎ is included following the descrip-

tions provided in Section 2.5 and Subsection 3.3.4.

The update of the LLG equation is performed by means of the norm-conserving time in-

tegration scheme described in Chapter 3. To speed up the computation, we calculate the

effective field terms with different parallelized solvers, depending on the sample spatial
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arrangement (2D array form or 3D random distribution) and on the nanostructure type

(2D-approximable or 3D).

For the nanodisks arranged in 2D arrays we adopt a GPU parallelized micromagnetic

solver, which uses a Fast-Multipole based approach for the computation of the magne-

tostatic field.This code, developed by Dr. Oriano Bottauscio and Dr. Alessandra Manzin,

was proven to be very efficient in the simulation of large-scale films composed of dif-

ferent unit cells [8–11].For the nanodisks randomly distributed we use the 2.5D code

described in Chapter 4. For 3D nanostructures, the solutions are calculated via the 3D-

FFT micromagnetic code described in Chapter 3.

5.3 Experimental andmodelling analysis of nanodisks

We focus here on disk-shaped nanostructures with expected vortex based magneti-

zation switching [12], analysing howhysteresis losses can be tuned by varying nanodisk

diameter. Both experimental and modelling results are presented.

5.3.1 Analysis of nanodisks arranged in 2D array form

Figure 5.2a reports a set of static hysteresis loopsmeasured at different temperatures

(from 10 K to 300 K) for sample #B in the 2D array form. At very low temperatures, we

find high coercive field and remanent magnetization values, rapidly decreasing between

10 K and 20 K. Above 20 K the two quantities keep decreasing, but at a much slower rate.

As shown in Fig. 5.2b, also the saturation magnetization 𝑀𝑆 reduces with temperature;

at 300 K 𝑀𝑆 is decreased of about 15% compared to the measurement at 10 K (570

kA/m versus 670 kA/m). The value of 𝑀𝑆 at low temperature, which results less than

the nominal one, is well justified by the reduction in the sputtered permalloy density

(6.19 g/cm3 versus 8.72 g/cm3).

After this preliminary experimental study, we compare the static hysteresis loops

measured at 300 K to the calculated ones, for all the three samples in the 2D array form
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(a)

(b)

Figure 5.2: (a) Hysteresis loops of sample #B (mean disk diameter of 380 nm) in 2D array form,measured
at different temperatures from 10 K to 300 K, for a field applied in the 𝑥𝑦-plane along the 𝑥-axis. (b)
Saturation magnetization versus temperature for sample #B, from experimental characterization.

(see the top of Fig. 5.3). In the micromagnetic simulations, which include thermal noise

effects, the nanodisk arrays are described as ordered patterns with hexagonal packing,

considering the disk mean diameter and the mean centre-to-centre distance extracted

from SEM images. The numerical results are obtained with the following material prop-

erties: saturation magnetization of 570 kA/m (from experimental characterization); ex-

change constant of 13 pJ/m; zero magnetocrystalline anisotropy.
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Figure 5.3: Top: Comparison between measured and calculated hysteresis loops of the
disk-shaped nanostructures in 2D array form at the temperature of 300 K. Simulation
results are obtained by applying the external field both along 𝑥 axis (𝜃 = 0°) and 𝑦-axis
(𝜃 = 90°) directions (inset on top-left). Bottom: calculated magnetization configura-
tions at remanence for external field applied along 𝑥-axis (the color bar represents the
angle, in degrees, between magnetization vector and 𝑥-axis). The results are reported
in the following order: on the left: sample #A (mean disk diameter 𝑑 = 270 nm); in the
center: sample #B (𝑑 = 380 nm); on the right: sample #C (𝑑 = 680 nm).

As demonstrated by Fig. 5.3, modelling results are in good agreement with exper-

imental ones for all the considered samples, with a reliable prediction of the magne-

tization reversal process. Small discrepancies in vortex nucleation and expulsion fields

can be explained bymoderate patterning imperfections in the fabricated samples, which

are characterized by edge roughness and variations in nanodisk diameter and reciprocal

distance, as shown by the SEM images in Fig. 5.1. This stochastic distribution of defects

can facilitate the transition between states, due to the creation of artificial pinning and

depinning sites for vortexes. As a consequence, vortex nucleation and expulsion result
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to be anticipated in the measured loops. Moreover, magnetization transitions are more

gradual, due to the non-synchronous nucleation and expulsion of vortexes, caused by

the random distribution of pinning/depinning sites. Additionally, patterning imperfec-

tions lead to an isotropic behavior, stronglymitigating the influence of hexagonal lattice

on shape anisotropy.

The role of microstructure lattice can be evinced by modelling results, which are ob-

tained under the assumption of ordered patterns. Modelled sample #A, for which the

minimum distance 𝛿 between nanodisk boundaries is fixed to 30 nm, shows a weak ge-

ometrical six-fold anisotropy with easy and hard axes alternating every 30°, as demon-

strated by the comparison of the hysteresis loops calculated along the expected hard

and easy axes. These correspond to angular field orientations 𝜃 equal to 0° (𝑥-axis) and

90° (𝑦-axis), respectively, and to geometrically equivalent directions, shifted inmultiples

of 60° (see the inset in Fig. 5.3, top-left). Due to the magnetostatic interactions between

nanodisks, we find non-negligible values for the remanent magnetization and the co-

ercive field, higher when 𝜃 = 90°. This effect can be seen also in the corresponding

measured loop. The collective switching behavior is confirmed by the equilibrium mag-

netization state calculated at remanence (Fig. 5.3, bottom-left, for 𝜃 = 0°). In particular,

not all the nanodisks are in the vortex state, due to non-synchronous vortex nucleation,

which results to be spread over a large field interval around zero. Moreover, in some

nanodisks vortex nucleation is inhibited and magnetization reversal takes place via the

formation of C-state, as a consequence of the mutual interaction with neighbouring

nanodisks.

Modelled samples #B and #C (𝛿 = 100 nm) have a more isotropic behavior tending to-

wards the one of single disk, with remanent magnetization and coercive field close to

zero and limited differences between the two considered field orientations. In particular,

the behavior tends towards the one of the single disk, with synchronous magnetization

switching.This is illustrated by the equilibriummagnetization states calculated at rema-

nence when 𝜃 = 0°, shown in Fig. 5.3 (bottom-centre for sample #B and bottom-right
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for sample #C). In particular, at zero field all the nanodisks are in vortex state, with

more centred vortex for sample #B, which is characterized by a higher ratio of centre-

to-centre distance to diameter (reduced intensity of magnetostatic interactions).

For both measurements and simulations, hysteresis losses reduce with the nanodisk di-

ameter increase. In particular, the measured specific energy losses are about 20 kJ/m3

for sample #A, 16 kJ/m3 for sample #B and 10 kJ/m3 for sample #C. The calculated

energy losses are moderately higher, being approximately 27 kJ/m3 for sample #A, 25

kJ/m3 for sample #B and 20 kJ/m3 for sample #C (average of data obtained with 𝜃 = 0°

and 𝜃 = 90°).

5.3.2 Analysis of free-standing nanodisks

After the analysis of nanodisks in the 2D array form, we investigate the behavior

of free-standing nanodisks dispersed in a liquid medium, focusing on sample #C (mean

diameter of 680 nm). During the hysteresis loop measurement, the nanodisks do not

deposit on the bottom of the sample holder and remain suspended in the solution with

a random spatial distribution, thanks to the dynamic nature of the VSM technique. The

resulting room-temperature loop, reported in Fig. 5.4a, presents a more gradual reversal

than the loop for the corresponding sample in the 2D array form (Fig. 5.3, top-right).

In this case, it is not possible to identify vortex nucleation/expulsion transitions, since

magnetization switching in the nanodisks is not synchronous (vortex are generated and

expelled at different applied fields). This is a consequence of the magnetostatic inter-

actions between nanodisks as well as of the variation in the angular orientation of the

nanodisks with respect to the applied field direction. The local misalignment between

the nanodisk plane and the field affects the loop shape, since the reduction in the in-

plane field component requires the application of fields with larger amplitudes to enable

both vortex nucleation and expulsion.

The experimental behavior can be well interpreted by means of micromagnetic simula-

tions.These are performed by randomly distributing the nanodisks in the 3D space with
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(a) (b)

(c)

Figure 5.4: (a) Comparison of room-temperature measured hysteresis loop of ∼680 nm diameter nan-
odisks suspended in ethanol solution with the loop calculated at 300 K for a volume concentration of
5%. (b) Comparison of simulated hysteresis loops for different nanodisk concentrations ranging from 5%
to 30%. (c) Specific energy losses calculated as a function of nanodisk concentration. All the numerical
results are obtained by fixing the nanodisk diameter to 680 nm.

different volume concentrations (from 5% up to 30%) and setting the temperature at 300

K. Very diluted systems are also simulated, considering a single nanodisk. The volume

concentration 𝑐 is defined as the ratio 𝑉nanodisks/𝑉system, where 𝑉nanodisks is the volume of

a nanodisk multiplied by the number of nanodisks and 𝑉system is the minimum volume

of the 3D domain containing all the nanodisks.

145



5 – Influence of shape, size and magnetostatic interactions on the hyperthermia properties of permalloy nanostructures

Figure 5.5: Calculated magnetization configurations at remanence for external field applied along 𝑥-
axis (the colour bar represents the angle, in degrees, between magnetization component in the 𝑥𝑦-plane
and 𝑥-axis). The reported results refer to the case of 680 nm diameter nanodisks randomly distributed in
a 3D domain with volume concentrations of 5% (left) and 30% (right). The temperature is set at 300 K.

A good agreement with measurements is obtained when 𝑐 is around 5%, as demon-

strated by the comparison reported in Fig. 5.4a. The measured specific energy losses

are about 8 kJ/m3, while the calculated ones are in the order of 11 kJ/m3. This energy

amount can be obtained by applying a sufficient high field, in the order of 40 kA/m,

which guarantees to reach quasi-saturation state. Regarding biophysical constraints [13,

14], the above field amplitude is acceptable if we assume as a limit 𝐻𝑎 × 𝑓 ≤ 5 × 109

Am−1s−1 and as a maximum frequency 125 kHz. A good metric to evaluate the power

generated is the specific loss power (SLP):

SLP = 𝜇0𝑓𝜌−1 ∮ 𝐌 ⋅ 𝑑𝐇 (5.1)

where 𝜌 is the density of the material. In this case, a SLP in the order of 150-200W/g can

be obtained. The estimated value is in line with the results in the review article by An-

gelakeris [15], considering that the reported data were obtained with a product 𝐻𝑎 × 𝑓

that exceeds more than twice the limit of 5 × 109 Am−1s−1. Very high values, up to

∼5 kW/g, were found for iron oxide nanodisks, under the exposure to an external field
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with amplitude of 47.8 kA/m and frequency of 488 kHz [16]. However, a non-negligible

remanence magnetization value, around 100 kA/m, is observed.

As shown in Fig. 5.4b, the increase in 𝑐 leads to an enhancement of the magnetostatic in-

teractions, resulting in a wider spread of vortex nucleation/expulsion fields. This causes

an increment of the saturation field, thus limiting themaximum acceptable frequency to

avoid intolerable resistive heating. Moreover, it has a detrimental effect on the specific

energy losses, which reduce from ∼23 kJ/m3 for extremely diluted systems (negligible

magnetostatic interactions) up to ∼5 kJ/m3 for concentrations around 30% (Fig. 5.4c).

Thus, high volume concentrations lead to a strong reduction in the heating efficiency,

with negative repercussions for hyperthermia applications.

The obtained result is in agreement with the conclusions of Haase and Nowak, which

investigated the effects of magnetostatic interactions for increasing concentrations of

magnetic nanoparticles [17]. Similar findings were reported by Martinez-Boubeta et al.

[18], when studying the influence of concentration on the heating properties of iron

oxide nanocubes in aqueous solutions. Analogously, Guibert et al. [19] observed that

the specific loss power of iron oxide nanoparticles strongly decreases when moving

from well-dispersed systems to large and dense aggregates. Moreover, in the study of

multi-core iron oxide nanoparticles, Blanco-Andujar et al. [20] found that the core-to-

core magnetostatic interaction can adversely affect magnetic heating properties.

The influence of nanodisk concentrations onmagnetization reversal processes is finally

investigated, by analysing the evolution of magnetization configuration at successive

equilibrium points along the descending branch of the hysteresis loops.The obtained re-

sults, reported in Fig. 5.6 for volume concentrations of 5% and 30%, demonstrate that the

nucleation and expulsion of vortexes are not synchronous, due to both magnetostatic

interactions and local misalignment with the applied field. This effect results amplified

for the highest concentration, leading to a remanent state where not all the nanodisks

are in the vortex configuration, as can be seen in Fig. 5.5.
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(a) (b)

(c)

Figure 5.6: Evolution of equilibrium states #A, #B, #C, #D and #E along the descending branch
of the hysteresis loops of 680 nm diameter permalloy nanodisks randomly distributed in a 3D
domain with two volume concentrations, namely 5% (top) and 30% (down).The hysteresis loops,
reported on the top with the indication of the analysed equilibrium states, are calculated by
applying the external field along the 𝑥-axis and by setting the temperature at 300 K. The colour
bar represents the angle, in degrees, between magnetization component in the 𝑥𝑦-plane (𝑀𝑥𝑦)
and 𝑥-axis.
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5.4 Parametric analysis of the role of nanostructure

size and shape

By means of micromagnetic modelling, we here determine the hysteresis losses of

permalloy nanostructures with different shape (disk, cylinder or sphere) and variable

size in the sub-micrometer range. The aim is to find optimal geometrical properties for

hyperthermia applications, reaching a compromise between the maximization of the

produced heat and the fulfilment of biophysical constraint on the applied field. The

simulations are performed considering the nominal value of magnetization saturation

for permalloy (800 kA/m) [7] and including the effects of thermal noise, fixing the tem-

perature to 300 K.

First, we calculate the hysteresis loops of nanocylinders with diameters 𝑑 ranging from

150 nm to 600 nm and variable thickness 𝑡 starting from 30 nm. The field is applied

in the plane perpendicular to the nanocylinder axis. For all the considered geometrical

parameters, the nucleation of an out-of-plane vortex (with core perpendicular to the

applied field axis) is expected [12, 21].

