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Structural Properties of a Class of Linear Hybrid
Systems and Output Feedback Stabilization

Corrado Possieri and Andrew R. Teel

Abstract—In this paper, we deal with the problem of output
feedback stabilization for a class of linear hybrid systems. This
problem is addressed by characterizing the structural properties
of such a class of systems. Namely, reachability, controllability,
stabilizability, observability, constructibility and detectability are
framed in terms of algebraic and geometric conditions on the data
of the system. Two canonical forms, recalling the classical Kalman
decompositions with respect to reachability and observability,
are given. By taking advantage of this characterization, duality
between control and observation structural properties is estab-
lished and necessary and sufficient conditions for the existence of
a linear time—invariant output feedback compensator are stated.
Compared with previous results, no assumption is needed on the
plant about minimum phaseness, relative degree or squareness.

I. INTRODUCTION

Hybrid dynamical systems provide a comprehensive
framework to characterize processes evolving according to
continuous—time dynamics (flow) and discrete—time dynamics
(jump) (see [1], [2] and references therein). Many tools for
the analysis and control of such a class of systems have
been developed [3]-[9]. For instance, in [10], necessary and
sufficient conditions for reachability and observability of linear
switched system have been stated assuming nonsingularity of
impulsive gain matrices, while, in [11], the same structural
properties have been characterized by removing the latter
assumption. In this work, we focus the attention on a class
of widely studied linear hybrid systems (see [12]-[19] and
references therein) where the clock variable satisfies a constant
dwell-time and is available for feedback. This allows us to
focus our attention on a linear setting and to extend many of
the classical results for non—hybrid linear systems. As a matter
of fact, even if the results given in this paper are formalized
in the modern hybrid formalism, they are strongly related to
the scientific research carried out in the 1980’s, in the context
of multi-rate sampled—data systems, generalized holders and
periodic systems (we refer the interested reader to [20]-[22]
for multirate sampled—data systems, to [23] for generalized
holders, and to [24]-[27] for periodic systems).

One of the main reasons of interest in output feedback
stabilization for such a class of hybrid systems is in com-
pleting a key aspect on necessary conditions for hybrid output
regulation [28]. Such a problem has been also proven rele-
vant in many applications involving hybrid systems, as, for
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instance, billiard systems, juggling and walking robots [29]-
[32]. In this scenario, the objective is to drive the output of
the hybrid plant to zero, despite the presence of a hybrid
disturbance input that is generated by an external exosystem
with known dynamics and unknown initial condition. In [33],
[34], compensator structures are proposed to generate desired
steady—state solutions solving this problem. In [35], [36], it is
shown that a time—invariant compensator is able to generate the
steady state, but stabilization is achieved by exploiting a time—
varying compensator. This paper shows that, under the mere
stabilizability and detectability hypotheses, a linear dynamic
time—invariant output feedback stabilizer actually exists. To
achieve such an objective, the structural properties of this class
of systems are framed in terms of the hybrid system data.
Namely, we propose conditions, wholly similar to the Popov-
Belevitch-Hautus (PBH) tests [37], [38], that guarantee reach-
ability, controllability, and stabilizability of the hybrid system.
Similar conditions are given also for observation objectives,
leading to the characterization of observability, constructibility,
and detectability. Two standard forms, mimicking the classical
Kalman decomposition [39] for non—hybrid linear systems, are
proposed. Taking advantage of this characterization, a linear
dynamic time—invariant output feedback compensator for this
class of hybrid systems is given. Hence, the employment of the
output feedback stabilizer given in this paper with the steady—
state generator designed in [35] allows to solve the output
regulation problem proposed in [33]. Moreover, as shown in
Example 3, the output feedback stabilizer proposed in this
paper can be also employed to achieve stability of a class of
mechanical systems subject to periodic jumps (see also [40]).

The remainder of the paper is organized as follows: In
Section II the considered class of hybrid systems is introduced
and some preliminary results are stated. In Section III, a com-
prehensive characterization of structural properties of these
hybrid systems is given. Namely, in Section III-A, reachability,
controllability, stabilizability, and a new structural property,
called strong reachability, are characterized and a control
standard form is proposed. In Section III-B, observability, con-
structibility, and detectability are framed in terms of the data of
the hybrid system, and an observation standard form is given.
In Section IV, a duality theorem, relating “control” structural
properties of a given system with “observation” properties of
a dual hybrid linear systems, is stated. In Section V, necessary
and sufficient conditions for the existence of a stabilizing
linear dynamic time—invariant output feedback are given and a
compensator structure is proposed. In Section VI the extension
of the results of this paper to arbitrary initial conditions for
the timer variable is analyzed. Conclusions and future work
are discussed in Section VIIL.



II. NOTATION AND PRELIMINARIES

Let R, Z and C denote the set of real, integer and complex
numbers, respectively. Define C, := {s € C : |s|] < 1}.
Letting M be a square matrix, A(M) denotes the spectrum
of M. Letting S € R"**, define Im(S) := {x € R" : Iz €
R* such that z = Sz} and Ker(S) := {z € R’ : Sz = 0}. Let
X # {0} be a subspace of R"; the dimension of X, denoted
dim(X), is the number of elements in any basis of X.

Consider the hybrid system governed by the flow dynamics

1, (1a)
= Az + Bup, (1b)

whether (7,2) € [0, 73] x R™, and subject to jumps according
to the rules

0, (1c)

T = (1d)

= Fzr+ FUJ,
whether (7,7z) € {Tp} x R", with state (¢, k) € R", flow
input up(t,k) € R™, jump input u;(k) € R™2, initial
conditions x(0,0) = xp, o € R™, and 7(0,0) = 0 (in the
subsequent Section VI, extensions of the results of this paper
to 7(0,0) = 79, 70 € [0, 7] are discussed). In the previous
equations, Tps is a positive known constant that imposes a
fixed dwell-time constraint between two consecutive jumps.
Hence, each solution (usually called hybrid arc) to system (1)
is defined on the hybrid time domain

T := {(t,k‘),t S []ﬂ']\/[7 (k? + 1)7’1\4],]6 € Z}O},

which is then a priori fixed. Solutions to system (1) are hybrid
arcs, i.e., locally absolutely continuous functions mapping
(t,k) € T in the indicated set. For compactness, given
(t,k) € T, the shortcut t := k7p; will be used.

Let ©(t,k,zo,up,uy) be the solution to system (1)
at hybrid time (¢,k) € 7, with initial condition z
and inputs up(,-), wuy(-). With some abuse of no-
tation, we say that the system (1) is Linear Time—
Invariant (briefly, LTI), to underline the fact that, given
z0,1,%02 € R, upi(-,-), upa(-,), usi(-), and uya(-),
ot k,axo1 + Prog, aup, + Pupz,ouy + Pugz) =
ap(t,k,zo1,up1,us1) + Bo(t, k, xo2,ur e, us2), for each
a,f € R, and that, for each xg € R", up(--), us(-),
o(t, k,x0,up,uy) equals the solution to system (1) at hybrid
time (t+h7yr, k+h) € T, with initial condition x (¢, h) = x¢
and inputs g (t, k) = up(t—hrar, k—h), (k) = uy(k—h),
for each (t,k) € T N ([th,00) X {h,h +1,---}), h € Z>y.
System (1) is stable if for each € > 0, there exists 6. > 0
such that |zg| < 6. = |p(t, k,20,0,0)| < e, V(t, k) € T.
System (1) is attractive if limsq k00 |@(¢, k, 20,0,0)| = 0.
System (1) is asymptotically stable if is stable and attractive.
Let EeA™ be the monodromy matrix of system (1). As dis-
cussed in [35], [36], system (1) is asymptotically stable if and
only if all the eigenvalues of the monodromy matrix EeA7
(or, equivalently, eA™ E, because A(Eed™) = A(eA™ E)
even if, in general, EeA™ = ¢A™ F [41, Ex. 7.1.19]) lie in
the open unit circle in the complex plane C,.

III. STRUCTURAL PROPERTIES OF HYBRID SYSTEMS

Let yr(t,k) € R% and y;(k) € R% be the measurable
outputs of system (1), defined as

yF(ta k)
vy (k)

CFl‘(t,k’),
le'(tk, k— 1)

(2a)
(2b)

Note that, as a matter of convenience, we separate the
continuous—time input u (resp., output yx) from the discrete—
time input up (resp., output ys), but, by [42], there is no
conceptual difficulty in keeping them together in a single
vector u = [ up W | (resp., y=[ ¥ Y5 1), by simply
redefining the matrices in (1), (2).

Mimicking the definitions for non-hybrid linear systems,
system (1), (2) is said to be

o stabilizable if, for any initial condition zy, €
R™, there exist inputs up(-,-) and wj(-) such that
limt+k—>oo gO(t, ]43, To,UR, UJ) = 0;

o controllable if, for any initial condition zo € R", there
exist inputs ug(-,-), uy(-), and a finite hybrid time
(0,k) € T such that p(0, Kk, zo, up,uy) = 0;

e reachable if, for each x € R™, there exist inputs up(-,-),
uy(+), and a finite hybrid time (0,x) € T such that
w(0,K,0,up,uy) = x;

e detectable if, for any initial condition x¢ € R", by using
only measurements of the input functions up(-,-), u;(+)
and of the outputs yr(-,-), ys(-), it is possible to deter-
mine an estimate Z(¢, k) of x(t, k) = ¢(t, k, xo, up, uy)
that is such that lim; o @(¢, k) — z(t, k) = 0;

o constructible if, for any initial condition xy € R”, there
exists a hybrid time (0, ) € T such that, by using only
measurements of the input functions wg (-, ), us(-) and of
the outputs yr(-,-), ys(-,) up to time (0, k), it is possible
to determine (60, K, xo, up, uy).

e observable if, for any initial condition xy € R"™, there
exists a hybrid time (0, x) € T such that, by using only
measurements of the input functions wp (-, ), us(-) and of
the outputs yr(-,-), ys(-,) up to time (0, k), it is possible
to determine x.

