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In clinical research and in more general classification problems, a frequent concern is the reliability of a
rating system. In the absence of a gold standard, agreement may be considered as an indication of reliability.
When dealing with categorical data, the well-known kappa statistic is often used to measure agreement. The
aim of this paper is to obtain a theoretical result about the asymptotic distribution of the kappa statistic with
multiple items, multiple raters, multiple conditions and multiple rating categories (more than two), based on
recent work. The result settles a long lasting quest for the asymptotic variance of the kappa statistic in this
situation and allows for the construction of asymptotic confidence intervals. A recent application to clinical
endoscopy and to the diagnosis of Inflammatory Bowel Diseases (IBDs) is shortly presented to complement
the theoretical perspective.

Key words: Agreement; Correlated kappa statistics; Inflammatory Bowel Diseases; de Finetti
representation theorem.

1 Introduction

Consider a situation where each one of N items (subjects, biopsies, etc...) is assigned by the same n
raters (physicians, biologists, teachers etc...) to one out of K mutually exclusive levels of a categorical
variate, possibly ordinal (disease type, diagnosis, class etc...), under two different conditions (treatment,
times etc...).

If recording the true category for each item is not feasible (absence of gold standard), then a good level of
agreement is often desirable in order to achieve certain conclusions about the reliability and reproducibility
of the rating or to show improvement of one condition over another.

A widely used index of agreement is the kappa statistic, as introduced by Cohen (1960) and Fleiss
(1971). We give explicit asymptotic distributions for the kappa statistic when the rating levels are more
than two and similar asymptotic distributions for the difference of kappa statistics between two conditions.

1.1 The motivating case study

The motivation for this work comes from a group of gastroenterologists within the Italian IGIBDendo
project who diagnose patients with inflammatory bowel diseases (IBDs) through endoscopy. The IBDs
are chronic autoimmune non-infectious inflammatory conditions affecting the gastrointestinal tract and, in
particular, the colon and small intestine. Ulcerative colitis (UC) and Crohn’s disease (CD) are the principal
types of IBD. Aiming at a more objective and robust evaluation, some scoring systems for endoscopic out-
comes have been introduced to deal with the different diseases. Nevertheless, duplicability of endoscopic
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2 Luca Grassano et al.: Asymptotics of kappa statistics

scoring systems used to categorize endoscopic exams is far from being optimal. Inter-rater agreement of
non-dedicated gastroenterologists on IBD endoscopic scoring systems is explored in this work.

Among the different diseases and few scoring systems available, we focus on UC and on the so-called
Mayo score, an ordinal factor taking values in {0, 1, 2, 3} (the larger the score, the more severe the injuries
observed in the endoscopy). Although the scale is an ordinal one, we have worked with it as if it were just
categorical, since we were not confident assigning weights to the differences between categories, as it is
usually done in the literature on weighted kappa statistics. The non-dedicated gastroenterologists assigned
Mayo scores to the same patients in two different conditions, before and after a training event guided by
more experienced specialists. Such design may have been affected by biases such as confounding with time
and learning effects by the gastroenterologists, but in any case a primary issue was to evaluate whether the
training event significantly improved rater agreement in terms of Mayo scores. More detailed motivations
and results are described in Daperno et al. (2016), where the complete case study is described, similar
analyses are performed for CD (with the related Rutgeerts score) and biannual pooled results are shown.

In this paper we focus on the relevant statistical methods, and in particular on an extension of results
about certain kappa statistics, as described in the next section.

1.2 Correlated kappa statistics to measure difference of agreement

The most commonly used measure of agreement for categorical ratings is the kappa statistic, based on an
original proposal by Cohen (1960) and having the general form

fo= o Le )

1- De

where py is the observed proportion of agreement and p. is an estimate of the expected agreement due to
chance alone. The definition of observed and chance-expected agreement depends on the different sam-
pling scenarios, and in particular on the number of categories, whether two or more raters are considered,
which raters rate which subjects and so on.

