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HOMOGENIZATION OF FUNCTIONALS WITH LINEAR GROWTH IN THE
CONTEXT OF A-QUASICONVEXITY

JOSE MATIAS, MARCO MORANDOTTI, AND PEDRO M. SANTOS

ABSTRACT. This work deals with the homogenization of functionals with linear growth in the
context of .A-quasiconvexity. A representation theorem is proved, where the new integrand
function is obtained by solving a cell problem where the coupling between homogenization and
the A-free condition plays a crucial role. This result extends some previous work to the linear
case, thus allowing for concentration effects.

Keywords: A-quasiconvexity, homogenization, representation of integral functionals, concentration
effects.
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1. INTRODUCTION

The mathematical theory of homogenization was introduced in order to describe the
behavior of composite materials and reticulated structures. These are characterized by
the fact that they contain different constituents, finely mixed in a structured way which
bestows enhanced properties on the composite material. Since heterogeneities are small
compared with global dimensions, usually different scales are used to describe the mate-
rial: a macroscopic scale describes the behavior of the bulk, while at least one microscopic
scale describes the heterogeneities of the composite. In the context of Calculus of Variations
the limiting (homogenized) behavior is usually captured through I"-convergence techniques
(see [16], [14], [7]) or through the unfolding operator (see [101, [11], [12]). An important tool
to address the case of two-scale homogenization was developed in the works of G. Nguet-
seng [27] and G. Allaire [1] (see also [2]] and [24]).

Though there is an extensive bibliography in the subject, here we mention some results
closely connected to this work, namely homogenization results for different growth or co-
ercivity conditions of the integrand, and for integrands depending on gradients, or more
generally depending on vector fields in the kernel of a constant-rank, first-order linear
differential operator A4, i.e., in the context of .4-quasiconvexity. The asymptotic behavior
of functionals modeling elastic materials with fine microstructure (the fineness being ac-
counted for by a small parameter ¢ > 0), without considering the possibility of fracture
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was developed in the seminal works of S. Miiller [26] and A. Braides [6]. The case involving
fracture was considered in [8]. In the first two cases, the models involve integrands depend-
ing on the derivative of a Sobolev function whereas in the third the integrands depend on
the derivative of a special function of bounded variation. The growth conditions assumed
on the integrand function are usually of order p > 1 and p = 1, respectively, thus allowing
for concentrations to occur in the latter case.

To ensure lower semicontinuity of the functionals, quasiconvexity is the property that
the integrand functions are required to satisfy. It is the natural generalization to higher
dimension of the notion of convexity, and it is expressed by an optimality condition with
respect to variations that are gradients. This notion was further generalized by the intro-
duction of A-quasiconvexity, and, as noted by Tartar [30], this allows to treat more general
problems in continuum mechanics and electromagnetism, where constraints other than
vanishing curl are considered.

We present here examples of such operators (for more examples see [211]):

(1) (A =div) For u € M(Q;RY) we define

N .
N
Ap = E 95,

=1

(2) (A = curl) For u € M(Q;R?%), with d = m x N, we define

Ox; Oxy | _
7j=1,..,m;i,k=1,..,N

(3) Maxwell’s Equations) For € M(R?;R3*2) we define

Ap = (div(m + h), curl h)

where = (m,h).

The notion of A-quasiconvexity and its implications for the lower semicontinuity of func-
tionals was first investigated by B. Dacorogna [13] and later developed by I. Fonseca and
S. Miiller [21] for the study of lower semicontinuity of functionals on A-free fields with
growth p > 1. A. Braides, I. Fonseca, and G. Leoni [9] derived a homogenization result in
the context of A-quasiconvexity for integrands with growth of order p > 1, with a micro-
scopic scale. In [18], the authors use the unfolding operator to handle a homogenization
problem with p-growth, but no coercivity, for integrands with two scales.

Allowing for linear growth, i.e., taking p = 1, and coercivity implies working with se-
quences that are only bounded in L' and hence that can converge weakly-* (up to a sub-
sequence) to some bounded Radon measure. In [23] the relaxation of signed functionals
with linear growth in the space BV of functions with bounded variation was studied. The
generalization of this result in the context of .A-quasiconvexity was done in [20], [29] and
[50.

In this work we derive a homogenization result in the context of A-quasiconvexity for
integral functionals with linear growth. This extends to the case p = 1 the homogenization
results derived in [9]. This also extends some of the results contained in [15]] to the general
A-quasiconvex setting. The linear growth condition implies that concentration effects may
appear and they need to be treated by carefully applying homogenization techniques in the
setting of weak-* convergence in measure.

In what follows let @ ¢ R, N > 2, be a bounded open set, and, for d > 1, let f :
QO xR% — [0, +00) be a non-negative measurable function in the first variable and Lipschitz
continuous in the second, with Lipschitz constant L independent of x, that satisfies the
following linear growth-coercivity condition: there exist Cy,Cy > 0 such that

Chl¢) < f(x,¢) < Co(1+|¢|)  forall (z,¢) € QxR (1.1)

Moreover we assume that = +— f(z,¢) is Q-periodic for each ¢ € R?. Here and in the

following, @ := (-3, 3)" will denote the unit cube.
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We will consider a linear first order partial differential operator A : D'(Q; R?) — D'(Q; RM)
of the form

) ,
A:ZAW@—M, A®D e MM*4 M e N, (1.2)

that we assume throughout to satisfy the following two conditions:

(Hy) Murat’s condition of constant rank (introduced in [25]; see also [21])) i.e., there exists
c € N such that

N
rank (Z A<i>§,-,> =c¢ forall €= (¢&,...&) S

i=1

here and in the following S¢~! denotes the unit sphere in R?.

