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ABSTRACT Nanostructured graphene metasurface is considered for the dynamically tunable scattering
manipulation of dielectric and conducting cylinders. It is analytically shown that changing scattering width
of dielectric and conducting cylinders into one of the cylinders with desired radii is possible. To achieve
this purpose, the required surface impedance of the covering metasurface is derived. By properly tuning the
chemical potential of the graphene, the given cylinder can controllably be seen as one with larger or smaller
radii without changing the geometry of the metasurface. The simulation results of the scattering width and
the 3-D far-field radar cross-section of the cylinders verify the analytical approach.

INDEX TERMS Graphene, metasurface, scattering, tunable.

I. INTRODUCTION
Recently, electromagnetic cloaking which could be consid-
ered as an elegant radar cross section (RCS) reductionmethod
has attracted significant interests [1]. Many different methods
have been introduced for invisibility achievement [2]–[4].
The most known approach is transformation optics [5]–[8].
In this method, inhomogeneous and anisotropic materials
cover the object in order to prevent electromagnetic waves
from interacting with it. Although this technique in theory
works perfectly for any objects, fabrication difficulties make
its usage limited [9], [10]. Another approach is plasmonic
cloaking based on scattering cancellation method. Unlike
the transformation optics technique, this method allows the
wave to interact with the object. For this purpose, materi-
als with negative or near zero dielectric constant cover the
object. Scattered fields of the surrounding medium and of
the object cancel each other, so that the object becomes
invisible [11]–[16]. In [17]–[24] another approach, which
is also based on scattering cancellation method and named
mantle cloaking has been proposed. Contrary to the other two
methods this technique does not need volumetric medium but
an ultrathin metasurface covers the object. Induced surface
current at the metasurface radiates anti-phase field which
cancels scattered field from the object.

With metasurfaces one can not only make an object invis-
ible, but also in general case and by properly designing of
the covering metasurface, it is possible to transform the scat-

tered signature of an object to one of another desired object.
In other words, we can optimize the surface impedance asso-
ciated to the metasurface to manipulate scattered field of an
object and make it appears as smaller or larger or even of
different shape and/or built up of different material [25]. This
effect can confuse observing radars.

In [26], a formula for the required impedance of a meta-
surface has been derived in order to change the scattering
properties of a dielectric cylinder into ones of a cylinder with
different size and material. By optimizing geometry of the
metasurface, scattering manipulation of a cylinder has been
achieved.

On the other hand, graphene, consisting of single layer
of carbon atoms, these days has attracted remarkable inter-
ests, since its surface conductivity is tuned by changing the
chemical potential by adjusting the bias voltage [27]–[30].
Exploiting this unique feature, several metasurfaces based on
graphene have been investigated such as: tunable anomalous
reflection [31], graphene based chiral metasurface for tun-
able dual-band asymmetric transmission [32], optical polar-
ization encoding [33], sensing applications based on Fano
resonator [34], tunable broadband terahertz absorption [35]
and tunable polarization converter [36].

In this paper, we controllably change the scattering prop-
erties of a dielectric cylinder in such a way to be identical
to a dissimilar one with a different diameter (both smaller
and larger examples are reported). This purpose has been
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achieved merely by properly adjusting the chemical potential
of the graphene, thanks to its large tunability with respect to
the applied bias voltage. By changing the chemical poten-
tial of the graphene, its conductivity is changed, so we can
optimize the impedance of the graphene nanopatches in a
way that without changing geometry of the metasurface,
the desired scattered field is obtained. Additionally, in this
paper a formula for scattering manipulation of metallic cylin-
der is derived.

However, one can not change the scattering properties
of dielectric and conducting cylinders with merely one
graphene monolayer. The reason is that for scattering manip-
ulation of the cylinders, both inductive and capacitive surface
impedances are required, whereas a graphene monolayer is
inductive in the whole low terahertz range [37]. Therefore,
the dual inductive-capacitive nanostructured graphene meta-
surface presented in [38] is employed here for designe of
the desired cover. Moreover, it is also mechanically flexible
enough to be bent around an arbitrary object [37].

