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HIGHLY OSCILLATORY UNIMODULAR FOURIER
MULTIPLIERS ON MODULATION SPACES

FABIO NICOLA, EVA PRIMO, ANITA TABACCO

ABSTRACT. We study the continuity on the modulation spaces
MP1 of Fourier multipliers with symbols of the type e for
some real-valued function p(£). A number of results are known,
assuming that the derivatives of order > 2 of the phase u(§) are
bounded or, more generally, that the second derivatives belong to
the Sjostrand class M°°!. Here we extend those results, by assum-
ing that the second derivatives lie in the bigger Wiener amalgam
space W (FL', L>); in particular they could have stronger oscil-
lations at infinity such as cos|¢|?. Actually our main result deals
with the more general case of possibly unbounded second deriva-
tives. In that case we have boundedness on weighted modulation
spaces with a sharp loss of derivatives.

1. INTRODUCTION

Fourier multipliers represent one of the main research field in Har-
monic Analysis, where a number of challenging problems remain open
[24]. The connections with other branches of pure and applied mathe-
matics are uncountable (combinatorics, PDEs, signal processing, func-

tional calculus, etc.). In this paper we consider Fourier multipliers in
R? of the form

(1) WO fa) = [ O fie) dg

Rd
for some real-valued phase .

The prototype is given by the phase u(¢) = [£]?. In that case the
operator *(P) is the propagator for the free Schrédinger equation, and
similarly for other constant coefficient equations. Hence it is of great
interest to study the continuity of such operators on several functions
spaces arising in PDEs. Whereas such operators represent unitary
transformations of L?(R?), their continuity on LP(R?) for p # 2 in
general fails. Hence recently a number of works addressed the problem
of the continuity in other function spaces. Among those, the more
convenient spaces, at least in the case of the Schrodinger model, turned
out to be the modulation spaces MP4(R%), 1 < p,q < oo, widely
used in Time-frequency Analysis [16, 19]. The basic reason is that the
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2 FABIO NICOLA, EVA PRIMO, ANITA TABACCO

Schrodinger propagator is sparse with respect to Gabor frames [10],
which in turn give a discrete characterization of the modulation space
norms. For p = ¢ = 2 we have M*?(RY) = L*(R?) and, in general,
the modulation space norm gives a measure of the size of a function or
temperate distribution in phase space or time-frequency plane, exactly
as the Lebesgue space norms LP provide a measure of the size of a
function in the physical space. The couple of indices p, ¢ allows one to
measure the decay both in the time and frequency domain, separately.
We refer to the next section for the definition and basic properties of
modulation spaces.

It is known (see e.g. [27, Proposition 1.5] and [1]) that the Schrodinger
propagator (hence p(€) = [€]?in (1.1)) is bounded MP4(R?) — MP4(R9),
for every 1 < p,q < oco. This result motivated the study of the con-
tinuity of more general unimodular Fourier multipliers on modulation
spaces. The recent bibliography in this connection is quite large; see
e.g. [1,2,4,5,7,9,13, 14, 20, 21, 22, 23, 30, 31, 32]. In short, it turns
out that, for unbounded (smooth enough) phases, the properties which
play a key role are:

Growth and oscillations of the second derivatives 07, |y| = 2.
To put our results in context, let us just recall three basic facts.

(a) No growth, mild oscillations [1, Theorem 11]. Suppose that
@) < C for £ €RY, 2 < |y <2(|d/2] + ).

Then D) MP4(RY) — MPI(RY) is bounded for every 1 <
p,q < 0.

This result generalizes the case of the Schrodinger propagator, where
the second derivatives of p are in fact constants.

(b) No growth, mild oscillations [7, Lemma 2.2]. Suppose that
€ M=YRY)  for |y| = 2.

Then e#P) . MPa(RY) — MPI(RY) is bounded for every 1 <
p,q < 00.

Actually, [7, Lemma 2.2] provides a partial but key result in this con-
nection, from which it is easy to deduce that the symbol (&) = € is
then in the Wiener amalgam space W (FL!, L>) (see below for the def-
inition), which is sufficient to conclude (see also [3, 6, 26]). The result
in (b) is also a particular case of [12, Theorem 2.3] where Schrodinger
equations with rough Hamiltonians were considered.

