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ARTICLE

Comparison of two depth-averaged numerical models for
debris flow runout estimation
Federico Vagnon, Marina Pirulli, Angel Yague, and Manuel Pastor

Abstract: This paper analyses an important aspect of the continuum numerical modelling of rapid landslides as debris flows: “By
using the same rheological parameter values, are the results obtained with codes that implement the same constitutive
equations, but a different numerical solver, equal?” To answer this question, the two numerical codes RASH3D and GeoFlow_SPH
are used here to back-analyse the debris flow event that occurred in the Nora stream (northwestern Italian Alps) in October 2000.
Comparison of results evidenced that the RASH3D best-fit rheological values for the Nora event back-analysis overestimated both
the final depositional heights and the simulated flow velocities if used in GeoFlow_SPH. To obtain thickness values comparable
with those measured in situ, it was necessary to re-calibrate GeoFlow_SPH rheological parameter values. This way, with the
exception of a larger lateral spreading of the sliding mass given by RASH3D, both thickness and velocity values were similar for
the two numerical codes.

Key words: debris flow, runout estimation, RASH3D code, GeoFlow_SPH code, continuum numerical modelling.

Résumé : Cet article analyse un aspect important de la modélisation numérique continue des glissements rapides en tant que
coulées de débris : « En utilisant les mêmes valeurs de paramètres rhéologiques, les résultats, obtenus avec des codes qui mettent
en œuvre les mêmes équations constitutives, mais un solveur numérique différent, sont-ils égaux? » Pour répondre à cette
question, les deux codes numériques RASH3D et GeoFlow_SPH sont utilisés ici pour rétro-analyser l’événement de coulée de
débris survenu dans le ruisseau Nora (Alpes italiennes du nord-ouest) en octobre 2000. La comparaison des résultats a montré que
les valeurs rhéologiques les mieux ajustées par RASH3D pour la rétro-analyse de l’événement Nora surestimaient à la fois les
hauteurs de dépôt finales et les vitesses d’écoulement simulées si elles étaient utilisées dans GeoFlow_SPH. Afin d’obtenir des
valeurs d’épaisseur comparables à celles mesurées in situ, il a fallu refaire le calage des valeurs des paramètres rhéologiques de
GeoFlow_SPH. Ainsi, à l’exception d’un plus grand étalement latéral de la masse glissante donné par RASH3D, les deux valeurs
d’épaisseur et de vitesse étaient similaires pour les deux codes numériques. [Traduit par la Rédaction]

Mots-clés : coulée de débris, estimation de la dérive, code RASH3D, code GeoFlow_SPH, modélisation numérique continue.

1. Introduction
Every year thousands of landslides all over the world cause loss

of human lives and enormous economic damages. These phenom-
ena remind us of our society’s vulnerability to natural disasters
(Jakob and Hungr 2005).

In recent decades, climate changes have increased the probabil-
ity of occurrence of a particular type of landslide: debris flow.
Glacier melting, permafrost degradation, and increase of extreme
(short and intense) rainfall are triggering factors for this danger-
ous and destructive phenomenon. The main characteristics of
debris flows are their unpredictability, their high velocity, and
their long travel distances.

Because their potential for destruction usually cannot practi-
cally be reduced by stabilization of the source area (Hungr 1995),
engineering risk analyses are required, including prediction of
runout parameters (maximum travel distance reached, flow veloc-
ities, thickness and distribution of the deposit). As it is very diffi-
cult to obtain data from monitoring of real events and to apply
statistical methods, other methodologies for evaluating flow char-
acteristics are required. Numerical models represent a useful tool

for investigating, within realistic geological contexts, the dynam-
ics of these events.

Existing models can be divided into two main groups: those that
follow empirical approaches and those that are based on dynamic
numerical models (continuum or discontinuum). Empirical models,
based on correlation among historical data (e.g., Cannon 1993;
Corominas 1996; Rickenmann 1999), are more practical and easy to
use, but they should only be applied to conditions similar to those on
which their development are based (Rickenmann 2005).

Alternatively, dynamic numerical models are viable tools for
forecasting flow parameters (e.g., Savage and Hutter 1989; O’Brien
et al. 1993; Hungr 1995; Iverson and Denlinger 2001; McDougall
and Hungr 2004; Pirulli 2005; Pastor et al. 2009). In particular, the
basic concept of continuum-based methods is that the release
mass dynamics can be described in terms of flow-like behaviour.
The moving mass can entrain additional material from the path and
eventually deposits, when it reaches slopes that are sufficiently flat.
Whatever code is used, the choice of the rheological law, the terrain
characteristics, and the presence of erosion–deposition areas affect
the results (Pirulli and Marco 2010). Consequently, these methods
require an accurate calibration of parameters on the basis of back-
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analysis of real events for assessing and forecasting potential danger-
ous areas.