The paper includes five sections. In section 2, formula-
tion of the scattering problem of dielectric and conducting
cylinders is presented. The required impedances of the meta-
surfaces for changing the cylinders’scattering properties to
the desired ones, are introduced. In section 3, according to
the results of the previous section, nanostructured graphene
metasurfaces are designed for scatteringmanipulation of both
dielectric and metallic cylinders. The analytical results are
verified with full-wave simulation of the given target and
coated cylinders in section 4. Conclusion of the paper are
discussed in section 5.

II. TEORETICAL FORMULATION FOR SCATTERING
MANIPULATION OF DIELECTRIC AND CONDUCTING
CYLINDERS
A. SCATTERING PROBLEM OF DIELECTRIC CYLINDER
The principle of desired scattering manipulation for dielectric
cylinder has been shown in Fig. 1. Here, we want to change
the scattering properties of a cylinder with dielectric con-
stant ε and radius a2 (Fig. 1(a)), to the scattering properties of
a cylinder with the same ε but different radius a1 (Fig. 1(c)),
by covering the original cylinder using properly designed
metasurface (Fig. 1(b)). The considered metasurface consists
of graphene nanopatches. The cylinders are exposed by a
normally incident transverse magnetic (TMz) polarized plane
wave. To achieve the proposed goal, the scattering problem
for both the target and coated cylinders is considered, that are
further equate for their total scattering widths.

Firstly, we consider the target cylinder illuminated by a
TMz polarized plane wave. The incident electric field can be
expressed by an infinite sum of cylindrical waves [39].

EI = ẑ E0
∞∑

n=−∞

j−nJn(β0r) ejnφ (1)

while the scattered field can be written as:

ES = ẑ E0
∞∑

n=−∞

j−n cn H (2)
n (β0r) ejnφ (2)

FIGURE 1. Structures of (a) given, (b) coated and (c) target dielectric
cylinders.

The electric field inside the object has the expression:

EIn = ẑ E0
∞∑

n=−∞

j−n an Jn(βr) ejnφ (3)

where Jn andH
(2)
n are the Bessel function of the first kind and

the Hankel function of the second kind, respectively, and β0
and β are propagation constants in free space and in dielec-
tric medium, respectively. To obtain an and cn, representing
coefficients of the nth harmonic, the following boundary con-
ditions at r = a1 should be enforced:

E1
z = E2

z (4)

H1
φ = H2

φ (5)

with apex 1 and 2 corresponding to the background and to the
cylinder, respectively. Electric fields for the coated cylinder
have the same form as for the target cylinder but with a′n and
c′n coefficients. Similar boundary conditions should be forced
at r = a2 for the coated cylinder except eq. (5) that is replaced
with the following equation:

Zs (H1
φ − H

2
φ) = Ez (6)

where Zs is the surface impedance of the graphene
nanopatches. By solving eqs. (4) and (5), coefficients of the
nth field expansion harmonic for the target cylinder and by
solving eqs. (4) and (6), the corresponding coefficients for the
coated cylinder are obtained. Their expressions are reported
in eq. (7) and eq. (8), as shown at the bottom of the next page,
respectively.

cn =
Jn(βa1)J ′n((β0a1)−

√
εJn(β0a1)J ′n((βa1)

√
εJ ′n(βa1)H

(2)
n (β0a1)− Jn(βa1)H

(2)′
n ((β0a1)

(7)

where η0 and η denotes the characteristic impedance of the
free space (considered as background in the present investi-
gation) and of the dielectric cylinders.

By equating total scattering widths of the target
and coated cylinders, one will obtain

∑
∞

n=−∞ |cn|
2
=∑

∞

n=−∞ |c
′
n|
2 [26]. In [34] and [35] it has been shown that, for

a cylinder with small radius in comparison to the wavelength,
the first harmonic (n = 0) is the dominant one, i.e., it
has the highest contribution in total scattered field of the
cylinder. So it is just needed to equate the amplitudes of the
first harmonics in order to achieve the same scattered fields.
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FIGURE 2. Structures of (a) given, (b) coated and (c) target conducting
cylinders.