(H3) Span(C) = R? (where C stands for the characteristic cone associated with the oper-
ator A; see Definition (2.1)).

Let M(;R?) denote the space of R?-valued Radon measures defined on 2, and let
€ M(Q;R?Y) Nker A. The object of this work is to prove a representation theorem for the
functional

w1t
F(p) = inf {liminf/ f (x un(x)) de, {“”i < LA, Hfd)’ At = 0, } :
n=oe Jo o \&n Up = W, Jun| = A, AOQ) =0
where A is defined in (I.2) and satisfies (H;) and (H:), and ¢ € (1, ). The condition
A(0€2) = 0 rules out concentrations at the boundary. Without that condition we would have
to restrict the class of operators A by requiring appropriate extension properties. We refer
the reader to [22] for more comments about extension properties.

Given a function ¢ : R? — R, we recall that its recession function at infinity is defined
by

o=() = limsup 20 forall p e R, (1.3)
t—too

We also recall that for a measure u € M(Q;R%) we write y = p® + p* for its Radon-
Nikodym decomposition, where p® is the absolutely continuous part with respect to the
Lebesgue measure £V, and p° is the singular part. This means that there exists a den-
sity function u® € L'(Q;R?) such that u* = w?LY. In the following, we will denote by
Ly per(RY;RY) the space of R?-valued L' functions defined on Q and extended by Q-
periodicity to the whole of RV .

We now state the main result of this paper.

Theorem 1.1. Let Q@ C RY be a bounded open set, and let f : QxR? — [0,+0c0) be a
function which is measurable and Q-periodic in the first variable and Lipschitz continuous
in the second, satisfying the growth condition (L.1). For any b € R?, define

fA-thom(b) := inf inf{ fl@,b+w(@)de, weE Lig_pe(RY;RY) Nker A, w= o} ;
ReN RQ

(1.4)

where R € N and f . . is the recession function of fi_nom (see (L.3). For every i €

MR Nker A, let = u*LN + p° and let

RQ

dus
]:.Afhom(ﬂ’) = / f.A*hom(ua) dil'-l—/ f./(zlofhom < ’us ) d|/”LS|
Q Q d|p*|

Then, F(u) = F A—hom(1t).

The overall plan of this work in the ensuing sections is as follows: in Section [2| we set
up the notation, concepts, and preliminary results that will be used throughout the paper.
Section [3| will be devoted to the proof of Theorem
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2. PRELIMINARIES

2.1. Remarks on measure theory. In this section we recall some notations and well
known results in Measure Theory (see, e.g., [4], [171, [19], and the references therein).

Let X be a locally compact metric space and let C.(X;R?), d > 1, denote the set of
continuous functions with compact support on X . We denote by Cy(X;R?) the completion
of C.(X;RY) with respect to the supremum norm. Let B(X) be the Borel o-algebra of
X. By Riesz’s Representation Theorem, the dual of the Banach space Cy(X;R?), denoted
by M(X;R%), is the space of finite R?-valued Radon measures j : B(X) — R? under the
pairing

d
<, >::/ (pd,uEZ/ i dpg, for every ¢ € Co(X;RY).
b'e = J/x

The space M(X;R?) will be endowed with the weak *-topology deriving from this duality.
In particular we say that a sequence {1,,} € M(X;R?) converges weakly* to u € M(X;R?)
(indicated by i, — p) if for all ¢ € Cy(X;R%)

lim @dun=/ pdp.
X X

n—roo

If d = 1 we write by simplicity M(X) and we denote by M™(X) its subset of positive
measures. Given y € M(X;R?), let |u| € MT(X) denote its total variation and let supp u
denote its support.

Remark 2.1. We recall that for an open set Q c RY we have W, ?(Q; R%) cc Co(Q;R?) for
p > N. Moreover, M(Q;R?) is compactly embedded in W~14(Q;R?), 1 < ¢ < 25, where

W-14(Q; RY) denotes the dual space of VVO1 ’q/(Q; R?) with ¢/, the conjugate exponent of ¢,

given by the relation | + ; = 1.

We will need the following strong form of the Besicovitch’s derivation theorem which is
due to Ambrosio and Dal Maso [3] (see also [4, Theorem 2.22 and Theorem 5.52] or [19),
Theorem 1.155]).

Theorem 2.2. Let € M*T(Q) and v € M(Q;RY). Then there exists a Borel set N C
with p(N) = 0 such that for every x € (supp u)\N
dv dv*® . v(D(z,e)NQ)
—(x) = z) = lim ———=
du du =0 u(D(z,e) N Q)

eR

and
dv’ S(D(x,e)NQ
V(:E)zlim—y( (@ ¢) ):0,
du =0 p(D(z,e) NQ)
where D C RY is any bounded, convex, open set containing the origin and D(x,¢) := x+¢eD
(the exceptional set N is independent of the choice of D).

The definition of tangent measures was originally introduced by Preiss [28] and is rel-
evant for studying the local behaviour (or blow-up) of a given measure. Here we give an
adaptation of this notion given by Rindler [29] (see also [4]).