The goal of this section is to frame the structural properties
defined above in terms of algebraic and geometric conditions
on the data of the hybrid system. Namely, we present simple
tests, wholly similar to the Popov-Belevitch-Hautus (PBH)
tests for non—hybrid linear systems, characterizing the struc-
tural properties of such a class of systems. It is worth pointing
out that, by the definitions given above, if system (1), (2) is
controllable it is also stabilizable, while if it is observable
it is also constructible and if it is constructible, it is also
detectable. On the other hand, as shown in the subsequent
Example 2, reachability does not imply controllability and
stabilizability for this class of hybrid systems. Therefore,
in order to reestablish these classical implications, a new
structural property, called strong reachability, is defined in the
subsequent Definition 1.



A. Reachability, controllability and stabilizability

Define the reachable set
Xp i ={x € R": Jup(-,-),us(") s.t.
©(0,K,0,up,uy) = x,for some (0, k) € T}.

The following theorem characterizes the set X in terms of
the data (A, B, E, F, 7)) of the hybrid system (1).

Theorem 1. The set X, is given by

X, = U (Im(@AtREeATM,F) + Im<5t RA,B)) ?

t€[0,7ar]
where Rpoary = F  Ee*™F (BeAT)yn=1F |,
F = [ F ERA,B ], RA,B = [ B A""1B ], and

5=0ift=0 0rd =1 ift € (0,7n]
Proof. Define the reachable set with fixed final time (t,k) € T

Xr(t’k) ={z € R, Jup(,),us(-) st. o(t,k,0,up,uy) = z}.

Clearly, the reachable set X, is given by U(t.k)eT Xr(t’k)

[43]. By classical results about reachability of continuous—
time dynamical systems [44], X,Et’o) = Im(Ry4 p), for all
t € (0,7ar]. Therefore, for each = € XT(TM’O), there exists
v such that x = R4 pv. Consider the set XT(TM’U. For each
T € XT(TM’l), there exist vectors uq, vy such that x = Fuy +
ER 4 pvi. Consider now the set Xr(t’l), for all t € (7as, 271)-
Since system (1) is LTI, for each = € Xr(t’l) , there exist vectors
u1, U1, Vg such that z = eA(t*TM)(Ful +ERA pv1)+Ra Bv2.
As a matter of fact, since system (1) is LTL ¢(¢,1,0,up1 +
Up,2, UJJ) = (p(t, 1,0, Up1, 'U/JJ) + (p(t, 1,0, Up2, 0), where

B B UFJ(t,k) +uF,2(t7k)a if t < ™
upy(t, k) = 0, otherwise,
B B 0, if t < 71y,
upa(t k) = up1(t, k) +upa(t, k), otherwise.

Hence, for each x; € R™ such that there exist @p1(-,-),
ug1(-) such that 1 = ¢(¢,1,0, %p1,u,1), there exist vectors
up,v; such that 1 = eAU—™)(Fy; + ER4 pv1), while,
for each z; € R™ such that there exists @p2(-,-) such that
x2 = ¢(t,1,0,7Up2,0), there exists a vector vy such that
x9 = Ra pvg, for all ¢ € (7ar,270]. By iterating such a
procedure, one obtains that, for each x € X,gt’k), t € (tg, tgt1],
k € Zxo, there exist vectors uq, ..., Uy, V1, . . ., Vk+1 such that

} + R4 BVk41, (3)
Uh

k

T = eA(t—tk) Z(EGATM)k—hF |: Up
h=1

while, for each = < Xr(t’“k), k € Zxq, there exist vectors

Uly ..., Uk, V1, ...,V such that

k
- _ Araryk—h 5 | Uh
= hz::l(Ee )PTE { . ] :
Hence, by considering that, by the Cayley-Hamilton theo-
rem [44], there exist ag, . .., a,_1 € R such that (Ee4™ )" =
2?2—01 a;(EeA™)? one has that z € X, if and only if (at
least) one of the following two conditions holds:

e It € (0, 7] and Vectors w1, . . . , Wn, Vny1, such that z =

eAt ZZZI(EeATM)n—thh + RA,an-i-l« )

o Jwi,...,w, such that x = Y ) _ (EeA™)k=h [y,
Therefore, X, = U, er xR = Im(Rgeary p) U
(Ute(() ad] Im([ e Rpoary F Rap ])). Thus, the fact that
Im(Rpary 5) = Im([ e Rpear g 6 Rap ]|,_,) con-
cludes the proof.

Corollary 1. The reachable set with fixed time xR, (t, k) €
T, t > t,, k> n, is a subspace of R™ and is given by

AR :{ ([ e Ry ary o Rap 1), it #ty,
" Im(REeATM,F‘), ift =tg.

Note that, even if the reachable set in fixed time Xr(t’k) is a
subspace of the state space R™ of system (1) for all (¢,k) € T,
the set X, needs not be a subspace of R™ (see also [43]).

Example 1. Consider system (1) with data n = 3, 7py = 1,

0 0

A: B:

)

E - s F =

OO OO
S OO = OO
O O O OO
[N o Ne N

For such a system, Im([ e*Rpoary 5 Rap|) =
Im([ 1 t t2/2]). Therefore, the points =z, =
[1 0 0] and z, = [1 1 1/2] are in X,, but
g + xp ¢ X, whence X, is not a subspace of R™. The
reachable set X, for such a system is depicted in Figure 1. A

To -2

-9 1

Fig. 1. Set X, for the hybrid system given in Example 1.

The following technical lemma characterizes the reachable
set of LTI continuous—time non-hybrid systems.

Lemma 1. Let x € R™. There exists a vector v such that
x = R, pv if and only if, for each 0 € R, there exists a
vector vy such that ez = R4 Bve.

Proof. Trivially, if, for each 6 € R, there exists vy such that
eAlr = R By, then there exists v such that x = R4 pv.



Consider the LTI continuous—time system & = Az + Bu,
and let ¢1(t, xo, u) be the solution to such a system with input
u(-) and initial condition x. If there exists a vector v such
that © = R, pv, then there exists an input u(-) and a time
t € R such that ¢1(¢,0,u) = x (i.e., = is in the reachable set
of & = Az + Bu) [44]. Hence, Ty = ¢1(0, z,0) is reachable,
i.e., there exists vy such that 7y = %2 = R4 vy, V0 > 0.

Consider now the LTI continuous—time system & = —Ax +
Bu, and let ¢o(t,x9,u) be the solution to such a system
with input u(-) and initial condition z(. Define the matrix

T = diag(l,—1,1,—1,...). Note that, if there exists a
vector v such that x = R4 pv, then there exists a vec-
tor v = Tv such that + = R_,4 v, where R_4p =
[ B —AB A’B (—A)"~1B |T. Thus, if there ex-

ists a vector ¥ € R™ such that x = R_4 g, then there exists
an input u(-) and a time ¢ € R such that ¢o(¢,0,u) = =
(i.e., x is in the reachable set of © = —Ax + Bu). Hence,
there exists a vector vy such that e=4%2 = R_ 4 pvy, for
all & > 0. Therefore, the vector vy = Ty is such that
eAlr = R_A,B’L_)g e RAvBrUg, for all 8 < 0. O

By taking advantage of Lemma 1, the following proposition
gives a sufficient condition for system (1) to be reachable.

Proposition 1. If rank([ Rg.ary g Rap ]) = n, then
Xr(t’k) =R" forallt >t,, t£t,, k=>n

Proof. It rank([ Rgear p Rap ) = n, then
rank(e?'| Rpeary 7 Rap]) = n, for all t € R

As a matter of fact, by Lemma 1, for any vector v of
suitable dimensions and any ¢ € R, there exists a vector
v of suitable dimensions such that eAtRABv = R4 Bv.
Therefore, one has that rank(| eAtREeATM,F Rap]) =
rank([ e Rpoary 7 €**Rap ]). Thus, since e?* is
a nonsingular matrix for every ¢t € R, by Corollary 1,
X ZR™ for all ¢ > by, t # ty, k > n. O

Note that, if there exists a hybrid time (¢,k) € T such
that X,(t’k) = R", then system (1) is reachable. However,
such a condition is only sufficient to guarantee reachability
of system (1) (see the subsequent Example 2).

Consider now the controllable set

Xe:={z € R" : Jup(-,-),us(") st
o(0, Kk, z,up,uy) = 0, for some (6,x) € T}.

The following proposition states that, differently from A,
the set X, is a subspace of the state space R”.

Proposition 2. The set & is a subspace of R".

Proof. Let x,,xp € X.. Hence, there exist (tq, ko), (tp, kp) €
T, upa(,), vsal), upp(-), and wuyp(-) such that
O(tas kas Ta, UF,q, Ugq) = 0 and @(ty, ko, 2o, upp, up) = 0.
Assume, without loss of generality, that ¢, > ¢, and k, >
ky. Note that system (1) is causal, i.e., that the solution
o(ty, kp, Ty, upp, usp) depends only on the input upp(t, k),
for all times (¢,k) € T such that ¢ < ¢, and k < kp, and on
ugp(k), forall k € Z>g, k < ky. Hence, we can assume, with-
out loss of generality, that up (¢, k) = 0, for all (¢t,k) € T
such that ¢ > ¢, and k > k; and that uj,(k) = 0, for all

k € Zxo, k > k. Thus by the linearity of system (1), one
has that ©(tq, ka, axq + By, @upq+ Bury, augq+Busp) =
ap(ta, ko, Tas UFa, Usa) + Bo(ty, kb, Tp, upp, ugp) = 0, for
any «, 8 € R. Hence, if z,,z, € X, then ax, + Bz, € A,
for any o, f € R, i.e., X, is a subspace of R". O

The following lemma states that if z € X, then there exist
inputs up(-,-) and u;(-) that drive the system to zero after (at
most) n jumps of the state of system (1).

