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EXPLICIT FORMULAS FOR RELAXED DISARRANGEMENT DENSITIES
ARISING FROM STRUCTURED DEFORMATIONS

ANA CRISTINA BARROSO, JOSE MATIAS, MARCO MORANDOTTI, AND DAVID R. OWEN

ABSTRACT. In this paper we derive explicit formulas for disarrangement densities of
submacroscopic separations, switches, and interpenetrations in the context of first-
order structured deformations. Our derivation employs relaxation within one mathe-
matical setting for structured deformations of a specific, purely interfacial density, and
the formula we obtain agrees with one obtained earlier in a different setting for struc-
tured deformations. Coincidentally, our derivation provides an alternative method for
obtaining the earlier result, and we establish new explicit formulas for other measures
of disarrangements that are significant in applications.

Keywords: Structured deformations, relaxation, disarrangements, interfacial density, bulk
density, isotropic vectors.
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1. INTRODUCTION

Structured deformations provide a multiscale geometry that captures the contri-
butions at the macrolevel of both smooth geometrical changes and non-smooth geo-
metrical changes (disarrangements) at submacroscopic levels. For each (first-order)
structured deformation (g, ) of a continuous body, the tensor field G is known to
be a measure of deformations without disarrangements, and M := Vg — G is known
to be a measure of deformations due to disarrangements. The tensor fields G and
M together deliver not only standard notions of plastic deformation, but M and its
curl deliver the Burgers vector field associated with closed curves in the body and
the dislocation density field used in describing geometrical changes in bodies with
defects. Recently, Owen and Paroni [13] evaluated explicitly some relaxed energy
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densities arising in Choksi and Fonseca’s energetics of structured deformations [4]
and thereby showed: (1) (trM)", the positive part of trM, is a volume density of
disarrangements due to submacroscopic separations, (2) (trM)~, the negative part
of trM ,is a volume density of disarrangements due to submacroscopic switches and
interpenetrations, and (3) |trM|, the absolute value of ¢rM, is a volume density of
all three of these non-tangential disarrangements: separations, switches, and in-
terpenetrations. The main contribution of the present research is to show that a
different approach to the energetics of structured deformations, that due to Baia,
Matias, and Santos [1], confirms the roles of (trM)™*, (trM)~, and |trM| established
by Owen and Paroni. In doing so, we give an alternative, shorter proof of Owen and
Paroni’s results, and we establish additional explicit formulas for other measures of
disarrangements.

In order to motivate our study and to provide necessary background, we discuss
briefly in the following subsections of this introduction some concepts and results
from the multiscale geometry of structured deformations. (Readers familiar with
this material may wish to skip to the last subsection of the introduction where our
main results are summarized.)

1.1. Structured deformations and disarrangement densities in the setting
of Del Piero and Owen. The need in continuum mechanics to include the effects of
multiscale geometrical changes led Del Piero and Owen [7] to a notion of structured
deformations as triples (x, g, G), where

¢ the injective, piecewise continuously differentiable field ¢ maps the points of
a continuous body into physical space and describes macroscopic changes in
the geometry of the body,

e the piecewise continous tensor field G maps the body into the space of linear
mappings on the translation space of physical space and satisfies the "accom-
modation inequality”

0 < C < detG(x) < det Vg(z) at each point = (1.1

where V denotes the classical gradient operator, and
e x is a surface-like subset of the body that describes preexisting, unopened
macroscopic cracks.

A geometrical interpretation of the field G is provided by the Approximation The-
orem [7]: for each structured deformation (k,g,G) there exists a sequence of injec-
tive, piecewise smooth deformations f, and a sequence of surface-like subsets «,, of
the body such that

g= lim f, 1.2)
n— 00

G = lim Vf, (1.3)
n—oo

and

oo [ee]
= UM

n=1p=n
The limits in (1.2) and (1.3) are taken in the sense of L°° convergence. A sequence
n — f, of piecewise smooth, injective functions satisfying (1.2) and (1.3) is called
a determining sequence for the pair (g,G), and each term f, is interpreted as de-
scribing the body divided into tiny pieces that may individually undergo smooth ge-
ometrical changes and that also may undergo disarrangements, i.e., may separate or
slide relative to each other. In this context, we write f, ~ (¢9,G). From (1.3) we
see that G captures the effects at the macrolevel of smooth geometrical changes at
submacroscopic levels, and we call G the deformation without disarrangements.
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Del Piero and Owen [6] proved that, for every structured deformation (x, g, G), for
every determining sequence n — f, for (¢,G), and for every point x where ¢ is
differentiable and where G is continuous, there holds

/J B @ v
. . n)NB(x
Jim, Tim B,(2)]

Here, HV~! denotes the (N—1)-dimensional Hausdorff measure on RY, B,(z) de-
notes the open ball centered at = of radius r, |B,(z)| denotes its volume (i.e., its
N -dimensional Lebesgue measure), J(f,) denotes the jump set of f,, i.e., points
where f,, can suffer jump-discontinuities, and [f,](y) ® v(y) is the tensor product of
the jump [f,] of f, with the normal v to the jump set. This result permits us to call
the tensor

= Vy(z) — G(x). (1.4)

M(z) :=Vg(z) — G(z) (1.5)
the deformation due to disarrangements, because it captures, in the limit as n tends
to infinity, the volume density of separations and slips between pieces of the body as
described by the approximating deformations f,. We may then regard the tensor
field M as a tensorial disarrangement density that, for every determining sequence
n+— f, for (g, G), reflects the limits of interfacial discontinuities of the approximat-
ing deformations f,,. Moreover, (1.2) and (1.3) along with the definition of M (1.5)
yield the alternative formula for the disarrangement density:

M =V/(lim f,)— lim Vf,.
n—oo n—oo

Consequently, M measures quantitatively the lack of commutativity of the classical
gradient V and the limit operator lim,, .., for L° -convergence.
The trivial algebraic relation
Vg=G+ M (1.6)

together with the identification relations (1.3) and (1.4) shows that the macroscopic
deformation gradient Vg has an additive decomposition into its part G without dis-
arrangements and its part M due to disarrangements. Because G has invertible
values, (1.6) leads immediately to two multiplicative decompositions for Vg:

Vg=G(I+GM)=(I+MG"G.

The disarrangement density M and the deformation without disarrangements G
have an additional property significant in the description of defects and dislocations
in a continuous body in three dimensions. We consider a smooth surface S with
smooth bounding closed curve 7, both contained in a region in the body where ¢ and
G are smooth. The relation (1.6) and the smoothness of g imply

0= ﬁ V(z)ds = ﬁ G(z)dz + j{ M (z) da.