Following our motivating example, in this paper the same subjects are rated by the same raters in two
different conditions, creating a strong correlation between the two kappa statistics. The difference between
the two kappa statistics is a measure of how the agreements among raters differ in the two conditions.
Subjects give rise to independent observations, each subject being characterized by a certain level of disease
status and by a personal profile which controls the probability of being given the different ratings; naturally
such probability, for each subject, may also change between the first and the second condition. On the other
hand, given a specific subject and a specific condition, the ratings provided by the raters are (conditionally)
i.i.d., since in this situation a group of gastroenterologists with similar expertise is considered.

A very similar situation has been considered in this journal by Cao et al. (2016), who considered ratings
into K = 2 possible categories only. We were able to extend their methods to more than two possible
categories, settling in this way a long lasting quest for the asymptotic variance of the kappa statistic with
many categories and many raters. Working with more than two categories is important in the biomedical
literature as well as in engineering applications, where for example production faults can be classified as
“machine related”, “operator related”, “material related” and so on (see e.g. De Mast (2007)). The literature
on the various developments and variants of kappa is reviewed in Chapter 18 of the reference by Fleiss ef
al. (2003) and in Congalton and Green (2008). See also Gwet (2008) for an alternative randomization
approach different from our model-based approach.

We therefore follow closely the symbolism in Cao ef al. (2016), defined in the next section, and their
techniques, to extend the relevant asymptotic distributions to the case of K > 2 categories, applying them
to both one-condition (Section 2.1) and two-condition (Section 2.2) agreement problems. Section 3.1 con-
tains MonteCarlo results which confirm the validity of our theoretical findings and Section 3.2 gives the
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relevant results for the IGIBDendo project. Since the extension to K > 2 categories is rather techni-
cal, proofs of theorems are stored into the online Supplementary Material together with all R programs
supporting our simulations and our results.

2 Asymptotic distributions of kappa statistics

2.1 The kappa statistic for a single condition

Let Xjje, e =1,...,N;5=1,...,n;c=1,..., K be the indicator that subject ¢ has been assigned score
c by rater j and let n;, = Z?zl Xijc be the number of raters classifying subject ¢ into class c. Then,
for each 4, the vector n;. = (n;1,...,n;x) is multinomial with parameters n and ;. = (71, ..., mix)’,
where m;.,c = 1,..., K is the probability that the :—th subject is assigned score c by the generic rater.

Equality of the (conditional) distributions of the ratings for a given subject can be described as the absence
of rater bias, i.e. the raters are homogeneous and none of them polarizes the ratings differently from the
other raters. This assumptions is rather reasonable for our setup, but it is different from Davies and Fleiss
(1982), who allow for different distributions for the different raters and provide only numerical solutions.
The only overlap between the model presented here and Davies and Fleiss (1982) is the absence of rater
agreement, i.e. K = 0; further comments below on this uninteresting case.

Following therefore Cao et al. (2016), in our setup it is sensible to define the observed proportion of
agreement as

. 1 & Nic n ZZ]'\L1Z§:1”12¢_NT‘
po’"_N;;<2>/<2>_ Nn(n—1) @

with (g) = 0 for n < 2, and the estimated probability of chance agreement as

K

1 N
f)e,n = Z(HW Znic)z- (3)
1=1

c=1

At this point our notation differs from Cao et al. (2016), simplifying it quite a bit; their results coincide in
any case with ours when K = 2. Define then

1 K N
Po = NZZTF’?C

c=11i=1

X
ﬁc:Nch, c=1,...,.K
=1

1=

K
Pe = Z 77757

c=1
and the population kappa parameter as
Po — Pe

KR =

1- De

Notice in particular that we can define « for any finite /N and, if appropriate, as N — oo. We now easily
obtain the following laws of large numbers:

. “

po,n — po (5)
Den =3 Pe ()
Rn =3 K (7
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4 Luca Grassano et al.: Asymptotics of kappa statistics

almost surely for any finite IV, by the almost sure convergence of the (conditional) multinomial frequencies
for any given subject. The population kappa « is a measure of the heterogeneity of the rating probabilities
m;. of the different subjects. It can be interpreted as a measure of performance of the rating system in
evaluating subjects since the more heterogeneous the subjects are, the more systematic agreement we will
have among raters. On the other hand, a sufficient condition for the population kappa to be null is identical
subjects: if mjo =, =7, 1 =1,...,N, c=1,..., K, then p, = p. and x = 0; with i.i.d. ratings on
identical subjects any observed agreement would be due to chance. The population kappa is not dependent
on sampling variability: it is a parameter, a fixed number which plays a key role in our modeling approach
and an estimand of primary importance.
The asymptotic distribution of the kappa statistic £ can now be derived as in the following theorem.

Theorem 2.1 Assuming that, given subject i, the ratings are i.i.d. with rating probabilities ;. =
(i1, - -, mix ) and that the ratings across different sujects are independent, the following normal asymp-
totic results hold:

V(B ) - o] S (052 3)), asn— oo

with

4 N K
Oce = 779 Z Z ﬁ'z 1 - 7Tzc Z Z TeTicTe! Tie! ®)

i=1 \c=1 c=1c'#c
4 N K
— 2
Ooe N2 § § 7Tc77ic 7th § § 7T e Tc!
i=1 \c=1 c=1c'#c

and the main result is
Vi (B — K) 5 N(0,7)  asn — oo
with

00 ee 1-— o 2 oe 1- o
poTw L0 ( p4) g%l pg)_ ©)
(1—pe) (1—pe) (1—pe)
Proof. The proof is an application of the multivariate central limit theorem to the multinomial fre-
quencies n;. /n and of the multivariate delta method. The detailed but tedious computations are given in
the Appendix as online supplementary material.

O

The result allows for the construction of approximate asymptotic tests and confidence intervals for the
population kappa. The proof of Theorem 2.1 is contained as an Appendix in the online Supplementary
Material.

2.2 The difference of kappa statistics between two conditions

When considering two different conditions A and B it becomes necessary to keep into account the de-
pendency structure between ratings in the two conditions. Consequently, for each i, let m;., ., represent
the number of raters assigning subject ¢ into category c¢; under condition A and into category co under
condition B. The resulting contingency table for the generic subject ¢ is
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B 1 2 K
A
1 min M2 . MK | T1a
2 Mio1  My22 ..  MGIK | Ti24
K MKl MGK2 . MGKK | THKA
ni1B  Mi2B .. TGKB n
where the marginal counts are defined as n;ca = >, Micer and Njep = D Miere, ¢ = 1,..., K. Ac-

cordingly, in this section, we switch to the natural notation s 4, poa ...RB, PoB -..to indicate the two
conditions respectively.

The counts Mmijc,¢,, c1 = 1,..., K, ca = 1,..., K can be collected in a vector m,.. having, for a
given 4 and in the lexicographic order, a multinomial distribution with parameters n and 6,.. where, by
definition, the c;,co-th component 6., ., of the vector 6;.. is the probability for a generic rater to assign
subject ¢ to category c; under condition A and to category co under condition B. Marginalizing, we obtain
TicA = 2521 Gicc/ and Tic’ B = Zf:l Gicc/, C, c = 1, “ee ,K.

The focus of the following main theorem is on the difference K4 — ~p, which turns out to be useful
when building inferential procedures to compare the agreements in conditions A and B.