Lemma 2. If © € X,, then there exist up(-,-) and u;(-) such
that o(t,n,z, up,u;) =0, for some t € [ty,tni1]-

Proof. Define the controllable set in k steps, k € Zo,

XF = {z e R",Fup(,-),us(-) s.t.
o(t, k,x,up,uy) = 0,for some 7 € [tg, txr1]}-

By the same reasonings given in the proof of Proposition 2,
XF is a subspace of R" for any k € Zsq. The subspaces
XF are such that X C X5FL Vk € Zso. As a matter of
fact, if x € X, then there exist up(-,-) and u () such that
o(0, Kk, z,up,uy) =0, for some 6 € [ty,t,;r1]. Thus, inputs

_ o UF(t7k)a if t g 9’

urp(t, k) = 0, otherwise,
P, ke,
us(k) = 0, otherwise,

are such that p(0,k + 1,2, up,uy) = 0, V0 € [tyxi1,trt2]s
i.e., ¥ € X*"L. Thus, the sets X are such that

dim(&?) < dim(&}) < --- < dim(&7) < dim(x7H). (@)

Additionally, if X* = X5T! for some x € Zo, then
X = X5, j € Z>o. Indeed, assume that X = X5F!, and
consider a point x € X2, Since € X2, there exist func-
tions 4p(-,-) and @ y(-) such that & = (7ar, 1,2, 4p, 0y) €
XS+l = X%, Thus, there exist functions @p(-,-) and 7z (-)
such that o(0,k, Z,ap, ;) = 0, for some 0 € [ty,txt1]-
Hence, since system (1) is LTI, one has that the functions

. _ [ ar(tk), if (¢,k) € [0, 7] x {0},
wr(t k) = F( ,k), otherwise,
- o ]( )7 k= 17
(k) = ay(k), otherwise,
are such that (0,x + 1,z,4p,u;) = 0, for some § €

[tit1,trral, 1.6, @ € X5TL Therefore, by iterating such a
procedure, one has that if X = XC“H, for some k € Zy,
then XF = Xf“, J € Zxo. Hence, by considering that
dim X < n, for any k € Z3o, £ > 1, one has that, in (4), at
most the first n inequality signs hold, whence X" = X*+1,
and thus Xn+] XD, € Zyy. O

The following theorem gives geometric conditions that char-
acterizes the subspace X, in terms of the data (A, B, E, F, Tas)
of the hybrid system (1).

Theorem 2. The set X, is the subspace of R™ given by
{r eR": (EeATM)nx € Im([ RSATM’F Rap )} O

Proof. By Lemma 2, if x € X, then there exist up(-,-)
and ws(-) such that ¢(t,n,z,ur,u;) = 0, for some t €



[tn,tns1]. By Corollary 1, for a fixed ¢ > t,, k& > n,
the set of all the = such that Jup(-,-),us(-) such that
ot k,0,up,uy) =z is Im([ "™ Ry ary 5 Rap |).
if ¢t # tg, or Im(Rgeary ), if t = &5, kK € Z>o. Hence,
since p(t, k, z,up,uy) = p(t, k,0,upr,uy) + ¢t k,z,0,0)
and o(t,k,x,0,0) = eAUt—t)(BeA™ kg o € X, if and
only if there exist vectors w, v and ¢ € [0, 7as] such that

eAt(EeATM)”x — eAtREeA‘r]W’FU) — 6 Rapv=0.

By considering that the matrix e? is invertible for any ¢ € R

and that, by Lemma 1, for any ¢ € R and any vector v, there
exists a vector v such that e‘AtRA’Bv = R4 B7, one has that
r € X, if and only if there exist vectors w, v such that

(BeATr)ng — Rpears pw — Ra v = 0.

Thus = € X, if and only if (Eed™)"z ¢
m([ ReA'rMJ.?' RA,B D D

Corollary 2. System (1) is controllable if and only if

rank([ (Ee*™)" Rpary p Rap ])=

rank([ REeATI\l’F RAyB ]) (6)

A direct consequence of Corollary 2 is that if E is
nonsingular, then system (1) is controllable if and only if
rank([ Rgearar p Ra,p ]) = n. On the other hand, if E is
singular, then the condition rank(| Rgearn p Rap |) =n
still guarantees that system (1) is controllable. Note that,
differently from classical non—hybrid linear systems, even if
system (1) is reachable, it may not be controllable, as shown
in the following example.

Example 2. Consider system (1) with data n = 2, 73y = 7,

0 -1 0
A=11 00 B= o]
10 1
E‘01}’F_0

For such a system, Im([ e*Rpoary 5 Rap]) =
Im([ cos(t) sin(t) ]’), whence the set of the reachable state
X = UseponyIm([ cos(t) sin(t) ]) = R However,
there does not exist a hybrid time (¢,k) € 7T such that
Xr(t’k) = R2. As a matter of fact, for each ¢t € [0, 7], one
has that rank([ e*"Rp,ary 5 Rap ]) < n. Additionally,
since rank([ (Ee™)" Rpg.any p Rap |) = 2, while
rank([ Rgear p Ra,p ]) = 1, system (1) is not control-
lable, even if it is reachable. A

Define the subspace A of R",
N :=Im([ Rg.arn p RaB ).
Lemma 3. The subspace N is Ee™ —invariant.
Proof. Let z € N

and let T = EeA™ g,

By considering that F = [ F ERsp | and
Rpearu f = [ F (BeA™)"=1F ], there
exist vectors Ui,...,Up,Wi,..., W, Wpt1 Of suitable
dimensions such that = = ) _ (EeA™)""hFy, +

ZZ:I (EBATM )nihERAngh
the vectors Vi,

Hence,
are

+ RA,Bwn+1-
Up, W1, ..., Wn, Wn41

such  that = = S (BeATmyn—htlpy, 4
S (BeAT )= h‘HERA pwp, + EeA™ R4 pw, 1. By the
Cayley—Hamilton theorem, there exist ag,...,a,—1 € R such
that (EeA™)n n o ap(BeAT)h, while, by Lemma 1,
there exists wy41 such that eATMRABwnH = RA,BWn+1,
for all w,4+;. By these reasonings, there exist vectors
U1,...,Up,W1,..., W, of suitable dimensions such that
T=3_(BeA)n=hpy, 43570 (BEeA™)""hER 4 pwy,.
Hence, z= Ee4™ ¢ N, ie., N is EeA™ —invariant. O

Since the subspace N is EeA™ _jnvariant, classical results
about Kalman decomposition for non—hybrid linear systems
can be mimicked. Consider the following proposition.

Proposition 3. Assume that rank([ Rg.ary p Rap ]) =
v <n. Let v, = dim(Im(R4 p)) < v. There exists a matrix
T € R™*™ such that

. Mrl,rl ]\:4'7“1,7"2 ]\:4'?”1-,1! 1
M :=TEeA™T~! Myyry, Myyry, My |, (T2)
0 0 My |
~ _ ~7‘1 R Frl 1
F=TF = v |» F:=TF=|F, |, (7b)
0 U
Ar,r Ar,ul Ar,ug T
A:=TAT ! = 0 Auu Awuw | (70
0 Aug,ul Au2;u2 -
A ér
B:=TB=| 0 |, (7d)
0
where M, ,, € RV N, . € RVXv=ve N, . €

]Rucxnfu’ MTQ,N c RV*I/CXVC’ MT%TQ c Rufucxufuc’
MT'Q,u c ]Rll—ucxn—u7 Mu,u c Rn—vxn—v’ Fr,l c Rucxmrz’
F.o e RV77*™2 and B, € R¥*™ . Additionally, by letting

M,, = { Mrl’” M”’” ] and F, = { Fra } one has
MT‘Q,T‘l 72,72 F""12
rank([ RI\?IMJ:) RA,B :|):V, )
with EA,B = [ R;LTBT o ]/, RM,.,,F
[ E. - (Mm)"—ll:} ] and A, B,
[ B'f’ (AT'77')7L_1BT' ]'

Proof. Let eq,...,e,, be a basis of the subspace Im(R 4 5),
and let e,,41,...,€e, be such that ey, ..., e, is a basis of the
subspace N. Thus, let e,11,...,e, be such that eq, ..., e, is
a basis of R™. Note that the vectors eq,...,e, are all chosen
linearly independent. Let T = [ ey en |71 Hence,
consider the vector & = Tx, & = [ 2. %!, |', where &, € RY,
Z, € R™"7¥. Note that, by construction, a vector & € R" is
in A if and only if the corresponding sub-vector &, = 0.
Consider the matrix
M :=TEe*™ T = [ My M, }
Mu,r Mu u ’



with M,., € R"*¥, M,, € RV ¥ M,, € R"* and
M, € R*™7X"~¥_ One has that

PN MT T“f"’r‘ + MT u.’fju
\1 — o Al
v ltju’ri.’r‘ 1 4u,u§;u

By Lemma 3, the subspace N is EeA™ _jnvariant. Hence,
MU’T:%T = 0, for all z,, ie., Muyr = (0. Moreover, since
Im(F) € N, letting F := TF = [ F/ FE' ], one has that
F, = 0. Thus, by considering that eq,...,e,, is a basis of
R4 B, the matrix T is such that (7c)—(7d) hold. Additionally,
by considering that the rank of a matrix is invariant with

respect to a change of basis, (8) holds. O

Proposition 3 provides a control standard form to represent
the dynamics of the hybrid system (1). By taking advantage
of this standard form, the following corollary provides an al-
gebraic condition wholly similar to the classical PBH (Popov-
Belevitch-Hautus) test to verify controllability of system (1).

Corollary 3. System (1) is controllable if and only if
rank([ EeA™ —sI F Rap |)=n, )
Vs € A(EeA™), s #£ 0.

Proof. By Corollary 2, system (1) is controllable if and
only if (6) holds. Therefore, in order to prove the statement
of this corollary, it suffices to prove that (6) and (9) are
equivalent. Assume that (6) holds but (9) does not. Hence,
there exists a vector v # 0 such that v/ EeA™ = Mo/,
with A # 0 and such that v'F = 0, v Ra g = 0. Thus,
ol (BeA™™ ) Rpeary p Rap ] =1[9vA" 0 0] and
V[ Rgearn 7 Rap | = 0. As a matter of fact, by
Lemma 1, for each = such that + = R4 pw there ex-
ists w such that z = eATMRABw. Hence, v ERA pw =
V'EeA™ Ry g = M Rapw = 0, for each w € R*™1,
and thus v ER A, = 0. Therefore, since A # 0, (6) does not
hold, leading to a contradiction.

On the other hand, assume that (9) holds,
but (6) does not. If (6) does not hold, then
rank([ Rgear g Rap ]) < n. Thus, by Proposition 3,
there exists a matrix 7' such that (7) hold. It can be
easily checked that rank([ FeA™ —sI F Rap|) =
rank([ M —sI F Rj;  ])- Note that,

_ Br AT,TBT T (Ar,r)nilgr
Ris=1 0 .- 0

Hence, let Ay € A(Mmu), and let v, # 0 be such that
vl My = Ayv),. One has that
[0 W, [ M=X\I F Rsigl=
V[0 Myu—XJ 0 0]=0,
leading to a contradiction, because if \, € A(Muu) then
Ay € A(M) = A(EeA™1), O

The condition given in (9) is usually known in classical
non-hybrid control theory as PBH test. As shown in Exam-
ple 2, such a condition may not be satisfied by a reachable

hybrid system. To reestablish classical implications for non—
hybrid linear systems (as, for instance, “reachability implies
controllability’), consider the following structural property.