The vector 3% M (z) dz measures the displacement due to disarrangements along ~
and may be called the Burgers vector [7] for v arising from the given structured
deformation. Application of Stokes’ Theorem to fv G(z)dr and fv M (z) dz and use

of the previous relation yields the formulas for the Burgers vector:

Y{M(x) dr = / curlM (x)v(z)dA, = —/ curlG(x)v(z)dA,.

0 S S

The second-order tensor field curlM = —curlG thus determines the Burgers vector
associated with ~ for every closed curve and corresponds to familiar measures of
dislocation density [9, 12]. In this manner, the disarrangement density tensor M
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determines both the Burgers vector and the dislocation density tensor, both basic
tools in modelling the effects of submacroscopic defects on the response of solids.

The tensorial relations (1.5) and (1.4) yield upon application of the trace operator
the scalar relation

[Falw) - vy) dHN " (y)

o JI)nB, (@) _
7111}(1) nlgrgo Bo@)] =trM(z) 1.7

in which [f,](y) - v(y) is the scalar product of the jump and of the normal at y. The
formula (1.7) tells us that trM is a scalar (bulk) disarrangement density that cap-
tures the components of the jumps of f,, that are normal to the jump set. Moreover,
this scalar disarrangement density at x, trM(z), allows for cancellation of positive
and negative contributions of [f,](y) - ¥(y) at points y near z to the integral on
the left-hand side of (1.7). Thus, trM (z) does not distinguish between jumps with
[fn](y) - v(y) > O that pull apart small pieces of the body near x and jumps with
[fn](y) - v(y) < O that cause small pieces near = to switch places. Because the ap-
proximating f, are injective, the possibility for the case [f,.](y)-v(y) < 0 that f, can
cause adjacent small pieces of the body to interpenetrate is ruled out.

Owen and Paroni [13] refined the scalar disarrangement density ¢rM by replacing
[f=](y)-v(y) by its positive part throughout the jump set of f,,, or by its negative part
throughout the jump set:

([fal ) - v@))* = 3(I[Fal @) - v + [fal (W) - v()) (1.8)
(Lfal () v @)™ = 5l @) - v = [l @) - v())- (1.9)

The field ([f,] - v )" on the jump set is a scalar (interfacial) disarrangement density
that measures separations of pieces of the body caused by f,,, while the field ([f,]-v )~
is a scalar (interfacial) disarrangement density that measures the switching of pieces
of the body caused by f,,. Since we have

fnl@) - v = ([fal () - v @) + ([l (W) - v(y))

the field |[f.](y) - v(y)| is a scalar disarrangement density that measures both sep-
arations and switches. We fix a part P of the body, we integrate (1.8) or (1.9) over
J(fn) NP and use the formula (1.7) to obtain the relations

lim inf (fal(w) - v(y)FdHN " (y)

*1 imin ‘v N=1
— S liminf / o 1) 0] 4 )

r;%oo (1.10)
+ Y imine / [fal W) - v(y)dH L (y)
2 J(fn)NP

n—oo

_1 imin .y N-—1 1 . - N .
_4 f/](fn)mp|[fn](y) ()| dH (y)i2/73tM( VLN ().

n—roo

Consequently, the limiting behavior of the integral of ([f,](v) - v(y))* in (1.10) as n
tends to oo is determined by the behavior of the integral of |[f,](y) - v(y)|, and we
restrict our attention to the latter. We expect that

lim inf fnl () - v () dHN 1 (y),
n—o00 J(fn,)ﬂ'P

unlike

Jim inf / [l @) - v () dHY 1 (y),
J(fn)NP
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will depend upon the choice of determining sequence for (g, G). Therefore, we are
led to consider the most economical manner in which separations and switches can
arise among the determining sequences for (g,G):

V(g G;P) = inf {lim inf Ul (W) - v dHN "2 (y) = fo ~ (g, G)} . (1.11)
e Ju(fanP

The number V!'l(g, G; P) so defined has the dimension of volume, and we call V!'/(g, G; P)
the (minimal) volume swept out by disarrangements in P for (g,G). If we replace

|| everywhere in (1.11) by ” +” or everywhere by ” — 7, then we call the number
V*(g,G;P) the (minimal) volume swept out by separations in P for (g,G), and the
number V~ (g, G; P) the (minimal) volume swept out by switchesin P for (g,G). The
formulas (1.10) imply the simple formulas

VE(g,GiP) = 1V (g, G5 P) + L / 1M (2)dC ()
P

and, in view of the form of the second term on the right-hand side, raise the follow-
ing basic question: does the volume swept out by disarrangements V!'(g,G;P) as
defined in (1.11) have an associated disarrangement density which, when integrated
over P, recovers VI'(g, G;P). If so, what specific information can be obtained about
the dependence of the integrand upon the structured deformation (g, G)?

While the setting for structured deformations described in this subsection is quite
suitable for formulating refined field equations in continuum mechanics [8] that re-
flect the influence of submacroscopic geometrical changes in a body, this setting has
not provided answers to questions such as the ones just raised. Part of the difficulty
with the setting provided in [7] lies in the choice of smoothness placed on ¢ and its
approximates f,, while another part lies in the requirement that ¢ and f,, be injec-
tive. An alternative setting provided by Choksi and Fonseca [4] was proposed for
dealing with such questions and is described briefly in the next subsection.

1.2. Structured deformations and disarrangement densities in the setting
of Choksi and Fonseca. We describe here a few essential elements of the treatment
of structured deformations by Choksi and Fonseca [4]. The articles [3], [11], [2],
and [15] also provide summaries of that treatment, and [1], [2], and [15] provide
alternative settings for structured deformations. The summary in [3] is intended for
those interested in immediate applications in continuum mechanics, while [1] sets
the stage for applications of structured deformations to thin bodies [11]. The article
[15] reexamines the results of [4] in a broader setting while providing refinements of
counterparts of the Approximation Theorem and the identification relation (1.4).