Theorem 2.2 Assuming that, given subject i, the ratings are i.i.d. and that the ratings across different
subjects (but not different conditions) are independent, the following asymptotic normal results hold:

Oo0A,0A OoAeA OoA, 0B OoA,eB
Do 59 L OeAoA OcAed | OcA OcA
PeA,n 1 s s . ,oB .eB
Vo | Bear ) — <§§g> S Ny [0, |50 CER L TEOTL L AT asmn — oo

PoB,n
s PeB
PeB,n ¢

where the north-western quadrant of the covariance matrix (the AA part), and the south-eastern quadrant
(the BB part) are given in equation (8) and the north-eastern corner (the AB part) is in turn given by

N K K

4
O0A,0B = ﬁ § § § gzcc 7T7.CA E 7T1kA Tic’' B
N K K
4
OcA, 0B = N2 E E E icc! 7TCA - E 7Tk:A7rzkA Tic' B
1=1c=1c'=1
4 N K K K
OoA,eB = ﬁ § § § ech 7T’L(‘A E ﬂ—zkA Te' B
i=1 c=1¢'=1 k=1
4 N K K K
OeA,eB = ﬁ § E E icc! 7TCA - E 7Tk:A7r2kA)7rc’B
i=1 c=1c¢'=1 k=1

The main result is

Vn{(fan — kpn) — (ka —kB)} £>./\/(0,7'A), as m — oo. (10)
with the asymptotic variance of the kappa difference given by

TA =TA+TB — 2T4B,

where T4 and Tp are derived from expression (9), while

00A,0B UeA,oB(poA - 1) UoA,eB(poB - 1) JeA,eB(poA - 1)(pOB - 1)

TAB = (1 - peA)(l _peB> (1 - peA)2(1 - peB) (1 - peA)(l _peB)2 (1 _peA)2(1 - peB)2
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6 Luca Grassano et al.: Asymptotics of kappa statistics

The proof of Theorem 2.2 is contained as an Appendix in the online Supplementary Material and it is a
non-trivial application of the delta method.

The theorem allows for the construction of approximate asymptotic tests and confidence intervals for
the difference of population kappa statistics. It is easy to show that the formula in Cao et al. (2016)
is a special case of Theorem (2.2); when K = 2 the two-condition problem requires the specification
of only 3 parameters per subject 6;11, ;14 and m;; 5, while the remaining ones may be expressed in
terms of complementary probabilities (i.e. w2 = 1 — w1, 012 = T4 — 04511, 0io1 = Mg — 611 and
Oio20 = 1 — 0511 — 012 — O;21).

3 Applications

3.1 Monte Carlo simulations

Monte Carlo methods are used in this section to confirm the validity of the formulas obtained in Theo-
rems 2.1 and 2.2 via simulations.

The central simulating scenario is obtained with K = 3 possible categories of rating, when half of
the N subjects are characterized by multinomial probability parameters equal to m;. = (0.09,0.07,0.84)
and the other half by 7;. = (0.84,0.07,0.09), leading to x = 0.4999, approximately 0.5. Two other
scenarios are studied with lower and higher levels of agreement: the former, leading to x = 0.15, is
obtained with 7;. = (0.18,0.20,0.62) and ;. = (0.62,0.20,0.18), the latter, leading to x = 0.85, with
m;. = (0.02,0.02,0.96) and 7;. = (0.96,0.02,0.02). For each scenario, 10000 samples are generated for
to provide A7, . .., Rl for different values of n and N. The results are shown in Table 1 and in Table 2.

In Table 1, the theoretical asymptotic variance 7 obtained from formula (9) is compared with the fol-
lowing empirical version:

Y(R; — k)

TMC =T X 0000

where k is the true population kappa, obtained from the true probabilities used in the simulations. It can
be seen that, for each IV, the approximations get better and better for increasing values of n, validating
Theorem 2.1.

Table 2 concerns the following simulated confidence intervals for kappa:

/%;:I:za/g,/%;‘/n, ji=1,...,r an

where 2,/ is the 1 — /2 quantile of the standard normal distribution and 7; is obtained from equation (9),
when all population parameters are estimated through their corresponding empirical versions, sample by
sample. The empirical coverage over 10000 simulations of the above confidence intervals under the same
scenarios as in Table 1 is reported in Table 2 and is shown to approximate well the nominal level 95%.