As shown in Fig. 5.7a, which reports the results obtained for 𝑑 = 300 nm, the loop shape

is strongly influenced by 𝑡. Its increase leads to a rise in out-of-plane vortex nucleation

and expulsion fields, as a consequence of the reduction in shape anisotropy, typical of

disk geometry [22]. For high values of 𝑡, e.g. 𝑡 = 150 nm, the quasi-saturation state with

in-plane magnetization is no more energetically favored. In this case, the out-of-plane

vortex configuration is stable for a very large field range, leading to a dominant re-

versible behavior and thus to a small loop area (see Fig. 5.8). The magnetization reversal

starts with the formation of a third-order buckle state [12], which evolves into a vortex

lying in the plane perpendicular to the applied field and with core moment pointing in

the field direction. At the first irreversible jump, occurring at ∼110 kA/m, the in-plane

vortex transforms into a vortex with out-of-plane core and magnetization rotating in

the plane orthogonal to the nanocylinder axis. Along the reversible part of the loop,
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(a) (b)

(c)

Figure 5.7: (a) Comparison of hysteresis loops calculated as a function of thickness 𝑡 ranging from 30 nm
to 150 nm, for nanocylinders with diameter 𝑑 equal to 300 nm. The external field is applied orthogonally
to the cylinder axis and the temperature is set at 300 K. (b) Specific energy losses calculated as a function
of nanocylinder thickness for diameter 𝑑 equal to 150 nm, 300 nm and 600 nm. (c) Case 𝑑 = 300 nm
and 𝑡 = 150 nm: magnetization configuration showing the out-of-plane vortex that forms immediately
after the first irreversible jump. The colour bar represents the angle, in degrees, between magnetization
component in the 𝑥𝑦-plane and 𝑥-axis (applied field direction).

this out-of-plane vortex moves orthogonally to the applied field up to the opposite side,

where it is expelled around -117 kA/m, evolving again into a third-order buckle state.

The final irreversible jump, occurring at about -125 kA/m, corresponds to the shift of
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the buckle state towards the direction of the applied field. At remanence, the magne-

tization rotates symmetrically around the nanocylinder axis, resulting in a negligible

moment [23]. The evolution of magnetization configuration at successive equilibrium

points along the descending branch of the hysteresis loop is illustrated in Fig. 5.9. Fig-

ure 5.7b shows the magnetic state, with out-of-plane vortex, which forms after the first

irreversible jump (equilibrium point #B).

When increasing 𝑡, we observe a reduction in the hysteresis loop area and a rise in out-

of-plane vortex nucleation and expulsion fields also for nanocylinder diameters equal

to 150 nm and 600 nm. The calculated loops are reported in Fig. 5.10.

The behavior of specific energy losses as a function of geometrical parameters 𝑑 and 𝑡 is

depicted in Fig. 5.7c. The graph puts in evidence how the increase in 𝑑 and 𝑡 diminishes

hyperthermia efficiency; the highest energy value, in the order of 72 kJ/m3, is obtained

for 𝑑 = 150 nm and 𝑡 = 30 nm. For the specific case of 𝑑 = 150 nm, we observe a slight

decrease in the hysteresis losses when varying 𝑡 from 30 nm to 50 nm, followed by an

abrupt reduction between 50 nm and 75 nm, due to the weakening of shape anisotropy.

Very low hysteresis losses are found for diameters higher than 100 nm, similarly to what

happens for 𝑑 = 300 nm and 𝑡 = 150 nm.

For the nanocylinders with 𝑑 equal to 300 nm and 600 nm the specific energy losses

decrease more gradually with 𝑡, due to the higher aspect ratio 𝑑/𝑡. However, for 𝑡 = 30

nm, the doubling of 𝑑 from 300 nm to 600 nm causes the halving of the produced heat.

Hysteresis losses can be maximized by applying sufficiently large fields, which en-

able out-of-plane vortex expulsion and, thus, the reaching of quasi-saturation state.

Moreover, loop areas can be amplified by reducing vortex nucleation fields and by

increasing vortex expulsion fields as much as possible. At the same time, the nanos-

tructures should be properly designed to avoid too high vortex expulsion fields, whose

application at the frequencies typical for hyperthermia could lead to intolerable resis-

tive heating.

To further investigate the suitability of permalloy nanocylinders for magnetic hyper-
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Figure 5.8:Hysteresis loop of a permalloy nanocylinderwith a diameter of 300 nm and a thickness of 150
nm. The loop is calculated by applying the external field along the 𝑥-axis and by setting the temperature
to 300 K

thermia, in Fig. 5.11 we report out-of-plane vortex nucleation and expulsion fields ver-

sus thickness for the diameters of 150 nm (Fig. 5.11a), 300 nm (Fig. 5.11b) and 600 nm

(Fig. 5.11c). For the 150 nm diameter cylinders with 𝑡 ranging from 30 nm to 100 nm, the

nucleation field rises from ∼20 kA/m up to ∼110 kA/m, rapidly increasing between 50

nm and 75 nm, in correspondence with the abrupt reduction in energy losses (Fig. 5.7c).

The out-of-plane vortex expulsion field slightly increases, varying from ∼90 kA/m to

∼120 kA/m. For 𝑡 in the order of 90-100 nm, the last irreversible jump does not corre-

spond to the expulsion of the out-of-plane vortex, but to the transition to a third-order

buckle state, as described for 𝑑 = 300 nm and 𝑡 = 150 nm. For the 600 nm diameter

cylinders, the out-of-plane vortex expulsion and nucleation fields increase nearly at the

same rate and, consequently, hysteresis losses reduce more gradually with 𝑡.

When 𝑡 is in the order of 100 nm, between quasi-saturation and out-of-plane vortex

nucleation there is an intermediate state, characterized by a double-vortex configura-

tion, illustrated in Fig. 5.13. Considering the biophysical constraint 𝐻𝑎 × 𝑓 ≤ 5 × 109

Am−1s−1, the high expulsion fields reported in Fig. 5.11 strongly impact on the largest

acceptable value for 𝑓. This should be in the order of 50 KHz, resulting in a maximum

allowable field around 100 kA/m. To satisfy the above requirement, we should opt for
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Figure 5.9: Evolution of equilibrium states #A, #B, #C, #D, #E and #F along the descending branch of the
hysteresis loop of a permalloy nanocylinder with a diameter of 300 nm and a thickness of 150 nm. The
colour bars represent the angle,in degrees, between the indicated in-plane magnetization components
and axes. Depending on the equilibrium state, the 3D view is varied to better illustrate the magnetization
spatial distribution. The magnetization reversal starts with the formation of a third-order buckle state,
which evolves into an in-plane vortex (#A). At the first irreversible jump, the in-plane vortex transforms
into a vortex with out-of-plane core (#B). Along the reversible part of the loop, this out-of-plane vortex
moves orthogonally to the applied field up to the opposite side (#D), where it is expelled, evolving into
a third-order buckle state (#E). The final irreversible jump corresponds to the shift of the buckle state
towards the direction of the applied field (#F).

nanocylinders with limited thickness, e.g., when 𝑑 = 150 nm (300 nm), 𝑡 should be lower

than 40 nm (50 nm). It follows that disk-shaped nanostructures with a diameter of few

hundred nanometres (less than 300 nm) could be the optimal solution in terms of both

energy release and fulfilment of the applied field constraint. In this case, an SLP value

higher than 400W/g can be obtained. Finally, we investigate the suitability of permalloy

nanospheres for hyperthermia applications, focusing on diameters 𝑑 in the range from
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(a) (b)

Figure 5.10: Comparison of hysteresis loops calculated as a function of thickness 𝑡 for
nanocylinders with diameter 𝑑 equal to 150 nm (a) and 300 nm (b). The simulations are per-
formed by setting the temperature at 300 K.

100 nm to 300 nm (see the hysteresis loops in Fig. 5.12a). For these nanostructures, vor-

tex nucleation and thus saturation condition can be reached at very large fields, higher

than 150 kA/m. For lower fields, the reversal mechanism is almost entirely a reversible

process. As illustrated for 𝑑 = 150 nm in Fig. 5.14, the magnetization prevalently ro-

tates around the applied field axis, with the exception of the centred vortex core, which

results aligned with the external field [24]. Also at remanence (Fig. 5.12b for 𝑑 = 150

nm), the vortex core contributes with a non-negligible magnetic moment, maintaining

its orientation up to the irreversible jump. Here, the magnetization in the vortex core

switches, following the new direction of the applied field. The field inversion gives rise

to a hysteresis loop symmetric around zero, whose size depends on the nanosphere

diameter. In particular, remanent magnetization and irreversible jump field reduce by

increasing 𝑑 (Fig. 5.12a). This strongly impacts on the specific energy losses, which di-

minish from ∼65 kJ/m3 to ∼7 kJ/m3 when reducing the nanosphere diameter from 100

nm to 300 nm.

Moreover, it is interesting to note that the change in the nanosphere size has a weak

effect on the diameter of the vortex core (𝑑𝑐𝑜𝑟𝑒), which results to be in the order of 40
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(a) (b)

(c)

Figure 5.11: Out-of-plane vortex nucleation and expulsion fields versus thickness 𝑡, extracted from
the hysteresis loops of the nanocylinders with diameter equal to (a) 150 nm, (b) 300 nm and (c) 600 nm,
calculated at 300 K.The reported values are obtained by averaging the data obtained along the descending
and ascending hysteresis loop branches. In (a) and (b) the blue rhombic markers reported for high values
of 𝑡 correspond to the field of the last irreversible jump, which is not characterised by the out-of-plane
vortex expulsion, but to the transition to a third-order buckle state. In (c) the green triangle marker at 𝑡
= 100 nm corresponds to the field at which the transition to double-vortex configuration takes place.

nm. This explains the decreasing behavior of specific energy losses versus 𝑑, which can

be interpolated by a function 𝑓(𝑑) = 𝑎𝑑2
𝑐𝑜𝑟𝑒/𝑑2 , where 𝑎 is a constant parameter. This

means that the energy release (in joules) rises linearly with 𝑑.

As a negative aspect, non-zero remanent moment can lead to undesirable aggregation
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(a) (b)

(c)

Figure 5.12: (a) Comparison of the calculated hysteresis loops for nanospheres with diameter 𝑑 ranging
from 100 nm to 300 nm.The simulations are performed by fixing the temperature to 300 K. (b) Remanence
magnetization configuration for the nanosphere with diameter equal to 150 nm. The external field is
applied along 𝑥-axis. Magnetization vector distribution is reported for the central 𝑦𝑧-plane. The colour
bar represents the angle, in degrees, between magnetization component in the 𝑦𝑧-plane and 𝑧-axis; the
streamlines describe the vortex core. (c) Specific energy losses calculated as a function of nanosphere
diameter 𝑑.

phenomena. Moreover, the use of nanospheres poses criticalities concerning the ful-

filment of the biophysical constraint 𝐻𝑎 × 𝑓 ≤ 5 × 109 Am−1s−1. Due to the high
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irreversible fields, which result to be larger than 100 kA/m, only frequencies with in-

adequate value for hyperthermia applications could be applied. At the same time, if we

reduce 𝐻𝑎 below 100 kA/m, the reversal process becomes entirely reversible, without

hysteresis effects and, consequently, with no energy release.

(a)

(b)

Figure 5.13: (a) Hysteresys loop of a permalloy nanocylinder with diamenter of 600 nm and
thickness of 100 nm, calculated by setting the temperature to 300 K. (b)Magnetization configu-
rations at the equilibrium states immediately after the first irreversible jump (left) and the second
one (right) for the considered permalloy nanocylinder. The colour bar represents the angle, in
degrees, between magnetization component in the 𝑥𝑦-plane (𝑀𝑥𝑦) and 𝑥-axis.
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(a)

(b)

Figure 5.14: (a) Minor hysteresis loop of a permalloy nanosphere with diameter equal to 150 nm. The
hysteresis loop is calculated by applying the external field along the 𝑥-axis and by setting the temperature
at 300 K. (b) Evolution of equilibrium states #A, #B, #C and #D along the descending branch of the
hysteresis loop of the considered nanosphere.Magnetization vector distribution is reported for the central
𝑦𝑧-plane. The colour bar represents the angle, in degrees, between magnetization component in the 𝑦𝑧-
plane (𝑀𝑦𝑧) and 𝑧-axis. The streamlines represent the vortex core, whose magnetization orientation is
described by the arrow. The magnetic configurations on the bottom refer to the equilibrium states before
(left) and after (right) the irreversible jump, which leads to the inversion of the vortex core magnetization.
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5.5 Conclusions

One of the issues of magnetic hyperthermia is the large quantity of magnetic nano-

materials required to release sufficient heat to the treated area and then generate an

appreciable increment of temperature. Disk-shaped nanostructures can be a valid alter-

native to SPIONs, due the possibility of producing energy via hysteresis losses. How-

ever, their synthesis via nanolithography processes can be a very time-consuming and

costly task, which needs to be addressed by proper design and optimization stages.

The study here reported, focused on permalloy nanostructures, has demonstrated how

micromagnetic simulations can be an efficient way to support fabrication steps in the

engineering of optimized heating agents. First, micromagnetic modelling has enabled us

to perform an extensive parametric investigation of the influence of nanostructure geo-

metrical properties on the amount of heat generated via hysteresis losses. Second, it has

provided useful information on the type of magnetization configuration at remanence

and on its implications in particle aggregation phenomena. Third, it has allowed us to

explore magnetization reversal processes and to determine saturation fields, which are

required to obtain major hysteresis loops and thus maximize hysteresis losses. Regard-

ing this last aspect, caution has been paid to not exceed acceptable biophysical limits

for the maximum applicable field at a given frequency, focusing on the well-known

constraint 𝐻𝑎𝑓 ≤ 5 × 109 Am−1s−1.

With the aim of reaching a compromise between heat maximization and biophysical

limit fulfilment, we have investigated permalloy nanostructures with different shapes

(disk, cylinder and sphere) and dimensions, ranging up to some hundreds of nanome-

tres. For all the analyzed nanostructures, the magnetization reversal takes place via the

nucleation, motion and expulsion of a vortex.

Regarding disk-/cylinder-shaped nanostructures, we have observed that the optimal

heating performances can be obtained with limited diameters and thicknesses, lower

than 300 nm and 50 nm, respectively. Specific energy losses higher than 70 kJ/m3 have
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been predicted for nanodisks with a diameter of 150 nm and a thickness of 30 nm. This

data corresponds to an SLP value of ∼400 W/g, obtainable under the exposure to an

external field with a frequency of 50 kHz and an amplitude of 100 kA/m.

The increase in diameter and thickness leads to a reduction in the specific energy losses.