According to Choksi and Fonseca, a structured deformation is a pair (g,G) in
which g : § — RY, with Q an open subset of the space RY of N-tuples of real
numbers, and G : Q@ — RY*V  with RV*" the space of NxN matrices with real
entries. The mapping G is assumed to be integrable on 2, G ¢ L'(Q;RY*YN) and
g is assumed to be in the space SBV (2;R"), i.e., g is a function of bounded varia-
tion with the additional property that its distributional derivative Dg, as a bounded
measure, has zero Cantor part:

Dg=VgLN +[g] @ vHN L (1.12)

Here the integrable mapping Vg is the density of the absolutely continuous part
Vg LN of Dg with respect to N-dimensional Lebesgue measure £V, and [¢] ® v is
the density of the singular part [g|@vH" ! of Dg with respect to (N—1)-dimensional
Hausdorff measure %" ~!. The singular part is concentrated on .J(g), the jump set of
g, and, as usual, [g] denotes the jump in g and v denotes the normal to the jump set
J(g). It is important to note that Vg in the present setting is no longer the classical
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gradient of a smooth field and, consequently, need not be curl-free. Nevertheless,
Vg satisfies an integral version of the property of approximation by linear mappings
that defines the classical gradient of smooth fields .

Choksi and Fonseca [4] prove a version of the Approximation Theorem with ap-
proximating deformations f,, also in SBV(Q;R”Y) and with (1.2) and (1.3) replaced
respectively by

fn — gin L' (Q;RY) (1.13)
and
Vf. — G weakly in the sense of measures. (1.14)

We note that no restriction in the form of the accommodation inequality (1.1) or in the
form of a requirement of injectivity of g or f,, is imposed in the present context. We
again use the term determining sequence to describe a sequence n — f, satisfying
(1.13) and (1.14) for a given structured deformation (g, G), and we again write f,, ~
(9, G) when (1.13) and (1.14) both hold. The properties of distributional derivatives
along with relations (1.12), (1.13), and (1.14) justify the calculation

VoL +lg@vH! = D lim f,
= lim Df,
n—oo
lim (V £, LY + [fal @ v HN )
= GLY + lim ([fu] @ v HN Y

where the convergence indicated in the last three lines is weak convergence in the
sense of measures. We conclude that the singular parts [f,,] ® v HY~! of the approx-
imating deformations f,, converge in the same sense and that their limit satisfies

Tim (([fa] @ v M) = (Vg — Q)N + g @ v MV, (1.15)

In particular, the restriction of the limiting measure lim,, .. ([f.] ® v HY 1) to the
complement of the jump set J(g) agrees with the corresponding restriction of (Vg —
G)LN = M £V . Consequently, the tensor field M = Vg — G retains in this broader
setting for structured deformations its identity as a tensor density of disarrange-
ments for (¢,G). The formula (1.15) shows that when M = Vg — G # 0, while
all of the measures [f,] ® vH™ ! are supported on sets J(f,) of LY -measure zero
and so have £V -parts zero, the limit measure lim,, .. ([f,] ® vH" 1) has LV -part
M LN non-zero. This observation points to the fact that the jump sets J(f,) can dif-
fuse in the limit throughout the domain 2 so that the limiting measure lim,,_, ([f.]®
v HN~1) is supported in part on sets of positive £" -measure. This provides a coun-
terpart in the SBV -setting to the relation (1.4) in which the limit of jumps on the
left-hand side delivers the £V -density M. (See [15] for a detailed derivation of a
counterpart of (1.4) in a somewhat broader setting for structured deformations than
SBV.)

We note briefly that the scalar density of disarrangements ¢rM = tr(Vg —G) that
counts only normal components of jumps and that emerged in the previous setting
also appears in the present setting when one takes the trace of every member of
(1.15): if f, ~ (g9, G), then

Tim ([fa] vHN Y = (Vg —G)LN +[g] - v HN L

However, as was the case in the setting of Del Piero and Owen, replacement of [f,,] v
by ([fn]-v)* or by |[f,] - v| need not yield a limit of the corresponding measures and,
if a limit exists, the limit may depend upon the choice of determining sequence n —
fn. The setting of Choksi and Fonseca was formulated as a means of resolving these
difficulties, and we summarize some aspects of that resolution in the next subsection.
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1.3. Relaxation of energies for structured deformations. Optimal functions
arising from structured deformations such as the one (1.11)

V(9. GiP) = in { i [ ) B ) 2 o G)}

n—r00

introduced in Section 1.1 can be analyzed using the results of Choksi and Fonseca
[4] on "relaxation of energies" for structured deformations. In that approach, the
integral [, \p [[fal(y)  v(y) dHN~1(y) is replaced by an initial energy functional

E(f,) = / WV £ ()AL (4) + /J Bl (9), () dHY (1)

(f’!l)nQ

defined for f, € SBV(;RY). By imposing conditions on the initial bulk energy
density W and on the initial interfacial energy density v, the goal is to obtain for
the relaxed energy I(g,G) defined by

I(g,G) := inf { lim inf (/QW(an(y))dEN(y)—i—

n—oo

[, U o 0) S (0.6))

a representation of the form

1(9.G) = / H(Vg(y), G(y))dL™ (v) + / h(lg)(v) () AHN (1)
Q J(g)NQ

and to deduce properties of the relaxed bulk energy density H and the relaxed inter-
facial energy density h. Because our present interest lies in the case of disarrange-
ment densities, and not on the full energetics of structured deformations, we shall
restrict our attention to the case W = 0, and we record the following adaptation for
the case W = 0 of results from [4] (see [13, Theorem 3] for further comments and
other adaptations).

Theorem 1.1. Let SV = {v ¢ RV : |v| = 1}. Let Q be a bounded open subset of RN
and ¢ : RN x SN=1 — [0, +00) be such that
(H1) there exists a constant C > 0 such that

0<yP(&v) <Ol

forall (&,v) € RN x §N-1
(H2) 9 (-,v) is positively homogeneous of degree 1:

¢(tfa1’) :t'(/}(fvl/)

forall t >0 and (£,v) € RN x SN-1,
(H3) 9(-,v) is subadditive, i.e., for all &1,6 € RN and v € SVN1,

V(& +&2,v) < P&, v) +Y(E2,v).

Then, for any p > 1, if we define

I(g,G) := inf { liminf/ Y([un),v) dHN 1w, € SBV(Q;RY),
J(uyn )N

n— oo

u, — gin L'(Q;RY), Vu,, > G,

sup (| V| o oryxn) + [Dun|(Q)) < —i—oo},
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we have
10.6) = | H(V9().G@)aeY + [ hilgl(o).vla) an* ' (a),
Q J(g)NQ
where
H(A,B) := inf {/ Y([u],v) dHN ! :u € SBV(Q;RY),
Jne (1.16)
ulog = Az, |Vu| € LP(Q),/ VudLY = B},
Q
and
h(&,m) := inf {/ Y([u),v)dHN 1w e SBV(QH;RN),
J(w)NQy (1.17)
u|3Q77 = Ug n, Vu=0 a.e.},
with
o if —i<ax-n<0,
ug () = { € ifocoyol (1.18)

Here, Q = (—1/2,1/2)N and Q,, denotes the unit cube centered at the origin and with
two faces normal to 7.