A framework similar to the one of Table 1 is exploited to produce Table 3 for the two-condition problem:
we compare 7a from Theorem 2.2 to its corresponding empirical 7a psc in three scenarios designed to
explore different values of the population kappa difference Ak = k4 — kp. The underlying population
probabilities of the three scenarios, which can be read out the code in the online Supplementary Material,
provide Ax =~ 0,0.05,0.10 respectively. The same population parameters are used to derive Table 4,
where we assess the performance of the test of the null hypothesis

Hy: Ak =0 (12)

based on the asymptotic distribution of the kappa difference statistic. As for Table 2, standard deviations
are estimated from the data, to reproduce the situation researchers usually face. Determining the proportion
of simulations where the null hypothesis is rejected, we are able to evaluate the type-I error rate (against
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Kk =0.1512 K = 0.4999 x = 0.8506

N n TMC RD (%) TMC RD (%) TMC RD (%)
4 10 0.1016 35.8 0.2185 11.6 0.1169 0.2
50 0.0793 59 0.1964 0.3 0.1175 0.7
100 0.0793 59 0.1965 0.3 0.1158 -0.8
500 0.0761 1.7 0.1957 -0.1 0.1158 -0.8
1000 0.0738 -1.5 0.1952 -0.3 0.1185 1.5

T =10.0749 7 =10.1958 T =0.1167
10 10 0.04 33.6 0.0831 6.1 0.0468 0.2
50 0.0312 4.2 0.0785 0.2 0.0467 0
100 0.0312 4.2 0.0807 3.1 0.0469 0.4
500 0.0312 4.3 0.0785 0.2 0.0462 -1
1000 0.0303 1.1 0.0774 -1.2 0.0466 -0.3

7 =0.0299 7 =10.0783 7 = 0.0467
100 10 0.0039 28.6 0.0083 6.2 0.0047 0.4
50 0.0031 4.2 0.008 1.6 0.0046 -1
100 0.003 1.7 0.0081 3 0.0047 1.3
500 0.003 0.4 0.0078 -0.4 0.0047 -0.1
1000 0.003 1.3 0.0077 -2.1 0.0048 2.3

7 =0.003 7 =0.0078 7 = 0.0047

Table 1  For different values of x (corresponding to three scenarios described in the text) the table

contains the simulated variance ¢, its relative difference against 7 (i.e. RD=100(7p;¢ — 7)/7) and the
asymptotic variances 7 from Theorem 2.1, for various combinations of the number of subjects /N and the
number of raters n.

the 5% nominal value) and the power when Ax = 0 and Ax =~ 0.05,0.10 respectively. One can see that
the type-I error rate is approximated better and better as n increases, whereas for Ax > 0.10, moderate NV
and n > 100, the power of the test reaches already its maximum value 1, making higher values of A« not
necessary to simulate.

3.2 Summary of results for the IGIBDendo case study

One of the training activities of the IGIBDendo group in 2013 was a series of educational events in several
cities in Italy aimed at improving the use of the Mayo score to rate endoscopic videos. The events took
place in similar ways: first (situation B) the participants rated N = 5 endoscopic videos on the Mayo
score with K = 4 categories, then some training took place; finally the same participants rated again the
same videos (situation A) on the same scale. A total of n = 121 participants provided full data (missing
data were ignored under a missing-completely-at-random assumption). The goal was to assess whether the
training intervention significantly increased interrater agreement. In order to do so, approximate confidence
intervals were computed in the usual way by inverting the asymptotically normal pivotal quantities in
Theorem 2.1 and 2.2 and by plugging empirical estimates of T;ea, TicB, Oicer, ¢, ¢ = 1,..., K in the
formulas obtained for the different asymptotic variances. These are the sort of intervals illustrated in
Tables 2 and 4. The interest in the single kappa statistics lied in a rough comparison with the historical
level of agreement usually found in this area of research, whereas the main focus was on the confidence
interval for k4 — K, which can also be used as a test of the hypothesis k4 = xp. Such hypothesis can
be rejected at level « in favour of the hypothesis k4 > kg if the corresponding 100(1 — «)% confidence
interval for k4 — K p is entirely positive, which actually was the case. Approximate confidence intervals
for the difference k4 — K were reported.