Another important issue is the choice of the most suitable sim-
ulation code: Pirulli and Sorbino (2008) stated that the use of more
than one code for simulating debris flow events is recommended
to compare runout results, providing and highlighting the main
differences. This aspect is particularly important because it helps
users in the decisional process in assessing potential risks and
evaluating–designing possible countermeasures.

The purpose of this paper is to investigate if codes that imple-
ment the same governing equations, but with fundamentally dif-
ferent numerical solvers, produce different results, when the
same rheological law and rheological values are used to model a
given case, and the extent to which obtained results may differ.
This is an important aspect and it should be taken into account by
the engineers (e.g., in the design of structural countermeasures
and mapping of dangerous areas). Because one of the main func-
tions of the numerical codes should be to forecast future events
and to predict their effects, their choice becomes, for engineers,
an important aspect to take into account (Vagnon 2017).

In the following sections, the two different continuum-based
codes RASH3D (Pirulli 2005) and GeoFlow_SPH (Pastor et al. 2009,
2015) are briefly described and used to back-analyse a real debris
flow event that occurred in northern Italy. The obtained results
are compared and discussed.

2. Continuum mechanics modelling
To apply continuum mechanics to flow-like landslide modelling

implies that both characteristic thickness (H) and length (L) of the
flowing mass are assumed to exceed the size of single moving
particles in the order of several times. With this hypothesis, the
real moving mixture, composed of solid and fluid phases, can be
replaced by an “equivalent fluid”, whose properties have to ap-
proximate the bulk behaviour of the real mixture.

Furthermore, a kinematic boundary condition is imposed on
free and bed surfaces according to which mass neither enters nor
leaves at these two surfaces unless an erosion law is introduced.

Under the aforementioned conditions and assuming that the
sliding mass is described as a single-phase, incompressible, and
homogeneous material (Savage and Hutter 1989; Hungr 1995;
Iverson and Denlinger 2001), the motion can be described using
the balance of mass and momentum equations:

(1) � ·v � 0

(2) ���v
�t

� v ·�v� � �� ·� � �g

where v denotes the three-dimensional velocity vector (= (vx, vy, vz))
inside the mass in an (x, y, z) coordinate system that will be dis-
cussed later, �(x, y, z, t) is the Cauchy stress tensor, � is the mass
density, and g is the vector of gravitational acceleration.

Depth averaging of these equations and shallow flow assumption
require the choice of an appropriate coordinate system. During the
flow, the characteristic thickness (H) of the flow is considerably
smaller than its extent parallel to the bed (L). In the case of significant
slopes, the shallow flow assumption is more significant in a refer-
ence frame linked to the topography and the classical shallow water
approximation relating horizontal and vertical direction is not ap-
propriate (Mangeney-Castelnau et al. 2003). As in the work by Iverson
and Denlinger (2001), the equations are here written in terms of a
local, orthogonal Cartesian coordinate system in which the z coordi-
nate is normal to the local topography.

In the reference frame linked to the topography, equations of
mass and momentum in the x and y direction derived by integra-
tion of Navier–Stokes eqs. (1) and (2) read

(3) ��h
�t

�
�(v̄xh)

�x
�

�(v̄yh)

�y
� 0

���(v̄xh)

�t
�

��v̄x
2h�

�x
�

�(v̄xv̄yh)

�y
� � �

�(	̄xxh)

�x
�

�(	̄xyh)

�y
� Tx(z�b)

� �gxh

���(v̄yh)

�t
�

�(v̄yv̄xh)

�x
�

��v̄y
2h�

�y
� � �

�(	̄xyh)

�x
�

�(	̄yyh)

�y
� Ty(z�b)

� �gyh

where v̄ denotes the depth-averaged flow velocity (� �v̄x, v̄y�); h is
the flow depth; Tx and Ty are the traction vector components in
the x and y directions, respectively; b is the bottom elevation
in the (x, y, z) coordinate system; and gx, gy are the projections of
the gravity vector along the x and y directions, respectively. The
traction vector T = (Tx, Ty, Tz) = −� · nb, where nb is the unit vector
normal to the bed, and

T � �
	xx

�b
�x

� 	xy
�b
�y

� 	xz

	xy
�b
�x

� 	yy
�b
�y

� 	yz

	xz
�b
�x

� 	yz
�b
�y

� 	zz
�

b

A scale analysis with respect to H/L (Gray et al. 1999;
Mangeney-Castelnau et al. 2003) leads to neglecting the accelera-
tion normal to the topography and the horizontal gradients of the
stresses in the z equation, leading to 	zz = �gz(h − z). The normal
traction reduced to Tz = −	zz|b and ��/�xi��h	̄xy� can be neglected in
the z and y depth-averaged momentum equations.