In the right-hand side of (1.17) we have corrected an inconsequential misprint that
is present in the corresponding formula in Theorem 3 of [13].

Another approach to relaxation of energies for structured deformations in the full
BV setting is provided in [1]. A structured deformation in [1] is a pair (¢,G) €
BVZ(Q;RY)x BV (Q; RV*N) 'where BV2(Q;RY) := {u € BV(;RY) : Vu € BV(Q; RV*N)1.
The counterpart of the Approximation Theorem in this context asserts that there ex-
ists a sequence f, € BVZ?(;RY) such that both f, — g and Vf, — G in the
L!-norm. In this case we write f,, ~ (g,G).

The energy functional considered in [1], under assumptions on the initial bulk and
surface energy densities similar to the ones in [4], reads

B(f,) = / WV £ (), V2 fou(y)) ALy + / Bl (0), () AHY ()
Q J(fn)

+ [ VR Y ),
J(V fn)
and the relaxed energy (g, G) is defined by

1(g,G) == inf{ur{ging(fn)  f (g,G)}. (1.19)

A crucial result in [1] is that (1.19) can be divided into two first-order relaxed
energies, namely, I(g,G) = I1(9,G) + I2(G), where the term I;(g,G) captures the
structured deformation, whereas I5(G) only depends on the deformation without
disarrangements G. In the relevant case for the present paper, i.e., W = v, = 0, the
results in [1] give I, = 0 and

n—oo

I(9.G) = inf { i [ P Y ) <g,G>}.

Defining SBVZ(Q;RY) := {u € SBV(;RY) : Vu € SBV (Q; RY*N)} | the following
representation theorem holds
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Theorem 1.2 (see [1, Theorem 3.2]). For every (g,G) € SBV2(; RN )x SBV (Q; RV*N),
given 1 under the same hypotheses (H1)-(H3) of Theorem 1.1, we have that

1(9.G) = / H(G(z) - Vg(z))dCN + / h(lg) (). () AHN ) (a),
Q J(g)NQ
where, given A € RV*N ¢ c¢ RN, and n € SN—1,

H(A) := inf { / Y([u),v) dHN ' i u € SBV2(Q;RY),
JIne (1.20)
ulog =0,Vu=Aa.e in Q}

and

h(&,n) := inf { / Y([u],v) dHN 1w € SBV2(Q,; RY),
JWNQy (1.21)

uloq, = ugn, Vu=0a.e. in Q},
with e, defined as in (1.18).

Remark 1.3. It is worth noticing that the minimum problems defining (1.20) and
(1.21) are formally performed in SBV?2(Q;RY), but the result is the same if SBV? is
replaced in these relations by SBV, due to the requirement that Vu be constant.

1.4. Explicit formulas for relaxed disarrangement densities. Owen and Pa-
roni [13] applied Theorem 1.1 to the specific disarrangement densities |[f,](v) - ¥(y)]
and ([f.](y) - v(y))* introduced in Section 1.1 and obtained for each of these densi-
ties an explicit formula for the corresponding relaxed disarrangement densities H
in (1.16) and A in (1.17). Among their results ([13],Theorem 4) are the following
(obtained by setting L(x) = I in their Theorem 4):

Theorem 1.4. The initial disarrangement densities
P& v) =g v (1.22)
YEE ) = (€ V)T

satisfy the hypotheses (H1)-(H3) in Theorem 1.1 and have relaxed disarrangement
densities given by

H'(A,B) = |tr(A- B)|, hll(&v)=1¢ v|=vl(E), (1.23)

and
H*(A,B) = (tr(A— B))*, h¥(&,v) = (€-v)F =T (&, ).

Specifically, when the minimal volume swept out by disarrangements VI'l(g, G; P)
is defined in the Choksi-Fonseca setting by (1.11), then (1.23) yields the explicit for-
mula

W(9.6:P) = [ tr(Tg(o) = GaNlde¥ @)+ [ flw) - v an ) .20
P J(g)nP

for the (minimal) volume swept out by separations and switches among approxima-
tions f,, that determine (g,G). Relation (1.24) provides answers in the setting of
Choksi and Fonseca to the questions raised at the end of Section 1.1: VI'l(g, G;P) has
both a bulk disarrangement density |tr(Vg — G)| = |trM| and an interfacial disar-
rangement density |[g] - v|. Similarly, Theorem 1.4 shows that the (minimal) volume
swept out by separations alone, V*(g,G;P), has the bulk disarrangement density
(trM)* and the interfacial disarrangement density ([g] - v)*, with a corresponding
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result for V" (g, G;P), the (minimal) volume swept out by switches and interpene-
trations (the approximations f, in the Choksi-Fonseca setting are not required to
be injective, so that interpenetrations can arise there, unlike in the setting of Del
Piero-Owen).

1.5. Summary of the research presented in the present article. In the proof
of Theorem 1.4 given in [13], the significant part of the argument addresses the
verification of the inequality

H'(A,B) < |tr(A — B)| (1.25)
where HI'l(A, B) is given by the right-hand side of (1.16) with v ([u],,,) replaced by
YI'l(Ju],v) = |[u]-v|. This inequality was proved in [13] by constructing a family

u. of piecewise affine mappings on the unit cube @ each of whose jump set J(u.)
is formed by two (planar) ends and by a lateral surface constructed from solution
curves of the differential equation & = (A— B)z. The lateral surface, by construction,
contributes nothing to the integral [ J(@)NQy |[u] - v| dHN~!, and the contributions of
the two ends can be calculated explicitly for A — B lying in a dense subset of RV <V,
Proposition 5.2 of [4] provides sufficient regularity of H!'l(A, B) to establish (1.25)
for all A — B € RV*V,

As one of the main results in this article, we provide an alternate, shorter proof
of (1.25) that employs a different family u. of piecewise affine mappings that does
not involve solution curves of & = (A — B)x. Our approach is based on the following
observation. With A, B € RV*Y p>1,and with Q = (-1/2,1/2)" there hold

|tr(A — B)| < inf{/J( )|[u](w) cv(@)| dHN"Hz) : uwe SBV(Q;RY),

u(z) = Az on 0Q, Vu € LP(Q), / Vu(z)dLN (x) = B}
@ (1.26)
< inf { / l[u)(x) - v(z)| dHN "1 (z) : uw € SBV(Q;RY),
J(u)

u(z) =00n 0Q, Vu= B — Aa.e.}.