Definition 1. System (1) is strongly reachable if, for each
x € R7”, there exist a finite kK € Z>o such that, for all
t € (tw,trt1). there exist inputs up(-,-) and w () such that
o(t, K, 0, up,uy) = x.

It is worth noticing that a non-hybrid linear system is
reachable if and only if it is strongly reachable. As a matter of
fact,if A = 0 and B = 0, (i.e., if the system is purely discrete),
o(t, Kk, 0, up,uy) = @(te, Kk, 0, up,uy), for all t € (tx,ter1)s
and hence the system is strongly reachable if and only if it is
reachable. On the other hand, if £ = [ and F = 0 (i.e.,
the system is purely continuous), for each x € R", there
exist ¢ € R and up(-,-) such that z = ¢(¢,0,0,ur,0) if
and only if for each t € Ry there exists an input Gp(-)
such that z = ¢(t, 0,0, &g, 0). Moreover, by definition, if the
system (1) is strongly reachable it is also reachable. In the
following theorem, a PBH test wholly similar to (9) is stated
for strong reachability.

Theorem 3. The hybrid system (1) is strongly reachable if
and only if

rank([ Rgearr p Rap ]) =n, (10)

or, equivalently, Vs € A(EeATM ),
rank([ EeA™ —sI F Rap |)=n. (11)
Proof. By Corollary 1, for each & > n,
t €  (tg,twy1), there exist wup(-,:), wuy(-) such
that = = o(t,k,0,up,uy), if and only if

z€Im([ eA""" Ry ary, o Rap |). By Proposition 1, if
(10) holds, then Im([ e**~*" Ry ary, 5 Rap ]) = R"
for all ¢ € (tn,tn+1) and hence, for each © € R™ and
t € (tn,tne1), there exist inputs up(-,-), us(-) such that
x=@(t,n,0,up,uy), i.e., system (1) is strongly reachable.

Assume now that the system is strongly reachable, but that
(10) does not hold. By Theorem 1 and (3), X7 Ft"
XT(TH’““’ICH), forall 7 € (0,7a), k € Z>0, and XT(TH"’”) —
XT(TH"M’]CJF}L), for all 7 € (0,7ar), h € Zx¢. Therefore,
if the system (1) is strongly reachable (i.e., Xét’k) = R"
for some k € Zzo and for all ¢t € (tg,tr41)), for all
x € R™ and t € (tn,tn41), there exist inputs up(-,-)
and wy(-) such that ¢(¢,n,0,upr,uy) = x. Hence, for
each x € R™ and t € (t,,tn+1), there exists a vector
w such that z = | eA(t_t")REeATMf R4 p |w. Thus,
by Lemma 1, there exists a vector w such that »z =
eAt=t)[ Rp,ary 5 Rap ]w. By considering that the ma-
trices eA(t=*n) and e~“A(*~*») are nonsingular for each t €
(tn,tny1) and that Im(e~A(*~t)) = R”, this is in contra-
diction with [ Rp.a-y, p Ra p ] being rank deficient. The
equivalence of (10) and (11) follows by the same arguments
given in the proof of Corollary 3. O

It is worth pointing out that if the system (1) is strongly
reachable, and hence (11) holds, then, by Corollary 3, the



system (1) is also controllable (and hence stabilizable). There-
fore, thanks to Definition 1, we reestablished the classical
implications “strong reachability implies controllability” and
“strong reachability implies stabilizability”. Furthermore, by
considering that, by Corollary 3, the system is controllable
if and only if (6) holds and that, if E is nonsingular, (6)
holds if and only if (10) holds, then, if E is nonsingular,
the system (1) is controllable if and only if it is strongly
reachable. Thus, strong reachability reestablish, in the hybrid
framework of this paper, the equivalence stated in [10, Thm. 7]
for switched linear systems. Moreover, in the subsequent
Section IV, we show that strong reachability is the ‘“dual
property” of observability.

The following proposition extends the results given in [45,
Cor. 1], by stating necessary and sufficient conditions for
assigning the eigenvalues different from zero of the closed
loop system to an arbitrary autoconjugate set of n complex
values with a time—invariant dynamic linear state feedback.

Proposition 4. There exist matrices Kr and K ; such that

Ei=AE*™E 4+ e"™MFK;+ RapKr) (12)
is an arbitrary autoconjugate set of n complex values if and
only if the system (1) is strongly reachable. Additionally,
by letting K be such that Ry pKr = G(7p)Kp, where
Glru) = [J™ eATu—t) BR'eA (M=)t is the reachability
Gramian of system (1) during flow, the time—invariant dy-
namic state feedback with flow dynamics

Fo= 1, (13a)
£ = -A¢ (13b)
whether (7, ) € [0,7a7] x R™, jump dynamics
o= 0, (13c)
&t = eA™MEKpr, (13d)
whether (7, ) € {Tar} x R™, output
up = B¢, (13e)
uy = K, (131)

and initial conditions 7(0,0) = 0, £(0,0) = &, & € R”,
is such that the resulting closed loop monodromy matrix has
spectrum = U {0}.

Proof. By Theorem 3, the system (1) is strongly reachable
if and only if (11) (or, equivalently, (10)) holds. By classical
results about discrete—time dynamical systems [46], if (11)
holds, then here exist matrices Kr and K ; such that the set
= given in (12) is an arbitrary autoconjugate set of n complex
values (see also [45, Cor. 2]).

Assume now that the set = can be assigned arbitrarily, but
that (10) does not hold. Then, rank([ Rg.ar p Rap ]) =
v < n. Let v, = dim(Im(R4 p)) and let T be the matrix
given in Proposition 3. Consider the matrix M given in (7a)
Let N = eA™ = TeA™ -1 Since A satisfies (7c), N
such that there exist matrices N1 € RVeXve, Ny € RVeXv— ”C,

NS c Rl/cxn—l/, «Z\AC4 c RV—VCXV—I/C’ N5 c RV—IJCX’H—V NG c
Rr—v>XV=Ve and N; € R"¥*"~¥ guch that

N, Ny Nj
N=| 0 N, N; (14)
0 Ng N-

By considering that det(N) = det(Ny) det ([N %JD 4

0, one has that det(Nl) #0, ie., Ny is a nonsingular matrix.
Consider now the matrix

E, By, Ej
E:=TET'=| E, F5 Fg |, (15)
E; Es Eo
Where El c RVCXVC’ E‘2 e RVCXV—VC’ E‘3 c Rchn—u,

E4 c Rv— chuc E5 c Rv— Ve XV—V, E6 c Rv— VeXN—V
E7 6 Rn VXVe E8 6 Rn VXV— l/(‘, and Eg 6 Rn VXn— l/
Consider the matrix, M = TEeA™T-! — EN given
in (7a). Since Nl is nonsingular, one has that E; = 0,
Mu = EgNr + E9N7, and E8N4 + E9N6 =0.

Let Kp € R™*" and K; € R™2%" and let KF =
KpT7! = [ KFJ« KF,u I, KF,T € R™1*¥e  and KJ =

K;T'=[ Ky, Ky ), Kj, € R™%". By (Tc)~(7d),
> R; : KF,T R, : IA{F,u
RA,BKF = Am,gr Ar,r,gr ,

for any K € R™ %" Consider now the matrix (E + FK ).
It can be easily checked that, for any K; € R™2*",

By B B
E=FE+FKr=| Ey, E5 Es |,
0 Es E

where Eg and Eg are the ones glven in (15). Consider now
the matrix M := EN = (E + FKj)e Amy Since M, =
E8N5 + E9N7, and E8N4 + EgNG = 0, one has that

M, M, Ms
M= | My Ms Ms (16)

0 0 M,
Therefore, A(M, ) C A(EeA™ + FK ;eA™ + Ry pKF),
for every Kp € R™*™ and K; € R"™*"  Since
eA™ s invertible, it defines a change of basis. There-

fore, A(EeATM + BKJ(?ATM + RA BKF) = A( ATm B +

eATm BK; —l—eATM R4 BKF) where K = Kre™ AT . Thus,
since, by Lemma 1, Im(R4 ) = Im(e A™ R4 B) and the
matrix e~4™ is nonsingular, A(M,,) C A(eA™E +

eA™MBK; + Ra pKF), for every Krp € R™*" and K €
R™2%" " leading to a contradiction. The fact that the time—
invariant dynamic state feedback (13) is such that the resulting
closed loop monodromy matrix has spectrum ZU {0} follows
by [45, Prop. 1]. O

By (14), (15), and (16), it can be easily proved that, if
there exists A € A(My.,), A ¢ Cy, then it is not possible to
stabilize the system with a static time—invariant state feedback.
The following theorem states that such a condition is indeed
necessary for the stabilizability of system (1) and that it is, in
fact, equivalent to [45, (7)].



Theorem 4. System (1) is stabilizable if and only if A\ €

A(M, ) such that X ¢ Cg4, where M, ,, is the matrix given
in (7a), or, equivalently, Vs € A(EeA™), s ¢ C,,

rank([ EeA™ —sI F Rap ])=n. (17)

Proof. By Propositions 3, 4, and (8), if 3\ € A(Muu) such
that A ¢ C,, then there exists a dynamic time—invariant state
feedback such that the closed loop monodromy matrix has
spectrum contained in C,. Hence, then there exist up(-,-)
and w;(-) such that limyq g0 ©(t, k, Zo, up,uy) = 0, ie.,
system (1) is stabilizable [36, Prop. 1].

Assume that system (1) is stabilizable and that there exists
A € A(M,,) such that A ¢ C,. Let (t, k, &, up,us) denote
the solution to system (1) with initial condition & and inputs
up(-,+), us(-) in the coordinates & = [ . ! |' =Tz, ie.,
ot ky &, up,uy) == To(t,k,Tx,up,uy). It can be easily
checked that, for all ug(-,-), us(-), the dynamics of &, (t, k),
k € Zx, are given by

i’u(tk—&-la k + 1) = Mu,uj?u(tlw k) (18)

Let v(k, w,) be the solution to (18) with initial condition wy,.
Hence, since A ¢ C, and |(tg, k,[ . 2, |, up,uy)| >
|v(k, &y,)], for all k € Zx(, one has that there exists an initial
condition w such that limy k00 P(t, k,w, up,uy) # 0, for
all up(-,-), us(-), leading to a contradiction.