Depth-averaged integration simplifies the three-dimensional
description of the flow, but the vertical velocity distribution is lost
and replaced with a single average velocity value in the flow depth
for each point of the flowing mass. Furthermore, the rheological
characteristics are included in a single term acting at the interface
between flow and terrain surface.

In 1989 depth-averaged equations were applied for the first time
to the analysis of propagation of a granular mass by Savage and
Hutter; since then, many numerical models were progressively
implemented. Even if based on the same balance equations and
the same simplifying hypotheses, the aforementioned codes
mainly differ for the adopted numerical solver.

In the following sections, the characteristics and peculiarity of
the two continuum numerical codes, RASH3D (Pirulli 2005) and
GeoFlow_SPH (Pastor et al. 2009, 2015), are presented, focusing on
both similarities and main differences.

3. RASH3D versus GeoFlow_SPH
In continuum dynamics, the equations of motion can be formu-

lated in one of two frames of reference: Eulerian or Langrangian.
A Eulerian reference frame is fixed in space, while a Lagrangian
reference frame moves with the flow. Furthermore, to perform
the mass balance calculation, a discretization of the equations has
to be made by using a mesh (structured or unstructured) or a
meshless approach. In a meshless scheme, in lieu of a mesh, bal-
ance is determined from the spatial distribution of a number of
moving reference masses (known as particles). The RASH3D and
GeoFlow_SPH codes adopt the first and the second discretization-
approach, respectively. In particular, RASH3D discretizes the ter-
rain on a general triangular grid with a finite element data
structure and it computes the flow in the different flow directions
using a particular control volume; whereas, in GeoFlow_SPH, the
sliding soil is schematized as a series of nodes with fictitious mov-
ing mass and pressure terms. That is, RASH3D uses a Eulerian
method and a fixed reference system for evaluating flow motion
characteristics (for each node of the mesh, velocity and thickness and
their evolution in time are calculated). In contrast, GeoFlow_SPH
uses a meshless Langrangian method known as smoothed particle
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hydrodynamics (SPH) and the reference system is integral with
the particle position.

Both these codes are based on a depth-average continuum me-
chanics based approach and they need as input data to run an
analysis: (i) the pre-event digital elevation model (DEM), (ii) the
position and the magnitude of a source area, and (iii) the rheologi-
cal law.

A relation deduced from the mechanical behaviour of the ma-
terial has to be imposed between the tangential stress Tt (= (Tx, Ty))
and v and h to close the equations forming eq. (3). The depth-
averaged mass is then considered as an effective material submit-
ted to an empirical friction introduced in the tangential traction
term Tt (Pouliquen 1999).

Considering a Coulomb-type friction law, the norm of the tan-
gential traction �
t� at the bed is related to the norm of the normal
traction �
n� = |Tz| = |	zz|b| at the bed, through a friction coefficient
�; that is, �
t� ≤ 	c � ��
n� � ��gzh and acting opposite to the
velocity (i.e., 
i � ���gzh�v̄i/�v̄��). The value of 	c defines the upper
bound of the admissible stresses.

Similarly, the Voellmy rheology gives

(4) 
i � �	�gzh� �
�gv̄i

2

�

 v̄i

�v̄�
i � (x, y)

where � is the frictional coefficient equal to the tangent of the
bulk basal friction angle and � is the turbulent coefficient.

The Voellmy rheology, as stated by many authors (e.g., Hungr
and Evans 1996; Rickenmann and Koch 1997; Revellino et al. 2004;
Pirulli 2009), produces most consistent results in terms of debris
spreading and distribution as well as velocity data when debris
flows are analysed. This is why it has been selected for comparing
the two codes results in the case of the Rio Nora debris flow event.

It is finally underlined that the two selected codes have been
widely validated through the back-analysis of laboratory experi-
ments (e.g., Manzella et al. 2008; Pisani et al. 2013; Sauthier et al.
2015) and of real events (e.g., Pirulli 2009, 2016; Pirulli and Marco
2010; Pirulli and Pastor 2012; Cascini et al. 2014; Cuomo et al. 2014;
Pastor et al. 2014; Dutto et al. 2017; Pirulli et al. 2017), and in the
frame of a common benchmark exercise (see Pastor et al. 2007;
Pirulli and Scavia 2007).

3.1. RASH3D code
The RASH3D code, developed by Pirulli (2005) is an upgrade for

modelling landslide run out problems of a pre-existing numerical
code (SHWCIN) developed by Audusse et al. (2000) using a finite
volume method.