Definition 2.3 (Tangent measures on convex sets). Let D C RY be a bounded, convex,
open set containing the origin. Given p € M(Q;RY) and zo € Q we define the measure

7% 1 e M(D;R?), for any & > 0, by

<TEp, o >= /D( 5" (x 3 aro) dp, for any ¢ € C(D;R?).
xo,

)

The tangent space of p at xo, Tanp(u,xo), consists of all the R?-values measures v €
M(D;R?) which are the weak * -limit of a rescaled sequence of measures of the type

T)Efbo »Sn)u
|ul(D (o, 0n))
for some infinitesimal sequence {6, }nen.-
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In the conditions of Definition[2.3] from an adaptation of Theorem 2.44 in [4] to convex sets,
it follows that, for u-a.e. xg € Q,

d

Afﬁ<xo>-1anD<n4,xo»

Ta'nD(lu’7x0) = d//z

As noted in [5], the following result holds

Lemma 2.4. Let ;1 € M(2;R?). Then there exists E C Q with |u|(Q\E) = 0 such that for all
xo € E, given D C RY an open convex set containing the origin, there exist T € Tanp(u, o)
with |7|(D) =1 and |7|(0D) = 0.

Remark 2.5. (i) The measure 7 in Lemma [2.4]is defined in an open set U containing
D, which will be useful for regularization purposes. Moreover we have that Ar =0
in U whenever Ay =0 in Q.
(ii) Given A € M™*(D) it is possible to find a sequence J,, with A(0D(x,4,)) = 0 such
that

T*EIO)J'L)/,L
|1l (D (20, )

We refer the reader to the proof of Lemma 3.1 in [29]], from which Lemma|[2.4]and Remark
are derived.

*
—T.

2.2. Remarks on A-quasiconvexity. We start by recalling the notion and some proper-
ties of A-quasiconvex functions. This notion was introduced by Dacorogna [13] following
the works of Murat and Tartar in compensated compacteness (see [25] and [30]) and was
further devoloped by Fonseca and Miiller [21] (see also Braides, Fonseca, and Leoni [9]).

Let A : D'(Q;R%) — D'(Q;RM) be the first order linear differential operator defined in
(1.2).

Definition 2.6 (A-quasiconvex function). A locally bounded Borel function f :R% — R is
said to be A-quasiconvex if

f0) < [ f0+w(e)ds
Q
forall v € R and for all w € CF_ . (RV;R?) such that Aw = 0 in RM with [, w(z)dz = 0.
Definition 2.7 (Characteristic cone of A). The characteristic cone of A is defined by
N
C:= {veRd:ElweRN\{O}, (Zm%i)v:o}. (2.1)
i=1

Given v € R?, we define the linear subspace of RY

N
Vy i= {w e RV : (ZA(i)wl) v = 0} .
i=1

If v ¢ C, then V, = {0}, otherwise V, is a non trivial subspace of RY .
The following general result can be found in [21], Lemma 2.14]. We will use it in the
sequel applied to smooth functions.

Proposition 2.8. Given q > 1 there exists a bounded linear operator P : LqQ_pcr(RN ;RY) —
LqQ_per(RN;Rd) such that A(Pu) = 0. Moreover, fQ Pu = 0 and there exists a constant

C > 0 such that
lu = Pul|p, <Ol Aullyy-1.

for every u € L,

—per

(R RY) with [,u=0.
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2.3. Other remarks. Given a continuous function f € C(Q x R%) we start by defining the
linear mapping 7 : C(Q2 x R?) — C(Q x B) by

7106 = (1~ s (v g 22)
and we introduce the set
EQ xR :={f e C(Q xR : Tf has a continuous extension to C(Q x B)}.

For f € E(Q x R?), f> represents the continuous extension of T'f, precisely,

[2(x,8) = lim @ (2.3)
532

t — oo

Remark 2.9. Note that definition (1.3) is a generalization of this definition of recession
function for a function ¢ : R — R with linear growth.

Theorem 2.10 (Reshetnyak’s Continuity Theorem [23, Theorem 51). Let f € E(Q2 x R)
and let p, i, € M(S;R?) be such that ji, — puin M(;RY) and {(11,)(Q) — (u)(2), where
Wy =1+ 2N + |v°|, v=vLY +1° € M(Q;RY).
Then
lim F ) = Fp)

where, recalling as a definition of [,

Fw) ::/Qf(x,u“(x))dm—&—/ﬂfoo (x dcfz;(x)) dv'l, ve MORY).  (24)

The following upper semicontinuity result, which is a consequence of Theorem [2.10] will
be useful in the proof of our main result Theorem For a proof see [5), Corollary 2.11].

Proposition 2.11. Let f : Q xR? — R be a continuous function such that there exists C > 0
with

[f(2, )] < CA+E]), forall (x,6) € QxR
Let p, p1, € M(S;R?) be such that ji, — pin M(;RY) and {(11,)(Q) — (u) (). Then

F(p) > limsup F ()

n—oo

where F was defined in ([2.4). In this case, it is important to notice that the recession function
/°° appearing in the second term of F must be defined as in (2.3), but with lim sup instead
of lim, since now f does not necessarily belong to E (2 x RY).