(© 2017 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.biometrical-journal.com
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k =0.1512 k= 0.4999 Kk = 0.8506

N n | Coverage (%) | Coverage (%) | Coverage (%)
4 10 86.1 83.7 78.5
50 92.5 93.3 90.2
100 93.5 94.3 93.8
500 95.2 94.8 94.5
1000 95.3 95.2 94.9
10 10 89 85.8 85.3
50 93.6 93.7 92.2
100 94.5 94.7 94.2
500 94.7 94.6 94.3
1000 94.9 95.2 94.7
100 10 90.2 86.7 86.2
50 94.5 93.4 93.7
100 94.8 94.6 94.2
500 95.4 94.8 94.9
1000 95.1 94.9 94.5

Table 2 Number of subjects IV, number of raters n and empirical coverage of the confidence intervals
described in Equation (11) for different values of « (corresponding to three scenarios described in the text).

Ak =0 Ax = 0.0509 Ax = 0.1083
N n TA,MC RD (%) TA,MC RD (%) TA,MC RD (%)
4 10 0.1304 10.1 0.1293 15 0.1178 12.6
50 0.1253 5.8 0.1178 4.8 0.1055 0.8
100 0.1176 -0.7 0.1167 3.8 0.107 2.3
500 0.1176 -0.7 0.1122 -0.2 0.1055 09
1000 0.1196 1 0.1118 -0.6 0.1053 0.7
7=0.1185 7=0.1124 7 =0.1046
10 10 0.0521 10 0.0505 12.4 0.0468 12
50 0.0474 0.1 0.0458 1.9 0.0434 3.7
100 0.0487 2.7 0.0467 3.9 0.0412 -1.5
500 0.0485 2.4 0.0452 04 0.0415 -0.9
1000 0.0469 -1 0.0451 0.3 0.0419 0.2
T =0.0474 7 = 0.0450 7 =0.0418
100 10 0.0051 8 0.005 10.3 0.0046 10
50 0.0049 3.5 0.0046 1.5 0.0044 4.5
100 0.0048 0.4 0.0046 1.9 0.0042 -04
500 0.0048 1.1 0.0045 -0.9 0.0041 -2.9
1000 0.0047 -1.5 0.0046 1.3 0.0042 -0.2
T =0.0047 7 = 0.0045 7 =0.0042

Table 3  For three different values of Ax =~ 0,0.05,0.10, corresponding to three different true scenarios,
the table contains the simulated variance 7a as¢, its relative difference against 74 (i.e. RD=100(7a pc —
Ta)/7a) and the corresponding asymptotic variances 7a from Theorem 2.2, for various combinations of
the number of subjects /N and the number of raters n.
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Ak =0 Ark =0.0509 | Ax =0.1083

N n Type-I error (%) Power (%) Power (%)
4 10 NA NA NA

4 50 5.6 20.8 66.3

4 100 54 332 90.8

4 500 5.1 91.3 100

4 1000 54 99.8 100

10 10 13.2 22.7 51.3

10 50 6 41.0 95.9

10 100 6 66.2 100

10 500 4.9 100 100

10 1000 5 100 100
100 10 12.3 77.0 100
100 50 6 100 100
100 100 54 100 100
100 500 5.1 100 100
100 1000 4.8 100 100

Table 4 Number of raters n, number of subjects N, type-I error rate (when Ax = 0, with 5% nomi-
nal value) and power for two different values of Ax =~ 0.05,0.10, corresponding to three different true
scenarios.

lower mean upper

KB 041 046  0.50
KA 070 074  0.77
ka—kp | 022 028 033

Table 5 Confidence intervals for kappa statistics and their difference in the IGIBDendo project

The results are shown in Table 5. Further details on the IGIBDendo project (metanalysis of more than
one training event, clustering of participants) can be found in Daperno et al. (2016).