Moreover, for thicknesses in the order of 100-150 nm, we have observed a strong incre-

ment of the vortex nucleation and expulsion fields, with a negative impact on the fulfil-

ment of biophysical limits with adequate frequencies for hyperthermia applications. At

remanence, all the analyzed disk-/cylinder-shaped nanostructures are characterized by

an out-of-plane vortex state with negligible magnetic moment and thus reduced possi-

bility of aggregation. Concerning nanospheres, we have predicted high specific energy

losses (∼65 kJ/m3) for diameters in the order of 100 nm, but in this case it is required to

apply fields larger than 130 kA/m and a non-negligible magnetic moment is observed.

Moreover, the increase in nanosphere diameter leads to a strong reduction in the hys-

teresis losses, with very low contribution for sizes higher than 300 nm.

Finally, by means of a combined modelling and experimental analysis we have stud-

ied howmagnetostatic interactions influence hysteresis losses, focusing on 30 nm thick

nanodisks with diameters between 270 nm and 680 nm. For the nanodisks dispersed in

ethanol solution, we have found that the nucleation and expulsion of vortexes are not

synchronous, also due to the local misalignment with the applied field direction. More-

over, we have observed that the increment of volume concentration can be detrimental

for specific energy losses, which halve when increasing the nanodisk concentration

from 5% to 30%.
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Chapter 6

A detailed parametric analysis of

permalloy nanodisks

In the last decade, magnetic nanostructures and in particular magnetic nanodisks

and nanorings obtained a lot of interest in cancer treatment, for both hyperthermia

based therapies and induced cell apoptosis with themechanical stimulation of cell mem-

branes [1–3].

From the analysis shown in Chapter 5, permalloy nanodisks emerged as a very promis-

ing candidate candidate for magnetically mediated hyperthermia, to be used in alter-

native to standard iron oxide nanoparticles. In fact, they present optimal properties for

this application, for instance:

• they can have a large hysteresis loop for opportune values of thickness and di-

ameter, and thus release a large amount of heat due to hysteresis losses;

• at remanence, they present a magnetization vortex configuration, which enables

to limit the stray field and the mutual magnetostatic interactions, thus preventing

the aggregation and creation of clusters of nanodisks;

• for opportune values of diameter and thickness, they require relatively small field

amplitudes to generate consistent hysteresis losses.
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In this chapter, micromagnetic modeling is applied to find the optimal combination

of geometrical parameters for hyperthermia application, when using permalloy nan-

odisks. In particular, we perform a detailed parametric analysis by varying disk diameter

(100-800 nm) and thickness (15-30 nm), to find the optimal conditions for the maximiza-

tion of the specific heating capabilities.

Before that, we evaluate the mechanical behavior of the nanodisks in a physiological

mediumwith the physical properties of blood .This aspect is very important to correctly

estimate the heating capability of nanostructures. On the one hand, we want to eval-

uate possible mechanical contribution to the heat generation, due to possible friction

effects. On the other hand, since the characteristic hysteresis loop of a nanodisk greatly

depends on its shape anisotropy, it depends also on the relative orientation between the

disk plane and the applied field [4, 5]. Therefore, we verified the ability of nanodisks to

reorient along the direction of the applied magnetic field, depending on the viscosity

and density of the medium where they are distributed.

Many different factors can affect the hysteresis losses and change the heating efficiency

of nanodisks, hence, a simple investigation of the geometrical parameters is not suffi-

cient. Since the goal is to understand how this kind of nanostructures will actually

behave when used for hyperthermia treatment, one should consider also other effects,

such as the influence of the environment temperature and the magnetostatic interac-

tions. Regarding this last effect, the analysis of the individual behavior of nanodisks is

not sufficient, therefore we have to study their collective performance as ensembles of

nanodisks, evaluating the influence of nanodisks concentration on the produced heat.

Another possible contribution to the heat generation of ferromagnetic nanostructures

excited by an alternating magnetic field may come from eddy currents. Hence, we an-

alyzed the induction of eddy currents in nanodisks, considering an external field with

frequency in the order of 100 kHz.

Eddy currents can also be generated by the applied field directly into the tissues. It

is very important to prevent the non-selective heating of both cancerous and healthy
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6.1 – Analysis of nanodisk oscillation in a fluid

tissue due to these induced currents. To begin with, one can consider that, for a cylin-

drical tissue sample, the heating power produced per unit volume by eddy currents can

be expressed as

𝑃 = 𝜎𝑡𝑖𝑠𝑠𝑢𝑒(𝜋𝜇0)2(𝐻𝑎𝑓)2𝑟2 (6.1)

where 𝜎𝑡𝑖𝑠𝑠𝑢𝑒 is the electrical conductivity of the tissue, 𝐻𝑎 is the field amplitude, 𝑓 is

the field frequency, and 𝑟 is the radial distance from the cylinder axis [6]. In 1984, the

upper value of 4.85 × 108 Am−1s−1 was assumed as the acceptable threshold for the

field-frequency product 𝐻𝑎 × 𝑓 to avoid intolerable resistive heating. This is known as

the Atkinson-Brezovich limit and was determined by exposing for more than an hour

the thorax of a number of volunteers to a RF magnetic field (𝑓 = 13.56 MHz) generated

by a single-turn induction coil [6]. For a smaller size of the exposed body region and

considering the variation of 𝜎𝑡𝑖𝑠𝑠𝑢𝑒 with frequency and tissue properties, this critical

product may be exceeded. Accordingly, a less rigid criterion, 𝐻𝑎×𝑓 ≤ 5×109Am−1s−1,

was proposed by R. Hergt and S. Dutz in 2007 [7]. This is the biological constraint that

we considered as an acceptable limit for the applied field parameters in the analysis

performed in Chapter 5. Successive in vivo experimental analyses demonstrated the

possibility of overcoming this threshold of more than one order of magnitude, main-

taining eddy current effects below safe and tolerable limits. In [8], breast and pancreatic

tumors in mice were successfully treated with superparamagnetic iron oxide nanopar-

ticles exposed to magnetic fields with 𝐻𝑎 = 15.4 kA/m and 𝑓 =435 kHz. Anyway, the

proper selection of suitable nanostructures for hyperthermia applicationsmust consider

this biological limits.

6.1 Analysis of nanodisk oscillation in a fluid

In this section we present the study of the mechanical behavior of magnetic nan-

odisks in a fluid with the physical properties (density and viscosity) of blood. This is

a crucial analysis, since the hysteretic properties of the nanodisks greatly depend on
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their shape anisotropy. The reciprocal orientation between the nanodisks and the ap-

plied field can have a relevant effect on the hysteresis loop shape and area, with a conse-

quent important impact on the heating efficiency. Consequently, wewant to understand

the possibility of nanodisks to be re-oriented along the direction of the applied alter-

nating magnetic field.

To this aim, we start with a very simple model to analyze the time scale of the eventual

re-orientation phenomena in a fluid. The analysis is based on the momentum balance

equation. For simplicity, we do not consider the whole range of kinds of motions and of

rotations that a nanodisk can have in a fluid. Instead, we focus on the time evolution of

the rotation angle identified by the intersection between the plane of the disk and the

plane normal to the applied field and passing through the center of the disk. The disk

position can be easily represented as a function of the angle 𝜃 between the planes. We

know from the angular momentum equation that

𝑑L
𝑑𝑡

= 𝝉, (6.2)

for a rigid body with a fixed axes of rotation passing by its center of mass, under the

effect of a torque 𝜏. In particular
𝑑L
𝑑𝑡

= 𝐼𝑑𝝎
𝑑𝑡

. (6.3)

where 𝐼 is the moment of inertia and 𝝎 is the angular velocity. The torque 𝝉 applied on

the magnetic nanodisk, under the effect of an applied field 𝐇𝑎, is defined as

𝝉 = m × Ha + 𝝉𝐷 + 𝝉𝐵 (6.4)

where 𝐦 is the magnetic moment of the nanodisk, 𝝉𝐷 is the dynamic drag torque and

𝝉𝐵 is a stochastic Brownian contribution. Thus

𝐼𝑑𝝎
𝑑𝑡

= m × H + 𝝉𝐷 + 𝝉𝐵. (6.5)
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For the dynamic drag torque we use an analytical approximation calculated for circular

disks, as presented in the work of Brenner [9]. It results in

𝝉𝐷 = −𝜇𝛀𝑅 ⋅ 𝝎, (6.6)

where 𝜇 is the viscosity of the fluid and 𝛀𝑅 is a constant dyadic depending only on the

shape of the particle and the location of it center of rotation. For a thin omogeneous

disk rotating around its center of mass it has the following form:

𝛀𝑅 = 𝕀
32
3

𝑑2 (6.7)

where 𝑑 is the diameter of the disk and 𝕀 is the identity 3 × 3 matrix.

In our simplified model (as described by the schematic Fig. 6.1) we assume that the

magnetization of the nanodisk can be modeled as a dipolar magnetic moment placed

in the disk barycenter. Moreover, we assume that the rotation axis 𝛾 is coincident with

the coordinate 𝑦-axis, and we assume that the particle is able to rotate only around this

fixed axis, leading to the simple equations:

𝝎(𝑡) = 𝜔(𝑡) ̂j
𝑑𝜃
𝑑𝑡

= 𝜔(𝑡)
(6.8)

From themicromagnetic simulation of nanodisks oriented along different angles and in-

terested by different field values, we took the volume averaged total magnetization. In-

terpolating in timewe reconstruct a function representing themagneticmoent𝐦(𝜃(𝑡), |𝐇(𝑡)|)

to be used in the mechanical problem.

The simulations are performed by using an algorithm developed ad hoc. In particu-

lar we vary disk size, the field frequency (from 1kHz to 500kHz), the field amplitude

from 1 kA/m to 100kA/m, and the fluid viscosity 𝜈 to simulate different fluids (water
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θ

γ
x

y

z
ψ

Ha

m

Figure 6.1: Description of of the system: 𝛾 is the rotation axis of the nanodisks, the applied field 𝐇𝑎
is directed along the 𝑧 axis, 𝜓 = 90 − 𝜃 is the angle between the positive direction of the applied field
and the versor lying in the plane of the disk perpendicular to the rotation axis 𝛾. 𝜓 is equal to 0 when
the disks is oriented parallele to the field and equal to 90 when orthogonal to the applied field.

0.894 × 10−3 kg/ms, blood 0.58 × 10−1 kg/ms). For the simulations “in blood”, the pa-

rameters are obtained from literature [10–12] assuming a Newtonian behavior.

In the following we report a significant example of the simulated data, where the nan-

odisk is initially placed almost perpendicular to a field of low amplitude (20 kA/m) at

different frequencies, considering the viscosity of blood (Fig. 6.2) as well as of water

(Fig. 6.3). From the analysis of the results, the nanodisks are able to re-orientate along

the principal direction of the applied field in an average time Δ𝑡 smaller than oner tenth

of a second for every combination of field frequency, field amplitude, starting position

and viscosity of the fluid.

Being the estimated Δ𝑡 much lower than the average duration of the hyperthermia

treatment (from30 to 60 minutes), for measurements in a liquid media we can expect

that the nanodisks will be oriented in a small range of angles around the direction of

the applied field.

Frommicromagnetic simulation we know that the reduction of hysteresis losses is very

limited when the nanodisks are almost parallel to the applied field (see Subsection 6.2.3).

This explains the difference found in measurements when considering nanodisk sus-

pended in a fluid or blocked in a gel matrix, mimicking a tissue [5].

However, later evidence suggested that, when internalized in the tumor environment,

adhesion phenomena to the cellular membrane and inclusion in endosomes through
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6.1 – Analysis of nanodisk oscillation in a fluid

Fluid: blood, 𝜈 = 0.58 × 10−1 kg
ms

(a)

(b)

(c)

Figure 6.2: The plots report the angle 𝜓 = 90°−𝜃 between the disk plane and the applied ACmagnetic
field direction. This angle is equal to 0 when the disk and the field are parallel, while it is equal to 90°
when the field is normal to the plane of the disk. The plots show the time evolution of the angle 𝜓 for
a disk with diameter of 200 nm and a thickness of 30 nm, floating in thick blood 𝜈 = 0.58 × 10−1 kg

ms )
with a field with |𝐇|𝑚𝑎𝑥 = 20 kA/m and (a) 𝑓 = 1 kHz, (b) 𝑓 = 10 kHz, (c) 𝑓 = 100 kHz
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Fluid: water, 𝜈 = 0.894 × 10−3 kg
ms

(a)

(b)

Figure 6.3: The plots report the angle 𝜓 = 90°−𝜃 between the disk plane and the applied ACmagnetic
field direction. This angle is equal to 0 when the disk and the field are parallel, while it is equal to 90°
when the field is normal to the plane of the disk. The plots show the time evolution of the angle 𝜓 for a
disk with diameter of 200 nm and a thickness of 30 nm, floating in water ( 𝜈 = 0.894 × 10−3 kg

ms ) with
a field with |𝐇|𝑚𝑎𝑥 = 20 kA/m and (a) 𝑓 = 10 kHz, (b) 𝑓 = 100 kHz.

endocytosis can block the nanostructures in place preventing their re-orientation [13–

15].
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6.2 Parametric analysis focused on a single nanodisk

We start analyzing the influence of the geometrical parameters of the nanodisks,

which can be controlled in the production phase. Subsequently, we study the effects of

ambient temperature on the magnetization reversal process and the relative orientation

with respect to the applied feld. The possible contribution from eddy current heating is

also investigated.

6.2.1 Analysis of the effect of size on the hysteresis losses

In this subsection we present an extensive parametric analysis of permalloy nan-

odisks, analyzing the effect on the hysteresis losses due to change in size. We performed

different simulations on permalloy nanodisks varying the diameter and the thickness

of the disk. To correctly evaluate the effect of size excluding other effects, we decided

to start studying an isolated nanodisk, excited with a magnetic field applied parallel to

the plane of the disk and first neglecting the effect of the temperature. Keeping fixed

the properties of the material (𝑀𝑆 = 860 kA/m, 𝑘𝑒𝑥 = 13 pJ/m3, 𝑘𝑎𝑛 = 0 jm−3), we

computed the hysteresis loop by means of the 3Dmicromagnetic code developed in this

thesis.

The effects of geometrical properties on the hysteresis loop shape are depicted in Fig.