Observe that the result in (b) improves that in (a), because of the
embedding CH(RY) — M°>1(R?) ([19, Theorem 14.5.3]). We also
notice that M°1(RY) C L>®(R?), so that here the second derivatives
of i do not grow at infinity, but they could oscillate, say, as cos|{|*,
with 0 < a <1 (cf. [1, Corollary 15]).
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(¢) Growth at infinity, mild oscillations [22, Theorem 1.1]. Let ov >
2, and suppose that

()] < CE)*7* for 2 < |y < [d/2] +3.
Then e*P) . MPYRY) — MP4(R?) is bounded for every 1 <
p,q<ooandd >dla—2)1/p—1/2|.
Here M} is a modulation space weighted in frequency, so that we have
in fact a loss of derivatives, which is proved to be sharp.
It was proved in [1, Lemma 8] that, more generally, the operator
e™P) is bounded on all MP9(R?) for every 1 < p,q < oo if its sym-

bol €€ belongs to the Wiener amalgam space W (FL', L=)(R?) [15],
whose norm is defined as

[ fllw(Frr,ey = sup [[g(- — ) fll 71
zeR4

where g € S(RY) \ {0} is an arbitrary window. This suggests to look
at conditions on p(§) in terms of this space, rather than modulation
spaces. Here is our first result in this direction.

Theorem 1.1. (No growth, strong oscillations). Let u € C*(R?), real-
valued, satisfying

0"'u(§) € W(FLL, L®)(R?)  for |y] = 2.

Then
e (D) . Mp,q(Rd) N an(Rd)
s bounded for every 1 < p,q < oo.

Observe that M°>1(RY) ¢ W(FL!, L>)(R?) c L>*(R?) so that this
result improves that in (b) above. Here the second derivatives of y are
still bounded, but they are allowed to oscillate, say, as cos|¢[* (cf. [1,
Theorem 14]). This result is strongly inspired by [7, Lemma 2.2] and in
fact the proof is similar. However, our main result deals with the case

of possibly unbounded second derivatives, as stated in the following
theorem.

Theorem 1.2. (Growth at infinity, strong oscillations). Let o > 2.
Let pn € C?*(RY), real-valued and such that

©)* () € W(FLLL®)(R?)  for |4 = 2.
Then
e™P): MPYRY) — MPIR?)
1s bounded for every 1 < p,q < oo and
1 1
. > d(a—2) |- — 2.
(1.2) d > d(a 2)‘]) 2’



4 FABIO NICOLA, EVA PRIMO, ANITA TABACCO

The above threshold for ¢ agrees with that in (c), and also with
the examples in [1, Theorem 16|, where even stronger oscillations were
considered, but only for model cases.

Theorem 1.1 is of course a particular case of Theorem 1.2 and will
be used as a step in the proof of the latter.

There are a number of easy extensions that could be considered.
For example, the conclusion of Theorem 1.1 still holds for a phase
of the type pu(§) = pi(§) + pa(§), where py satisfies the assumption
in that theorem and py € W (FL!, L>)(R%). Hence one could allow
phases that in a compact set do not have any derivatives but only FL*
regularity, such as a positively homogeneous function of order r > 0.
We leave these easy developments to the interested reader.

In short the paper is organized as follows. In Section 2 we collected
a number of definitions and auxiliary results. Section 3 is devoted to
the proof of Theorem 1.1, whereas in Section 4 we prove Theorem 1.2.

Notation. We define |z|?> = z - z, for x € R?, where z -y = xy is
the scalar product on RY. We set Bg(zg) for the open ball in R? of
centre xg and radius R. The space of smooth functions with compact
support is denoted by C§°(R?), the Schwartz class is S(R?), the space
of tempered distributions &’'(R?). The Fourier transform is normalized
to be f(&) = Ff(€) = [ f(t)e ?™"dt. Translation and modulation
operators are defined, respectively, by

T.f(t) = f(t—x) and Mf(t) = ™ f(2).