This type of method requires the formulation of the equations
in terms of conservation laws.

The system of equations shown as eq. (3), approximated in ac-
cordance with the scale analysis described in Section 2 “Contin-
uum mechanics modelling”, can be written as

(5)
�U
�t

� div F(U) � B(U)

Fig. 1. Triangular finite-element mesh for dual cell Ci (adapted from
Mangeney-Castelnau et al. 2003). nij, normal vector to 
ij directed
from Pi to Pj, one of mesh vertexes that surround Pi; 
ij, boundary of
dual cell Ci separating Pi from Pj.

Fig. 2. Nodes and numerical integration on smoothed particle
hydrodynamics (SPH) mesh (Pastor et al. 2009). [Colour online.]

Fig. 3. One-dimensional (1D) dam break problem over dry bed.
[Colour online.]
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where

U � 	 h
hvx

hvy



F(U) � �

hvx hvy

hvx
2 �

gzh
2

2
hvxvy

hvxvy hvy
2 �

gzh
2

2
�

B(U) � �
0

gxh �
1
�

Tx

gyh �
1
�

Ty
�

The system of equations is then discretized on an unstructured
triangular mesh with a finite element data structure using a par-
ticular control volume, which is the median dual cell (Pirulli
2005). Dual cells Ci are obtained by joining the centres of mass of
the triangles surrounding each vertex Pi of the mesh (Fig. 1).

For each point Pi of the mesh, the code gives as output the values in
time of flow height, velocity in x and y directions, and the maximum
values of the height and velocity reached during the whole process
up to final deposition of the mass.

Under these hypotheses, the finite volume scheme is written as

(6) Ui
n�1 � Ui

n � �j�Ki

�tLij

|Ci|
F�Ui

n, Uj
n, nij� � �tB�Ui

n�

where Ui
n�1, Ui

n is the approximation of the cell average of the exact
solution U for the ith cell, at times tn and tn+1, respectively; and Ki

is the set of nodes Pj surrounding Pi. F(Ui
n, Uj

n, nij) denotes an inter-

Fig. 4. Comparison between analytical solution and computed results for (a) flow height and (b) velocity at t = 0.5 s. [Colour online.]
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polation of the normal component of the flux F(U)·nij along bound-
ary edge 
ij, with length Lij, which separates cells Ci and Cj (Fig. 1),
�t is the time step, |Ci| is the area of Ci, B(Ui

n) is the approximation
of the ith cell average of the exact source term, B(U), at time tn

(Audusse et al. 2000). The summation sign in the second term of
the right hand side of eq. (6) indicates that the computation here
includes all the boundary edges of the considered ith cell. In
RASH3D, a proper calculation of the projection of the term of
gravity in the equations that form eq. (3) is obtained, for a finite
volume method and a complex topography, by computing the
line of maximum dip of each cell, projecting it on the plane tan-
gent to the topography, and re-projecting the obtained direction
on the x and y axes of the reference system (Pirulli 2005).

3.2. GeoFlow_SPH model
The GeoFlow_SPH model proposed by Pastor et al. (2009) is

based on the theoretical framework of Hutchinson (1986) and
Pastor et al. (2002) and it schematizes the propagating mass as a
one-phase mixture of solid particles and water. The governing
equations (eq. (3)) are solved using the SPH model (Lucy 1977;
Gingold and Monaghan 1977).

In the SPH model, a given function, �(x), and its spatial deriva-
tives can be approximated by integral approximations defined in
terms of kernel and they can be further approximated by replac-
ing them with summations over all the corresponding values at
the neighbouring particles in a local domain.

The following equality is the starting point of SPH approxima-
tion:

(7) ��(x)
 � �
�

�(x′)W(x′ � x, l) dx′

where ���x�
 is the integral approximation of �(x), � is the inte-
gration domain, W(x= − x, l) is the smoothing kernel function, and
l is the smoothing length defining the influence area of W.

The accuracy of the numerical solution and the level of approx-
imation for engineering purposes are a function of the properties
and dimensions of the kernel W. In particular, the smoothing
kernel function W has to satisfy three main properties: (i) its inte-
gration returns the unity, (ii) when l tends to zero, the kernel
function is the Dirac delta function, and (iii) when |x= − x| > kl,
with k a constant that defines the effective area of the smooth-
ing function, W is equal to 0. The latter condition guarantees
that the integration over the entire problem domain is local-
ized over the support domain of the smoothing function, which
coincides with �.