The first follows by moving the absolute value outside the integral and using the
Gauss-Green Theorem for the space SBV(Q;RY) of special functions of bounded
variation, while the second follows by noting that if u satisfies the last set of condi-
tions, then the function x — u(x) + Az satisfies the first set of conditions. In this
paper, we wish to show that

inf {/ [u)(z) - v(z)| dHN " Hz) : uwe SBV(Q;RY),
7 (1.27)
u(z) =00n0Q, Vu=B— A a.e‘} < |tr(A — B)|

so that the two infima in (1.26) have common value |tr(A — B)|.

The second main contribution of the present research concerns the alternative
approach to structured deformations and to relaxed energies due to Baia, Matias,
and Santos [1] discussed at the end of Subsection 1.3. According to that discussion
the second infimum in (1.26) (see (1.20) and Remark 1.3)

n ul(z) - v(x N=li) : o ‘RN
f{/}(@[]() ()| dHN (@) : u e SBV(Q; BY),

u(z) =00n0Q,Vu=B— Aa.e. in Q}
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is the bulk disarrangement density for the same interfacial disarrangement density
YI'l([u], v) (1.22) studied by Owen and Paroni in the setting of Choksi and Fonseca.
Consequently, our proof of (1.27) establishes the equality of the bulk disarrange-
ment densities obtained in two different settings for structured deformations. Thus,
the geometrical significance of the expression |tr(A — B)| described in [13], namely,
a volume density of volume swept out by non-smooth, submacroscopic geometrical
changes, is strengthened by the fact that one and the same expression arises from
two different schemes of relaxation. We note that the two different schemes of re-
laxation also deliver the same formula for the (relaxed) interfacial disarrangement
density h: h = ¢!l (see [13] for the routine verification that applies to both schemes).

The explicit formulas for disarrangement densities considered here in the context
of structured deformations will provide scalar fields that can enter as variables in
constitutive relations for the response of three-dimensional bodies. For this purpose,
frame-indifferent variants of the specific fields obtained here are available through
known factorizations of structured deformations in which the factor that tracks dis-
arrangements is unchanged under changes in frame [7]. Our explicit formulas also
are starting points for the study of examples in other contexts involving structured
deformations: second-order structured deformations [14] in which second gradients
and their limits enter into submacroscopic changes in geometry, as well as processes
for dimension reduction [11] in the presence of disarrangements that describe thin
structures undergoing submacroscopic slips, separations, and switches.

In Section 2 we provide a "tilted cube" construction for the family wu. of functions
employed in proving (1.27). The common orientation of the tilted cubes is determined
in Section 3 by means of a known result on the isotropic vectors of symmetric linear
mappings. The proof of (1.27) is completed in Section 4, and the paper concludes in
Section 5 with some additional explicit formulas for disarrangement densities.

During the review of this article, the research [16] was brought to our attention in
which explicit formulas for the bulk and interfacial relaxed energies are established
for a broad class of purely interfacial initial energies that includes the ones studied
here.

2. PROOF OF THE UPPER BOUND INEQUALITY

In what follows, a proof of (1.27) is given. The proof requires the following instance
of Lemma 4.3 in [10].

Lemma 2.1. Let M € RY*N and a bounded open set QO C RYN be given, with
having Lipshitz boundary. There exist a number C(N) > 0, independent of M and
Q, and u € SBV(Q;RY) such that

(1) u|aQ = 0

2) Vu=M, LN —ae. on

(3) [D*ul(Q) < CO(N) [|M]| LY ().

Here, Vu and D®u denote the absolutely continuous and the singular parts of
the distributional derivative Du = Vu LY + D*u of u, and |D%u| denotes the total
variation of the singular part. In addition, |M| := (tr(MTM))!/? is the Euclidean
norm of the matrix /M. We shall now use the Lemma to verify (1.27) for M = A— B.
To this end, let an integer n > 1 be given and consider the frame

Fn=Q\ (1 - :35)Q.

We may apply the Lemma to obtain an SBV function «(") : F,, — RN satisfying

° u(")\(f)]:n =0
o Vu™ =M, LN —a.e. on F,
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o the total variation [}, .., [[u™]] (z)dH" "' (z) of ul") satisfies

/J(u(n))l[u“)JI(x)dHN‘l(x) < C(N) M| (1 —(1- m)N) 2.1)

In preparation for defining an appropriate function u on Q\F, = (1 — 35)Q, we
write M := (M + MT) for the symmetric part of M, and we choose an orthonormal
basis e;,i=1,...,N of RN that consists of eigenvectors of M :

Mei :)\7;61', 1= ].,...7N.

We let m be a positive integer and cover (1—-25)Q by a collection C,, ,,, of congruent,

n+2
non-overlapping open cubes C* m» kK =1,..., Ky m, each of edge-length 1/m, each
with the ' pair of opposite faces orthogonal to the unit vector Re;, for i =1,..., N.

Here, R is an orthogonal N x N matrix, RRT = RTR = I, to be determined presently.
We require in addition that each each cube C¥  satisfies

(1-:2)QNCk,. #0.

the center of C¥ , , and we define u,, ., : (1 — %H)Q — RN

n,m n,m?

We denote by c*

Un, m(x) = {M(l‘ B cﬁ’m) lfx © (1 o r“!‘?)Q ﬂ 71 m fOI‘ some k = 1a R Kn,'m,

Using standard reasoning we conclude that wu, ,, € SBV((l - —)Q,RN ) with

Vipym =M, LN —a.e. on (1— —)Q Moreover, the trace of unm on O((1— n—H)Q)

is bounded pointwise by ¥ ‘F [|M]|. Consequently, the function u 1 Q — RV defined
by

Uss) (z) = u™(x) forz € F,, )

Unm(z) forze(l——=5)Q

n+2
belongs to SBV (Q; RY), has gradient M, LN — a.e., and has zero trace on 9Q. More-
over, the jump set of ugff ) satisfies
J(uip) € Ju™)Ua((1 - 225)Q) U J (unm).- (2.2)

Since u'"”’ has outer trace 0 on ol — m)Q, there holds for HV~! —a.e. 2 in

(1 - 735)Q)

VN
(n) vy
|u)@)| < == 1]
and, consequently,
[ Juse via|an i )<£|IMH2N( R S AR X
a((1-332)Q)
We note from (2.1) that
[ [0 v 4 ) <O IME A== )Y, @

and it remains to obtain a corresponding estimate for [, (o) ‘ [ugff )]( ) v(x) | dHN ().
To this end, we note that

Kn,m
unm l ] nm?
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and we shall seek an upper bound for [ i, ‘[uﬁff)}(az) v(x)| dH N1 (z). For
k=1 n,m

each k =1,..., K, and i = 1,..., N, we denote by ¢l and ¢i  the two faces
of the cube C,, € Cp . orthogonal to Re;. We note that one face ¢%Fof CF = has
outer normal v, = +Re;, while the opposite face ¢/i, has outer normal v, =
—Re;.