We have the formulas (T,f) = M_,f, (Mcf) = Tgf, and M¢T, =
e*™ T, Me. The inner product of two functions f,g € L*(R?) is

(f,9) = [pa f(£)g(t) dt, and its extension to S'(R?) x S(R?) will be also
denoted by (-,-). The notation A < B means A < ¢B for a suitable
constant ¢ > 0 depending only on the dimension d and Lebesgue ex-
ponents p, q, .. ., arising in the context, whereas A < B means A < B,
and B < A. The notation B; < B, denotes the continuous embedding
of the space B; into Bs.

2. PRELIMINARY RESULTS

In this section we recall the definition and some properties of mod-
ulation and Wiener amalgam spaces, which will be used later on. We
refer to [16, 17, 19, 28] for the general theory.

We consider the functions (€)* := (14 |€[2)¥/2, s € R, as weight func-
tions. Then, weighted modulation spaces are defined in terms of the
following time-frequency representation: the short-time Fourier trans-
form (STFT) V,f of a function/tempered distribution f € &'(R?) with
respect to the window g € S(R?) \ {0} is defined by

@1)  Vif(@.6) = (f, McTog) = / T (gl — ) dy,

Rd
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i.e. the Fourier transform of fT,g.

Given a window g € S(R?) \ {0}, 1 < p,¢ < oo and § € R, the
modulation space MP*(R?), consists of all tempered distributions f €
S'(RY) such that V,f € Lfgwé(RQd) (weighted mixed-norm Lebesgue

space). The norm on M} is therefore defined as

a/p 1/p
||f||M§’q = ||V;7f||L§’;<_>5 = (/Rd ( e |‘/;1f($,§)|p<§>ép dx) d{)

(with obvious changes when p = oo or ¢ = 00). If p = ¢, we write
M} instead of M¥?  and if & = 0 we write MP? and M? for M1
and M}, respectively. Then M¥(R?) is a Banach space and different
windows g € S(R?) \ {0} give equivalent norms. For the properties of
these spaces we refer to the literature quoted at the beginning of this
subsection.

For 1 < p,q < oo the Wiener amalgam space W (FLP, L?)(R?) con-
sists of the temperate distributions f € S’(R?) such that

1/q
ez = ([ ot =2l d) " < .

where g € S(R?) \ {0} is an arbitrary window (with obvious changes
if ¢ = 00). It is easy to show that the Fourier transform establishes an
isomorphism

F: MPARY) — W(FLP, L1)(RY).

The duality theory goes as expected, namely (M})* = M” ,5‘1,, with
1 <p,q<o0,p,q being the conjugate exponents.

Here is the basic complex interpolation result (see e.g. [15, 16, 17]
and [29, Theorem 2.3| for a direct proof).

Proposition 2.1. Let 0 < § < 1, p;,q; € [1,00] and §; € R, j =1,2.
Set
1 1-6 6 1 1—-6 60
- +—, = +—, 6=(1-0)6 + 00.
p P1 P2 q a1 a2

Then
(M(jsolhth (Rd>, M§>22,q2 (Rd>>[0] — Mghq (Rd).

We now recall the dilation properties. For (1/p,1/q) € [0,1] x [0, 1],
we define the subsets

I : max(1/p,1/p") < 1/q, If: min(1/p,1/p") > 1/q,
I : max(1/q,1/2) <1/, I : min(1/q,1/2) > 1/7/,
I3 : max(1/q,1/2) < 1/p, I7: min(1/q,1/2) > 1/p,

as shown in Figure 1 below.
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1/Qk 1/QA
1 1
I
I3 I3
1/2 1/2
I, I3
It
0 1/2 1 1/p 0 1/2 1 1/p
0< A <1 Al >1

FIGURE 1. The index sets

We introduce the indices:

(—1/p it (1/p,1/q) € If,
(2.2) mp,q) =4 1/g—1 it (1/p,1/q) € I3,

\—2/p+1/¢ it (1/p,1/q) € I3,
and

(—1/p it (1/p,1/q) € I,
(2.3) pa(p,q) = 1/q¢—1 if (1/p,1/q) € Iy,

\—2/p+1/q it (1/p,1/q) € Is.
Here is the main result about the behaviour of the dilation operator in
modulation spaces. Set Uy f(x) := f(Az), A # 0.