6.4a and 6.4c, which respectively report the loops calculated for different diameters (𝑑 =

150 nm, 300 nm and 650 nm) fixing the thickness 𝑡 to 15 nm, and for different thicknesses

(𝑡 = 15 nm, 20 nm and 30 nm) fixing 𝑑 to 400 nm. Apart for the case with 𝑑 = 150 nm and

𝑡 = 15 nm, each loop branch is characterized by two irreversible jumps, corresponding

to vortex nucleation and annihilation, connected through a reversible part dominated

by vortex translation along a direction perpendicular to the applied field direction. At

remanence, a negligible average magnetization is found, with the vortex pinned at the

nanodisk center. The evolution of magnetic state is clearly illustrated by the magne-

tization maps reported in Fig.6.4d, calculated for 𝑑 = 400 nm and 𝑡 = 15 nm. When 𝑑
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Figure 6.4: The plots (a) and (c) show the computed hysteresis loops for nanodisks with variable size.
In plot (a) we report the comparison between permalloy nanodisks of the same thickness (𝑡 = 15 nm)
for different diameters (𝑑 = 150 nm, 300 nm and 650 nm). In plot (c) we fixed the diameter to 400 nm and
vary the thickness (𝑡 = 15 nm, 20 nm and 30 nm). (To allow a higher readability of the plots we choose to
not include all the calculated loops, the intermediate values fit well in the trend we described). Images (b)
and (d) illustrate the magnetization distribution of two nanodisks before and after an irreversible jump
around the remanence state. Figure (b) corresponds to the complete reversal of the magnetization for the
case with 𝑑 = 150 nm and 𝑡 = 15 nm. . Figure (d) shows the nucleation of the vortex in the case of 𝑑= 400
nm and 𝑡 = 15 nm, common to all the other reported loops.

= 150 nm and 𝑡 = 15 nm, the magnetization reversal occurs at zero applied field with

an irreversible jump between two C-states, leading to a negligible loop area (see Fig.

6.4b). Figure 6.4 well demonstrates that, in the case of vortex formation, wider hystere-

sis loops can be obtained by reducing nanodisk diameter and/or increasing nanodisk

thickness. The latter is true for thicknesses up to around 40 nm. As shown in Chapter 5,
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Figure 6.5: Phase diagram representing the specific energy in kJ/m3 produced by permalloy nanodisks
with different thickness and diameter. The white area represents the combination of geometrical param-
eter for which the magnetization reversal process takes place following Stoner-Wohlfarth model, , thus
leading to negligible hysteresis losses.

when transitioning from a thin disk to a cylinder, the hysteresis losses start to decrease

again. The above conditions lead to greater heating capabilities, as shown by Fig. 6.5,

which reports the specific energy losses, calculated as a function of parameters 𝑑 and 𝑡:

𝐸 = 𝜇0 ∫
𝑙𝑜𝑜𝑝

𝐇𝑎 ⋅ 𝑑𝐌 (6.9)

The data are plotted only for the cases characterized by vortex nucleation, confirming,

for the considered values of 𝑑 and 𝑡, the classification of remanent states reported in

the phase diagram of Ref. [1].
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To maximize the hysteresis losses, the amplitude of the external field should be large

enough to enable the saturation of the nanodisks. For the major loops, the estimated

losses vary from ∼25 kJ/m3 (case with 𝑑 = 800 nm and 𝑡 = 15 nm) to ∼135 kJ/m3 (case

with 𝑑 = 100 nm and 𝑡 = 30 nm).These data correspond to a heating efficiency or specific

loss power (SLP) of 287 W/g and 1552 W/g, respectively, when considering an AC ex-

ternal field with a frequency of 100 kHz and a value of 8.72 g/cm3 for the mass density

of permalloy.

For the considered geometrical properties, it is worth noting that saturating conditions

can be obtained by applying external fields with quite large estimated amplitudes, rang-

ing from ∼40 kA/m for 𝑑 = 800 nm and 𝑡 = 15 nm up to ∼120 kA/m for 𝑑 = 150 nm and 𝑡

= 30 nm. This can impact on the maximum field frequency that can be selected for safe

in vivo treatment, in order to prevent the non-selective heating of both cancerous and

healthy tissue due to the generation of eddy currents as discussed at the beginning of

this chapter and in Chapter 5.

6.2.2 The effects of ambient temperature

It should be remarked that the results reported in Fig. 6.4 have been calculated by

neglecting thermal noise and by assuming ideal material and geometrical properties

(absence of defects) for the considered nanodisks. If we include thermal agitation ef-

fects, introduced in the simulations via a Langevin approach (see Section 3.3.4), we can

observe a modification of the hysteresis loop, with a significant decrease in the field

corresponding to vortex annihilation and, consequently, in the saturation field.Thermal

noise canmoderately impact also on the vortex nucleation field, which can be randomly

reduced or amplified. The influence of temperature on hysteresis loops is illustrated in

Fig. 6.6, referring to nanodisks with a thickness of 30 nm and a diameter ranging from

100 nm to 800 nm. Each new loop has been calculated by setting the temperature at (320

K), a value that is expected to be reached during a standard hyperthermia session, and
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Figure 6.6: Comparison of the hysteresis loops of nanodisks, calculated neglecting thermal effects and
setting the temperature at 320 K. At 320 K two sets of simulations are performed: one with the standard
value of 𝑀𝑆 of 860 kA/m and one using the corrected value of 800 kA/m obtained from Eq. 6.10. In (a)
𝑑 = 100 nm, 𝑡 = 30 nm; (b) 𝑑 = 300 nm, 𝑡 = 30 nm; (c) 𝑑 =800 nm, 𝑡 = 30 nm; (d) Diagram showing the
behavior of the vortex expulsion field 𝐻𝑒𝑥 as function of 𝑑, for the temperature 𝑇 equal to zero or to
320 K.

by extracting the average curves over 20 stochastic realizations. The saturation magne-

tization at 320 K has been fixed to 800 kA/m, according to the following law:

𝑀𝑆(𝑇 ) = 𝑀𝑆0
(1 − 𝑏𝑇 3/2 − 𝑐𝑇 5/2 − 𝑎𝑇 2) (6.10)

derived from the classical spin-wave theory [16, 17]. We consider the parameter val-

ues reported in [16], namely 𝑎 = 0.19 × 10−7 K−2, 𝑏 = 0.88 × 10−5 K−3/2 and
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𝑐 = 0.09 × 10−7 K−5/2. Figure 6.6d compares the values of the vortex annihilation

field determined with and without thermal effects inclusion, for the entire considered

ranges of thickness and diameter.

It is worth noting that the role of temperature is higher for the nanodisks with smaller

diameter and larger thickness, and reduces with the diameter increase. The highest an-

nihilation field, 122 kA/m, obtained with zero temperature when 𝑑 = 150 nm and 𝑡 = 30

nm, decreases up to 96 kA/m. As a conclusion, thermal effects favor the vortex anni-

hilation enabling to reach saturation with strongly reduced fields. Anyway, the impact

on the hysteresis losses is limited, with a weak decrease, e.g. for the major loops, the

estimated losses vary from 18.8 kJ/m3 (instead of 24.9) (case with 𝑑 = 800 nm and 𝑡 = 15

nm) to ∼93 kJ/m3 (instead of 132.9 kJ/m3) (case with 𝑑 = 100 nm and 𝑡 = 30 nm). These

data correspond to a heating efficiency or specific loss power (SLP) of 287W/g and 1552

W/g, respectively, when considering an AC external field with a frequency of 100 kHz

and a value of 8.72 g/cm3 for the mass density of permalloy. This enables to obtain SLP

values similar to the ones previously estimated, but with reduced applied fields.

6.2.3 Study of the influence of the angular orientation with re-

spect to the applied field

The previous results shown in this chapter have been obtained by applying the ex-

ternal field in the nanodisk plane. As explained in Section 6.1 and reported in literature,

we can expect that the nanostructures dispersed in a tissue will not be all aligned with

the field, presenting a local variation in the orientation with respect to the field. Even if

in a fluid magnetic nanodisks can be re-oriented along the direction of the applied field,

in a tissue because of adhesion or internalization phenomena within the cellular envi-

ronment, they are presumably not free to rotate. Since the nanodisks present a strong

shape anisotropy it is interesting to see how they perform in terms of heat generation

when the field is applied at different angles. This study is necessary to obtain a realistic
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estimate of the heat production for the development of therapeutic plans.

Here, we investigate the effects of the inclination of the external field with respect to the

nanodisk plane, evaluating the vortex nucleation and vortex expulsion fields, 𝐻𝑛𝑢𝑐 and

𝐻𝑒𝑥𝑝, as a function of field application angle 𝜃 (see inset in Fig. 6.7b). Figure 6.7a shows

the results obtained for a nanodisk with 𝑑 = 150 nm and 𝑡 = 25 nm, also considering

the influence of temperature. The increase in 𝜃 leads to an amplification of both 𝐻𝑛𝑢𝑐

and 𝐻𝑒𝑥𝑝. In particular, 𝐻𝑛𝑢𝑐 varies moderately when 𝜃 is in the range of 0-40°, with

a steep rise for values of 𝜃 larger than 80°, due to the relative reduction in the external

field component lying in the nanodisk plane.

When disregarding thermal effects, the simulations predict a value of ∼390 kA/m for

𝜃 = 85°, resulting in a practical infinite amplitude when the external field is applied or-

thogonally to the nanodisk surface. Regarding 𝐻𝑒𝑥𝑝, it increases more smoothly with

𝜃, reaching a value of ∼430 kA/m for 𝜃 = 85°.

The specific energy losses gradually reduce as the angle increases up to around ∼ 60° as

shown by Fig. 6.7b, drastically decaying when reaching 𝜃 ∼ 80°. This fact emerges also

looking at the hysteresis loops reported in Fig. 6.8 for a field with a maximum amplitude

of 150 k/Am, neglecting thermnal effects. The reversible part of the loop gradually in-

creases as the field rotates away from the disk plane and, for this value of field, already

at 55° we are not able to achieve the irreversible jumps giving a negligible contribute to

the losses.

Therefore, the choice of the applied field, when imagining an ensemble of randomly ori-

ented nanodisks, affects also the overall number of disks generating heat. Remembering

the 𝐻𝑎 × 𝑓 limits, developing an hyperthermia protocol, it is important to choose the

amplitude of the field to balance the reduction in losses due to the effect of the angle

(for low values of the applied field) or the reduction in losses due to a smaller operative

frequency, when choosing high fields to maximize the losses of disks not aligned with

the field.

179



6 – A detailed parametric analysis of permalloy nanodisks
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Figure 6.7: (a) Effect of the field orientation on 𝐻𝑛𝑢𝑐 and 𝐻𝑒𝑥𝑝 of nanodisk (the angular orientation
is depicted in the schematic). We report the data for the disk with 𝑑 = 150 nm and 𝑡 = 25 nm without
and with the inclusion of thermal effects (𝑇 = 320 K). ). (b) Graph that shows the behaviour of the
hysteresis losses as a function of the orientation of the field (𝜃 = 0° when the field is applied in the plane
of the disk and 𝜃 = 90° when the field is applied orthogonal to the plane of the disk), highlighting a
sharp decay above 80°
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Figure 6.8: The graphs report the descending branch of the hysteresis loops for a nanodisk with 𝑑 =
150 nm and 𝑡 = 30 nm for different angular orientations of the applied field. The component of the
magnetization 𝑀 is taken parallel to the applied field 𝐻𝑎. For value of 𝜃 ≥ 55° limiting the applicable
field to 150 kA/m the vortex is not expelled, therefore we have an almost entirely reversible motion of
the vortex with negligible losses.

6.2.4 Eddy current heating

For a frequency of 100 kHz of the AC applied field, the time scale of magnetization

dynamics is much shorter than the one of electromagnetic field diffusion. In the studied

examples, the largest duration of magnetization relaxation processes towards equilib-

rium, at a specific field level, is in the order of a few tens of nanoseconds, for irreversible

jumps. This means that hysteresis losses can be determined by calculating quasi-static

hysteresis loops, and thus decoupling spin dynamics from eddy current phenomena.

As a first approximation, eddy current losses can be estimated via analytical modelling.
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For the case corresponding to maximal heat generation via eddy current effects (exter-

nal field perpendicular to nanodisk surface), the heating power can be expressed as

𝑃 = 𝜋𝐻̂𝑎𝑥
𝜎

𝑏𝑒𝑟0(𝑥)𝑏𝑒𝑟′
0(𝑥) + 𝑏𝑒𝑖0(𝑥)𝑏𝑒𝑖′

0(𝑥)
𝑏𝑒𝑟2

0(𝑥) + 𝑏𝑒𝑖2
0(𝑥)

(6.11)

where

𝑥 = 𝑑
2

√2𝜋𝑓𝜎𝜇𝑟𝜇0. (6.12)

In Eq. (6.11) 𝐻̂𝑎 is the amplitude (peak value) of the AC external field, 𝜎 is the electrical

conductivity and is the relative magnetic permeability of the disk material.

From a preliminary analysis the eddy current contribution can be considered negligible,

for the nanodisks in the studied range of sizes, when considering a maximum field of

100 kA/m and a frequency of 100 kHz.

6.3 Study of ensambles of nanodisks: the effect of con-

centration and magnetostatic interactions

As explained in Section 6.1 and reported in literature, we can expect that, when

applied in hyperthermia therapy, because of the immobilization in the cellular or extra-

cellular environment, the magnetic nanostructures are not able to re-orientate with the

applied field, resulting dispersed in the target tissue with a random spatial distribution.

Therefore, it is crucial to estimate the heat production in the case of 3D ensembles of

nanodisks, which mutually interact by means of magnetostatic interactions and present

different orientation with respect to the applied field. A fundamental parameter that

governs the produced heat is the nanodisk concentration.

To analyze the influence of the above factors, different sets of randomly distributed
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(a) (b)

Figure 6.9: We report two examples of random distribution of nanodisks (𝑑 = 150 nm 𝑡 = 25 nm).
For the distribution (a) the volume concentration 𝑐 is equal to 1%, for (b) it is equal to 20%. The colors
rapresent the angle between the projection of the magnetization vector on the plane 𝑥𝑦 and the direction
of the applied magnetic field, evaluated at the remanence. We can notice that in case (b) not all the
nanodisks show the vortex configuration.

nanodisks were generated using an algorithm developed ad hoc to avoid shape over-

lapping andcompenetration . Each distribution is made of one kind of nanodisks, ran-

domly placed in space and randomly oriented following a uniform probability density

function. The study is focused on nanodisks with diameter of 150 nm and thickness of

25 nm. Each distribution, of which we report two examples with the relative remanent

magnetization configurations in Fig. 6.9 was generated with at a given volume concen-

tration in Fig. 6.9 was generated with at a given volume concentration 𝑐. The volume

concentration 𝑐 is defined as the ratio 𝑉nanodisks/𝑉system, where 𝑉nanodisks is the volume

of a nanodisk multiplied by the number of nanodisks and 𝑉system is the minimum vol-

ume of the 3D domain containing all the nanodisks. Simulations were performed for

different concentration values, from ∼ 0.5% up to ∼ 30%.