Using asymptotic expansion of the Bessel and Hankel func-
tions [26], the scattering coefficients for the first harmonic
are achieved as follows:

c0 = j
π (β0a1)2(1− ε)

2ε(β0a1)2ln(β0a1)+ 4
(9)

c′0 =
π (wZsε0(ε − 1)− 2j)

4jZs
ωµa2
+ 4 ln(β0a2)+ 2jZsωε0εa2 ln(β0a2)

(10)

By equating c0 and c′0, the result for the required
impedance of the covering metasurface for achieving desired
scattering manipulation of dielectric cylinder is obtained as
follows:

Zs = j
−2ωµa2[(β0a1)2(ε ln (

a1
a2
)+ ln (β0a2))+ 2]

β20 (1− ε)[εa
2
1a

2
2β

2
0 ln (

a1
a2
)+ 2(a22 − a

2
1)]

(11)

B. SCATTERING PROBLEM OF METALLIC CYLINDER
The principle of desired scattering manipulation for conduct-
ing cylinder is shown in Fig. 2. Fig. 2(a) represents the given
conducting cylinder with radius a2, Fig. 2(b) represents the
same cylinder which has been covered by a medium with
dielectric constant ε and which extends up to a radius ac.
The dielectric medium is further coated by a metasurface
of graphene nanopatches. The target metallic cylinder with
radius a1 is shown in Fig. 2(c). Like the previous case, a TMz
polarized plane wave illuminates the structure. In order to
solve the scattering problem of the target cylinder, the inci-
dent and scattered fields can be written similarly to eq. (1) and
eq. (2). For this case, we have only one unknown coefficient
cn, which is obtained by forcing the tangential electric field
Ez = 0 at r = a1.

For the coated cylinder, the incident electric field can
also be written the same as (1). The electric field inside the
dielectric medium can be written as:

EIn = ẑ E0
∞∑

n=−∞

j−n (a′n Jn(βr)+ b
′
n Yn(βr)) e

jnφ (12)

where Jn and Yn are the Bessel functions of the first and sec-
ond kind, respectively. Analogously to the previous case,
the scattered field can be expressed as an infinite harmonics of

the Hankel functions of the second kind with coefficients c′n.
Due to the presence of the additional dielectric layer,
that introduces a further interface, i.e., degree of freedom,
in this case we have three unknown coefficients, as follows:
a′n, b

′
n, c
′
n. One note that the dielectric layer has the role to

avoid short circuit of the graphene layer (if directly deposited
on the metallic surface).
The boundary conditions, which has been proposed in

eq. (4) and eq. (6) should be satisfied at r = ac. The third
equation recalls that the tangential electric field on the metal
is zero, therefore we have Ez = 0 at r = a2. By solv-
ing these three equations, the scattering coefficients for the
target conducting cylinder cn and for the coated conducting
cylinder c′n’ are reported in eqs. (13) and (14), as shown at the
bottom of the next page.

cn =
−Jn(β0a1)

H (2)
n (β0a1)

(13)

The expression of the first harmonic for the scattering
coefficients are given in eqs. (15) and (16), as shown at the
bottom of the next page.

c0 =
−π

π − 2j ln(β0a1)
(15)

As already mentioned above, in order to achieve the same
scattering properties of a thin target and coated cylinders
(r � λ0), it is enough to equate only the first coefficients of
the scattered fields from the cylinders. By equating the ampli-
tude of c0 and c0, we get the result for the required impedance
of themetasurface reported in eq. (17), as shown at the bottom
of the next page, where M =

√
π2 + 4(ln(β0 a1))2.

III. METASURFACE DESIGN
Nanostructured graphene metasurface is considered for con-
trollable scattering manipulation of dielectric and conducting
cylinders. The surface impedance of the planar graphene
nanopatches metasurface is given by [36]:

Zs =
D

σs(D− g)
− j

π

2ωε0( ε+12 )D ln csc(πg2D )
(18)

where D is the periodicity of the patches, g is the gap size
between the patches, ε is permittivity of the dielectric layer
and σs is the surface conductivity of the graphene, which
is modeled by the Kubo formula [37]. In [38], a closed
form expression for the surface conductivity of the graphene,
consisting of inter- and intra-band terms, has been obtained,
and reported here for the sake of completeness:

σintra = −j
KBe2T

π h̄2(w−2jτ−1)
(
µc

KBT
+2Ln(e−

µc
KBT +1)) (19)

σinter =
je2

4π h̄
Ln(

2|µc| − (w− jτ−1)h̄
2|µc| + (w− jτ−1)h̄

(20)

c′n =
Zs
jη0
Jn(βa2)J ′n(β0a2)− Jn(β0a2)(Jn(βa2)+

Zs
jη J
′
n(βa2))