Theorem 2.2. [25, Theorem 3.1] Let 1 < p,q < oo, and A # 0.
(i) We have
U ama S INH PO fllama, VA > 1, VF € MPYRY).
Conversely, if there exists a € R such that
1O llara S NN fllama, Y N[> 1, Vf € MPI(R?),
then oo > dyy(p, q).
(i1) We have
1O lyzes S NP fllama, ¥ O< A <1, Vf € MPI(R?).
Conversely, if there exists f € R such that
1O llams S NN fllagma, VO <Al <1, Vf € MPURY),
then B < dus(p, q).

By a conjugation with the Fourier transform one deduces the follow-
ing dilation property for Wiener amalgam spaces.
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Corollary 2.3. [8, Corollary 3.2] With the above notation,
Oz fllwFr ey S M lweEnizey V0 < A < 1,Vf € W(FL', L™)(R?).

The following proposition can be deduced, via Fourier transform,
from the convolution properties of modulation spaces.

Proposition 2.4. [8, Proposition 2.5] For every 1 < p,q < oo we have

| fullwFre,eoy SN fllwEer eyl ullwFLe, Lo

We conclude this preliminary section with a known result (see e.g.
[1, Lemma 8]), which we recall together with a shorter proof for the
benefit of the reader.

Lemma 2.5. Let 0 € W(FL, L*>). Then,
o(D): MP? — MP1
1s bounded, for every 1 < p,q < 0.

Proof. We can write o(D) = F~'o A, o F, where A, f(§) = (&) f(£).
Using Proposition 2.4 we have

[ Ao fllwFrr,Loy = llofllwFre Lo
S llollw e o)l fllwFre Loy,
so that A, : W(FLP,L?) — W(FLP,L?) is bounded, for every 1 <
p,q < oo. Hence, since the Fourier transform establishes an isomor-
phism F : MP9 — W(FLP,L9), we see that o(D) : MP? — MP1 is
bounded too. O

3. NO GROWTH, STRONG OSCILLATIONS

This section is devoted to the proof of Theorem 1.1. We begin with
a preliminary result which is strongly inspired by [7, Lemmas 2.1 and
2.2], where a similar investigation is carried on in the framework of
modulation spaces (as opposite to the Wiener amalgam spaces consid-
ered here).

Lemma 3.1. Let f € W(FL', L*®)(R?) and x € C°(B), where B is
an open ball with center at the origin. Let

920 (@) = X(& — 70) / (1= ) (¢t — x0) + x0) dt,

for some xy € RY.
Then g., € W(FL', L) (R%), and for some constant C independent
of x¢g and f we have

9o llw izt 2oy < Cll fllwrrr,Loe).
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Proof. Using Proposition 2.4 and Corollary 2.3 we have

1
gz my = o = 0) [ (1= 01 = 20 + )
0 W (FLL,L><)

‘/01(1 — ) f(te + (1 - t)xo)dtH

S lx(z — IO)HW(}'Ll,LO") -
W(FL,L>)

1
< el = by sy | (1= O+ (1= 0]y oy
1
= lhwran iy | (1= DI E s o
0

1
S IXlwrrizey | Q=0 I fllwrope dt
0

S A llw iz poey -
U

Lemma 3.2. Assume that B C R" is an open ball, p € C*(R?) is
real-valued and satisfies 7 € W(FLY, L) (R?) for all multi-indices
v with |y| = 2 and that f € MY (RY)NE'(B). Then fe* € M*(RY) and
for some constant C' which only depends on d and the radius of the ball
B we have

e < Cl Sl exp (€ 3 10 llwiss o) ).
/=2

Proof. We may assume that B is the unit ball which is centered at the
origin. By Taylor expansion it follows that p = ¢, + 15, where