The results are shown in Fig. 6.10,which reports the hysteresis loops computed for

4 random distributions of nanodisks also including thermal effects, averaged over 20

stochastic simulations. We can observe that as the concentration increases the hystere-

sis loops appear smoother, with smaller area and with nucleation and expulsion field

spread over a wider range of values. Only for values of 𝑐 < 2% the loops have still sharp
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Figure 6.10: Hysteresis loops obtained for stochastic distributions 50 of nanodisks (𝑑 = 150 nm,
𝑡 = 25 nm) considering different values of concentration.

Figure 6.11: Plot of the trend of specific energy per unit volume of ferromagnetic material. In purple
we report the average on different distributions of nanodisks. The other lines represent the behaviour of
4 different random distributions with 50 nanodisks.
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irreversible jump transition.This effect is due to the magnetostatic interaction between

nanodisks and to variable orientation with respect to the applied field.

The magnetostatic interactions are stronger for high values of concentration, since in

this case the distance between nanodisks is smaller. For elevated concentrations, we

cannot individuate anymore a specific expulsion and nucleation field in the loop, since

the nanodisks in the distribution have different 𝐻𝑛𝑢𝑐 and 𝐻𝑒𝑥𝑝.

These changes in the shape of the hysteresis loops reflects in the heating performance

of the nanodisks. Figure 6.11 clearly shows that the specific energy losses (per volume

of magnetic material) is smaller when the concentration is higher, tending towards the

value of isolated disks only for very small concentrations.

As a second aspect, in our simulations, we pushed the fields over therapeutic reasonable

limits to obtain the full hysteresis loop. However, in a realistic therapeutic application,

the amplitude of the field has to be lower. In this case we expect a further reduction

in the energy losses, since the field is not able to induce irreversible jumps in all the

nanodisks in the distribution. Therefore, some nanodisks will show only reversible mo-

tion of the vortex, giving a negligible contribution to the hysteresis losses. The studied

effects give us two indications for the hyperthermia application: one is that increasing

the concentration of nanostructures per unit volume of treated region does not have,

even in principle, a linear effect on the heat generation. The other one is that the ag-

gregation and local clustering of nanodisks may have a strong negative effect on the

ability of the nanostructures to produce heat.

6.4 Conclusions

In this chapter we provide an extensive analysis of the heating performance of

permalloy nanodisks for possible application inmagnetic hyperthermia.We extensively

evaluated the influence of parameters and phenomena that can strongly affect the heat

generation of such nanostructures. The idea is to be able to provide a reliable estimate
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of the losses, to be potentially used as a source in bio-heat dissipation simulations based

on the Penn’s equation and on the use of anatomical virtual models.Thanks to this work

we are able to identify the optimal size for the nanodisks from a heat generation point

of view (𝑑 ∼ 150 nm and 𝑡 ∼ 30 nm). Given the area and irreversible jump fields of the

hysteresis loops for the considered nanodisks we are able to obtain, from the biological

limit to the 𝐻𝑎 ×𝑓 product, the requirement for the exciting field in terms of amplitude

and frequency. From the study of the effects of temperature, angular orientation with

respect to the field and concentration, we can rescale the expected heat generation of

these nanostructures when used in hyperthermia treatment.
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Chapter 7

Study of bi-component magnetic

nanodisks for potential application

in magnetic storage

The material presented in this chapter is submitted for publication on

Applied Physics letters.

In the last decades, magnetic nanodisks have been extensively studied by means of

both experimental and modeling analysis, also for their potential application in ad-

vanced sensor technologies, magnetologic devices and high density storage media [1].

In this framework, the nucleation of vortex state in magnetic nanodisks is a topic of

intensive research, due to its possible implementation in data storage and specifically

in non-volatile magnetic random access memories (MRAMs). Two units of information

can be stored in a single nanodisk, exploiting either vortex polarity (up/down orienta-

tion of the magnetization in the vortex core) or chirality (clockwise/counterclockwise

rotational direction of the magnetization) [2].

Despite the technological potentiality of magnetic vortices, the control of their topolog-

ical properties still remains a challenging issue [3]. Different solutions based on broken
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rotational symmetry were proposed to tailor vortex chirality and possibly polarity, like

the use of asymmetric dots with a flattened edge [4–6] or regular polygonal nanomag-

nets with an odd number of sides [7–9]. Alternatively, “Pac-Man”-like nanodots can

be considered to obtain specific chirality and polarity states without the application of

out-of-plane magnetic fields for setting vortex core polarity [10].

Recently, the simultaneous definition of chirality and polarity was achieved in nanodots

with modulated or tapered thickness, by simply changing the in-plane applied field di-

rection [11, 12]. Thickness-modulated disks in the form of a permalloy lens on top of a

disk made of the same material were also proposed to control the vortex core location

and vortex chirality depending on the magnetostatic interactions between the two re-

gions [13]. At the same time, static and dynamic control of both polarity and chirality

was demonstrated for a vortex confined in a magnetic tunnel junction by using reso-

nant excitation with an rf current [14].

Broken symmetry can be also achieved by means of bi-component disks (made of two

magnetic materials); as an example, angle deposition and lift-off processes were em-

ployed to fabricate bi-component dots consisting of a crescent of iron and a lens of

permalloy [15]. Their hysteresis loop, measured with MOKE technique, is characterized

by a three-step switching, corresponding respectively tomagnetization switching in the

permalloy lens, and to vortex nucleation and expulsion in the iron crescent. This result

opens up the possibility of finely controlling vortex core position, by simply varying

the relative dimensions of the two regions constituting bi-component magnetic nanos-

tructures.

In this chapter, we investigate bi-component magnetic nanodisks with geometrical con-

figuration similar to the one proposed by Shimon et al. [15], to explore the possibility

of tuning the chirality and stability of vortex, as well as its nucleation and expulsion,

by means of the local shape anisotropies at the interface between the two materials.

The analysis is performed from a micromagnetic numerical point of view, calculating

the static hysteresis loops of disks arranged in both single and 2D array configurations.
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The latter case is considered to study the effects of magnetostatic interactions between

disks on vortex stability.

7.1 Numerical methodology and parameter setting

The simulations of the nanodisks for the two considered arrangements (single and

2D array) are performed by using a parallelized micromagnetic code previously devel-

oped by Dr. Oriano Bottauscio and Dr. Alessandra Manzin. This code was designed to

efficiently solve the Landau-Lifshitz-Gilbert equation in samples with complex pattern-

ing and heterogeneous composition [16, 17]. The code implements a norm-conserving

scheme based on Cayley transform and Heun method for the magnetization update as

described in Chapter 3 and in References [18, 19]. Moreover, it uses a finite difference

technique for the exchange field evaluation on unstructured meshes, thus enabling the

accurate treatment of curved boundaries [20]. For the 2D array arrangement, periodic

boundary conditions are introduced on the edges of the array unit cell [21, 22].

Regarding the parameter setting, the numerical analysis focuses on 20 nm thick nan-

odisks with diameter 𝑑 =300 nm and composed of two magnetic regions, namely a lens

of permalloy (saturation magnetization 𝑀𝑆 of 860 kA/m, exchange constant 𝑘𝑒𝑥 of 13

pJ/m and negligible magnetocrystalline anisotropy) and a crescent of iron (𝑀𝑆 = 1700

kA/m, 𝑘𝑒𝑥 = 21 pJ/m and cubic magnetocrystalline anisotropy with constant equal to

48 kJ/m3). The reversal mechanism is studied for different fractions of the two con-

stituents, by shifting the position of the permalloy-iron interface. In particular, we vary

parameter 𝑤, which corresponds to the distance between the interface and the disk left

boundary, from 60 nm to 240 nm (see inset of Fig. 7.1a).
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7.2 Analysis of single bi-component nanodiks

(a) (b)

Figure 7.1: (a) Descending branches of the hysteresis loops of single homogeneous permalloy and iron
nanodisks, compared to the 𝑥-axis loop of a bi-component nanodisk with 𝑤/𝑑 = 0.4. Inset: schematic of
the bi-component nanodisk composed of a lens of permalloy, with thickness 𝑤, and a crescent of iron.
(b) Descending branches of the 𝑦-axis hysteresis loops versus parameter 𝑤. Magnetization is normalized
to saturation value.

The single bi-component disks are characterized by a strong shape anisotropy, as

demonstrated by the differences in the descending branches of the static hysteresis

loops calculated for different values of parameter 𝑤 along the directions orthogonal (𝑥-

axis) and parallel (𝑦-axis) to the interface. The 𝑥-axis loops are similar to the ones of the

entirely homogeneous disks, with two irreversible jumps corresponding to vortex nu-

cleation and expulsion, connected through a reversible part dominated by vortex shift

along vertical direction. At remanence, a negligible average magnetization is always

found (Fig. 7.1a). As shown in Fig. 7.1b, the 𝑦-axis loops are generally characterized by

three irreversible jumps; themagnetization configurations immediately before and after

the jumps are reported in Fig. 7.2a for 𝑤/𝑑 = 0.7. The first jump (from equilibrium point

#A to #B) corresponds to evolution from C-state to vortex nucleation, occurring always

in permalloy lens at an internal point located between the disk left boundary and the

permalloy-iron interface. Between the first and second irreversible jump (from equilib-

rium point #B to #C) the vortex moves reversibly along the 𝑥-axis up to the interface.
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The second jump (from equilibrium point #C to #D) is associated with vortex horizon-

tal motion from the interface to an internal point located between the interface and the

disk right boundary. Between the second and third irreversible jump (from equilibrium

point #D to #E) the vortex moves reversibly along the 𝑥-axis up to a position close to the

disk right boundary. The third jump (from equilibrium point #E to #F) corresponds to

vortex expulsion, occurring always in iron region. When 𝑤/𝑑 = 0.8, the magnetization

reversal is characterized by only two irreversible jumps, with the second jump directly

associated with evolution from vortex anchored to the interface to vortex expulsion. In

these cases, equilibrium points #D and #E are not present.

As illustrated in Fig. 7.2b, for the 𝑦-axis loops the spatial position 𝑢 of the vortex at

(a)
(b)

Figure 7.2: (a) Magnetization configurations at the equilibrium points along 𝑦-axis hysteresis loop
descending branch Fig. 7.1b, calculated for 𝑤/𝑑 = 0.7. The color bar represents the angle, in degrees,
between magnetization vector and 𝑥-axis. (b) Vortex spatial position (𝑢/𝑑) versus parameter 𝑤/𝑑 for
remanence state and equilibrium points #B, #C, #D and #E. Parameter 𝑢 describes the distance of vortex
core from the disk left boundary

equilibrium points #B, #C, #D and #E is a function of parameter 𝑤, coinciding with 𝑤

for point #C. For point #B, there is a linear dependence on 𝑤 up to 𝑤/𝑑 = 0.6, reaching

a plateau for larger values; for point #D the linear dependence extends up to 𝑤/𝑑 =

0.7 and for point #E 𝑢 is nearly constant, in the order of 0.96𝑑. It results that for the
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reversal mechanism along 𝑦-axis it is possible to monitor the vortex position inside the

disk and control both vortex nucleation and expulsion, which respectively occur in the

permalloy lens and at the opposite iron boundary for all the considered values of 𝑤.

The reason why the vortex enucleates first in the permalloy lens and then evolves with

(a) (b)

Figure 7.3: Zeeman, exchange, magnetostatic and anisotropy (when present) energy densities versus
applied field for (a) permalloy lens and (b) iron crescent, calculated for 𝑤/𝑑 = 0.7. The energy term
evolution is evaluated along the 𝑦-axis loop descending branch.

a stepped motion with well-defined positions can be understood by analyzing the en-

ergy density terms versus the applied field, separately calculated for the two magnetic

regions (Fig. 7.3 for 𝑤/𝑑 = 0.7). Before the first irreversible jump, the magnetization

curls forming a C-state, which will govern the chirality of the successive vortex. In par-

ticular, the magnetization mainly curls in the permalloy region and rotates internally

following the shape of the permalloy-iron interface: this will always lead to a coun-

terclockwise (CCW) chirality when the field is swept from positive to negative values

and to a clockwise (CW) chirality for the opposite branch of the hysteresis loop. The

C-state formation is accompanied by a reduction in magnetostatic energy in the iron

crescent and in a slight increase in the same energy term in the permalloy lens, as a

consequence of the generation of magnetic poles along the disk left boundary (Fig. 7.4).
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Contemporary, magnetic poles appear at the permalloy-iron interface.The vortex nucle-

ation during the first irreversible jump leads to a strong reduction in the magnetostatic

energy in the permalloy lens, thanks to the disappearance of the lateral magnetic poles.

At the irreversible jump end (equilibrium point #B), the vortex locates internally to the

permalloy lens at a position that enables to reduce asmuch as possible themagnetostatic

volume integral in the permalloy region. Contextually, also the magnetostatic energy

in the iron region decreases, due to the greater curling of the magnetization caused by

vortex closure. Finally, the vortex formation is accompanied by a steep increase in the

exchange and Zeeman energies in the permalloy lens.

Between the first and second irreversible jump, there is an ulterior reduction in the

magnetostatic energy in permalloy, since the vortex motion towards the interface con-

tributes to a greater alignment of the magnetization with the magnetostatic field. At the

end of the second irreversible jump (equilibrium point #D) the magnetization in permal-

loy is completed. This leads to an increment of the relative magnetostatic energy, since

magnetostatic field and magnetization become antiparallel. In the iron crescent there

is a reduction in the magnetostatic energy due to the presence of the vortex, which re-

mains anchored to a position that allows the minimization of the magnetostatic volume

integral. At the same time, the exchange energy increases (decreases) in iron (permal-

loy) with an amount larger in permalloy, due to its higher exchange constant.

Between the second and third irreversible jump, the magnetostatic energy increases

both in permalloy and iron regions, since with the vortex motion towards the disk right

boundary there is an enlargement of the areas where magnetization and magnetostatic

field are antiparallel. At the end of the third irreversible jump (equilibrium point #F),

the C-state forms again, leading to an increment of the magnetostatic energy in the

permalloy lens, due to magnetic pole generation, and to a reduction in the same energy

term in iron, consequent to a greater magnetization curling.