We conclude the proof by showing that the set © = {\ €
A(EeA™) :rank(] EeA™ —sI F Rap ])# n} equals
A(Muu) Assume that 3\, € © such that \, ¢ A(Muu)
Then, A\, € A(Ee*™ )\ A(M,,) is such that there exists
v=_[wv. v, ] #0 such that

T

i . A
Vp My — N1 R M, ., F, RA,B =0
vy 0 Myw—=XI 0 0 ’

where Ry 5 = | R:&- B, 0" J'. By considering that, by

Proposition 3, rank([ Ry, 7 R4 p |) = v, and hence, by
Corollary 3 and (11), rank[ M, — A F, Ryg ] =,
one has that v, = 0, for all A € A(M,.m). Thus, there
exists v, # 0 such that v;(Muu — A-I) = 0, leading to
a contradiction. Therefore, © C A(M,,). Consider now
Au € A(Muyu), and let v, # 0 be such that v;Muu = A\ vl,.
One has that

(0 W, [N =AI F Ry, =
V[0 Myw—XJd 0 0]=0,
and hence A(M,, ) C ©. O

B. Observability, constructibility and detectability

Consider system (1), with the measurable outputs (2). By
the linearity of such a system it can be easily checked that, for
any initial condition z and any control inputs ug(-, ), us(-),

yF<t7 k) = CF@(t,kax07070)+
OFSO(YZ kv 07 Uur, UJ),
yJ(k) = CJ(p(tk7k_laI07OaO)+

+CJ90(tk7 k — 1,0,UF,UJ).

Note that, since the inputs up (-, ) and u;(-) are assumed to
be known, it is always possible to compute the forced response
o(t, k,0,up,uy) of system (1) to such inputs. Therefore,
system (1), (2) is observable, constructible, or detectable if
and only if the hybrid system with flow dynamics

Fo= 1, (192)
i = Az, (19b)

whether (7, ) € [0, 7] x R™, jump dynamics
o= 0, (19¢)
zt = Eu, (19d)

whether (7,z) € {Tar} x R", outputs

yr(t,k) = Crpa(tk), (19e)
yi(k) = Cyz(te, k), (199)

and initial conditions 7(0,0) = 0, 2:(0,0) = x, is observable,
constructible, or detectable, respectively. Note that the free
response o(t, k,x,0,0) of system (1) with initial condition
xo € R™ is given by ¢(t, k, x0,0,0) = eAt—t) (BeAT™ ) kg,
Hence, the outputs yp(t, k) and ys(k) defined in (19¢) and
(19f), respectively, are given by

yr(t, k) = CFeA(t_t"‘)(EeATM)kxO,
yr(k) = Cret™ (EeA™ )1y,

Consider the unobservable set

(20a)
(20b)

Xy = {x e R" : Cpet=t) (BeA™ )k = 0 and
Cref™ (BeA™) =10 — 0,Y(t, k) € T}.

As for classical non-hybrid linear systems, if there exists
x € X;, x # 0, then system (19) is not observable, while if
X; = {0}, then system (19) is observable.

Lemma 4. X; is an Ee“™ —invariant subspace of R™.

Proof. Let x,, xp € A, ie., CpeA(t*tk)(EeATM)kxa =0,
CJ@ATM(E(:’ATM)k_ll‘a =0, CF(:’A(t_tk)(EeATM)kCEb =0,
and CyeA™ (EeA™)k=1g — 0, for all (t,k) € T. Hence,
one has that CreAt—t)(EeA™)F(az, + Bx;) = 0 and
CyeA™ (BeA™)k=1(qzx, 4+ Bxy) = 0, for any o, € R
and for all (¢,k) € 7. Thus, X; is a subspace of R™.
Consider now = S X;. One has that
CFeA(tftk)(EeATM)kx =0, C']eATM(EeATM)kflx =0,

for all (t,k) € 7. Let 2 = EeA™gz. One has that
CFeA(t_tk)(EeATM)ki‘ — CFeA(t_t’“)(EeAT”f)k+1x =0
and Cjed™ (BeA™)k=1z = (CjeA™ (EeA™)kgy = 0.
Thus, if z € X, then 7 = EeA™x € X, ie, A is
EeA™ _invariant. O

Let Oac, be the observability matrix of
the continuous—time LTI system (19b)—(19e),
OA,CF = [ Ol/gu (CFAnil)' ]/, and let
C = [ (Cje™) O, 1. The following

theorem characterizes the set X; in terms of the data
(A, E,Cp,Cy, 1) of the hybrid system (19).

Theorem S. The set X; is the subspace of R" given by

X; = Ker(Opgoaru o), (21)



with Op ary o = c’ C(EeA™\n—=1y/ |/
Ee ,C

Proof. Define  the matrix OpeArar ¢ eAmar =
[ (CJ@ATZW)/ (CJeATM (EeATM)nfl)/ ]/. By
classical results about non-hybrid linear systems, one
has that yp(t,k) = 0 for all (t,k) € 7T if and only
if (EeA™)fzy € Ker(Oac,), for all k € Zso,
while y;(k) = 0, for all k& € Zso, if and only
if z9g € Ker(OEeAT%CJeATM). By the Caylely-
Hamilton theorem, there exist ag,...,0,_1 e R
such that (EeA™)" = N an(BeA™ ). Hence,
yr(t,k) = 0, for all (¢,k) € 7T, if and only if
(BeA™)kxy € Ker(Oacp), for all k € Zso, k < n — 1.
Hence, by considering that (EeA™)Fz, € Ker(Oa o)
if and only if zo € Ker(Oa c,(EeA™)), one has that
ro € A; if and only if 29 € Ker(Ogoara cjeara) N
Ker([ O ¢, (Oacp(BeA™)n=1) 1)) je. if and
only if 29 € Ker(Opgeary ¢)- O
Corollary 4. The system (19) is observable if and only if
rank(Opeary o) = 1, (22)
or, equivalently, ¥s € A(EeA™™),
rank([ (Ee™) —sI  (Cyet™) O . |)=n. (23)

By the same reasonings given in Proposition 4, there exist
matrices Ly € R"*% and L; € R™"*% gsuch that

T =A((E+ L;Cy)er™ 4 LpOacy). (24)

is an arbitrary autoconjugate set of n complex values if and
only if the system (19) is observable.
Define the observability Gramian of the system during flow

T™
W(T]V[) == / €A tC}‘CFeAtdt.
0
For each Ly € R™*% there exists Ly € R"*% such that

LrOac, = LrW(1a), since, for each t # 0, Ker(W (t)) =
Ker(O4, ¢, ). Hence, consider the system with flow dynamics

7 1, (25a)
& = Az, (25b)
( = Cp(Cri—yr)— A, (25¢)
whether (7, %,() € [0, 7p] x R® x R™, jump dynamics
rt = 0, (25d)
it = Ei+L;(Csi—yy)+Lee? ™, (25
¢t =0, (25f)

whether (7,%,¢) € {Tar} X R™ x R", and initial conditions
T(0,0) =0, SVC(O,O) = &g, g € R", C(0,0) = (o, (o € R™.
Let Ly be such that LpOac, = LpW(ry). Let
Y(t,k,zp) be the solution to system (19) with initial con-
dition x, and let [ 9/(t, k, %o, (o) p'(t,k,&0,Co) | be the
solution to system (25), with initial condition [ &, ¢(; ]’
The following proposition shows that if L ;, Ly are such that

Y C C,, then limgy o0 (t, k, 20, (o) — ¥(t, k, 0) = 0, for

all xg, %9, € R, i.e., system (25) is a state observer for
system (19).

Proposition 5. Let T be the set given in (24), let L, and
LF be matrices such that T c Cg4, and let Ii F be such that
LrOacr = LrpW(7ar). Then, limy o0 9(t, k, To, o) —
P(t, k,xg) = 0, for all zg, %, (o € R™.

Proof. Define the estimation error Z(t, k) := @(t, k) — x(t, k).
Since yp = Cpx and y; = Cjz, the flow dynamics of

[ # (' ] are given by
Fo= 1, (26a)
z = Az, (26b)
( = CLCpz— A'C, (26¢)

whether (7,2, () € [0, 7a7] X R™ x R™, and the jump dynamics

of [ &' (' ] are given by
Tt = 0, (26d)
it = (E+4L;C))&+ Lpe*™¢, (26¢)
r =0 (26f)
whether (7,%,¢) € {Tpr} X R® x R™. Define xy =[ &' (' |,
H:_{ /A 0,],«]:_[E+LJCJ EF@A/TM }
CrCr —A 0 0
Clearly, x = Hy and x™ = Jx. By considering that
eHTM — ,eATM 0,
e—A TM W(TM) e—A TM ?
one has that the monodromy matrix of system (26) is
JeHme _ | (E+ L;Cp)e™ + LW (ta) Lr
0 0 |-
Hence, the matrix Je™ has spectrum Y U {0}. Thus, by
[36, Prop. 11, limyy k00 Z(t, k) = 0. O

The state observer given in (25) employs the observability
Gramian W(7ps) to estimate the state of the system (1)
from the outputs yp(-,-) and y;(-) given in (19¢) and (19f),
respectively. It is worth noticing that Gramian—based observers
have been used in the literature (see [36], [47]) to estimate
the state of system (1) when just continuous—time outputs
are available. Proposition 5 generalizes such results for hybrid
systems having both continuous— and discrete—time outputs.

In the remainder part of this section, hybrid systems such
that (22) (or, equivalently, (23)) does not hold are considered.