2.4. Preliminary results. Fix some sequence {¢,} and let O(Q2) denote the collection of
all open subsets of 2. For A € O(2), the localized version of F, denoted by F(. 1(u; 4), is
defined by

1(0. md Wl
f{gn}(u;A) := inf {lirginf f (x,un(x)> dz, {un} C L (Q»I§ ), Au, — 0, } (2.5)
n oo A n

Un = iy |un] = A, A(DR) =0

Note that using the regularization of y as test sequence, that is u, = p., * u, by (1.1) we
obtain the upper bound

Fieny (s A) < O (JA] + |ul(A)) -
We begin by proving the following subadditivity result:

Proposition 2.12 (Subadditivity for nested sets). For any A CC B cC C C ) there holds
Freny(w; C) < Frary (s B) + Frery (5, C \ A). (2.6)

where {1} C {e,} is an appropriate subsequence.
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Proof. Fix § > 0. Consider a subsequence {c.} C {¢,} and an associated sequence {v.} C
L'(;R?) such that v} = u, Avl — 0 and

. : T 1
Fley(us B) +6 > nglfoo : f <5711’U"> dz, 2.7
By extracting another subsequence {2} C {c.} there exists a sequence {w2} C L'(Q;R?)
such that w? = pu, Aw? — 0 and

Frey(w; C\A) +6 > lim f (‘Z wi> du. (2.8)
C\A

n—-+oo n

We denote by {v2} the subsequence of {v}} corresponding to {¢2}.
Consider smooth cut-off functions ¢, such that, for all j € N, ¢, =1 on A, ¢; =0 on
C\ B, and such that

lim hmsup/ (1+ 02| + [w?]) dz = 0. (2.9)
{0<g;<1}

J—=+00 ns4oo

Property ensures that [{0 < ¢; < 1}| — 0 as j — oo and that {v2} and {w2} do not
have concentrations in the transition layer of ¢, .

Define U, ; := (1 — ¢;)w2 + ¢;v2. It is not difficult to show that {U, ;} C L*(Q;R?), and
that U, ; = p, AU, ; — 0 in W=b9(Q;RM) as n — oco. Let A; := {x € Q: ¢;(x) = 1} and
Bj:={z€Q:¢;(z) =0} and notice that A C A; C Band C\ B C B; C C\ A. We have

Fiery (u; C) < lim inf lim inf / f <;Um) dz
C

Jj—+o0 n—+oo n

x x
glimsuplimsup/ f (2,03) dx—i—limsuplimsup/ f (2,wi> dx
j—+oo n—odoo JA; €n j—+oo n—+oo J B, €n
x
+limsuplimsup/ f (2,Unﬁj> dx
j—=4oo n—+oo J{0<g;<1} €n
x

< lim f (i,vi) dr + lim f (2,w,21> dx
n—-+oo B &‘n n—-+oo C\Z En

+ lim sup lim sup/ C(1+|U,,;|)dx
{0<g¢;<1}

j—+4o00 n——+oo

SFpeny(ws B) + Fraay (u; O\ A) +26
where we used that f > 0, (2.7), (2.8), and (2.9). Letting 6 — 0 yields (2.6). O

Proposition 2.13. Given p € M(;RY) and a sequence {c,}, we can find a subsequence
{el} c {en}, a sequence ul, = u, Aul — 0, and a bounded Radon measure ®, such that

f (;,u;(m)) do =, (2.10)

n

Moreover, for every open set A CC ) such that ®,(0A) = 0, we can find a further subse-
quence {2} C {el} such that

Fre2y (3 A) = @, (A). (2.11)

Proof. Fix € M(Q;R?) and § > 0. Then there exists a subsequence {c.} C {¢,} and a
sequence {ul} C L'(€;R?) such that

Fiey(p) +0 > 1lim [ f (”i,ui(x)) dz (2.12)

and therefore by (1.1) we have that



8 JOSE MATIAS, MARCO MORANDOTTI, AND PEDRO M. SANTOS

for some bounded Radon measure ®,. We now claim that we can extract another subse-
quence {2} C {eL} for which (2.11) holds. We start by noting that

A

Freay (s A) < liminf/ f <;,ui(x)) dr < limsup/
A

n—00 n n— 00

(5 uhi)) de < 2,00) = 2,04),
! (2.13)
for every subsequence {(¢2,u2)} C {(c},ul)}, where the last inequality follows from known

facts about measure theory (see, e.g., [19]). To prove the opposite inequality, fix § > 0 and
choose an open set B C A such that ¢,(0B) =0 and ®¢,(A\ B) <. Now,

@, (A) < @u(B)+ 6
=0,(Q) —2,(2\B)+4 (2.14)
< Freay () + 6 — Frey (192 \ B) + 6,

where the last line follows by applying (2.13) and, by (2.12) and (2.6) the sequence {2} is
chosen in such a way that

Frezy () < Frezy (3 A) + Fezy (1,2 \ B). (2.15)
By plugging (2.15) in (2.14), and letting 6 — 0, we conclude the proof of (2.11). O

In the proof of the main result we will use the following properties of f4_nom . Recall its
definition in (1.4).

Proposition 2.14. Let f: Q x R? = R be Lipschitz continuous in the second variable with
Lipschitz constant L > 0. Then the function fi_nom : R? — R defined in (1.4) is Lipschitz
continuous with the same constant.
Proof Let bi,by € R? and let € > 0. From the definition of f4_nom, there exist k1 € N and
w1 € Lo e, (RV;RY) Nker A such that f, ,wi =0 and

f(y, b1+ wi(y)) dy < fa—nom(b1) + .

k1@Q

Again by the definition of f4_,m and by the previous inequality we have

fa-nom(b2) = fa—nom(b1) < J(y, b2 +wi(y)) dy — [y, b1 +wi(y)) +¢
k‘lQ le
<L bt )~ b+ )l dy e
k1
<L|b2 — bl‘ +e.
The result follows by exchanging the roles of b; and b, and by letting ¢ — 0. O

Proposition 2.15 (Invariance under translations). Let b € R? and v € Q. Define

JA—hom (D) = }j{rellf\] inf{ fly+v,b+w(y)dy, we L}%Q_pcr(RN;Rd) Nker A, w= O} .
RQ

(2.16)

RQ

Then we have that fa_nom(b) = f1_pom(b)-
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Proof. The proofis a simple computation. Let w € L. (RY; RY)Nker A with fRQ w=0.
Then,

ﬂy+%b+w@D@F:£w+f@ﬁ+w@—vﬂh

= flx,b+w(x—7))dx
RQ

+ff f(@,b+w(z - ))dz
(RQ+Y)\RQ

RQ

(2.17)

—-f F(,b+ w(e —))de
RQ\(RQ+~)

= flz, b+ wy(z))dx
RQ
>f.»47hom(b)>
where we defined w, (z) := w(z — 7).