Equation (7) is valid at the continuum level; because, in the
problem concerning the propagation of a rapid landslide, the
information is stored in a discrete framework (e.g., in a series of
nodes), the SPH kernel approximation is converted to discretized
forms. Thus, the propagating mass is discretized through a set of
moving “particles” or “nodes” in which regular distributions are
used to approximate the values of functions and derivatives. Each
node, i, has the following nodal variables: h is the height of the
landslide, v̄ is the depth-averaged velocity, Tb is the surface vector
force at the bottom, m is a fictitious mass defined as �h, p̄ is the
averaged pressure term (= (1/2)b3h2), and �̄∗ is the depth-averaged
modified stress tensor equal to 	̄ � p̄�.

Consequently, eq. (7) can be rewritten as follows:

(8) ��(xi)
 � �j�1

N mj

�j
�(xj)Wij

where �j is the fictitious density of the particle j, N is the number of
nodes, and Wij is the value of smoothing kernel defined as W(xj − xi, h).
Summarizing, the integral approximation of a function �(x) at the
node i is defined as the sum of the function values estimated at the
nodes j, included in the support domain � (Fig. 2).

Under these hypotheses, the system of equations that form
eq. (3) can be rewritten as

(9)
d̄hi

dt
� hi�j

mj

hj
vij gradWij

(10)
d̄
dt

v̄l � � �j
mj	 p̄i

hi
2

�
p̄j

hj
2
 gradWij

�
1
� �j

mj		̄i
∗

hi
2

�
	̄j

∗

hj
2
 gradWij � b �

1
�hi

|NB|Ti
B

where vij is the difference between vi and vj and �NB� �

	�Z2

�x1
�

�Z2

�x2
� 1


1

2 with Z being the height of the basal surface.

In GeoFlow_SPH code, eqs. (9) and (10) are discretized in time
with the explicit scheme of fourth order Runge Kutta. As in
RASH3D, the terrain information are given by DEM; to allow
searching neighbour particles, an auxiliary temporary structured
grid, defined by the minimum smoothing length, covering the
part of the terrain covered by SPH particles is used (Fig. 2).

The outputs of the code are the values of velocity and deposi-
tional height evaluated at each time step.

A detailed description of the method can be found in Pastor
et al. (2015).

3.3. Dam break: comparison between numerical and
analytical results

This section is devoted to present a benchmark for comparing
the predictive capability of the two codes. When numerical mod-
els are employed, it is fundamental to know the accuracy of
numerical results by performing analyses on cases that have ana-

Fig. 5. Frictional dam break problem on inclined plane. [Colour
online.]
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lytical solutions. This is the case of a one-dimensional (1D) dam
break problem where a vertical wall retaining water suddenly
collapses (Fig. 3). The propagation domain is assumed dry; that is,
there is no water at the right side of the wall before the collapse.
Moreover, no internal and basal friction and viscous effects are
considered.

The initial height condition is given by the piecewise constant
function

(11) h(x,0) � �hL if x ≤ 0
0 if x � 0

and the velocity by

(12) u(x, 0) � 0

where hL is the initial height equals to 10 m.

The analytical solutions (Stoker 1957; Guinot 2003) for a 1D
dam break problem under the hypothesis of a dry, frictionless
bed are

(13) h(x, t) � �hL if x ≤ �2�ghLt
1

9g�2�ghL �
x
t �2

if �2�ghLt � x ≤ 2�ghLt

0 if x � 2�ghLt

(14) u(x, t) � �0 if x ≤ ��ghLt
2
3��ghL �

x
t � if ��ghLt � x ≤ 2�ghLt

0 if x � 2�ghLt

Figure 4 shows the comparison between analytical (green dot-
ted line) and numerical results obtained with RASH3D (blue line)
and Geoflow_SPH (red line) codes, in terms of flow height (Fig. 4a)

Fig. 6. Comparison between analytical solution and computed results for (a) flow height and (b) velocity at t = 30 s. [Colour online.]
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and velocity (Fig. 4b) at t = 0.5 s. A good agreement between ana-
lytical and numerical solutions for each code is found. For what
concerns Geoflow_SPH, its computed solution shows a good ap-
proximation of the analytical solution, especially in the initiation
phase of the flow propagation whereas it overestimates flow
height (and consequently it underestimates the velocity) during
the rarefaction phase. On the contrary, RASH3D solution presents
smoother results in the initiation phase (and consequently it
there overestimates the velocity), but a good agreement at the
flow front.