Proposition 6. Assume that dim(Ker(Og 4y o)) = v > 0.
Let v, = dim(Ker(O4,c,)) > v. There exists a matrix T' €
R™*™ such that

M:=TEe*™T = | 0 Myo Myo |, 272
OJ = CJBATMTil = [ 0 é(]’ol C’J,o2 ] , (27b)

. o 1{11'1,721 A:il,ig 1{17;1,0 T
A=TAT = | Ay A, As, |, @70

0 0 Ay, |

Cr=CprT'=[0 0 Cp, ], (270



with M;; € R, M, € R”™ ¥ M, €
Ruxnfuc, Mol,ol c ]Rucfllxucfu, MO1,02 c Ryufuxnfuc,
M02701 c Rnfucxucfu’ M02702 c Rnfucxnfvc’ CAprl c
RaXve=v Cj,, € REX%™V and Cp, € ROXn7ve,
— |: MO1,O1 M01702 ]

Additionally, by letting M, ,
M02701 M02’02

and ' = Ci.on Cron ], where O; - =

0 O ~ - AO,O7CF,O
R ~ R Av.0,CF,0

[ Cry (CroAp,t) ], one has that
dim(Ker(Oy 4)) =0, (28)

where Oy, = [ o4 (C’M;fgl)’ ]'.

Proof. Let ej,...,e, be a basis of the subspace

Ker(Opgear ) and let e, 41, ..., e, besuchthates,... e,

is a basis of Ker(Oy ¢, ). Thus, let e, 41,...,€, be such

that eq,...,e, is a basis of R”. Note that the vector
e1,...,e, are chosen linearly independent. Hence, let
T = [e1 -+ e, |7t Define the vector & = Tu,
& =14a, & ], where &; € R”, &, € R"™”. Note that, by

construction, & € &; if and only if £, = 0. Consider
9 9 9

M :=TEeA™T~1 =
‘ |: Mo,i Mo,o

where Mi,i c RVXV, Mi,o c Ruxn—u’ Mo,i c Rn—uxu, and
M,,o € R*™*"=¥ One has that

AR { Mzzﬁz JrAMi.oio }
Mz = N ~ .
Mo,ixi + Mo,oxo

By Lemma 4 the subspace &; is EeA™ —invariant, whence
Mo,i = 0. Since CyeA™ is in the orthogonal comple-
ment of X;, letting C; = CyeA™T~1 = [ CA’Jﬂ; C’jp ),
one has that C 7: = 0. Additionally, by considering that
e1,...,ey, is a basis of Ker(O4 ¢, ), by classical analysis,
the matrix 1" is such that (27¢)—-(27d) hold. Moreover, since
dim(Ker(Ogeary ) = dim(Ker(Oy; ), (28) holds. [

Note that the results given in Proposition 6 with respect to
observability of system (19) are similar to the results given in
Proposition 3 with respect to strong reachability of system (1).
Consider the following theorem.

Theorem 6. System (19) is constructible if and only if

X; C Ker((EeA™)™). (29)

Proof. Let ¢(t,k,xq) be the solution to system (19) at time
(t,k) € T with initial condition ¢, i.e., ¥(0,0,x9) = xq.
By (20), one has that Cpi(t, k,z¢9) = Cpt(t,k,ZTo) and
Crb(ti, k,xo0) = Cyb(ty, k,Zo), forall (¢, k) € T, k € Ly,
if and only if & := 29 —Z¢ € X;. Therefore, if (29) holds, then
(BeA™)\ng = 0, whence (t, k,z0) = (t, k,Tq), for all
(t,k) € T witht > ¢, and k € Z30, k > n. Thus, system (19)
is constructible, because by using only measurements of the
outputs yg(-,-), ys(-,) up to time (¢,,n), it is possible to
determine % (t,,, n, o).

Assume now that system (19) is constructible and that
(29) does not hold. Hence, there exists To € X; such that
(EeA™)"z # 0. By classical results about discrete—time

linear systems, if (EeA™ "%, # 0, then (EeA™ )"z, £ 0,
for each h € Zso, h > n. Hence, consider the solu-
tions to system (19) o (t, k,z¢) and (¢, k,xo + To). Since
Zo € X, one has that Cu(t, k,z9) = C(t, k, zg + Zo), but
P(th, h,xo) # Y(tn, hyxo + Zo), h € Z>o, h > n, because
(BeA™)) gy £ 0, ie., system (19) is not constructible,
leading to a contradiction. O

Note that (29) holds if and only if Ker(OEeATM’C) =
Ker([ Opeany o ((EeA™)™) 1), or, equivalently,

rank <{ ]) =rank(Opg.ary ¢)-

By taking advantage of (30), in the following corollary, we
provide a PBH test for constructibility of system (19).

EeAm

30
OEeATM ,C 30)

Corollary 5. The system (19) is constructible if and only if
for all s € A(EeA™), s #0,

rank([ (BeA™) —sI (Cyet™) O 0. 1) =n. 3

Proof. By Theorem 6, the hybrid system (19) is constructible
if and only if (29) (or, equivalently, (30)) holds. Hence, in
order to prove the statement of this corollary, it suffices to
prove that (30) is equivalent to (31). Assume that (30) hold,
but (31) does not. Hence, there exists v # 0 such that
EeA™y = )y, Cv = 0, with A # 0. Thus, Og ary, cv =0,
while [ (Eed™ ) Opearsi o 'v = [ A" 0], leading
to a contradiction.

Assume now that (31) holds, but (30) does not. If (30) does
not hold, then rank(Op.ary ) < n, whence, by Proposi-
tion 6, there exists a matrix 7" such that (27) holds. Note that
rank([ (Ee'™) O ary o ) = rank([ M’ O} . V).
Hence, let \; € A(M;;) and let v; be such that
M; ;v; = \jv;. One has that [ M/ — N1 C' [ v 0 ] =
[ ((M;; — X\iI)v;)’ 0" ] =0, leading to a contradiction. [J

The following two results characterize the detectability of
system (19) in terms of the data (A, E,Cr,Cy,Ta).

Theorem 7. The system (19) is detectable if and only if
BN € A(M;;) such that X\ ¢ C,, or, equivalently, for all
s € A(EeA™), s ¢ C,,

rank([ (EeA™) —sI  (CyefA™) Ohcp 1) =n. (32

Proof. If rank(Op.ary o) = n, then system (19) is detectable
(indeed, observable) and there exists no A € A(Mi’i) such
that A ¢ C,. Assume now that rank(Op, a7y, ) < n. The set
of all the s such that (32) does not hold is A(Mi7i). Hence,
e A(M“) such that A ¢ C, if and only if (32) holds for
all s € A(Ee™), s ¢ C,.

Assume that (32) holds. Hence, there exist matrices Lg €
R™*% and L ; € R™*92 such that the set T in (24) is contained
in C,. Thus, by Proposition 5, for any zo € R", by using only
measurements of yr (-, ), ys(+), it is possible to determine an
estimate (t, k) of x(t, k) that is such that limy o Z(t, k) —
x(t, k) =0, i.e., system (19) is detectable.

Assume now that there exists A € A(M;;) such that
A ¢ C,. Let ¢(t, k,#) denote the solution to system (19)
with initial condition £ = T'z, i.e., 1[)(15, k,&) :=Ty(t k,Tx).



Hence, there exists w & R™ such that C‘Fz/}(u kaw) =
Crip(t, k,0) = 0, Cr(tg, k—1,w) = Cyib(ty, k—1,0) = 0,
and limy g oo T/A)(t, k,w) # 0. Hence, since &(t,k,w) is
indistinguishable from O by using only measurements of the
outputs yr(-,-) and ys(-), it is not possible to determine an
estimate &(t, k) of (¢, k) that is such that limy ;00 (¢, k) —
z(t, k) = 0, i.e., system (19) is not detectable. O

IV. DUALITY

In this section, a duality theorem for the hybrid system (1),
(2) is stated to characterize its “control” structural properties in
terms of “observation” structural properties of a dual system.
In order to achieve such a result, parity between “control”
and “observation” properties has to be established. In fact, in
Section III, four “control” and three ‘“observation” structual
properties have been defined and framed in terms of algebraic
and geometrical conditions on the data of the hybrid system.
As highlighted in Section III, the classical implications “strong
reachability implies controllability”, “controllability implies
stabilizability”, “observability implies constructibility”, and
“constructibility implies detectability” hold for the hybrid
system (1), (2), while there is not direct implication between
reachability and the other structural properties. By this rea-
soning, in this section, a duality principle is stated neglecting
the latter structural property.

Define the monodromy discrete—time, LTI system

z(k) = Az(k)+ Bu(k), (33a)
wk) = Cz(k), (33b)
where A = EeA™, B = [ F Rap |,
and C = [ (Cye™) O, 1. where
RA,B = [ B A1B ] and OAycF =
[ O (CpA™ 1Y 1. The following proposition

characterizes the structural properties of the hybrid system (1),
(2) in terms of the ones of the monodromy system (33).

Proposition 7. The system (1), (2) is strongly reachable (resp.,
controllable, stabilizable, observable, constructible, detectable)
if and only if the system (33) is reachable (resp., controllable,
stabilizable, observable, constructible, detectable).

Proof. By classical results about discrete—time LTI sys-
tems [44], the monodromy system (33) is reachable if and
only if rank[ B A"1B ] = n, or, equivalently,
rank[ A—sI B ] = n, for all s € A(A). By considering
that [ A—sl B |=[ Eer™ —sI F Rap ] and that
the system (1) is strongly reachable if and only if (11) holds,
the system (1), (2) is strongly reachable if and only if the sys-
tem (33) is reachable . The necessary and sufficient conditions
for controllability, stabilizablity, observability, constructibility,
and detectability of the system (1), (2) given in Corollaries 3,
4, 5 and in Theorems 3, 4, 7, conclude the proof. O

By [48, Sec. 3.1.A.3], the monodromy system (33) is reach-
able (resp., controllable, stabilizable, observable, constructible,
detectable) if and only if the dual monodromy system

ZD(k) = ADZ(I{) + BD’U(]C)7
wD(k) = C’DZ(]C),

(34a)
(34b)

where Ap := A’, Bp := C’, and Cp := B’, is observable
(resp., constructible, detectable, reachable, controllable, stabi-
lizable). Thus, consider the hybrid system with flow dynamics

Fo= 1, (352)
tp = Apzp JrBDuDJ:*, (35b)
whether (1,zp) € [0, 7ar] X R™, jump dynamics
o= 0, (35¢)
z5 = Epzp+ Fpup,j, (35d)

whether (7, zp) € {7ar} X R™, and measurable outputs

(35e)
(351)

yp,r(t, k)
yp,g(k) =

Cp,rep(t k),
CD’.].TD(tk, k — 1)

The following theorem
system as duality theorem.

is known for non-hybrid linear

Theorem 8. The system (1), (2) is strongly reachable
(resp., controllable, stabilizable, observable, constructible, de-
tectable) if and only if the system (35) with data

/ !
Ap = A, Bp = Cf,
7 !’ !’
Ep = eA™MEleA™i  Fp o= ATl
’
CD,F = B/a CD,J = FleiA TM»

is observable (resp., constructible, detectable, strongly reach-
able, controllable, stabilizable).