It is also interesting to point out that for disks with exchanged features (lens in iron

and crescent in permalloy) the vortex shows a CW chirality when the field is swept
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from positive to negative values and a CCW chirality for the opposite hysteresis loop

branch (schematic in Fig. 7.5). The vortex chirality is driven again by the previous C-

state configuration, which mainly curls in the permalloy region and follows internally

the permalloy-iron interface (Fig. 7.6). In addition, also in this case the C-state governs

the formation site of the vortex, which appears always in permalloy and then moves

towards iron region.
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(a) (b)

(c) (d)

(e) (f)

Figure 7.4: Spatial distributions of the magnetostatic field at the equilibrium points along 𝑦-axis hys-
teresis loop descending branch (Fig. 7.1b) , calculated for 𝑤/𝑑 = 0.7. The color bars represent the ampli-
tude of the magnetostatic field, while the arrows indicate its direction.
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Figure 7.5: Schematic of vortex chirality as a function of nanodisk geometrical configuration and 𝑦-axis
applied field direction (ascending or descending hysteresis loop branch). For the bi-component disk with
permalloy lens and iron crescent (left) the chirality is CCW for the descending branch (from positive to
negative field) and CW for the ascending branch (from negative to positive field). For the structure with
iron lens and permalloy crescent (right) the chirality is CW for the descending branch and CCW for the
ascending branch.
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(a) (b)

(c)

Figure 7.6: (a) Descending branch of the 𝑦-axis hysteresis loop of a bi-component nanodisk with iron
lens and permalloy crescent (inset), calculated for 𝑤/𝑑 = 0.7. (b) Magnetization configurations at the
equilibrium points #A and #B; the color bar represents the angle, in degrees, between magnetization
vector and 𝑥-axis. The map at equilibrium point #A illustrates C-state formation, with the magnetization
that mainly curls in the permalloy region and follows internally the permalloy-iron interface.This results
in a CW rotation of the magnetization and thus in a vortex with CW chirality (equilibrium point #B). (c)
Spatial distributions of the magnetostatic field at the same equilibrium points; the color bars represent
the amplitude of the magnetostatic field, while the arrows indicate its direction. The C-state is associated
with the generation of magnetic poles along the disk right boundary (permalloy side). Contemporary,
magnetic poles appear at the permalloy-iron interface. The vortex nucleation during the first irreversible
jump leads to a strong reduction in the magnetostatic energy in the permalloy crescent, thanks to the
disappearance of the lateral magnetic poles (on the right boundary).
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7.3 Analysis of bi-material nanodisks arranged in 2D

array form

As illustrated in Fig. 7.1b for the disks with permalloy lens and iron crescent, the

shape of the 𝑦-axis loops is strongly influenced by parameter𝑤, whose variation leads to

a modulation of the applied field range between vortex nucleation and expulsion, thus

affecting vortex stability. A more stable vortex state is found for 𝑤/𝑑 = 0.2-0.5, corre-

sponding to a larger field interval between nucleation and expulsion.This feature can be

exploited in 2D arrays where the magnetostatic interactions between disks can cause a

detriment of vortex stability. To analyze this effect, we have calculated the 𝑦-axis loops

of strongly packed disks, with a spacing 𝑠 (distance between boundaries) equal to 30 nm

and 50 nm. Some of the results obtained for 𝑠 = 30 nm are shown in Fig. 7.7, which re-

ports the hysteresis loops of 2D arrays of both homogeneous disks (made of permalloy

or iron) and bi-component disks with 𝑤/𝑑 = 0.5. It is important to note that also when

tightly packed, the loop shape of the considered bi-component disks is slightly altered

with respect to single disk case. As a consequence, also the remanence magnetization

Figure 7.7: Influence of interdisk magnetostatic coupling on the shape of the hysteresis loop of 2D
arrays, when considering an interdisk spacing 𝑠 of 30 nm. The graph compares the results obtained for
homogeneous disks to the ones of bi-component disks with 𝑤/𝑑 = 0.5. Magnetization is normalized to
saturation value.
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is weakly modified when passing from single to 2D array arrangement, as summarized

in Fig. 7.8a. On the contrary, it results strongly altered for the case of 2D arrays made

of homogeneous disks: for both homogeneous iron disks (𝑤/𝑑 = 0) and homogeneous

permalloy disks (𝑤/𝑑 = 1) the remanent magnetization is very close to saturation

value. For the bi-component nanodisks we see from the same plot that the vortex mag-

netization configuration at remanence is preserved in the range 𝑤/𝑑 = [0.2 − 0.7]

for an interdisk distance of 50 nm (blue zone) and in the range 𝑤/𝑑 = [0.4 − 0.6] for

an interdisk distance of 30 nm (red zone). This behavior is well described in Fig. 7.8a,

which shows the remanent magnetization configurations for 𝑤/𝑑 = 0.3 calculated for

the single nanodisk and for the two considered distances 𝑠. From top to bottom, the

isolated disk presents the typical vortex configuration, for 𝑠 = 50 nm we still have a

vortex configuration displaced towards the disk left side because of the magnetostatic

interactions that cause a delay on the vortex motion, for 𝑠 = 30 nm the vortex state

disappears. We can conclude that, for very low inter-disk spacing, the vortex state at

zero field remains practically unperturbed only for bi-component arrays with 𝑤 ∼ 𝑑/2

(see Fig. 7.8).

This behavior, showing higher vortex stability, is further confirmed by the data shown

in Fig. 7.9, which illustrates the influence of parameter 𝑤 and inter-disk spacing 𝑠 on

vortex nucleation and expulsion fields and on the amplitude Δ𝐻 of the field interval

between vortex nucleation and expulsion. In particular,when 𝑤/𝑑 = 0.2-0.5, the reduc-

tion in inter-disk spacing has a moderate effect on Δ𝐻, which is characterized by a

relative small decrease, confirming the high vortex stability also for strongly packed

systems. On the contrary, this field range is strongly reduced for arrays composed of

homogenous disks; as an example, when 𝑠 = 30 nm, Δ𝐻 reduces by 50% for iron disks.

For permalloy disks the reduction is lower, in the order of 20%, but in this case the vor-

tex stability is reduced also for the single case, being characterized by a a low value of

Δ𝐻.
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(a) (b)

Figure 7.8: (a) Influence of interdisk magnetostatic coupling on the remanent magnetization value. The
graph compares the results obtained for single disks to the ones of 2D arrays with 𝑠 fixed to 30 nm and 50
nm. (b) Remanence magnetization configurations for single nanodisks (top) and 2D arrays with 𝑠 equal
to 50 nm (center) and 30 nm (bottom), setting 𝑤/𝑑 at 0.3. The color bar represents the angle, in degrees,
between magnetization vector and 𝑥-axis.

Figure 7.9: Effect of parameter 𝑤 and interdisk spacing 𝑠 on vortex nucleation field 𝐻𝑛𝑢𝑐, vortex
expulsion field 𝐻𝑒𝑥𝑝 and amplitude Δ𝐻 of the field interval between vortex nucleation and expulsion.
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7.4 Conclusions

In this chapter we proposed a detailed analysis of the effects of the shape anisotropy

of bi-component nanodisks on vortex nucleation, chirality and stepped motion. In par-

ticular, we showed how the local shape anisotropies arising at the two-material interface

influence the curling of the magnetization, which is enforced to rotate orthogonally to

the interface to reduce magnetostatic energy, enabling the control of vortex chirality.

This happens when the switching field is applied parallel to the interface. Moreover,

these nanodisks present high vortex stability when disposed in bi-dimensional arrays,

when compared to the mono-material counterparts.

Another advantage regards the possibility of monitoring the vortex position inside the

disk through the intermediate irreversible jump and the associated vortex anchorage to

the interface.

All these propertiesmake bi-material nanodisks a potential candidate asmagnetic record-

ing units for MRAM devices. The ability of controlling the chirality is a very suitable

feature for the application in magnetic recording, allowing the development of systems

for the single bit storage. Moreover, the large vortex stability in closed pack arrays al-

lows the development of densely packed memories, with elevated storage capacities.
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Chapter 8

Conclusions

In this thesis the hysteretic behavior of magnetic nanostructures has been studied in

connection with magnetically mediated hyperthermia therapies. The analysis has been

performed by means of a numerical modeling approach, based on the micromagnetic

theory and, specifically, on the Landau-Lifshitz-Gilbert equation, which describes the

magnetization dynamics at a sub-micrometric length scale.

The main objective of the study has been to investigate the magnetization reversal pro-

cesses, remanent state and hysteresis losses of magnetic nanostructures, in order to

find efficient heat mediators, which can be used in alternative to SPIONs. Initially, we

have analyzed the hyperthermia properties of permalloy nanodisks, conducting a de-

tailed modeling study supported by experimental results (measured hysteresis loops)

obtained on nanodisks in an intermediate stage of the fabrication process (attached on

the substrate) as well as on free-standing nanodisks (dispersed in solution). Permalloy

nanodisks showed some interesting properties for our application beyond their abil-

ity to generate a large amount of heat, due to the wide area of the hysteresis loop. In

particular, they present a vortex remanence configuration, which is very advantageous

for hyperthermia application, since it is able to minimize particle-particle magnetic in-

teraction at zero field, greatly reducing the risk of aggregation and favoring a uniform
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dispersion in the target tissue. The results of the comparison with the experimental re-

sults prove the ability of our numerical models to accurately reconstruct the magnetic

properties of these nanostructures in real operative conditions.

To further expand our analysis it was necessary to develop specific micromagnetic nu-

merical tools able to evaluate the heating efficiency of thin-film like nanostructures

randomly dispersed in a 3D medium (2.5D code) as well as to model three-dimensional

nanostructures (3D code). Thanks to the flexibility of the developed numerical tools, we

were able to perform a comparison between nanodisks, nano-cylinders and nanospheres,

assessing their hysteretic and heating properties, as a function of size. From the results

of the detailed simulation analysis, nanodisks emerge as the nanostructures with the

most suitable properties for hyperthermia. Nanocylinders, as an intermediate solution

between nanospheres and nanodisks, did not show relevant advantages neither in terms

of heating performance nor in terms of fulfillment of the biological constraints on the

applied field parameters. Nanospheres proved to be good heat generators, in some case

with performance comparable to nanodisks, but they require very high AC fields to

achieve the same amount of losses. Nanodisks provide an elevated loss contribution,

and a vortex remanence configuration (not present in the nanospheres and in the thick

nanocylinders).

Focusing on nanodisks, an extensive parametric analysis has been performed analyzing

the effect on the hysteresis loop of thickness (15-30 nm) and diameter (100-800 nm), try-

ing to find the optimal parameters that maximize the loop area, without increasing too

much the vortex expulsion field and thus the saturation field. Further analysis with the

help of the 2.5D code allowed us to investigate how the hysteresis losses are affected by

different parameters, like the local concentration of nanostructures, their mutual mag-

netostatic interactions and their relative orientation with the applied field, which can be

strongly variable in a real distribution. This analysis enabled us to simulate more realis-

tic hyperthermia conditions, trying to mimic the stochastic dispersion of nanomaterials

in a tissue or in a biological fluid. All the above parameters not only concur to modify
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the area of the hysteresis loop, but also its shape and the values of the fields necessary

to reach the irreversible jumps, which govern vortex nucleation and expulsion.

One of the critical aspect of our analysis depends on the limits imposed by the biological

application. Losses due to hysteresis are significant only if certain values of the applied

field, corresponding to the irreversible jumps in the hysteresis loop, are reached. Hence,

it derives the need to characterize accurately the hysteresis loops of the nanostructures.

In literature, there is not yet a consensus on the actual limitation of the range of ap-

plicable fields for this application. This is because depending on the treated region and

the kind of applicator (focusing the field around the region of interest, or investing the

whole body) this limit can vary substantially. Since the heat deposition in the tissue

depends also on the magnetic field applied to the nanostructures, a direct comparison

between data find in literature is often difficult. In fact, right now, one of the major prob-

lems that the scientific community working on in vivo magnetic hyperthermia faces is

the difficulty to compare results from different laboratories, as little attention has been

paid to the standardization of protocols.

Computational simulated models of in vivo heat dissipation will be essential for the de-

velopment of more reliable, tumor specific, personalized and efficient treatment plan-

ning. The data on the specific losses obtained in this thesis can be used as input pa-

rameters for this kind of models, which are based on the bioheat or Pennes equation.

Assuming a distribution of nanoparticles into the tumor, it will be possible to analyze

the variation of temperature in the tissues. From this simulation, one can obtain im-

portant data regarding the duration of the treatment necessary to heat the cancerous

tissue, or evaluate if the administered dose of nanostructures in a particular location

of the tumor is sufficient to reach the therapeutic temperature, possibly enhancing the

efficacy of the treatments.

In the last part of the thesis, we focus the attention on another technical application

of magnetic nanodisks, presenting a study on the control of the vortex chirality in bi-

material (iron-permalloy) nanodisks.This study is of interest for its potential application
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in high-density magnetic recording, where nanostructures showing stable vortex state

at remanence can be used as units for bit storage. In this case the bit is coded by the chi-

rality of the vortex. We show how bi-component nanodisks, through the application of

a magnetic field parallel to the material interface, allow us the control of the nucleation

of the vortex (always occurring in permalloy region), its motion up to the expulsion

site and its chirality. Moreover, by studying both single and 2D array arrangements of

nanodisks, it is possible to identify the optimal fraction of materials to obtain better

vortex stability as well as to control the minimum field value necessary to change the

vortex chirality.
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Appendix A

Lie algebras and geometrical

integrators

Let us analyze the generalized version of the LLG equation (2.81) as rewritten in

Chapter 3:

𝐌̇(𝐫, 𝑡) = 𝐀(𝐌(𝐫, 𝑡)) × 𝐌(𝐫, 𝑡) (A.1)

From the form of the equation it is easy to verify the following constraint:

||𝐌(𝐫, 𝑡)|| = const. ∀𝑡 ∈ ℝ, ∀𝐫 ∈ Ω (A.2)

This constraint on the module of 𝐌 can be reformulated with the following geometrical

interpretation:

𝐌(𝐫, 𝑡) ∶ Ω → 𝑆2 ∀𝑡 (A.3)

which means that the magnetization is able to evolve only on a sphere (𝑆2 in the case

of a problem inℝ3). Therefore, the evolution of 𝐌 can be described as a rotation. Since

𝑆𝑂(3) is the group of all rotations around the origin of three-dimensional Euclidean

space ℝ3 under the operation of composition, any given point belonging to 𝑆2 can

be mapped in any other point of 𝑆2 with a rotation of 𝑆𝑂(3). Thus, there exists a time
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dependent curve that, for every point in the domain Ω, associates the rotation in 𝑆𝑂(3)

[1, 2], satisfying

𝑄(𝑡) ∶ Ω → 𝑆𝑂(3) / 𝐌(𝐫, 𝑡) = 𝑄(𝐫, 𝑡)𝐌0(𝐫), ∀𝐫 ∈ Ω (A.4)

where 𝐌0(𝐫) is the magnetization vector at time instant 𝑡 = 0. Within this space

setting, Lie Groups and Lie Algebras are themathematical tools necessary to understand

the problem properties and derive the time-integration scheme. Let us now introduce

some definitions of space and groups that we will use in the derivation of the method.