We suppose now that the face ¢}it of Ck | € C, . satisfies

b C (1 - 25)Q (2.5)

Then there is a cube C*’ and we have

n,m

at each point = € ¢kt

€ C,,.m that shares the given face with C

nm’

uP)@) v(z) = (M(x—chm)— Mz —ck ) v (@)

k
= M(cp = cnm) V(@)

= M(—%ka(x)) . V:rk(ff)

= —iMRei Re;
m
so that
@) - v a1 @) = / L \iRe, - Rean™ ()
/¢i‘;:‘$ ¢k o+ m 2.6)
The same argument shows that if
wm C (1= 335)Q
then
[ @) via)| a1 w) = —itRe - Re. @1
bnm

If (2.5) holds for i = 1,..., N, then we may sum the last relation over i to conclude

that
N
n N-1
Z/ () - ()| a2 NZWRQ Rl
1
7]\, Z:Z\lReZ Re;
=1 (2.8)
1|
-
i=1

1 N 1

In (2.8) equality holds if and only if all of the numbers MRe; - Re;,i=1,...,N,
have the same sign:

(MRe;-Re;)(MRej-Re;) >0, fori,j=1,...,N. (2.9)

The last two inequalities lead us to consider the problem

N
Find min Y |MRe;- Re;| > |tr M| = [trM], (2.10)
RRT:Ii:1
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with equality holding if and only if there exists an orthogonal matrix R satisfying
(2.9).

3. ASIDE ON ISOTROPIC VECTORS

We note that the sign inequality (2.9) suggests looking for unit vectors v such that
Muv-v =0, 3.1)

the isotropic vectors for M [5]. In particular, in the special case tr M = 0, the
existence of N mutually orthogonal isotropic vectors vy, ..., vy would insure that the
matrix R defined by Re; = v; for i = 1,..., N would satisfy (2.10) in the form 0 = 0.
More generally, even when ¢r M # 0, the existence of isotropic vectors is useful. In
fact, the symmetric matrix M — %(tr M )I has zero trace, so we suppose that there

exist N mutually orthogonal isotropic unit vectors v, ..., vy for M — ~ (tr M)I. The
relation (3.1) with M replaced by M — +(tr M)I then becomes
L1 R . tr M
0= (]V[ — N(trM)I)vi cv; = Muv; - v — TN
so that Mv; - v; = ”NM for i = 1,..., N. Again, if we define a linear mapping R on

RNby Re; =v; for i = 1,..., N then R is orthogonal, it satisfies the sign inequality
for M (2.9), and it delivers equality in (2.10) in the form Zf.vzl %) = |tr M|.

The following result ([5], Corollary 15) provides the desired existence of complete
orthonormal sets of isotropic vectors.

Theorem 3.1. A symmetric matrix A € RN*Y possesses an orthonormal set of N
isotropic vectors if and only if trA = 0.

This theorem and the preceding discussion permit us to conclude: for every matrix
M e RN XN

N N
A, R Red = g 3 WERe: - Rel
1= 1=
=|tr M| = |trM|,

and a minimizing rotation matrix R is one carrying the orthonormal basis of R"V con-
sisting of eigenvectors of M into an orthonormal basis of RY consisting of isotropic
vectors of M — % (tr M)I. For this minimizing rotation matrix, we have

IMRe; - Reg| = % [trM| fori=1,...,N. (3.2)

We remark that minimizers are not unique, in general, even when one eliminates
trivial permutations of isotropic vectors. In fact, for N = 3 there are examples of
minimizers for which two of the three terms in 2?21 |MRe; - Re;| vanish, while the
third equals |trM]|, so that only two of the three vectors Re; are isotropic vectors for
M .

For the convenience of the reader, we provide the recursive step used in proving the
existence of orthonormal bases made up of isotropic vectors for a traceless symmetric
matrix A € RV*Y, We interpret A in the usual way as a linear mapping on RY,
endowed with the standard inner product. Then the nullspace KerA of A and
its orthogonal complement (KerA)!* are complementary A-invariant subspaces of
RY, and all vectors in KerA are isotropic vectors for A. If (KerA)* is the zero
subspace, then A = 0 and every vector in R" is an isotropic vector for A, and every
orthonormal basis of R" meets the desired requirement. If (KerA)* is not the
zero subspace, then we seek additional isotropic vectors for A in (KerA)*. To this
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end, the traceless symmetric linear mapping A # 0 has both positive and negative
eigenvalues so that
‘nTinlAu-u<O< Im‘miAu-u

and, since the unit sphere in R”" is connected and since the quadratic form u —
Aw - u is continuous, there exists a unit vector v; € RN such that Av; -v; = 0. Writ-
ing v; as a sum of two orthogonal vectors, one in KerA and the other in (KerA)*
and using the invariance of (KerA)® under A shows that we may without loss of
generality assume that v; € (KerA)-. The linear span Lsp(KerA U {v,}) has di-
mension one larger than that of KerA and consists solely of isotropic vectors for A.
Consequently, we need to search for isotropic vectors of A in (Lsp(KerA U {vi}))*
which has dimension one less than (KerA)*. To procede further, we define a linear
mapping A; on RY by

A1 =A—v1 ® Avy — Avi @ 11

where the formula (a ® b)v := (b-v)a, for all a,b,v € RY, defines the standard tensor
product a ® b € Lin(RY;RY). From the fact that v, is an isotropic vector for A
and from the formula ¢r((a ® b) = a - b it is easy to see that A, is traceless; because
(a®b)T = b®a, it follows that A; is symmetric. In addition, if v € (Lsp(KerAu{v; }))*
is an isotropic vector for A, then we have not only v - v; = 0 but also

0 = Aw-v
= (Av—(Avy -v)vy — (v1-v)Avy) - v
= Av-v— (Avy-v)(v1-v) — (v1 - v)(Avg - v)

= Av-o.