−
Zs
jη0
Jn(βa2)H

(2)′
n (β0a2)+ H

(2)
n (β0a2)(Jn(βa2)+

Zs
jη J
′
n((βa2))

(8)
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The overall surface conductivity of the graphene, is given
by the sum of the two components, i.e., sum of σintra
and σinter .
In eqs. (17) and (18), KB is the Bolltzmann’s constant,

e is the electron charge, T is the temperature, h̄ is the reduced
Plank’s constant, µc is the chemical potential and τ is the
relaxation time. It can be seen that the surface conductivity of
the graphene is tunable by changing frequency and µc. The
latter can be adjusted by changing the applied bias voltage of
the graphene. This unique property makes graphene an attrac-
tive material for designing tunable and controllable devices
at THz frequencies.

Here, we want to transform the scattering properties of the
given dielectric cylinder with permittivity of ε = 4 and radius
of a2 = 7 µm into the target dielectric cylinders with the
same material and the radii of a1 = 14 µm (case d1) and
a1 = 3.5 µm (case d2). We want this transformation to occur
at f = 3 THz and using one metasurface but with different
applied bias voltages for the graphene.

To design the desired metasurface, we should calculate the
required surface impedances with the equations developed in
the previous section, and in particular by substituting a1, a2, ε
and frequency in eq. (9). The required surface impedances of
the covering metasurfaces in order to achieve scattering prop-
erties of the cylinders with twice and half radii are obtained
as Zs = −j517� and Zs = j761�, respectively. We chose the
parameters of the graphene nanopatches as D = 3.365 µm,
g = 0.59 µm, T = 300 K and τ = 1.5 ps. The optimized
chemical potentials of the graphene to achieve the desired
goals of case d1 (a1 = 14 µm) and case d2 (a1 = 3.5 µm),
are 0.66 eV and 0.14 eV , respectively.
To prove the efficiency of the developed technique also for

the case of conducting objects, in the following, we proposes
to transform the scattering properties of given conducting
cylinder with the radius of a2 = 9 µm to the ones of the
target conducting cylinders with the radii of a1 = 18 µm
(case m1) and a1 = 4.5 µm, (case m2) at f = 3 THz.
The dielectric layer, covering the given cylinder has relative
permittivity ε = 2, with the radius of ac = 16 µm. Using
eq. (14), the required surface impedances of the metasurfaces
in order to make the object as if it has twice and half radii are
obtained as Zs = −j180 � and Zs = −j185 �, respectively.
D = 11.17 µm, g = 2.5 µm, T = 300 K and τ = 1.9 ps
are the parameters of the considered graphene nanopatches.

TABLE 1. Summary of the parameters of the designed metasurfaces.

To achieve the desired goals, the optimized chemical poten-
tials are obtained as 0.64 eV and 0.78 eV for case m1
(a1 = 18µm) and casem2 (a1 = 4.5µm). Table 1 summaries
the parameters of the designed metasurfaces for both cases,
i.e., dielectric and conductive cores.

IV. RESULTS AND DISCUSSIONS
Here, we investigate the total scattering width (SW) of
the given, coated and target cylinders to show that the
desired scattering properties of the cylinders are obtainable by
considering nanostructured graphene metasurfaces on them.
Total SW is defined as follows [39]:

Total SW =
4
β0

∞∑
n=−∞

|Cn|2 (21)

where β0 is the propagation constant in free space, and
cn, is the nth scattering coefficient.

Figures 3 and 4 show the total SW of the given, coated
and target dielectric cylinders for case d1 (making the radius
appears twice) and case d2 (making the radius appears half),
respectively. We can see that at the operating frequency
of 3 THz, total SW of the coated cylinder becomes equal
to the total SW of the target cylinder, therefore the desired
goal is achieved. Also the analytical results are validated with
CST Microwave Studio [40], showing good agreement.

Figures 5 and 6 illustrate the electric field distribution for
the corresponding cylinders in the both cases. By comparing
Fig. 5(b) to 5(c) and Fig. 6(b) to 6(c) representing target and
covered cylinders for the case d1 and d2, it is understood
that with covering the given cylinder by the designed meta-
surfaces, the electric field surrounding them as a result of
TMz polarization plane wave illumination is transformed to
the desire ones.