2 1
(o) = 1(0) + (V(O),2), vala) = 3 5 [ (1= 00wttt
=z " 70
Since modulations do not affect the modulation space norms we have
Il fe™ ||arr = || fllar:. Furthermore, if x € C5°(R?) satisfies x(z) = 1 on
B, then it follows from the previous Lemma that, for some constant
C1 >0,

IX2|lwFrL,re) < Ch Z 107 llw (7Lt Loe)-
[v1=2
Hence, by Proposition 2.4, for some C; > 1 we have

i — (x1)" 5 n
||6 szQHW(]:Ll,LOO) = Z T S Z 721‘ HX¢2||W(]:L1,L°°)
n=0 W (FL,L>) n=0

< exp <02||x¢2|lw(n1,mo)>

< exp <0102 Z ||37HJHW(.FL1,LOO)>-

[v|=2
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Using M = W(FL', L) and Proposition 2.4 again, this gives

Ife o = 1 fe ™ o S 1 Fe™ ar 1e™ lwrLr)
< Ol f || exp (c 3 ||aw|w(mm)_
[v|=2

g

Proof of Theorem 1.1. Let us first show that e*(®) ¢ W(FL', L*). We
know that there exists x € C°(R?) (cf. [15, 16]) such that

1€ |lw (Frr 1oy = sup{|Ix(z—k)e™ || 711} = sup{|Ix(x—k)e* ||y}
kezd kezd

where the last equivalence follows from that fact the for functions sup-
ported in a ball the FL! and M" norms are equivalent, with constants
depending only on the radius of the ball.

Hence, using Lemma 3.2 we can continue our estimate as

< sup {Cllx(x — Bl exp (OS2 10 nlhwirrnao) )}

kezd

Iy|=2
= Clxlar exp (C 3107 llwirrn))-
Iy|=2
Hence e¢*(®) ¢ W(FL', L>) and by Lemma 2.5 we deduce that
eD) . VP — NP is bounded, for every 1 < p, ¢ < o0o. O

4. GROWTH AT INFINITY, STRONG OSCILLATIONS

In this section we are going to prove Theorem 1.2.
We begin with the following preliminary result.

Lemma 4.1. Let p(€) be a real-valued C* function, satisfying
(4.1) (&Y € W(FL', L®)(RY) for |y| = 2.
Then

(i) (§)~*u € W(FL', L*)(R7),

(i) (€)1 € W(FL!, )R for |r] = 1.
Proof. To prove (i), consider a Taylor expansion

9 [l
&) = 1)+ (Va6 + Y % [ (= noute)are

Iv[=2

Hence

(4.2) (6)u(€) = n(O)(E) + (Vpu(0), E){E)
2 [t Y
D /0 (1= 007 u(t€)de €7(€)

Iv|=2
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where
p(0)(€)~* € W(FL', L=)(RY), (Vpu(0),£)(6)~" € W(FL', L=)(RY),

because « > 2. Here we used that fact that the functions (£)~¢
and &;(£)"“ are bounded together their derivatives of every order, so
that they belong to M°!(R?) ([19, Theorem 14.5.3]) and hence to
W(FL, L) (RY) as well.

Let us show that the last summation in (4.2) belongs to W (F L, L*)(R¢)
too. We have

/0 (1= )07 pu(t€)dee (€)=

W(FL',L>)

/0 (1 — )07 u(t€) (1)>~ (1)~ dt € (€)~°

W(FL',L>)

~

< ‘

/O (1= £){8) 72520 (1) (t€) - dt €7 (€) () 2+

W(FL',L>)

Using Proposition 2.4 and Corollary 2.3 we can continue the above
estimate as

1

S [ =0 Uy 1y 1€ i
1

S /0 (1 - t) <t>_2+adt ||87M(5)<§>2_aHw(;LgLoo) HS’Y<§>_2HW(]-‘L17L00)

< [0 ’ OCHW(J:LHLOO) 1€7¢¢ QHW(J:LI,LOO)'