We notice that w, is RQ-periodic, fg,wy, = f,,w =0, and Aw, = 0, which means
that w. is a competitor for (1.4). The third equality in (2.17) holds because the second
and third integrals cancel out. Indeed, by using the RQ-periodicity of w and noticing that
f is also RQ-periodic in the first variable, by means of shifts by R along the coordinate
directions one can easily proof that cancellation occurs.

By taking the infimum over all w € Lj, ., (RY;R?) Nker A with fRQ w = 0, and the
infimum over R € N, we obtain

f.z\—hom(b) > f.A*hOm(b)-
The reverse inequality is obtained in the same way. O

The following result will be used in Section [3.3] It is an adaptation [5, Lemma 2.20].

Lemma 2.16. Let f, : Q@ x R? — R be a family of Lipschitz continuous functions in the
second variable with the same Lipschitz constant L, let v € SN~1, and let Q, be a rotated
unit cube with two faces orthogonal to v. Let {u,},{v,} C LY(Q,;R?) be sequences such
that u, — v, — 0 in M(Q,;R?) and |un| + |va| = A in MT(Q,), with A(0Q,) = 0, and
A(un, —v,) = 0 in WH9(Q,;RM) for some 1 < q < 2. Then there exists a sequence
{z} C LqQV_pcr(RN;Rd) such that fQu Z2n =0, Az, =0, 2, — 0, and

lim inf fru(z,up(x))de > lim inf fu(x, 2 (x) + v, () da. (2.18)

n—oo QV n—oo Ql/

Proof. The proofis the same as the proof of [5, Lemma 2.20]. It is achieved by proving (2.18)
for the unit cube @ and then for the rotated cube @, . The proof relies on some Lipschitz
estimates which involve only the second variable of f. d

3. MAIN RESULT

In this section we prove Theorem We shall split the proof in several steps.
3.1. Upper bound. In this section we prove the upper bound inequality in Theorem
We start with the estimate for regular measures 1 = uL", i.e., we prove that:
do,
dcy
Let z( be a Lebesgue point for the function «. Given a vanishing sequence of radii {r;}
such that ®,(0Q(x,r;)) =0 for all j € N, there exists a sequence {¢/,} such that

u(Q(x0,75)) = Fraay (us Q(xo,75)) forall j € N. (3.2)

We will contruct an appropriate sequence {u/,} C L'(Q(zo,7;); R?) such that

(20) < fa—nom(u(zg)),  for LN -a.e. z € Q. (3.1)

j *
ul, = u

Au{l:O} as n — oo, for all j € N.
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To this end, consider k € N and a function w € Lj 5 ., (RY;R?) Nker A, such that f, ,w =
0, and let w/ (z) := w(h,k(x —x0)/r;), with h,, € N to be determined. It is not hard to prove
that

Awl =0forall n,j € N andthat][ w{lz][ w=0.
Q(wo,m;5) kQ

Moreover u/ (z) := u(x) + w’ (z) satisfies

ul, 5w, Au?, = Au = 0 for all n,j € N.
We then have
do P, i ( Fri qu Zo, T
9w () = tim 2Q@0T)) @D (el N( )
dcN Jj—oo Tj j—o0o 7'],

1
élimsupliminf—N/ f (xjv%( )) dz
j—oo MO Tj Q(x0,75) el
1 —
:Hmsupliminf—N/ f (x,u(x) tw (hnk;x xo)) d
j—oo MO0 Tj Q(zo,r5) 5% T

1 —
<limsup |limsup — f (ac su(zo) +w (hnkzx x0)> dz + A;
j—o0 n—oo T3 JQ(zo,r;) el, T -

J
1 iy
=lim sup lim su 7/ ( J —l—— U +w )d
j—>oop n%oop (hnk)N hn,kQ f h ké—:n En ( 0) (y) i
where in the fourth line we have used the Lipschitz continuity with respect to the second

variable and the fact that u has a Lebesgue point at z, to obtain that A; — 0, and in the
fifth line we changed variables y := hnkz% .

We now choose h,, := { ] and write

ke J

also note that, since <k7;jj > € @, then

. 1 T o
Let v/ = ; o > By using the @ -periodicity of f in the first variable, the kQ -periodicity of
w, and (3.3), we then have that

do, 1 T
7o) <limsuplimsu +— +7, +w d
dﬁN( 0) msuplimsup -y /hnka(y <k€n>y Vs u(o) (y)> y

. . 1 1 T
:hmsuphmsupk—N ka(y+h<k ]>y+’7n, (z 0)+w(y)) dy

j—o0 n—00

. 1 j
= lim sup N /kQ f(y + ’Y%j , U(.%‘o) + w(y))dy

j—o0
. v 1
< limsup (fAJhom(u('rO)) + ) = fu—nom(u(z0))
Jj—oo J
where in the last line we used the definition of inf and Proposition This proves (3.1).