3.4. Frictional dam break on slope: comparison between
numerical and analytical results

In the previous section, the prediction capability of the two
codes was evaluated solving the 1D problem of the collapse of a
vertical wall retaining water and comparing the results with the
analytical solution presented by Stoker (1957) and Guinot (2003).
As the two codes are intended for use with granular material, the
case of a frictional fluid behind a dam on a slope is here consid-
ered (Fig. 5). Comparing this benchmark with that presented
in Section 3.3 “Dam break: comparison between numerical and

Fig. 7. Location of Nora basin (Orco River valley) in Italy. [Colour online.]

Fig. 8. Deposition area and debris thickness distribution of October
2000 Nora debris flow. [Colour online.]
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Fig. 9. Comparison between (a) RASH and (b) GeoFlow_SPH propagation path (deposition values) at end of numerical simulation carried out
using Voellmy rheology with � = 0.1 and � = 200 m/s2. [Colour online.]

Fig. 10. RASH3D (left) and GeoFlow_SPH (right) simulation at different time steps using same rheological parameters. The two simulations
show differences both in term of velocity (flow simulated using SPH is faster) and shape (RASH3D shows a larger lateral spreading). [Colour
online.]
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Fig. 11. Comparison of the two numerical code results in terms of velocity differences at (a) time step equal to 50 s and (b) velocity values
obtained during whole simulation. [Colour online.]

Fig. 12. Back-calculated GeoFlow_SPH final deposit using Voellmy rheology with � = 0.08 and � = 100 m/s2. [Colour online.]
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analytical results”, there are two additional terms, originated by
the slope and the basal friction.

The analytical solution used here to validate the RASH3D and
GeoFLow_SPH results was developed by Mangeney et al. 2000 and
it allows to easily calculate the flow height and depth-averaged
flow velocity for a given time (t) as follows:

(15) h(t) �
1

9g cos��2c0 �
x
t

�
1
2

mt�2

(16) u(t) �
1
3�2c0 �

2x
t

� mt� � mt

where g is gravitational acceleration, � is the slope equals to 30°,
and the physical quantities c0 and m are given by the following
equations:

(17a) c0 � �ghL cos�

(17b) m � g cos� (tan� � tan�)

where hL is the initial fluid height and � is the bulk friction angle
equal to 10 m and 25°, respectively.

Equations (15) and (16) are valid outside the region defined by
x > −c0t + (1/2)mt2, where the fluid height and the velocity are
constant and equal to hL and mt, respectively, and upstream from
the front of the fluid (h = 0 and u = mt) defined by x > 2c0t + (1/2)mt2.

In Fig. 6, the comparison between analytical (green dotted line)
and numerical results obtained with RASH3D (blue line) and Geo-
flow_SPH (red line) codes is shown. As in the water dam break
case, a good agreement between analytical and numerical solu-
tions for each code was found. For what concerns flow height, the
Geoflow_SPH solution presents smoother height values in the
initiation phase and a moderate overestimation of the front thick-
ness. RASH3D accentuates the effects of smoothing in the initia-
tion phase, but it shows a negligible overestimation of the front
thickness values compared to the analytical solution.

About depth-averaged velocity, it has an opposite trend com-
pared to the height flow: in fact, where simulated thickness values
are smaller than analytical ones, simulated velocity values are
higher and vice-versa. For these reasons, the main differences
between numerical and analytical solutions increase closer to the
front flow.

The benchmarks here proposed were used to assess the validity
of the discretization technique presented. Others validation exer-
cises can be found in Pastor et al. 2009, 2014, 2015 and Pirulli 2005.

Fig. 13. Comparison between RASH3D (left) and GeoFlow_SPH (right) simulation at different time steps using Voellmy rheology with � = 0.1
and � = 200 m/s2 and � = 0.08 and � = 100 m/s2 respectively. [Colour online.]
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4. Case study: October 2000 Nora debris flow
The Nora stream basin (Fig. 7), a tributary of the Orco River

(Piedmont region, Northwestern Alps, Italy), was affected in
October 2000 by intense rainfall (the average rainfall value was
400 mm in 60 h, with peak rainfall intensity of 28 mm/h) that
caused the formation of a debris slide (ARPA Piemonte 2003).
Due to the steep drainage network, the intense surface runoff,
and the altered gneissic bedrock, the debris slide rapidly trans-
formed into a channelized noncohesive debris flow (Pirulli and
Marco 2010). Although residual pockets of debris located along
the channel were re-mobilized, due to their smaller volumes
then main moving mass, the entrainment of material during
runout can be neglected.

Reaching the fan apex, the debris split into two main branches
(Fig. 8), one on the orographic left with thickness values ranging
from 0.5 and 1.5 m; the other, on the orographic right with thick-
ness varying between 0.2 and 0.8 m.

After post-event observations (in both the source zone and the
depositional areas) and comparison between ground profile
pre- and post-event, the bulk debris volume was estimated at ap-
proximately 10 000 m3.