This concludes the proof of (i) because, arguing as above, we have

)72 € Mt ¢ W(FLY, L>), whereas 07 (£)(£)>~* € W(FL!, L*™)

by assumption.
To prove (ii), consider the Taylor expansion of 7y, for |y| =1

" p(€) Z 87-1-5 (t€) dtfﬂ
8l=1"°

so that

()0 u(E) = (0)(E) + 3 / o (e de €8 (€)1

18]=1
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Now u(0){(&)1= € W(FL', L>®), because o > 2, and arguing as
above

1
/0 P (1) dt €4(€)

W(FL',L>)

= || [ oenteeiieer e 2 eare

0

W(FLL, L)
S ”mw“@)@)%aHW(ILl,Lw) “£5<£>71||W(}'L1,L°°) g

where £#(¢)71 € M*>1(R?) ¢ W(FLY, L>)(R?) because |3| = 1, and
moreover 7P u(€)(€)27 € W(FL, L>)(R?) by assumption, because
T+B=2 O

We observe that, by complex interpolation of weighted modulation
spaces, namely Proposition 2.1, it suffices to prove the conclusion of
Theorem 1.2 when (p, q) is one of the four vertices of the interpolation
square, (1,1), (1,00), (00,1), (00, 00), with § = d(a — 2)/2, as well as
for the points (2,1), (2,00) with 6 = 0. To this end, we reduce matters
to the case of unweighted modulation spaces by means of the following
easy lemma.

Lemma 4.2. A multiplier o(D) is bounded from MP*(R?) to MP4(R?)
if and only if the multiplier o(D){(D)~° is bounded on MP(R?).

Proof. We know e.g. from [27, Theorem 2.2, Corollary 2.3] that (D)
defines an isomorphism MP4(R?) — MP%(RY) for every s,t € R, so
that the conclusion is immediate. i

Therefore we may work with the operator
Tfa) = [ e 6 fe)de
Rd

We have to prove that T is bounded on Mt AMbee Moot Moo= for

5= d(a2_2), and on M?! and M?*> for 6 = 0.

Boundedness on M!! and M>! for § = @. We will need the
following lemma (cf. [11, 25]).

Lemma 4.3. Let x be a smooth function supported where By < |€] <
By for some By > 0. Then, for1 <p < oo,

Z IX(277 D) fllsrr < Ol fl|agon-
=1

Proof. We will use the following characterization of the M?? norm [28]:
let ¢ € C3°(R?) such that p(&) >0, >, za0(§ —m) =1, V¢ € R
Then Y
q
1l =< (32 oD =m)fllg, )

meZd
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Hence it turns out

Z IX@D) fllarma =Y Y llp(D =m)x(27D)f |z

J=1 mezd

= > > IX27D)p(D = m) | 1.

meZd j=1

Now, the number of indices j > 1 for which supp x(277+) N supp (- —
m) # 0 is finite for every m, and even uniformly bounded with respect
to m. Hence the last expression is

S D sup X277 D)p(D — m) f 1.

L i1

Since the operators x (277 D) are uniformly bounded on L? we can con-
tinue the estimate as

<SS (D = m) flle = 1 fllagw.

meZd

g

Consider now a Littlewood-Paley decomposition of the frequency
domain. Namely, fix a smooth function vy such that ¢y(§) = 1 for

] < 1 and G(€) = 0 for I€] > 2. Set v(€) = volc) — yo(26). Then
¥;(€) == (279¢) for j > 1 is supported where 2971 < |£] < 2771, We
can write

J=1

where TV is the Fourier multiplier with symbol o (&) := (&), (£)(€) 72,
J=0.

Now, T is bounded on MP? for every 1 < p,q < 0o as a conse-
quence of Lemma 2.5, because oy € M* C W(FL', L*) by Lemma
3.2.

Consider now the above sum over j > 1.