Let now p € M be a general measure. Then by defining w,, := p, * 1 we construct a
sequence of smooth functions such that

Un = i, (un) () = (1) ().
By Proposition we the have that

Fier(p )<hm1nf.7—'{5 hmmf/ fa—nom(un(z)) dz

n—-+oo n—-+o0o

<11mSUP/ f.A hom un( ))d(E thUP]:A hom(un) ]:.Afhom(/ﬁ)'

n—-+oo n—o0
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This proves that
F(p1) < Fa-nom ()

3.2. Lower bound - Absolutely continuous part. Let © € M(Q;R9), let {c,} be a
vanishing sequence, let u,, C L'(;R?%) be such that u, — u, and Au, — 0 in W19,
Finally, up to a subsequence (not relabeled), let the measure ¢, be the weak-* limit of
f (ﬁ,un) dx.
We now prove the inequality

Ao,

dﬁjl\[ (.730) 2 fA—hOHl(u('rO))a (34)
where we decomposed p = u® + p® = ul” + p*, and zy is a Lebesgue point for . In
particular, p*({zo}) = 0. If the Radon-Nikodym derivative in the left-hand side of (3.4) is

oo there is nothing to prove, so we shall assume that it is bounded.
By (2.10) and Theorem [2.2] we have that

a®,, 1 / ( x )
zg) = lim lim — fl—,un(x) ) dx.

dﬁN( 0) j—00 n—00 T§V Qzoir) En ( )

For any z € @, define w, j(x) := un(rjz + o) — u(zo). Then we have w, ; 20 since zp is a

Lebesgue point, w, ; € L', Aw,; — 0 in W19, Notice that it is not restrictive to choose
the sequence {r;} in such a way that

lwn ;| A and  A0Q) = 0. (3.5)
So,
W o) = tim i 7 Lo (£t s (270 )
= Jim Jim | 1 (”y;a”",u(xw + wn,j@)) dy,
where we have changed variables y := (¢ — 2¢)/r;. Now we can diagonalize to obtain a

sequence 1wy, € L', such that @, — 0, Ay, — 0 in W14, So, by invoking the @ -periodicity
of f in the first variable,
dd,,
dcn
with s := ;) /enk) in such a way that limy._. s = o0, and 1 := (2o/enk)). We claim
we can find a sequence wy such that

lim /Qf(Sky+7k,u($o)+wk(y))dy2 lim /Qf(SkyﬂLVk,U(ilJo)+wk(y))dy, (3.6)

(20) = Jim [ ot o0 u(r0) i)y

k—o0 k—o0

and w, — 0, Awy, = 0, fQ wi =0, wy € Lbfpcr(RN;Rd). To this end, consider a cut-off
function 6; such that §; = 1 in Q; := (1 —1/i)Q and 6; = 0 in RY \ Q. Then, by using
Lispschitz continuity of / we obtain

aw,, :
g tzo) = Jim [ flocy 0 utzo) + ) dy
= Jim [ Floww+ o) +0.000) + (000N @)

> lim inf lim inf {/ F(sky + v, u(zo) + 0;(y)wr(y)) dy — L x|
Q

1—00 k—oo

where
L= L[ (=8l dy.
Q\Qi

Notice now that lim; , limg o I;x = 0. Indeed, since W) comes from the sequence w,, ;

by (3.5) we have that |w| 2 . By definition of weak convergence, and again by (3.5), we
have

lim lim I < lim LA(Q\ Q;) = LA(9Q) = 0. (3.8)

1—00 k—00 1—>00
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Define now ; j, := ;1 , extended by 0 on the whole RY . Notice that

lim wz k= lim lek =0. (39)
Q

k—o0 Q k— o0

From (3.7) and (3.8) we obtain

do, . N
Tk o) = Jim_ [ Slosy-+ 50, u(a0) + () dy

>liminfliminf [ f(sky + vk, u(zo) + Wi k(y)) dy
i—oo  k—oo Q

=lim inf lim inf LN / f <x + Y, w(xo) + Wik (:v)) dx (3.10)
skQ Sk

1—o00  k—o0 Sy

1
2 liminf lim inf — / f <$+’Yk7u($o) + Wik (x)) dz
i—00  k—o0 Sk J([sk]+1)Q Sk

— limsup —5 \([Sk] + DR\ siQlfu(zo)l,
k—oo Sk
where we have used the growth condition (1.I) together with the fact that w, (Q) =0
outside s;Q. It is easy to see that the last term in (3.10) vanishes.
Define ny := [sx] + 1 and notice that we can restrict w; (7) to n,Q and extend it

by niQ-periodicity to the whole RY. Let U, ( ) be the extended function. Then (3.10)
becomes

do, 1 T
> liminf lim inf — / <x + vi, u(xg) + U; ()) dzx
dz:N( 0) 1 W nka Vi, u(o) #\ o

i—00 —oo Ny,

_hmlnfhmlnf/ f(ney + v, u(zo) + Us 1 (y)) dy.