Definition A.1. A Lie algebra 𝔤 is a vector space over a field 𝔽, where it is defined a

bilinear operation[⋅, ⋅] verifying the following properties:

• bilinearity: [𝑎𝑥 + 𝑏𝑦, 𝑧] = 𝑎[𝑥, 𝑧] + 𝑏[𝑦, 𝑧], ∀𝑎, 𝑏 ∈ ℝ and 𝑥, 𝑦, 𝑧 ∈ 𝔤

• alternativity: [𝑥,𝑥] = 0 ∀𝑥 ∈ 𝔤

• Jacoby identity: [𝑥, [𝑦, 𝑧]] + [𝑧, [𝑥, 𝑦]] + [𝑦, [𝑧,𝑥]] = 0 ∀𝑥, 𝑦, 𝑧 ∈ 𝔤

• anticommutativity: [𝑥, 𝑦] = −[𝑦,𝑥] ∀𝑥, 𝑦 ∈ 𝔤

Definition A.2. A Lie Group is a differentiable manifold 𝐺 that is also a group, such

that the group product

𝐺 × 𝐺 ⟶ 𝐺

and the inverse map 𝑔 → 𝑔−1 are differentiable.

Definition A.3. A matrix Lie Group is a closed subgroup of the invertible matrices. It

is possible to prove that a matrix Lie Group is also a Lie Group.

Property A.1. Let 𝐺 be a matrix Lie group. Then the Lie algebra of 𝐺, denoted 𝔤, is the

set of all matrices 𝑋 such that 𝑒𝑡𝑋 is in 𝐺 for all real numbers 𝑡.

It is easy to verify that ℝ3 with its classic vector product is a Lie algebra. The group

𝑆𝑂(3) is a matrix Lie Group (namely the group of 3 × 3 orthogonal matrices with
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determinant equal to one), therefore it is a Lie Group and it is possible to define a Lie

Algebra on it. It is possible to prove, by using the property (A.1), that the Lie Algebra

of 𝑆𝑂(3), denoted as 𝔰𝔬(3), is the set of the 3 × 3 antisymmetric matrices with the

following operation, as

[𝑋,𝑌 ] = 𝑋𝑌 − 𝑌 𝑋 ∀𝑋,𝑌 ∈ 𝔰𝔬(3). (A.5)

Moreover, we have that between the Lie algebra on ℝ3 and 𝔰𝔬(3) there exists an iso-

morphism, which can be written as

𝑠𝑘𝑒𝑤 ∶ ℝ3 ⟶ 𝔰𝔬(3)

𝝃 ⟼ 𝑠𝑘𝑒𝑤[𝝃]
(A.6)

𝑠𝑘𝑒𝑤[𝝃] =
⎛⎜⎜⎜⎜⎜
⎝

0 −𝜉3 𝜉2

𝜉3 0 −𝜉1

−𝜉2 𝜉1 0

⎞⎟⎟⎟⎟⎟
⎠

(A.7)

If we consider the curve 𝑄(𝑡) ∈ 𝑆𝑂(3), it is possible to obtain an expression for its

derivative using the orthogonality property

𝑄(𝑡)𝑄(𝑡)𝑇 = 𝐼

Now, the calculation of the derivative on both sides of the equation leads to

𝑄̇𝑄𝑇 + (𝑄̇𝑄𝑇)𝑇 = 0 (A.8)

Therefore 𝑄̇𝑄𝑇 is an antisymmetric matrix. Right multiplying both sides of the last

equation by 𝑄 yields

𝑄̇ = (𝑄̇𝑄𝑇)𝑄. (A.9)

Because 𝑄̇𝑄𝑇 is a skew matrix and there exists the isomorphism (A.6) it is possible to
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find a function 𝜉(𝑡) ∈ ℝ such that:

𝑄̇(𝑡) = 𝑠𝑘𝑒𝑤[𝜉(𝑡)]𝑄(𝑡). (A.10)

Looking now at the initial problem formulated in Eq.(A.4) and differentiating it, one has

𝐌̇(𝑡) = 𝑄̇(𝑡)𝐌0. (A.11)

Performing the opportune substitution, replacing the expression of 𝑄̇(𝑡) from equation

(A.10) in equation (A.11) leads to:

𝐌̇(𝑡) = 𝑠𝑘𝑒𝑤[𝜉(𝑡)]𝐌(𝑡) (A.12)

𝐌̇(𝑡) = 𝜉(𝑡) × 𝐌(𝑡) (A.13)

With the presented results we can explain the connection between our constrained

problem in ℝ3 and the family of curves in 𝑆𝑂(3). Starting from here, it is possible to

derive a variety of geometrical integrators. In our micromagnetic codes we chose to use

the Cayley transform, as detailed in Chapter 3.

[1] D. Lewis and N. Nigam. “Geometric integration on spheres and some interesting

applications”. In: J. Comput. Appl. Math. 151.1 (2003), pp. 141–170. issn: 03770427.

doi: 10.1016/S0377-0427(02)00743-4.

[2] D. Lewis and J. C. Simo. “Conserving algorithms for the dynamics of Hamiltonian

systems on lie groups”. In: J. Nonlinear Sci. 4.1 (1994), pp. 253–299. issn: 09388974.

doi: 10.1007/BF02430634.
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Appendix B

Green tensor computation

In the following we present the Green tensor elements for the direct computation

of the magnetostatic field, according to the formulation proposed by Nakatani [1]

B.1 Nakatani analytical formulas

𝑔𝑥𝑥(𝐼, 𝐽,𝐾) =
1

∑
𝑖=0

1
∑
𝑗=0

1
∑
𝑘=0

(−1)𝑖+𝑗+𝑘 tan−1 ∣
(𝐾 + 𝑘 − 1

2) (𝐽 + 𝑗 − 1
2) 𝛿𝑧𝛿𝑦

𝑟𝑖,𝑗,𝑘 (𝐼 + 𝑖 − 1
2) 𝛿𝑥

∣ (B.1)

𝑔𝑦𝑦(𝐼, 𝐽,𝐾) =
1

∑
𝑖=0

1
∑
𝑗=0

1
∑
𝑘=0

(−1)𝑖+𝑗+𝑘 tan−1 ∣
(𝐾 + 𝑘 − 1

2) (𝐼 + 𝑖 − 1
2) 𝛿𝑧𝛿𝑥

𝑟𝑖,𝑗,𝑘 (𝐽 + 𝑗 − 1
2) 𝛿𝑦

∣ (B.2)

𝑔𝑧𝑧(𝐼, 𝐽,𝐾) =
1

∑
𝑖=0

1
∑
𝑗=0

1
∑
𝑘=0

(−1)𝑖+𝑗+𝑘 tan−1 ∣
(𝐼 + 𝑖 − 1

2) (𝐽 + 𝑗 − 1
2) 𝛿𝑥𝛿𝑦

𝑟𝑖,𝑗,𝑘 (𝐾 + 𝑘 − 1
2) 𝛿𝑧

∣ (B.3)

𝑔𝑥𝑦(𝐼, 𝐽,𝐾) =
1

∑
𝑖=0

1
∑
𝑗=0

1
∑
𝑘=0

(−1)𝑖+𝑗+𝑘 log ∣(𝐾 + 𝑘 − 1
2

) 𝛿𝑧 + 𝑟𝑖,𝑗,𝑘∣ (B.4)
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𝑔𝑦𝑧(𝐼, 𝐽,𝐾) =
1

∑
𝑖=0

1
∑
𝑗=0

1
∑
𝑘=0

(−1)𝑖+𝑗+𝑘 log ∣(𝐼 + 𝑖 − 1
2

) 𝛿𝑥 + 𝑟𝑖,𝑗,𝑘∣ (B.5)

𝑔𝑥𝑧(𝐼, 𝐽,𝐾) =
1

∑
𝑖=0

1
∑
𝑗=0

1
∑
𝑘=0

(−1)𝑖+𝑗+𝑘 log ∣(𝐽 + 𝑗 − 1
2

) 𝛿𝑦 + 𝑟𝑖,𝑗,𝑘∣ (B.6)

𝑟𝑖,𝑗,𝑘 = √(𝐼 + 𝑖 − 1
2

)
2

𝛿𝑥2 + (𝐽 + 𝑗 − 1
2

)
2

𝛿𝑦2 + (𝐾 + 𝑘 − 1
2

)
2

𝛿𝑧2 (B.7)

B.2 Green surface integral

The integral used to compute the magnetostatic field in Eq. 3.38 becomes using the

Gauss theorem :

𝐇𝑚𝑠(𝐫𝑖) = −𝑀𝑠
4𝜋

𝑁
∑
𝑗=1
𝑖≠𝑗

∫
𝜕𝒱′

𝐫𝑖 − 𝐫𝑗

|𝐫𝑖 − 𝐫𝑗|3
⋅ 𝐧𝑑𝑆. (B.8)

The component of the green tensor can be easily computed as

𝑔𝑥𝑥(𝐼, 𝐽,𝐾) = ∫
1

−1
∫

1

−1

𝐼 + 1
[(𝐼 + 1)2 + (𝐽 + 𝜂)2 + (𝐾 + 𝜁)2]

− 𝐼 − 1
[(𝐼 − 1)2 + (𝐽 + 𝜂)2 + (𝐾 + 𝜁)2]

𝑑𝜂𝑑𝜁,
(B.9)

𝑔𝑦𝑦(𝐼, 𝐽,𝐾) = ∫
1

−1
∫

1

−1

𝐽 + 1
[(𝐼 + 𝜉)2 + ((𝐽 + 1)2 + (𝐾 + 𝜁)2]

− 𝐽 − 1
[(𝐼 + 𝜉)2 + (𝐽 − 1)2 + (𝐾 + 𝜁)2]

𝑑𝜉𝑑𝜁,
(B.10)

𝑔𝑧𝑧(𝐼, 𝐽,𝐾) = ∫
1

−1
∫

1

−1

𝐾 + 1
[(𝐼 + 𝜉)2 + (𝐽 + 𝜂)2 + (𝐾 + 1)2]

− 𝐾 − 1
[(𝐼 + 𝜉)2 + (𝐽 + 𝜂)2 + (𝐾 − 1)2]

𝑑𝜉𝑑𝜂,
(B.11)
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𝑔𝑥𝑦(𝐼, 𝐽,𝐾) = ∫
1

−1
∫

1

−1

𝐽 + 𝜂
[(𝐼 + 1)2 + (𝐽 + 𝜂)2 + (𝐾 + 𝜁)2]

− 𝐽 + 𝜂
[(𝐼 − 1)2 + (𝐽 + 𝜂)2 + (𝐾 + 𝜁)2]

𝑑𝜂𝑑𝜁,
(B.12)

𝑔𝑥𝑧(𝐼, 𝐽,𝐾) = ∫
1

−1
∫

1

−1

𝐾 + 𝜁
[(𝐼 + 1)2 + (𝐽 + 𝜂)2 + (𝐾 + 𝜁)2]

− 𝐾 + 𝜁
[(𝐼 − 1)2 + (𝐽 + 𝜂)2 + (𝐾 + 𝜁)2]

𝑑𝜂𝑑𝜁,
(B.13)

𝑔𝑦𝑧(𝐼, 𝐽,𝐾) = ∫
1

−1
∫

1

−1

𝐾 + 𝜁
[(𝐼 + 𝜉)2 + (𝐽 + 1)2 + (𝐾 + 𝜁)2]

− 𝐾 + 𝜁
[(𝐼 + 𝜉)2 + (𝐽 − 1)2 + (𝐾 + 𝜁)2]

𝑑𝜉𝑑𝜁,
(B.14)

[1] Y. Nakatani, Y. Uesaka, and N. Hayashi. “Direct solution of the Landau-Lifshiftz-

Gilbert equation formicromagnetics”. In: Jpn. J. Appl. Phys. 28.12 (1989), pp. 2485–

2507. issn: 0021-4922. doi: 10.1143/JJAP.28.2485.
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Appendix C

3D Code Kernel

MODULE NAKATANIFUNCTIONS

USE GLOBALS

USE PRECISION

CONTAINS

ATTRIBUTES(GLOBAL) SUBROUTINE CUDANAKATANI_KERNELXX(KXXRd,nx,ny,nz,dx,dy,dz)

integer(4), value :: nx,ny,nz

real(dp), value :: dx,dy,dz

real(dp), device :: KXXRd(0:2*nx-1,0:2*ny-1,0:2*nz-1)

integer :: i,j,k,L,M,N,ii,jj,kk

i=(blockIdx%x-1)*blockDim%x+(threadIdx%x-1)

j=(blockIdx%y-1)*blockDim%y+(threadIdx%y-1)
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k=(blockIdx%z-1)*blockDim%z+(threadIdx%z-1)

if (i<(2*nx) .and. j<(2*ny) .and. k<(2*nz) ) then

ii=i

if (i>nx) ii=i-2*nx

jj=j

if (j>ny) jj=j-2*ny

kk=k

if (k>nz) kk=k-2*nz

DO L=0,1

DO M=0,1

DO N=0,1

jpowicu=1.0_dp

if(mod(L+M+N,2)==1) jpowicu=-1.0_dp

KXXRD(i,j,k)=KXXRD(i,j,k)+(jpowicu) * atan (((kk+N- 0.50

_dp) * (jj + M - 0.50_dp) * dz * dy / (sqrt(((ii+L

-0.50_dp)*dx)**2 + ((jj+M-0.50_dp)*dy)**2 + ((kk+N

-0.50_dp)*dz)**2) * (ii + L - 0.50_dp) * dx)))