Let

A =27,
and consider the operators TU) defined by
(4.4) T = U\, TYU, -,

J

where U, f(z) = f(Az), A > 0, is the dilation operator. In other terms,

70 (a) = [ emten s, (0,60 (0s6) ) e
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Let x;(x) := x(277¢) with x € C§5°(R?) supported where ; < [¢] < 4
and x(£) = 1 on the support of ¢, so that x;(£) = 1 on the support of
1j. We can therefore write

T(j)f(x) _ /Rd 2z pix; (A €)n(A;€) i (NEVNE) 5f(§)d§,

hence
(4.5) TY) = A;B;,
where '
Ay = oD By = (D) (D)
Taking into account that on the support of ¥;();€) we have \;|¢| < 27
and 6 = d(a — 2)/2, the following estimate is easily verified:

167 (B, (N NE ) S 27 T, Yy e zd

Then, by the classical boundedness results of pseudodifferential op-

erators on modulation spaces (see e.g. [19, Theorems 14.5.2, 14.5.2])
we have

(4.6) 1Bl pa—smpa S 27

~

d(a 2)

for every 1 < p,q < oo.
Let us now prove that

(4.7) [Ajllarpasrra S 1,

for all 5 > 1 and for every 1 < p,q < o0.
Using Theorem 1.1 it is sufficient to check that

107D A& A w (Lt ooy S 1,
for |y| = 2 and all j > 1 (we are in fact using the fact that the operator
norm of the multiplier in Theorem 1.1 is bounded when 97y, || = 2,
belong to a bounded subset of W (FL', L>)).

For |v| = 2, we have
0" (A€ m(A8)] = A0 Dxml (A;6),
and by Leibniz’ formula it is enough to prove that

(4.8) XX pllw(Frr,ey S 1 7] =2
(4.9) N07x;0° pllwFrr pey S 1 v =18l=1
(4.10) N0 pllw rrr ey S 1 ] = 2.

First, let us prove (4.8). Using Lemma 4.1 (i), Proposition 2.4 and the
embeddings Ct1(RY) — M1 (RY) — W(FL, L>=)(R?) ([19, Theo-
rem 14.5.3]) we can estimate

N0 ullw e,y S NIE ™ bllwrrr,=) 1(€)* 0 X5 llw(rrr L)
SA D 19U 0 Xl e-

B<d+1
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On the other hand,

0°1(€)* 0 x;(E)]] =
—lvlo—ijlv+B—v| | (gv+B—v —J
<3 (0) @ @i
S

> (f) 8”<§>a67+ﬁ—”xj<§>'
v<pB
>
v<pB

B\ ota—trio—2i < oita—2)
Z(V)% Dig=2 < 9 :
v<p

because on the support of x;, |£| < 27 and |y + 8 — v| > 2. Thus
MO X mllwrrr ey S X272 = 1.

Now, let us prove (4.9), using Lemma 4.1 (ii) and arguing as above
we write

NN ;0% pllw s poey S A0 pllwzrr, 1) |1(6) 07X lw(rr 100
SAT D 0[O T X ] l e-
B<d+1
On the other hand,
a— 6 a—1—|v|lo—j —v —v -3
0@l s X (0 )@ i)

v<pB
<Z( ) a—l1-|v|)jo— J<2J(a 2)
v<pB
because now |y +  —v| > 1. Thus
/\3||8’YX]8B,UJ||W(}-L1,L°°) S )\32](0&—2) = 1.
Finally, let’s us prove (4.10), using the hypothesis (£)*~*07u(¢) €
W(FL', L®)(RY), |y| = 2, we have

N0 pllw rrr,poey S AIEP 0 ullw iz, o) 1€)X lw it Loy
ST 07U 2] e

B<d+1

Moreover, arguing as above

|3B[< | < Z ( ) CY 2—|V|2—j|ﬁ—l/| ’(aﬁ_VX)(Q_]g){
v<pg
ﬂ (a=2—|v|)j j(a—2)
. VZ% (V)2 b0 g 2,

Thus
N0l s omy S NP = 1.
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Hence, by (4.5), (4.6) and (4.7) we have

(4.11) 1T fllagna = A3 B; fllarea S 2755 fllagna,

for every 1 < p,q < oo.