11— 00

Notice that U, j is a Q-periodic function such that U; j 2 0ask — 0o, lim;_yeo imy_yao AU, 1,
0 in W~9, and, by (3.9),

][ Uiy =0 as k — o0. (3.11)
Q

Therefore, we can apply Proposition to the function U;; — fQ Uik, to obtain a new
function V; ;, :== P(U; 1 — fQ U, 1) such that

d®,
o) > mint lym nf [ f(nkymk,u(xo)m,k(yw ][Uk) ay
Q Q

—o00  k—oo

(3.12)
—timint [ flne,y + o, u(e0) + Vi, (5)d,

7 o0 Q
where we have used the Lipschitz continuity of f in the second variable, (3.11), and chosen
an appropriate diagonalizing sequence. By defining w; := V,, formula (3.6) is proved.
Estimate (3.4) now follows upon changing variables and using Proposition Indeed,
from (3.12)

d® L 1 T
ﬁ(%) = hiH_1>(1£f ”721 /nk.,Q f (73 + Vi u(w0) + w; <%>> dz
> i inf £, (u(20)) = T inf £o om (1(70)) = fapom (u(z0));
Remark 3.1 (A-quasiconvexity of f4_pom). As a consequence of (3.1I) and (3.4) we obtain

that f4_nhom is A-quasiconvex. This result will be used in Section To prove it, let
beRY, let we CF . (RY;RY) Nker A, and define w, () := w(nz). Then it is easy to see
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that Aw,, = 0, and, by the Riemann-Lebesgue Lemma, w,, — 0. Then,

Fa om(b) = /Q Fanom(b) dz = F(b: Q) < liminf F(b+ wy: Q)

n—r oo

<lim inf/ fA—hom (b + wy(z)) dz = lim inf LN / fA-hom(b+w(y))dy
Q e JInQ

n—oo n—oo

:/ f_Afhom(b + w(y)) dy?
Q

where the second equality follows from (3.1) and (3.4), and where we have used the lower
semicontinuity of F with respect to the weak-* convergence. This proves that f4 pnom is
A-quasiconvex.

3.3. Lower bound - Singular part. We now prove the inequality

do, dp? ,
20) 2 23 hom ( Z0 ) for |u*|-a.e. zg € Q. (3.13)
Let ¢ € supp |¢*| N E, where E is the set given by Lemma [2.4] Now call
dp®
Vg 1= 7d|,u3| (z0),

that we suppose to be finite together with dldTAsl(xo). We distinguish two cases, namely
Vg, € C and vy, ¢ C.

Case 1: v,, € C. Let {wy,...,wi} be an orthonormal basis for V,, and let {wy11,...,wn}
be an orthogonal basis for the orthogonal complement of V,, in RY. We denote by Q, the
unitary cube with center at 0 and faces orthogonal to w1, ...,wy,...,wy, that is

Qo := {ngN:|x~wi|<;,i1,...,N}~

Choose a decreasing sequence of positive radii r; — 0 as j — oo such that A(0Qo(xo,7;)) =
0, thus we also have ®,(0Q¢(zo,7;)) = 0. We then have

[ i (En)a
¢/1(Q0(x07rj)) — lim lim Qo(zo,75) En .

d@n m
j—oo |pf[(Qo(wo,75))  d—oon—roo |15[(Qo(wo,75))

M(»’CO) =

Define
Un (20 + 75Y)
wj,n(y) = 1 :
J

for y € Qqy, where

_ #1(Qo(zo,75))
L :

tji )
J

By changing variables we obtain

dd 1 ;
P (x9) = lim lim —/ f (rJy + :07tjwj’n(y)> dy.
0

d|’us‘ J—00 n—00 tj En n

X X
- [2]-(2)
€n En €n

and let ~,, := (z¢/e,). Thus, using the periodicity of f with respect to the first variable, we
have that

Note that

dd ) .1 ;Y
C”Tg‘(%) = lim lim —/ f (J —l—'yn,tjwj’n(y)) dy.
0

j—00 n—00 tj En

We also have that
lim  lim wjn(y)ey)dy = (1,¢)

Jj—00 n—00 Qo
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for every ¢ € C(Q,), where 7 is a tangent measure to x° at z, (see Definition |2.3). Notice
that we can choose the sequence of r; in such a way that all the properties above hold and
we also have |7](0Qo) = 0 (see Lemma [2.4 and Remark [2.5). We also have

. . dA
lim lim |win(y)dy = (20)-

j—oon—o0 o d|ﬂ5|

Moreover, as Aw; ,, — 0 in W4 for some ¢ € (1, %) , we can find a sequence w; = w;
such that

w; — T, A’LDJ — 0,
and
d®, . 1 Ty R

where v, is a subsequence of ;.
Note that A7 = 0 and that we have

du’
T= (zo)|T|(zw1,. .., zwg), (3.15)

DIl
which means that |7| is invariant for translations in the directions of the complement
orthogonal of V., that is, in the directions of span{wy1,...,wn}. Indeed, we have

Ar = ZA(i)\T . dp” (z9) =0,
- ") dlps]

which implies that the vector (|7],,,...,|7|sy) belongs to span{w,...,wi}.

We regularize 7 (see Remark [2.5) and construct a sequence
v; = Psnj * T,

defined in Q,,. As v; has the form as in (3.15) we can extend it by Qo-periodicity to a
function ¥, defined on R", and we still have

A =0

in RV, that is, the jumps of v; are not penalized by A (see [5] for the details).

We now apply Lemma [2.16]to the sequences {w;} and {0;}, with f, = f for all n € N,
to obtain that there exists a sequence {z;} C L (RV;RY), fQo zj =0, Az; =0, z;, =~ 0
such that, from (2.18), becomes

o—per

T > fim o [ (2 i) 0
where
U;(y) = 2z (y) + 9;(y)
i L, _per (RYIRY), Auj = 0, u; 5 7