ENDDO

ENDDO

ENDDO

end if

END SUBROUTINE

ATTRIBUTES(GLOBAL) SUBROUTINE CUDANAKATANI_KERNELXY(offset,KXYRd,nx,ny,nz,dx,dy,

dz)

integer, value :: offset,nx,ny,nz

real(dp), value :: dx,dy,dz

real(dp), device :: KXYRd(0:2*nx-1,0:2*ny-1,0:2*nz-1)

integer :: i,j,k,L,M,N,ii,jj,kk
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i=(blockIdx%x-1)*blockDim%x+(threadIdx%x-1)

j=(blockIdx%y-1)*blockDim%y+(threadIdx%y-1)

k=(blockIdx%z-1)*blockDim%z+(threadIdx%z-1)

if (i<(2*nx) .and. j<(2*ny) .and. k<(2*nz) ) then

ii=i

if (i>nx) ii=i-2*nx

jj=j

if (j>ny) jj=j-2*ny

kk=k

if (k>nz) kk=k-2*nz

DO L=0,1

DO M=0,1

DO N=0,1

jpowicu=1.0_dp

if(mod(L+M+N,2)==1) jpowicu=-1.0_dp

KXYRd(i,j,k)=KXYRd(i,j,k)+(jpowicu)*log((kk+N-0.50_dp)*

dz+sqrt(((ii+L-0.50_dp)*dx)**2 + ((jj+M-0.50_dp)*dy)

**2 +((kk+N-0.50_dp)*dz)**2))

ENDDO

ENDDO

ENDDO

!if (i>nx .or. j>ny .or. k>nz) KXYRD(i,j,k)=-1.0_dp*KXYRd(i,j,k)

KXYRD(i,j,k)=-KXYRd(i,j,k)

end if

END SUBROUTINE

ATTRIBUTES(GLOBAL) SUBROUTINE CUDANAKATANI_KERNELYY(offset,KYYRd,nx,ny,nz,dx,dy,

dz)

integer, value :: offset,nx,ny,nz
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real(dp), value :: dx,dy,dz

integer, value :: offset

real(dp), device :: KYYRd(0:2*nx-1,0:2*ny-1,0:2*nz-1)

integer :: i,j,k,L,M,N,ii,jj,kk

i=(blockIdx%x-1)*blockDim%x+(threadIdx%x-1)

j=(blockIdx%y-1)*blockDim%y+(threadIdx%y-1)

k=(blockIdx%z-1)*blockDim%z+(threadIdx%z-1)

if (i<(2*nx) .and. j<(2*ny) .and. k<(2*nz) ) then

ii=i

if (i>nx) ii=i-2*nx

jj=j

if (j>ny) jj=j-2*ny

kk=k

if (k>nz) kk=k-2*nz

DO L=0,1

DO M=0,1

DO N=0,1

jpowicu=1.0_dp

if(mod(L+M+N,2)==1) jpowicu=-1.0_dp

KYYRD(i,j,k)=KYYRD(i,j,k)+(jpowicu) * atan ((kk+N- 0.50

_dp) * (ii + L - 0.50_dp) * dz * dx / (sqrt(((ii+L

-0.50_dp)*dx)**2 + ((jj+M-0.50_dp)*dy)**2 + ((kk+N

-0.50_dp)*dz)**2) * (jj + M - 0.50_dp) * dx))

ENDDO

ENDDO

ENDDO

end if

END SUBROUTINE
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ATTRIBUTES(GLOBAL) SUBROUTINE CUDANAKATANI_KERNELYZ(offset,KYZRd,nx,ny,nz,dx,dy,

dz)

integer, value :: offset,nx,ny,nz

real(dp), value :: dx,dy,dz

integer, value :: offset

real(dp), device :: KYZRd(0:2*nx-1,0:2*ny-1,0:2*nz-1)

integer :: i,j,k,L,M,N,ii,jj,kk

i=offset+(blockIdx%x-1)*blockDim%x+(threadIdx%x-1)

j=(blockIdx%y-1)*blockDim%y+(threadIdx%y-1)

k=(blockIdx%z-1)*blockDim%z+(threadIdx%z-1)

if (i<(2*nx) .and. j<(2*ny) .and. k<(2*nz) ) then

ii=i

if (i>nx) ii=i-2*nx

jj=j

if (j>ny) jj=j-2*ny

kk=k

if (k>nz) kk=k-2*nz

DO N=0,1

DO M=0,1

DO L=0,1

jpowicu=1.0_dp

if(mod(L+M+N,2)==1) jpowicu=-1.0_dp

KYZRd(i,j,k)=KYZRd(i,j,k)+((jpowicu) * log (((ii+L- 0.50

_dp) * dx + sqrt(((ii+L-0.50_dp)*dx)**2 + ((jj+M

-0.50_dp)*dy)**2 + ((kk+N-0.50_dp)*dz)**2) )))

ENDDO

ENDDO

ENDDO

KYZRd(i,j,k)=-KYZRd(i,j,k)

end if

END SUBROUTINE
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ATTRIBUTES(GLOBAL) SUBROUTINE CUDANAKATANI_KERNELZZ(offset,KZZRd,nx,ny,nz,dx,dy,

dz)

integer, value :: offset,nx,ny,nz

real(dp), value :: dx,dy,dz

integer, value :: offset

real(dp), device :: KZZRd(0:2*nx-1,0:2*ny-1,0:2*nz-1)

integer :: i,j,k,L,M,N,ii,jj,kk

i=offset+(blockIdx%x-1)*blockDim%x+(threadIdx%x-1)

j=(blockIdx%y-1)*blockDim%y+(threadIdx%y-1)

k=(blockIdx%z-1)*blockDim%z+(threadIdx%z-1)

if (i<(2*nx) .and. j<(2*ny) .and. k<(2*nz) ) then

ii=i

if (i>nx) ii=i-2*nx

jj=j

if (j>ny) jj=j-2*ny

kk=k

if (k>nz) kk=k-2*nz

DO L=0,1

DO M=0,1

DO N=0,1

jpowicu=1.0_dp

if(mod(L+M+N,2)==1) jpowicu=-1.0_dp

KZZRD(i,j,k)=KZZRD(i,j,k)+(jpowicu) * atan (((ii+L- 0.50

_dp) * (jj + M - 0.50_dp) * dx * dy / (sqrt(((ii+L

-0.50_dp)*dx)**2 + ((jj+M-0.50_dp)*dy)**2 + ((kk+N

-0.50_dp)*dz)**2) * (kk + N - 0.50_dp) * dz)))

ENDDO

ENDDO

ENDDO

end if

END SUBROUTINE
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ATTRIBUTES(GLOBAL) SUBROUTINE CUDANAKATANI_KERNELXZ(offset, KXZRd,nx,ny,nz,dx,dy,

dz)

integer, value :: offset,nx,ny,nz

real(dp), value :: dx,dy,dz

integer, value :: offset

real(dp), device :: KXZRd(0:2*nx-1,0:2*ny-1,0:2*nz-1)

integer :: i,j,k,L,M,N,ii,jj,kk

i=offset+(blockIdx%x-1)*blockDim%x+(threadIdx%x-1)

j=(blockIdx%y-1)*blockDim%y+(threadIdx%y-1)

k=(blockIdx%z-1)*blockDim%z+(threadIdx%z-1)

if (i<(2*nx) .and. j<(2*ny) .and. k<(2*nz) ) then

ii=i

if (i>nx) ii=i-2*nx

jj=j

if (j>ny) jj=j-2*ny

kk=k

if (k>nz) kk=k-2*nz

DO L=0,1

DO M=0,1

DO N=0,1

jpowicu=1.0_dp

if(mod(L+M+N,2)==1) jpowicu=-1.0_dp

KXZRd(i,j,k)=KXZRd(i,j,k)+((jpowicu) * log (abs((jj+M-

0.50_dp) * dy + sqrt(((ii+L-0.50_dp)*dx)**2 + ((jj+M

-0.50_dp)*dy)**2 + ((kk+N-0.50_dp)*dz)**2) )))

ENDDO

ENDDO

ENDDO

KXZRd(i,j,k)=-KXZRd(i,j,k)

end if

END SUBROUTINE
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END MODULE NAKATANIFUNCTIONS

MODULE DEMAGCUDAFUNCTIONS

USE PRECISION

USE CUDAFOR

CONTAINS

ATTRIBUTES(GLOBAL) SUBROUTINE CUDANAKATANI_ZEROPAD(Kd,nx,ny,nz)

integer, value :: offset,nx,ny,nz

real(dp) :: Kd(0:2*nx-1,0:2*ny-1,0:2*nz-1)

integer :: i,j,k,L,M,N,ii,jj,kk

i=(blockIdx%x-1)*blockDim%x+(threadIdx%x-1)

j=(blockIdx%y-1)*blockDim%y+(threadIdx%y-1)

k=(blockIdx%z-1)*blockDim%z+(threadIdx%z-1)

if (i<(2*nx) .and. j<(2*ny) .and. k<(2*nz) ) then

Kd(i,j,nz)=0

Kd(nx,j,k)=0

Kd(i,ny,k)=0

end if

END SUBROUTINE

ATTRIBUTES(GLOBAL) SUBROUTINE CUDAFFT_SCALING(Kd,nx,ny,nz,scale)

integer, value :: offset,nx,ny,nz

real(dp), value :: scale

complex(dp) :: Kd(0:nx,0:2*ny-1,0:2*nz-1)

integer :: i,j,k,L,M,N

i=(blockIdx%x-1)*blockDim%x+(threadIdx%x-1)

j=(blockIdx%y-1)*blockDim%y+(threadIdx%y-1)

k=(blockIdx%z-1)*blockDim%z+(threadIdx%z-1)
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if (i<(nx+1) .and. j<(2*ny) .and. k<(2*nz) ) then

Kd(i,j,k)=Kd(i,j,k)*scale

end if

END SUBROUTINE

ATTRIBUTES(GLOBAL) SUBROUTINE CUDACONVOLUTION_KERNEL(HDEM,MI,KII,MJ,KIJ,MK,KIK,nx

,ny,nz)

USE GLOBALS

integer, value :: offset,nx,ny,nz

complex(dp) :: HDEM(0:nx,0:2*ny-1,0:2*nz-1)

complex(dp) :: MI(0:nx,0:2*ny-1,0:2*nz-1),KII(0:nx,0:2*ny-1,0:2*nz-1)

complex(dp) :: MJ(0:nx,0:2*ny-1,0:2*nz-1),KIJ(0:nx,0:2*ny-1,0:2*nz-1)

complex(dp) :: MK(0:nx,0:2*ny-1,0:2*nz-1),KIK(0:nx,0:2*ny-1,0:2*nz-1)

integer :: i,j,k, n(3)

i=(blockIdx%x-1)*blockDim%x+(threadIdx%x-1)

j=(blockIdx%y-1)*blockDim%y+(threadIdx%y-1)

k=(blockIdx%z-1)*blockDim%z+(threadIdx%z-1)

if(i<(nx+1) .and. j<2*ny .and. k<2*nz) then

HDEM(i,j,k)= (MI(i,j,k)*KII(i,j,k)) + (MJ(i,j,k)*KIJ(i,j,k)) + (MK(i,j,k)

*KIK(i,j,k))

endif

END SUBROUTINE

ATTRIBUTES(GLOBAL) SUBROUTINE CUDACONVOLUTION_KERNEL_streamed(HDEM,MI,KII,MJ,KIJ,

MK,KIK,nx,ny,nz,offset)

USE GLOBALS

integer, value :: offset,nx,ny,nz

complex(dp) :: HDEM(0:nx,0:2*ny-1,0:2*nz-1)

complex(dp) :: MI(0:nx,0:2*ny-1,0:2*nz-1),KII(0:nx,0:2*ny-1,0:2*nz-1)

complex(dp) :: MJ(0:nx,0:2*ny-1,0:2*nz-1),KIJ(0:nx,0:2*ny-1,0:2*nz-1)

complex(dp) :: MK(0:nx,0:2*ny-1,0:2*nz-1),KIK(0:nx,0:2*ny-1,0:2*nz-1)

integer :: i,j,k, n(3)
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i=(blockIdx%x-1)*blockDim%x+(threadIdx%x-1)

j=(blockIdx%y-1)*blockDim%y+(threadIdx%y-1)

k=offset+(blockIdx%z-1)*blockDim%z+(threadIdx%z-1)

if(i<(nx+1) .and. j<2*ny .and. k<2*nz) then

HDEM(i,j,k)= (MI(i,j,k)*KII(i,j,k)) + (MJ(i,j,k)*KIJ(i,j,k)) + (MK(i,j,k)

*KIK(i,j,k))

endif

END SUBROUTINE

END MODULE

MODULE REDUCTIONCUDA

USE PRECISION

USE CUDAFOR

CONTAINS

ATTRIBUTES(GLOBAL) SUBROUTINE CUDASUMVAL(Matrix,log2,n)

integer, value :: n, log2

integer :: Matrix(0:n-1)

integer :: i

i=(blockIdx%x-1)*blockDim%x+(threadIdx%x-1)

if (i<n/2) then

Matrix(i)=Matrix(i)+Matrix(i+n/2)

end if

CALL SYNCTHREADS()

END SUBROUTINE

ATTRIBUTES(GLOBAL) SUBROUTINE MATRIXDIFF(Matrix11,Matrix12,Matrix13,Matrix21,

Matrix22,Matrix23,err,n2,nx,ny,nz)
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integer, value :: nx,ny,nz, n2

real(dp) :: Matrix11(0:nx-1,0:ny-1,0:nz-1)

real(dp) :: Matrix21(0:nx-1,0:ny-1,0:nz-1)

real(dp) :: Matrix12(0:nx-1,0:ny-1,0:nz-1)

real(dp) :: Matrix22(0:nx-1,0:ny-1,0:nz-1)

real(dp) :: Matrix13(0:nx-1,0:ny-1,0:nz-1)

real(dp) :: Matrix23(0:nx-1,0:ny-1,0:nz-1)

real(dp) :: err(0:n2-1)

integer :: i,j,k

i=(blockIdx%x-1)*blockDim%x+(threadIdx%x-1)

j=(blockIdx%y-1)*blockDim%y+(threadIdx%y-1)

k=(blockIdx%z-1)*blockDim%z+(threadIdx%z-1)

if(i<nx .and. j<ny .and. k<nz) then

err(i+j*nx+k*nx*ny)= (Matrix11(i,j,k)-Matrix21(i,j,k))**2+(

Matrix12(i,j,k)-Matrix22(i,j,k))**2+(Matrix13(i,j,k)-Matrix23

(i,j,k))**2

endif

CALL SYNCTHREADS()

end subroutine

ATTRIBUTES(GLOBAL) SUBROUTINE CUDAMAXVAL(Matrix,log2,n)

integer, value :: n, log2

real(dp) :: Matrix(0:n-1)

integer :: i

i=(blockIdx%x-1)*blockDim%x+(threadIdx%x-1)

if (i<n/2) then

if(Matrix(i+n/2).ge.Matrix(i))then

Matrix(i)=Matrix(i+n/2)

end if

end if

CALL SYNCTHREADS()

END SUBROUTINE
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END MODULE
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