Proof. By Proposition 7, the system (35) is strongly reachable
(resp., controllable, stabilizable, observable, constructible,
detectalgle) if and only if thg discrete—time system (34)

with Ap = Epet™, Bp = [ Fp Raps, |
and  Cp = [ (Cpgetem™) 04y cp o, 1
where R4, B, = [ Bp A% 'Bp | and
Oap.Cp r = [ Ch.r (Cp.rAL Y T s
reachable (resp., controllable, stabilizable, observable,

constructible, detectable). Therefore, if the data of the klybrid
system (35) are the ones given above, one has that Ap :=

EDeAD'rM — eA"rMElefA"rMeA"rM — eA/TME/ — A/,
Fp = N™Ch Rapmy = | Cp o (4710 ] =
Ohcp» Cpuyetr™ = F, and Oa,c,, =
[ B AIB ) = R’A,B. Hence, since Ap = A',
Bp = [ Fp Rapp, | =[(Cse™) Ohe, | =0,
and Cp = [ F Rap ] = B, and the monodromy

system (33) is reachable (resp., controllable, stabilizable,
observable, constructible, detectable) if and only if the dual
system (34) is observable (resp., constructible, detectable,
reachable, controllable, stabilizable), then, by Proposition 7,
the system (1), (2) is strongly reachable (resp., controllable,
stabilizable, observable, constructible, detectable) if and
only if the system (35) is observable (resp., constructible,
detectable, strongly reachable, controllable, stabilizable). [J



V. OUTPUT FEEDBACK STABILIZATION

Consider the dynamic time—invariant output feedback with
flow dynamics

Fo= 1, (36a)

i = A%+ Bup, (36b)

(= Cu(Cri—yr) — A, (36¢)

§ = A (36d)

whether (7, %, (, &) € [0, 7a7] x R™ X R™ x R™, jump dynamics

v = 0, (36e)

it = B+ Fuy+ L;(Cs&—1yy)+ Lpe* ™(, (36f)

¢t =0, (36g)

¢t = eATMERi, (36h)
whether (7,%,(,€) € {rar} x R” x R™ x R™, output

up = B, (361)

uy = Ky, (36))

and initial conditions 7(0,0) = 0, £(0,0) = &, o € R",
€(0,0) = Co, Co € R™, £(0,0) = &, & € R™.

The following theorem is known for non-hybrid linear
system as separation principle.

Theorem 9. Let G(rar) and W (Tar) be, respectively, the
reachability and observability Gramian of system (1) during
flow. Let matrices Kr and Lp be given, and let Kr and
L be such that RagKrp = G(tm)Kp and LrOacp =
LrW (7ar), respectively. The time invariant dynamic output
feedback (36) is such that the closed loop monodromy matrix
has spectrum ZU Y U {0}, where Z and Y are the sets given
in (12) and (24), respectively.

Proof. Let x =[x ¢ & (' ] and let

A BB’ 0 0 ]

s 0 —A 0 0

T 0 BB A 0o |’
—CrCr 0 CpCrp —A" |
E 0 FK, 0
0 0 e ™ K p 0

B=1 10 0 E LpeA'™

—LjCyg +FK;+L;C; Lpe®™
0 0 0 0 i

Clearly, the dynamics of the closed loop system are given by
x = Asx, xT = Exx. Define the matrices

I 00 0]
0 I 00
=1 7071 0|
0 0 0 I |
A BB 0 0
X 0 —A 0 0
As=19 A 0o |’
0 0 CRpCp —A |
E+FK; 0 FK, 0 7
E, - EAITMKF 0 GAITMKF 0
= 0 0 E+L;C; LpeA™ |7
0 0 0 0 |

where Ay, = TAxT~! and Es;, = TExT~'. Note that the
matrix e equals

eA™  G(ra)emAT™ 0 0
0 e~ A'Tu 0 0
0 0 A 0
0 0 eiA,TMW(T]w) e~ A'TM

Hence, by computing the closed loop monodromy matrix
FEse =™ it can be easily checked that the spectrum of such
a matrix is ZEU YT U {0}. O

The main goals of this section are formalized in the follow-
ing problem.

Problem 1. Let system (1) with outputs (2) be given. Find,
if any, a linear dynamic time—invariant output feedback with
state (¢, k) € R"%, flow dynamics

1, (37a)

= Agn+ Bryr, (37b)

whether (7,m) € [0, 7a7] X R™¥, jump dynamics

o= 0, (37¢)
nt = Exn+ Fryy, (37d)
whether (7,7) € {Tar} x R"¥, output
up = Ck,rn, (37e)
uy = Cgn, (371)

and initial condtions 7(0,0) = 0, #(0,0) = 1y, no € R"%,
such that, letting My be the closed loop monodromy matrix,
(D A(Ms) C Cy;
(I) A(My) C {se€C:|s| < g}, foragiven 0 < p < 1.
Im A(Ms) = {0}

Note that, if one is able to find a solution to Problem 1.1,
then the dynamic time—invariant output feedback (37) is such
that the closed loop system is asymptotically stable [36,
Prop. 1]. On the other hand, if one is able to find a solution to
Problem 1 II, then, letting x = [ 2’ 7’ ], there exists a con-
stant ¢ € R, ¢ > 0, such that, for any initial condition x(0,0)
of the closed loop dynamical system, |x(¢, k)| < co®|x(0,0)].
Finally, if one is able to find a solution to Problem 1.1II, then
the controller (37) is such that the state of the closed loop
system is driven to O in finite time.

The following three propositions give conditions to guaran-
tee the existence of a solution to Problem 1.

Proposition 8. There exists a solution to Problem 1.I if and
only if system (1), (2) is stabilizable and detectable.

Proof. If system (1) is stabilizable, then, by Theorem 4, there
exist matrices K ; and K such that the set = given in (12) is
contained in C,. On the other hand, if system (1) with outputs
(2) is detectable, then, by Theorem 7, there exist matrices
Ly and Ly such that the set Y given in (24) is contained in
C,. Hence, by Theorem 9, the dynamic time—invariant output
feedback (36) is such that the monodromy matrx of the closed
loop system has spectrum contained in C,.



Assume now that there exists a dynamic time—invariant
output feedback (37) that solves Problem 1.1, but system (1) is
not stabilizable. Hence, by Proposition 3, there exists a matrix
T such that (7) holds. Additionally, since system (1) is not
stabilizable, by Theorem 4, there exists A\ € A(]\quu) such
that A ¢ C,. By letting & = T, one has that the state

of the closed loop system is ¥ = [ . &, =’ ]. Thus,
there exists w € R such that, by letting the initial condition
of the closed loop system be x(0,0) = [0 w' 0],

|Z.(t, k)| < |X(¢, k)|. By assumption, the closed loop system
has all eigenvalues in C,, whence limy;yx_ o0 X(t,k) = 0.
However, since 3\ € A(M,,) such that A ¢ C,, one
has that limg_, o @, (tg, k) is not equal to zero, leading to
a contradiction. On the other hand, assume that there exists
a dynamic time—invariant output feedback (37) that solves
Problem 1.1, but system (1) with output (2) is not detectable.
Hence, by Proposition 6, there exists a matrix 7' such that
(27) holds. Moreover, since the system is not detectable, by
Theorem 7, there exists A € A(M;,;) such that A\ ¢ C,.
Thus, by a reasoning wholly similar to the one given for
stabilizability, this leads to a contradiction. O

Proposition 9. There exists a solution to Problem 1.II if and
only if system (1), (2) is such that, Vs € A(EeATM), Is|] = o,

rank([ EeA™ —sI F Rup ])=n, (38a)
rank([ (Ee™) —sI (Cyet™) O o 1) =n.(38b)

Proof. 1f system (1) is such that (38a) holds, then, by Propo-
sition 4, the set = given in (12) can be chosen so that
E C {s € C: |s] < g}. On the other hand, if system (1)
with outputs (2) is such that (38b) holds, then the set T given
in (24) can be chosen so that T C {s € C : |s| < p}. Thus,
given o > 0, let K, K;, Ly and L; be matrices such that
EUT C {s € C: |s|] < g}. Hence, by Theorem 9, the
dynamic time-invariant output feedback (36) is such that the
monodromy matrx of the closed loop system has spectrum
contained in {s € C: |s| < g}.

Assume now that there exists a dynamic time—invariant
output feedback (37) that solves Problem 1.II, but system (1)
is not such that (38a) holds. Thus, by Theorem 4, there exists
A € A(M,,,) such that X\ ¢ {s € C : |s| < o}. By Proposi-
tion 3, there exists a matrix 7" such that (7) holds. By letting
& = Tz, one has that the state of the closed loop system is
X = n *%;’ i‘& J'. Let Cp = | CF,T CAYF,u1 CF,uz ] =
CrT~1 and éj = [ é,]yr CAYJﬂ“ OJ’UQ } = CJTfl. By
defining matrices

Ak BkCr, BiCru, BiCru, |
AE — BTCK,F A’I‘,T i4r,u1 i4r7uz
0 0 Auy iy Ay us ’
0 0 Avpus Augun
_Exk FK?J,?“ FK?J,ul FK?J,ug |
By = F. Ck,g By Ey Es
Fr,Ck ; E, Es Eg ’
0 0 Er Eyg ]

one has that, by (15), the dynamics of the closed loop system
are given by ¥ = AsxX, X = Exx. Clearly, the closed loop

monodromy matrix is given by My = Exe?®™ . Hence,
by (14), (15) and (16), one has that the eigenvalues of the
matrix M, ,, are eigenvalues of My, i.e., A(M, ) C A(Ms).
Hence, the controller (37) is not such that (I) holds, leading
to a contradiction. On the other hand, assume that there
exists a dynamic time—invariant output feedback (37) that
solves Problem 1.II, but system (1) is not such that (38b)
holds. Thus, by Theorem 7, there exists A\ € A(M“) such
that A ¢ {s € C : |s| < p}. By Proposition 6, there
exists a matrix 71" such that (27) holds. By letting £ = Tz,
one has that the state of the closed loop system is y =

(& &, o' . Let B=[B, B, B, =TB and
F=]| E! F! F)] =TF.By defining matrices
i A:’il,il 47;1,1-2 A:il,o BilcF,K i
A = Ai27i1 Aiz,iz AAiLO Bi2OF7K
= 0 0 Aoo  BoCrpk |’
L 0 0 BKCF,O AK .
[ B4 E, Es FyCrx T
e Ey Es Es Fi,Crk
> 0 E; Ex E,Crx |
0 CjoFx CroFk Er |

one has that the dynamics of the closed loop system are given
by ¥ = Asx, ¥ = Exx. By a reasoning wholly similar to
the one given for strong reachability, this is in contradiction
with the existence of a controller (37) such that II holds. [

Proposition 10. There exists a solution to Problem 1.III if
and only if system (1), (2) is controllable and constructible.