5. Discussion
Do different numerical codes that implement the same govern-

ing equations (eq. (3)), but with fundamentally different numeri-
cal solvers, give same results or not? Are the differences relevant?
What are the consequences concerning the design of potential
structural countermeasures?

To answer these questions, in the present section the comparison
of results coming from analyses performed using the two numerical
codes presented in the preceding paragraph are shown.

The Nora event was already studied and back-analysed with the
RASH3D code by Pirulli and Marco (2010). The best-fit numerical
simulation was obtained using a 5 m grid spacing DEM and con-
sidering a Voellmy rheology with � = 0.1 and � = 200 m/s2.

Note that in contrast with finite difference methods, where
pointwise values are approximated, and finite element methods,
where basis functions are approximated, in a finite volume
method, which is used in RASH3D, the unknowns approximate
the average of the solution over the domain grid cell.

Starting from these results, the same analysis, keeping un-
changed the rheological parameter values, was carried out using
GeoFlow_SPH code. As already mentioned, the meshless particle
codes, as GeoFlow_SPH, do not required fixed grid and all of the
calculations are performed directly at the particle-centred loca-
tion. Despite this, beside the 5 m topographic mesh (which pro-
vides the topography of the problem), GeoFlow_SPH requires that
a secondary grid is used for the debris flow source area definition.
In the Rio Nora case, the authors assumed a 1 m spacing secondary
grid and consequently a source area made of 212 points was ob-
tained. The smoothing length was set to 2 m.

The topographic mesh resolution for the RASH3D code and the
secondary grid resolution and dimension of the smoothing length
for GeoFlow_SPH have (considering the same computational
power) a great weight on the computational time. For the Rio Nora
case, the computational time of GeoFlow_SPH code (5 m spacing
topography grid, 1 m spacing secondary grid) is lower than
RASH3D one (5 m spacing topography grid), as the computations
are made on a set of arbitrarily distributed particles (secondary
mesh), which are not connected with fixed grid (topography
mesh). In particular, using the same workstation, GeoFlow_SPH
computation time is less than 20 times with respect to RASH3D.

In Fig. 9, significant differences can be observed between
GeoFlow_SPH and RASH3D simulation especially within the
depositional area. In particular,

• GeoFlow_SPH overestimates the depositional thickness values
with respect to the RASH3D code. It results a zone located at the
orographic left of the deposition area where the depositional
height reaches 2.7 m (the maximum on site measured deposi-
tional height was 1.5 m).

• GeoFlow_SPH simulation does not reach a satisfactory approx-
imation of the depositional area shape.

Furthermore, analysing the flowing path at different time step
(Fig. 10), it is possible to notice that

• At a given time, the travel distance computed with GeoFlow_
SPH is greater than that evaluated with RASH3D code. This means
that, being equal the rheological parameter values, the flow sim-
ulated in GeoFlow_SPH is faster.

Fig. 14. Differences between maximum velocity values evaluated
during whole simulation using Geoflow_SPH and RASH3D best-fit
rheological parameters. [Colour online.]
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• RASH3D simulation evidences a pronounced lateral spreading of
the flowing mass.

Figure 11 shows the differences between velocity values ob-
tained using GeoFlow_SPH and RASH3D at the same time step
(Fig. 11a) and the differences between maximum velocity values
reached during the whole simulation (Fig. 11b). Analysing Fig. 11a,
the aforementioned observations are confirmed. It is in fact pos-
sible to notice that the positive variation of velocity (dark red
color) corresponds to the front of the GeoFlow_SPH simulated
flow; on the contrary, the negative variation (dark green) marks
the lateral spreading of the RASH3D simulation. Differences be-
tween calculated velocities are not appreciable (<5 m/s) within the
flow body. Concerning the variation of maximum calculated ve-
locities (Fig. 11b), it is interesting to underline that the most sig-
nificant differences are in the upper part of the stream, where the
channel is steeper, whereas in correspondence of the alluvial fan
there are only appreciable differences between evaluated velocity
at the boundary of the deposition area.

Other simulations were run to also find the best-fit between
depositional area and GeoFlow_SPH results. The best correspon-
dence between depositional height and spatial distribution of the
deposit was obtained with � = 0.08 and � = 100 m/s2 (Fig. 12).

Comparing the numerical results of the two calibrated codes,
Fig. 13 evidences a good correspondence between the numerically
calculated depositional height and in situ surveyed deposit thick-
ness distribution. It is possible, in particular to notice that

• The shape of the flowing mass is slightly different for the two
codes: in RASH3D, a pronounced lateral spreading along the chan-
nel is evident. Furthermore, RASH3D flow shows a greater elon-
gation compared to the GeoFlow_SPH simulated flowing mass.