Thus, every isotropic vector for A; that is in (Lsp(KerA U {v;}))* is an isotropic
vector for A, and dim((Lsp(KerAU{v;}))t) = dim((KerA)+)—1. To be able to apply
the forgoing considerations to A;, we need only show that (Lsp(KerA U {v,}))* is
invariant under A;. To this end, let v € (Lsp(KerA U {v;}))*, v, € KerA, and
a € R be given, and consider

Av - (ve+avy) = Aw-vg + Ajv-avg
= wv-Ajv, +av-Ajv;
= 04 av-(Av; — (Av; @ v1)v; — (v1 ® Avy)vy)
= aw- (Avy — (v1 - v1)Av — (Avy - v1)vr)
av - (Avy — Avy — 0) = 0.

We may conclude that A;v € (Lsp(KerAU{v1}))* as desired. In the third line of the
above computation we have used the side-calculation

v-Av, = v-(A—v ® Avy — Avy @ v1)v,
= v-Av, — (Avy - vg)(v-v1) — (V1 - V) (v - Avy) = 0.

The first term on the last line vanishes because v, € KerA, the second vanishes
because v € (Lsp(KerA U {vi}))* and the third vanishes because v; € (KerA)*.
The search for isotropic vectors for A on the A-invariant subspace (KerA)- may now
be replaced by the search for isotropic vectors for A; on the A;-invariant subspace
(Lsp(KerAU {v}))* of dimension one less than that of (KerA)*,.
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4. COMPLETION OF THE PROOF OF THE UPPER BOUND INEQUALITY

We may use (3.2) and the formulas (2.6), (2.7) to conclude that: if )7, has a face
P C (1 - 555)Q, then
(n) : N—1 _ |tTM‘ _ |trM| N k
/¢ s |0)@) vi@)|anV M) = g = LN (Ch ), (4.1)
On the other hand, if a face ¢'iF of C% | € Cp, , fails to satisfy ¢f% C (1 - 25)Q,
then the argument used to verify (4.1) may be applied to ¢fi*n (1 — m)Q to
conclude that
(n) N-1 [trM| n
’[um J(z)- v(x)] dHN M @) < LN (CE ). (4.2)
¢k,ii (I—L)Q N
e n+2

We now consider the cube C ,, € Cnm and choose V,', , one of its 2V vertices.

Exactly N faces ¢*/,j=1,...,N,of C} , meetat V,! . Because each cube C} €
Com for k=1,..., K, ,, can be obtalned from C}l,m by a unique translation 7}, the
choices C} and V1 induce via T} an assignment of N faces ¢*7, j=1,....N to

n,m n,m

Ck .. Itis easy to show that for all k, k' =1,..., Knm
K Ak= {¢"7:j=1,...,N}n{¢" :j=1,... N} =0,
i.e., the set of N faces assigned to different cubes are disjoint. If we now apply the
mapping _
Crmr—{¢":j=1,...,N}
to each cube in the collection

2
int ,__ k K T AT Lo
Cn m = {Cmm S Cn,m . Cn ,m (1 N+ Q)Q}

then all of the faces ¢* so obtained will be included in (1-— W)Q’ and we may
apply (4.1) to each such face to obtain for each Cf , € Cit,

|t1"M|

Z N vt e =) = NN @ ) = erar 24105,
ghd
We may sum both sides over the cubes C},, € Ci*t to obtain
Z S / [u)a) - vl)| dHN () = M| £ U, ces, Chm)-

ECint j=1

The faces represented on the left hand side need not include all of J(u,, ,,) C Usz"l’” BC,’j "
because some faces of cubes Cf; ,, € Ci*  that are also faces of cubes C,’i/m € Cnm \Ci%,
are left out, while proper subsets ¢f7=N (1 — -25)Q of faces ¢ki* also are left out.
However, for those parts of J(u, ), we may use (4.1) and (4.2) to estimate the in-

tegrals / . ‘[ug,’l")](m) -v(z)|dHN " (x), along with the fact that the cubes
¢5L ’Lm ﬂ(l— 2)

whose faces contaln these parts of J(uy,,) all must contain points of 9(1 — %H)Q
and must together cover 0(1 — %H)Q. Combining all of these contributions to

/ ‘[ugfj)}(az) . I/(LC)‘ dHN~1(z) we obtain
J(Un,m)

0< [ Juliw) via)| dH¥ 1w~ ] £ (U e, Chon)
J(tn ) e

<L2|trM| LN(Uck mE(Cn, ,,L\C;:“m)C m)-

(4.3)



FORMULAS FOR RELAXED DISARRANGEMENT DENSITIES 17

The factor of 2 = % in the last expression reflects the fact that the £ -measure of

some of the cubes in the collection C, ,,,\C}/", has been counted more than once but

no more than 2N times through the use of the bound (4.2). The relations (4.3), (2.2),
(2.3), and (2.4) now yield the relation

0 </ (n) ‘[u%‘)](x) ~v(x)| dHY N (@) — [trM]| EN(UC,k come CF Y
J(u,,’; ) r,m SYn,m s

VN - (4.4)
<2JtrM| £~ (Uog,, (e mcitt) Chm) + o M| 2N (1= 725) ¥

n,m

+CO(N) M| (1= (1-325)").

We use in turn (4.4) to obtain an upper bound for

[ o @) v an o).
J(um”)

Let ¢ > 0 be given and choose n so large that C(N) ||M|| (1 — (I—HiQ)N) < ¢ and, for

such an n, choose m so large that Y || M| 2N(1—ni+2)N*1 <. Because (1—-:%5)Q

has finite £~ —measure, we may choose m larger if necessary so that the cover C,, ,,

of (1 - :25)Q satisfies LY (Uck cc, . CF ) < LN((1 - 25)Q) +& < 1 +e&. Finally,

2
because 9(1 — %5

again choose m larger, if necessary, so that 2[trM| LN (Uck ¢, e \CF ) < e.
We conclude that for » and m so chosen

)Q has zero £V —measure and is covered by C, ,,\Ci* , we may

n,m?