Proof. The proof of this proposition is wholly similar to the
proof of Proposition 9, by replacing {s € C : |s| < g} with
{0}, (38a) with (9), and (38b) with (31). O

By Propositions 8, 9, and 10, by choosing the matrices K,
Ky, Ly, and L so that ZUY C Cg, ZUY C{seC:|s| <
o}, or ZUY = {0}, one has that the closed loop system
is asymptotically stable, converge to zero exponentially with
decrease rate p, or is driven to zero in finite time, respectively.
It is worth pointing out that matrices Kp, Kj, Lp, and L;
can be computed by using any design technique that ensures
either EUYT C C,, EUTY C {s € C : |s] < o}, or
ZUTYT = {0} . For instance, one can use the separation
principle of Theorem 9. In fact, one can compute disjointly
matrices K, K such that = C C, and matrices Lp, Ly
such that T C C,. Thus, by Theorem 9, one has that the
closed loop system has eigenvalues =UTU{0} C C,, i.e., the
linear dynamic time—invariant output feedback (37) stabilizes
the hybrid system. Note that if system (1), (2) is strongly
reachable and observable, then there exists a solution to (I),
(II), and (III) of Problem 1.

Example 3. The mechanical system analyzed in this example
is used in [47] to illustrate some issues in regulation for the
class of hybrid systems analyzed in this paper. Consider a
disk of radius r, total mass m, and inertia Z, moving on an
horizontal plane between two parallel walls, orthogonal to the
plane of motion and infinitely massive. Let [+27, [ > 0, be the
distance between the two walls, let (z., y.) be the coordinates



of the center of mass of the disk, and let a denote the angular
position of the disk (Fig. 2).

[+ 2r

Ye

Tc
Fig. 2. A rotating disk bouncing between two walls.

Assume that all the impacts are elastic and occur with pre—
impact conditions such that the infinitesimal interval in which
the disk is in contact with the wall consists in a first interval
of sliding followed by a second interval of rolling, i.e.,

[9e(te, k = 1) +ralty, k — D] < 20ufEc(ty, k = 1], (39)

2 . . . . . .
where ¢ = " and p is the coefficient of kinetic friction

characterizing the infinitesimal sliding phase [47]. Assuming,
additionally, that x.(0) = 0, |Z.(¢)] = |£.(0)] = v > 0, a
hybrid state—space description of this mechanical system, with

state x =[ ¥ Yo « & ] andinputu=1[ u; w2 |, is
[0 1 0 0 0 0
. 0000 L0
X = 00 o0 1|XTt 1\04 0 | (40a)
1000 0 0o 1
[ 1 0 0 0
0 1—¢t 0 —Clr
XTo= | OC . <0 X, (40b)
[0 ¢y 0 ¢
and x(0,0) = [ ¥c0 ¥eo o o |'. Assume that the only

measurable outputs of the system (40) are the pre—impact
vertical and angular positions y.(tx, k — 1) and a(tg, k — 1),
ke Z>0, i.e.,

0010 (400)

By (11), (23), and (31), the system (40) is strongly reachable
and controllable, but not observable. Thanks to the separation
principle stated in Theorem 9, matrices Kp, Ky, and Lp, L;
such that ZU Y € C, can be computed disjointly. Namely,
let A=e*™E andlet B=[ ¢*™F R4 p |. In order to
compute matrices Kz and K ; such that the set = given in (12)
is a subset of Cg, a possible approach is to solve the following
equation (usually known as Algebraic Riccati Equation [49])

P=1+4+A'PA—- A'PB(I + B'PB)"'B'PA.

Cr =0, CJ:[1 00 0].

By considering that the discrete-time linear system with data
(A, B, I) is stabilizable and detectable, the matrix

K =—(I+B'PB)"'B'PA,

is such that A(A + BK) < C,. Therefore, letting
[ K, K} ]' =K, one has that the set = given in (12) is a
subset of C, [49]. By exploiting the duality principle stated
in Theorem 8, a wholly similar procedure can be carried out
to compute Lr and L; such that the set T given in (24)
is a subset of C,. Hence, by Theorem 9, the time—invariant
dynamic output feedback (36) is such that the eigenvalues of
the closed loop system are in C,4, and hence the closed loop
system is asymptotically stable [36, Lem. 1].

A numerical simulation of the solution to closed loop
system with the time—invariant dynamic output feedback (36)
have been carried out assuming the following data: m =
0.22Kg, r = 0.5m, v = 1m/s, and [ = 1lm, x(0,0) =
[ 0.lm —0.2m/s —0.1rad 0.2rad/s ], and null initial
conditions of the feedback controller. Figure 3 depicts the time
history of the state x(t, k), the estimation error x (¢, k)—x (¢, k)
and the applied control input u(t, k) = [ ui(t, k) ua(t, k) |'.
The admissible motion condition (39) is satisfied in such a

simulations with g > 0.025. AN
0.4f "y ||
0.2 Ve |
0f o H
—
—-0.2 |
—0.4+ |
1 1 1 1 ‘ :
0.15[ Ye = Ye |
Ye — Ye
ol a—a ||
— d—
—0.15 |- a
1 1 1 1 1 1 :
U1
0.25 - ug ||
0 4‘/M/\/L.<-
—0.25 - |
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Fig. 3. Numerical simulations of the closed loop system.

Remark 1. The robustness of the proposed compensator re-
lies on the same continuity arguments of non-hybrid linear
systems. Namely, if matrices Kz, K, L, and L; are such
that U T C C,, then small perturbations of the nominal
parameters of the hybrid systems are such that the eigenvalues
of the monodromy matrix of the closed loop system remains
in C,4. Namely, if the parameters of the hybrid system vary
in a sufficiently small neighborhood of their nominal values,
continuity implies preservation of asymptotic stability of the
closed loop system.

VI. ARBITRARY INITIAL CONDITIONS FOR THE TIMER T

All throughout this paper, we have assumed that the initial
condition of the timer 7 governing the jumps of system (1) is



7(0,0) = 0. In this section, we discuss the extension of the
results given in this work to arbitrary initial conditions of the
timer variable 7(0,0) = 79, 70 € [0, Tas].

Given 79 € [0, Tas], all the solutions to the hybrid system (1)
are defined over the hybrid time domain

T(70) :={(t,k) : t € [tr,trp1] k € Zxo}, (41a)
- 0, if k=0,
t”‘{kmf7m if k € Zso. (410)

Let ¢(t, k, 70, o, ur,uy) be the solution to system (1) at
hybrid time (¢, k) € T (19), with initial conditions 7(0,0) =
70, £(0,0) = zo, zo € R”, and inputs up(-,-), us(-). By
redefining the inputs up(+,-) and u;(-) so that the domain of
such functions is 7 (7p), it can be easily checked that the sys-
tem (1) with initial condition 7(0,0) = 0 is reachable (resp.,
strongly reachable, controllable, stabilizable) if and only if the
system (1) with initial condition 7(0,0) = 79, 79 € [0, Tas] is
reachable (resp., strongly reachable, controllable, stabilizable).

More attention is needed when dealing with “observation”
structural properties. In fact, consider the hybrid system (19)
with initial condition 7(0,0) = 7ps and z(0,0) = z¢. If the
matrix E is singular and the pair (F,C}) is not observable
(in the classical sense), then there exists an initial condition
xo # 0 such that yp(t,k) =0 and y;(k) =0, for all (¢, k) €
T (10), even if (23) holds. Therefore, it can be easily proved
that, if the matrix E is singular, the hybrid system (19) is
observable for any initial condition 7(0,0) = 79, 70 € [0, Tas],
2(0,0) = xo, if and only if the pair (E,C};) is observable.
On the other hand, if the matrix E is nonsingular, for any
70 € [0,7n], the hybrid system (19) with 7(0,0) = 7 is
observable if and only if the hybrid system (19) with 79 =0
is observable. As a matter of fact, if the latter condition holds,
then there exists a hybrid time (6,x) € T (7p) such that, by
using only measurements of the outputs yr(t, k), ys(¢, k) for
all the times 7 (7o) N [t1, 0] x {1, x}, it is possible to determine
z(t1,1). Hence, since E is nonsingular, the initial condition
can be determined by letting zo = (Ee™) "1z (¢, 1).

VII. CONCLUSIONS AND FUTURE WORK

In this work, we focus the attention on a class of linear
hybrid systems where the clock variable satisfies a fixed dwell-
time and is available for feedback. This allows us to focus
the attention on a linear setting and to extend many of the
classical results for non-hybrid linear systems. Namely, the
main contributions of this paper are the following:

o provide simple tests to analyze structural properties of

hybrid systems;

o provide two standard forms to represent the dynamics of
the hybrid system;

o provide a duality theorem, relating structural properties
of a given system with the structural properties of a dual
linear hybrid system.

« provide necessary and sufficient conditions guaranteeing
the existence of a linear dynamic time—invariant output
feedback that stabilizes the system;

e propose a structure for such a linear dynamic time—
invariant output feedback;

o provide a separation principle showing that the observer
and the state feedback controller can be designed inde-
pendently.

Robustness of the proposed compensator with respect to
small variations of the parameters of the nominal hybrid
system is discussed.

Future work will take advantage of this algebraic and
geometric characterization of structural properties to solve
challenging problems for this class of linear hybrid systems
as, for instance, linear quadratic optimal control over finite and
infinite horizon [50], characterization of the £, gain properties,
robust output regulation, and disturbance decoupling.
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