• In this case, GeoFlow_SPH velocities are slower than those of
RASH3D.

Analysing the variation of the maximum velocity values com-
puted using the two codes and their best-fit rheological parameters
(Fig. 14), it is clear that, along the simulated flow path, there are no
relevant differences, especially in the depositional area (velocity dif-
ferences vary between −5 and 5 m/s). The most relevant difference is
observed along the boundary of the run out path. RASH3D overesti-
mates the lateral spreading of the flow with respect to GeoFlow_SPH.
This aspect also emerges in the most compact configuration of the
GeoFlow_SPH deposit with respect to RASH3D.

The fact that the rheological parameter values are not inter-
changeable, from an engineering point of view, has relevant con-
sequences. For instance, hypothesizing the construction of a
protection structure at the apex point of the alluvial fan (e.g.,
Fig. 7), it is evident that numerical GeoFlow_SPH velocity is about
10% greater than that calculated using RASH3D best-fit rheological
values (Table 1). Instead, there are no differences between the
values of maximum flow height.

6. Conclusions
The two codes RASH3D and GeoFlow_SPH, based on a contin-

uum mechanics approach, were used to back-analyse the debris
flow event that occurred in October 2000 at the Nora basin, north-
western Italian Alps.

The presented back-analysis evidences that both modelling of
past debris flow events and forecasting of future scenarios require
to understand and quantify the result discrepancy generated by
the use of different numerical codes. The analyses carried out in this
paper clearly show that, even if a rheology is selected to back-analyse
the same case study with different codes, the obtained calibrated
values of rheological parameters are not interchangeable among the
codes. This fact has important consequences in the definition of risk
scenarios or for planning debris flow countermeasures.

Summarizing, the uncertainties related to evaluation of propa-
gation characteristics are consequences of both choice of the nu-
merical code and rheological parameter values. This is a key point
that has to be taken into account by practicing engineers that use
codes rather than produce them.

Concerning the analysed case, it emerges that

• Adopting the same rheological parameter values the two codes
give different areal depositional distribution and different veloc-
ity and thickness values.

• RASH3D code always gives a larger lateral mass spreading with
respect to GeoFlow_SPH.

• To obtain comparable results in terms of depositional height dis-
tribution, the best combination of rheological parameters for Geo-
Flow_SPH is � = 0.08 and � = 100 m/s2.

• The main differences between the two codes are related to veloc-
ity values (the GeoFlow_SPH velocity value results 10% greater
than the RASH3D ones, by using RASH3D best fit rheological val-
ues). No significant differences between maximum depth values
are emerged.
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List of symbols

B(U) source term
B�Ui

n� approximation of ith cell average of exact source term,
B(U), at time tn

b bottom elevation in the (x, y, z) coordinate system
Ci dual cells

|Ci| area of Ci

F(U) flux term
F�Ui

n, Uj
n, nij� interpolation of normal component of flux F(U)·nij that

separates Ci and Cj

g gravitational acceleration
g gravitational acceleration vector
H characteristic flow thickness
h flow depth

hL initial height (fluid)
h(x, 0) constant function for initial height condition

Ki set of nodes Pj surrounding Pi

k constant defines effective area of smoothing function
L characteristic length of flowing mass

Lij length of boundary edge
l smoothing length

m fictitious mass (= �h)
nb unit vector normal to bed
N number of nodes
Pi vertex of mesh
p̄ averaged pressure term
T traction vector (= (Tx, Ty, Tz))

Tb surface vector force at bottom of flow
Tt tangential stress

�Tn� norm of normal traction
Ti

B rheological law at bottom of flow
U velocity vector

Ui
n�1, Ui

n approximation of cell average of exact solution U for
ith cell, at times tn and tn+1, respectively

u(x, 0) constant function for velocity
v flow velocity vector (= (vx, vy, vz))
v̄ depth-averaged flow velocity (= �v̄x, v̄y�)
v̄i depth-averaged flow velocity in x and y direction
vij difference between vi and vj

W kernel of linear function
Wij value of smoothing kernel (= W(xj − xi, h))

Z height of basal surface

ij boundary edge
�t time step
� Dirac delta function
� slope
� frictional coefficient
� turbulent coefficient
� mass density
�j fictitious (or simulated) density of particle j

	(x, y, z, t) Cauchy stress tensor
	̄ depth-averaged Cauchy stress tensor

�̄∗ depth-averaged modified stress tensor (= 	̄ � p̄�)
	c upper bound of the admissible stresses
� bulk friction angle

�(x) given function
��(x)� integral approximation of given function

� integration domain
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