Figure 7 shows the RCS of the cylinders for cuts in the
φ = 90◦ and for θ = 90◦ planes in polar coordinate system.
They have been calculated using CST Microwave Studio,
at the operating frequency and for both cases. It can be seen
that although we focused on making the total SW of the target

c′n =
(Jn(βac)−

Jn(βa2)
Yn(βa2)

Yn(βac))(
Zs
jη0
J ′n(β0ac)− Jn(β0ac))−

Zs
jη Jn(β0ac)(J

′
n(βac)−

Jn(βa2)Y ′n(βac)
Yn(βa2)

)

(Jn(βac)−
Jn(βa2)
Yn(βa2)

Yn(βac))(H
(2)
n (β0ac)−

Zs
jη0
H (2)′
n (β0ac))+

Zs
jηH

(2)
n (β0ac)(J ′n(βac)−

Jn(βa2)Y ′n(βac)
Yn(βa2)

)
(14)

c′0 =
πωµac[Zsβ0ac(ln(βac)+ ln(βac)(ε − 1))]+ 2η0πZs

4jη0Zs ln(βa2)+ ln(βa2) ln(βac)ωµac[4η0 + 2jεZsβ0ac]− 4η0ωµac ln(β0ac) ln(βac)
(16)

Zs = j
2η0ωµac ln(

ac
a2
)[−2 ln(β0ac)+M ]

−ωµacβ0ac[M ln(βac)+ ln(βa2)(ε − 1))− 2ε ln(βa2) ln(β0ac)]+ 2η0(2 ln(βa2)−M )
(17)
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FIGURE 3. Total scattering width of the given, coated and target dielectric
cylinders for the case d1. Solid line: Analytical, Dashed line: Numerical.

FIGURE 4. Total scattering width of the given, coated and target dielectric
cylinders for the case d2. Solid line: Analytical, Dashed line: Numerical.

FIGURE 5. Amplitude distribution of electric field surrounding the a)
given, b) target and c) coated dielectric cylinders for the case d1.

FIGURE 6. Amplitude distribution of electric field surrounding the
a) given, b) target and c) coated dielectric cylinders for the case d2.

and coated cylinders equal their 3D RCS in all observing
angels of φ and θ , they have become almost the same, which
shows that the designed metasurface performs as expected.

Figures 8 and 9 show the total SW of the given, coated and
target conducting cylinders for the goals of case m1 (making
the radius appears twice) and case m2 (making the radius
appears half), respectively. The total SW of the coated cylin-
der becomes equal to the SW of that of the target cylinder at
the center frequency of 3 THz, showing anticipated operation
of the designed metasurface.

Figure 12 shows 3D RCS of the cylinders for φ = 0◦ and
θ = 90◦ in polar coordinate system at the center frequency
and for both cases. It can be understood that 3D RCS of the

FIGURE 7. Polar RCS patterns of dielectric cylinders for θ = 90◦ and
φ = 90◦ at 3 THz for a) case d1 and b) case d2.

FIGURE 8. Numerical result for total scattering width of the given, coated
and target conducting cylinders for the case m1.

FIGURE 9. Numerical result for total scattering width of the given, coated
and target conducting cylinders for the case m2.

target and coated cylinders are almost equal for all observing
angels.

Electric field distributions resulting from the perturbation
of the impinging wave by the presented cylinders for the
considered cases are shown in Figs. 10 and 11, which verify
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FIGURE 10. Amplitude distribution of electric field surrounding the
a) given, b) target and c) coated conducting cylinders for the case m1.

FIGURE 11. Amplitude distribution of electric field surrounding the
a) given, b) target and c) coated conducting cylinders for the case m2.

FIGURE 12. Polar RCS patterns of conducting cylinders for θ = 90◦ and
φ = 90◦ at 3THz for a) case m1 and b) case m2.

good similarity in field distributions for the target and coated
cylinders.

V. CONCLUSION
In this paper, we have analytically derived the required
surface impedances of nanostructured graphene metasurfaces
in order to achieve scattering manipulation of both dielectric
and conducting cylinders. By changing the chemical poten-
tial of the graphene, its surface impedance can be adjusted
to control the scattering properties of the given cylinders,
without changing the geometry of the metasurfaces. From the
results obtained analytically and confirmed numerically it can
be concluded that the desired goals have been achieved and
the coated cylinders can controllably scatter electromagnetic
illumination corresponding to cylinders with different desired
radii.
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