4 Conclusion
On the Internet and in several manuscripts, the following quote is attributed to Fleiss and Cuzick (1979):

Many human endeavors have been cursed with repeated failures before final success is achieved.
The scaling of Mount Everest is one example. The discovery of the Northwest Passage is a
second. The derivation of a correct standard error for kappa is a third.

Actually, the attribution seems to be a fake, but the quote reflects the many trials and many errors in
the history of this subject. Many years later, the situation has not changed a lot for the computation of the
variance of the kappa statistic for the many-rater situation. Building on a method of proof due to Cao et al.
(2016), we have tried to give a sensible contribution to the third human endeavor mentioned above.
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Appendix (proofs of theorems)
A.1. Proof of Theorem 2.1

The multivariate central limit theorem for the multinomial frequencies f;. = n;./n guarantees that for any
i=1...N
Vi (fi —m) =5 Ng(0,5)  forn — oo )

where ¥; is a K x K matrix with diagonal entries .. = m;.(1 — m;.) and off diagonal entries 3. =
—TieTier (¢ # ). The f;. and f;. are independent if i # j. Equation (1) holds for any i, so we can
reorganize the frequencies into a single vector and obtain

[/ fu 11
ik TIK
\/ﬁ - iﬁ/\/}vxK(O,E) for n — oo
I TN1
L \fNK TNK) |

where Y is a (N x K) x (N x K) block-diagonal matrix with the K x K matrices X; as diagonal blocks.
The estimator p,, ,, can be recast into the following form

1 eh 1
~ _ 2 -
on =y L P+ 0n (1)
i=1 c=1
where the term Op (%) does not contribute to the asymptotic distribution since it converge to zero and
can then be disregarded. The vector (ZZZ ) is a differentiable functions of the multinomial frequencies f;.
with Jacobian matrix composed of

o _ 2,

afic ~ Nfzc (2)
e 2 1

o7 —N-N;fw 3)

By the delta method therefore, the following asymptotic normality holds
Vi [(Bem) = ()] 5w (o.r)

with the matrix I' given by the following matrix product

11 T
g - 0 MK TK
4 T P TK “en TN1 PP TNK
N2 \7® - T e T e T :
0 - XN N1 T

TNK TK



which after some algebra simplifies to the expression stated in Theorem 2.1, formula (8) in the main text.
Po,n

Finally, x,, is a differentiable function of ( PN

that

) and one further application of the delta method give us

Vi (fn — K) =5 N(0,7)

with 7 given by the following matrix product

1
T_(L,&) Too Toc BES
= (1= 1—pe)? .
pe  (1—po) Ooe Oce _ﬁ

which again is easily manipulated into the expression given in the main text.

A.2. Proof of Theorem 2.2

The proof of Theorem 2.2 is a simple, but computationally demanding, generalization of the proof of
Theorem 2.1.
First, the multivariate central limit theorem is applied to the multinomial frequencies ¢;.. = m;../n:

Vn(g.. — 0;..) £, N2(0, A;) for n — oo (4)

Diagonal elements of A; are given by ;¢ c, (1 — 0ic,,) and the off-diagonal ones by —0ic, c,0;c; ey -
Since (4) holds for any ¢ we could also reformulate the theorem by organizing the frequencies into a
single vector:

q111 O111 \
Q1K 01k
Q1-K1 01.K1
QKK 911.(1(
Vn : - : L5 Nawrx (0,A) forn — oo

qn11 On11
qN1K GN.lK
qNK1 oN‘Kl

L \ank K Onkk/ |

where Aisa (N x K x K) x (N x K x K) block-diagonal matrix with the N matrices A; as diagonal
blocks of size K2 x K?2.
The delta method leads to the proof of the asymptotic normality

O0A,0A Oo0A,eA O0A,0oB OoA,eB

ﬁoA n
’ PoA .
p L g g, . 0, g
v [( roa ) - (52; )] Ly Ny o, | TedeA Peded | TedoB  Tedel for 11— 00

DoB,n
peB,n PeB ’ (5)
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