/ 1@ @) aY T @) < M (1 2) 4 82 = b+ (M| 4 3)e
I (u?)
and, since ¢ > 0 was arbitrary, that (1.27) holds. O

5. ADDITIONAL EXPLICIT FORMULAS FOR DISARRANGEMENT DENSITIES

Our discussion above shows that the particular choice of interfacial measure of
disarrangements

/ [u] - v| dHN 1 (5.1)
J(u)NQ

for deformations u of a region 2 C R" leads in both the Choksi-Fonseca relaxation
scheme [4] and in the Baia-Matias-Santos relaxation scheme [1] to one and the same
bulk density of disarrangements

/ tr(Vg — G)| dL™
Q

for structured deformations (g, G) of that region. Moreover, our analysis here pro-
vides an alternative to the proof of this result given in [13] . In that article, it
was observed that replacement of |[u] - v| by its positive part ([u] - v)" = 1(|[u] - v|+
[u] - v) results in the replacement of |tr(Vg — G)| by its positive part (tr(Vg—G))T =
1(|tr(Vg — G)|+ tr(Vg — G)) in the relaxed bulk disarrangement density. (An anal-
ogous result holds for the negative parts, obtained by replacing "+" by "—" in the
definition of the positive parts.) As pointed out in [13], (¢7(Vg — G)(z))" may now
be interpreted as the minimum volume fraction at a point z € 2 that can be swept
out by submacroscopic separations associated with deformations u,, approximating
the structured deformation (g,G). Moreover, (tr(Vg — G)(x))~ is the minimum vol-
ume fraction at = swept out by submacroscopic switches and interpenetrations, so
that |tr(Vg — G)(2)| = (tr(Vg — G)(z))T + (tr(Vg — G)(x))~ is the minimum volume
fraction swept out by submacroscopic separations, switches, and interpenetrations.
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The presence of the inner-product [u] - v in the initial interfacial density (5.1) tells
us that only normal components of jumps will contribute and that alternative ini-
tial interfacial densities are required in order to capture contributions of tangential
components of jumps. In the remainder of this section we shall provide alternative
initial interfacial densities that not only capture contributions of tangential compo-
nents of jumps but also lead to specific formulas for the relaxed bulk disarrangement
density via the "tilted cube" construction provided in Sections 2 and 4 above.

Let a € RY be given and consider the following replacement for (5.1)

/ [u] - a dHN (5.2)
J(u)NQ

in which the normal component [u] - v of the jump in u is replaced by the component
[u] - @ in the direction of a. To follow again the relaxation scheme in [1] we let A, B €
RN XN be given and require not only u € SBV(Q, RY) but also

We now may use the Gauss-Green formula and (5.3) to write

[ a @ = [ (e
J(u)NQ J(u)NQ

/(um([u -a])vdHN !
= —/QV(U-a)dCN+/6Q(u~a)ud7-lN_1

= 7/(Vu)TadEN+/ (0-a)vdHN 1
Q oQ
|(B - A)Ta|

For the "tilted-cube" construction provided in Sections 2 and 4, we replace the matrix
M by B — A , and the relation (2.6) has here the following counterpart

/¢>i‘11ii ) )'a‘dHNil(@ :/qsﬁ;;f ([ulp](x) 'a)V(x)’dHNfl(a:)

:/ L (B = ARe; - a)Res| MY (2)

k1+m

WV

1
’ Re;- (B—A)"a)Re;

b

and this formula leads to the followmg counterpart of (2.8):

N
[w(] ()
; / ity

1 N
a‘ MY (@) =—5 3 |(Rei - (B— 4)Ta) Re|
=1

N
Z Re;- A)Ta)Re; (5.4)

1
mN|B A) a‘

The method employed in Sections 2 and 4 (where the symbol M was used in place
of B — A) then requires the choice of a rotation R for which equality holds in the
second line of (5.4). If (B — A)Ta # 0 we may choose R to be any rotation satisfying
Rey = (B—A)Ta/ |(B — A)"a|, and this requirement is then met, because (Re;-(B—
ATa)Re; =0 for i =2,...,N. If (B— A)Ta =0, then R can be chosen arbitrarily,
for example, R = I suffices.



FORMULAS FOR RELAXED DISARRANGEMENT DENSITIES 19

These observations show that the analysis in Section 4 for (5.1) may be carried
out step by step for the alternative initial density (5.2), provided that we replace
everywhere in Section 4 [trM| = [tr(B — A)| by |(B — A)”a|, the Euclidean norm of
the vector (B — A)”a. If we now define

H(A,B,a):= inf{/](, ) [[u](z) - a| dHN " (z) : u € SBV(Q;RYN),

u |3Q= 0, Vu=B—-A a.e.},

then our observations amount to the formula
H(A,B,a) =|(B— A)"d (5.5)

for the relaxed bulk energy density corresponding to the initial interfacial energy
(5.2) and arising from the scheme [1]. Moreover, an argument similar to that used in
establishing (1.26) shows that the formula (5.5) also holds for the relaxed bulk disar-
rangement density according to [4]. In the context of a given structured deformation
(g,G) on aregion (2, (5.5) implies that the particular choice of initial interfacial dis-

arrangement
/ [u] - a] dHN 1
J(u)NQ

for deformations v of a region Q C R" leads in both the Choksi-Fonseca relaxation
scheme [4] and in the Baia-Matias-Santos relaxation scheme [1] to one and the same
relaxed bulk disarrangement density

/ (Vg —G)"a|dC™ (5.6)
Q

for structured deformations (g, G) of that region. The integral in (5.6) represents the
most economical way of introducing jumps in the direction of a¢ while approaching in
the limit the given structured deformation (g, G), including both jumps normal and
tangential to the discontinuity surfaces of approximating deformations «.

We note also the formula
where on the left §;,...,0y denotes the standard basis of RN and on the right
1B — A denotes the maximum of the Euclidean norms of the rows of B — A.

row max

The mapping ||| : RM*N 5 R turns out to be a norm on RY*Y  and our

row max

interpretation of the integral in (5.6) leads us to interpret the integral

/Q 10V = G)(@) o ma L™ (&)

as a bulk measure of disarrangements that takes into account at each = € Q the di-
rection ;(,) that maximizes the relaxed bulk energy densities H(Vg(x), G(x),d;) for
it =1,...,N. The bulk disarrangement density max;—; .y H(A, B,d;) = ||B — 4|
satisfies

row max

.

row max

max H(A, B,d;) < inf{ max / [u](x) - 8] dHY " (x) -
i=1,...,N N J(u)

i=1,...,
u € SBV(Q;RY),ulsg =0, Vu=B — A a.e.},
and need not be the relaxed bulk energy density corresponding to the initial interfa-

cial energy max / [u)(x) - &) dHN () .
=1 N J(u)

=1,...,
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