We now combine this estimate with those for the dilation operator,
given in Theorem 2.2. For p = 1,00 and ¢ = 1 they read

|| fllagn,

1O, Fllageer S A f lazee,

1Ux, fllara S 2%

and
U1 gt S 1 g

1Ux1 fllager S 25| flagea

Therefore we obtain, for p=1,00,

d(a— ). d(oc 2)
2

1T fllaron S

A lams = 1 f lazea-

Finally, to sum over 5 > 1 these last estimates we take advantage
of the fact we are working with functions which are localized in shells
of the frequency domain. Precisely, let x as before, namely a smooth
function satisfying x(§) = 1 for 1/2 < [¢] < 2 and x(§) = 0 for
€] < 1/4 and [¢| > 4 (so that xv = ). With y;(€) = x(277€) and

p = 1,00 we have

179 fllama = |79 (27 D) )lagns S 1327 D) fllagna,

so that Lemma 4.3 gives us

Z T f

Jj1

< SIT fllasmn S 1 s

Mpi1 j=1

Boundedness on M>* and M>> for § = 4= 2) . We first establish

the following lemma (cf. [26, Proposition 1.4] and [11, 25]).

Lemma 4.4. For k > 0, let f, € S(RY) satisfy supp fo C By(0) and
supp fr C {€ € R?: 251 <|¢| <21 k> 1.

Then, if the sequence fj, is bounded in MP>°(R?) for some 1 < p < oo,

the series > ooy fr. converges in MP>°(R?) and

(4.12)

S sup [ fellazves
vpee B0
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Proof. The convergence of the series Y 2 fx in MP>°(R?) is straight-
forward. We now prove the desired estimate.
Choose a window function g with supp § C By/2(0). We can write

Volfi) (@, €) = (fic + Mo9)(©).
Hence, supp V;(fo) C Bs/2(0) C By(0), and
supp Vg(fi) C {(z,§) € R*: 2871 — 270 < ¢ <28+ 4271}
C {(2,6) € R¥ : 2V2 < [¢] < 2++2),

for k£ > 1. Hence, for each &, there are at most four nonzero terms in
the sum > ;7 ||V, (fe) (-, €)|| L. Using this fact we obtain

I kaHMwo = ZV Se)llzpee < sup Z Ve (fie) (- )l e

¢eRd 15
< 4sup sup [|Vy(fi) (5 €l e = 4sup [V (fi) | Lo
k>0 ¢cRd k>0
= sup | fillagn.
k>0

g

We now consider the same decomposition as above, namely (4.3),
and the operators TV) in (4.4), j > 1. From (4.11) for ¢ = oo we have
the following estimate:

~ . _d(a72)-
ITD fllagpee <27 2 2| f]|agmee.

We then combine this estimate with those for the dilation operator
which here read

1O, fllare S Qd(o‘_Q)jllfllMlvw,

|Ux, £l azoe.oo 52 ]HfHMoooo
and

—2) .
NS lagree,
1Us-1 Fllagoece S (1 llaaoerce.

Therefore we obtain, for p =1, 00,

ITD fllamee S 2 T fllagnes = | Fllames.
We finally conclude by applying Lemma 4.4: for p = 1, oo,

N T f

Boundedness on M?! and M?** for § = 0. Indeed, we will prove
boundedness on M?4 for every 1 < g < oo and J = 0. This is a special
case of the following result.

Uy Fllae S 2775
J

Ssup [TV fllamoe S 11fllaaoe.
j=1
Moo
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Proposition 4.5. Any Fourier multiplier T with symbol o € L s
bounded on M?? for every 1 < q < co.

Proof. The desired result follows at once from the estimates ||o(D) f||z2 <
llollze |l fllz2 and [18, Theorem 17 (3)].
We provide and direct proof for the benefit of the reader. Namely

ITfasza = NIMG % (0F) 2 lae
= HH/ezm(’f‘y)ﬁ(é—y)ff(y)f(y)dyHLgHLg

= llofTegl el e,

where we used Parseval’s formula. In particular, this computation with
o =1 gives || f]laze = ||||fT§Q||LzHLg, so we deduce at once the desired
estimate

| T fllaza S llollzeoll fll a2
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