The objective is to modify {u,} in order to obtain periodicity in the directions of the coor-
dinate axes. Consider cut-off functions 6; C C2°(Qo; [0,1]) such that 6;(z) =1 in (1 — 1) Qo.
Thus, using the Lipschitz continuity and the condition 7(9Q,) = 0, we have

dd 1 j
P (20) = liminf lim inf —/ f (ij + Y, t50i(y) iy (y)> dy.
0

d|u5‘ 100 j—o0 1y Enj

After appropriate diagonalization we get a sequence {u;,} such that

d®, L1 i .
. (JU()) > hm inf 7/ f (Tﬁy + Fynji7tjiuji (y)> dya
0

dllu’s| 100 Ji N

where @;, = 7, Aij, — 0 in W—14. By a change of variables we obtain

o, 1 x
——(x0) = liminf — ][ f (x + Yy, 5 t5: Ui (>> dz,
d|‘us| 1— 00 tji qu‘, Qo i Tj7
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where T}, ;== - — oo is a sequence of no necessarily integers and U, := i, . Now choose a

€nj,
cube T;@ such that T;,Qy CC T;Q and extend U, ( ) by T;Q-periodicity. We can choose,
for instance,

T, = [CNTj,] + 1, (3.16)
where Cy = V/N is the diagonal of unit cube in RY . We then have

/ f(l‘+’}/n77t]lU(x)> d‘T*/ f(x+7n7150)dx ’
T:Q TJL T:Q\Tj, Qo ‘

and, as the second 1ntegTa1 vanishes as i — oo, by using (3.16) we obtain
o, e\
(z0) = liminf -2 f(x—i—wn i, Us ( ))dx,
d|ILL | 1—>00 tji, T:Q 30 T]z

and by changing variables again we get

2, T;
d|s|( 0) 2 liirgiogf / (Ty+an t,Us (Ty)>dy (3.17)

Ji

dd 11
d|75|(1’0) IIZH_IHI;}f TN

As AU; ( ) — 0 and U, : % ) is Q-periodic, U; (
tion[2.8] and therefore (8.17) becomes

APy E(zo) > hmlnf—N (Ty—l—’ynJ (/ U1<Tix)dl‘+vi(y))>dy’
d‘ 5| i—00 Tji
w-r(u(2) ()

@) 1, Q 13,

It is trivial to verify that [, V; 0 y)dy = 0. By changing variables back, we get

"1 (4ot (Lo (7)o v (7))
zo) > liminf — flz+m, .t U; dz +V; dz.
d|/1,s|( O) i—00 t.ji T,Q 3 Q t le T;

Now, since |, o Ui (

) fulfills the hypotheses of Proposi-

where

) dzx — cN d(};ﬁ (z0), by using the Lipschitz condition we get

do,, .. CN 1 dps T
o > B
dlpe]"0) 2 iminf ][ f(‘”%u’ i (cN que T Vilz ) ) ) 4

. 1 dp?
fhmsup ‘/ < > — ———(xp)| dz,
P oy aw] "
and the lim sup vanishes. Therefore, by (2.16) we obtain
Tnj tj;, d
4%y (20) >lim inf Jazhon <CN dlz 1 ))
d| S‘ i—00 t]i/cN
L (3.18)
o fA-nhom (CJN d|Z ‘( )) oo dﬂs
:hirgg.}f tji/CN = fA hom dp Sl(IO) .

Here we have used Proposition [2.15| and, in the last equality, the fact that A-quasiconvex
functions are convex in the dlrectlons of the characteristic cone C (see [21, Proposition 3.4]).
A-quasiconvexity for f4_pom was proved in Remark and this implies that the lim sup
n (1.3) is actually a limit. This concludes the proof of in the case v,, € C.

Case 2: v,, ¢ C. This case is analogous to Case 1, but simpler, since the condition
vz, & C implies that V, = {0}, and in turn that the tangent measure 7 is given by

7= vy, LY, (3.19)
up to a p-negligible set. Indeed, the equality

N
5 0|
= AOZEL )y =
(z a) 0
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implies that 9|7|/0x; = 0 for every i = 1,...,N. In particular, we do not need to find a
suitable rotated cube @, to perform the homogenization and we do not need to regularize
the tangent measure.

Since from Proposition fA-nom is Lipschitz continuous, there exists a sequence {¢;}
such that ¢; = co as j — oo and
fA—hom(tjU:rg) . (320)

o — 1
fA*hom (UQJO) 7l>n<>10 tj

It is then possible to choose a sequence {J;} such that 6; — 0 as j — oo, A(9Q(z0,6;)) =0,
and
S .
— M. (3.21)
5j

A rigorous justification for (3.20) and (3.21) can be found in [5, Appendix A]. With these
sequences {t;} and {J;} we get the equivalent of equation (3.14) where the rotated cube
Qo is replaced by the unit cube @) and the sequence w; converges weakly-* to the tangent
measure 7 in (3.19). The proof proceeds now as in Case 1, with the integers T; in (3.16)
now replaced by

t

T = [T]J +1
(in particular, there is no need to introduce the constant C ). To conclude, we observe that
the last equality in (3.18) now follows from (3.20).

Remark 3.2. We note that in case A = curl, for ¢ = Du, with v a BV function, the
singular part is rank-one a.e., thus it is not necessary to consider Case 2 above since it
occurs in a p-negligible set. For general A we do not know if a similar result holds.

Remark 3.3. It easy to prove that under coercivity conditions any sequence of minimizers
(or approximate minimizers in case the infimum is not attained) of the functional

I(u)z/ﬂf(i,u) dz

will converge (up to a subsequence) to the minimum points of the limit functional

a o0 dll"tg S
]:A—hom(u) = / fA—hom(u )dJZ—F/ fA—hom (d s ) dl/’L |
Q Q I
In fact, in the particular case where the operator A admits an extension property, the
condition Au, — 0 in (2.5) can be replaced by Au, = 0, and the property above comes
directly from known results in I"-convergence on metric spaces.
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