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Abstract Consider a coherent system with possibly dependent components having lifetime 7', and
assume we know that it failed before a given time ¢ > 0. Its inactivity time ¢t — T" can be evaluated
under different conditional events. In fact, one might just know that the system has failed and then
consider the inactivity time (t —T'|T < t), or one may also know which ones of the components have
failed before time ¢, and then consider the corresponding system’s inactivity time under this con-
dition. For all these cases we obtain a representation of the reliability function of system inactivity
time based on distortion functions, which, in turn, includes a description of the structure of depen-
dence between components through the copula of the vector of components’ lifetimes. Making use
of these representations, new stochastic comparison results for inactivity times under the different
conditional events are provided, as well as comparison results for inactivity times of systems having
different structure functions. These results also apply to order statistics, being the order statistics

particular cases of coherent systems (k-out-of-n systems).
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1 Introduction

In reliability theory, analysis of coherent systems is a relevant topic since most of multi-component
systems can be modeled through them (see, e.g., [1] and [10] for a detailed introduction to this
subject, related properties and examples of application). Series systems, parallel systems, k-out-of-n
systems (order statistics) are examples of coherent systems. In this field, it is important to study the
performance of a system composed by different kinds of units, maybe having dependent lifetimes,
in order to evaluate their reliability or to provide bounds for related quantities such as their failure
rates or expected lifetimes. Some results on this topic were given, e.g., in [14,20-22,26] and the
references therein.

In particular, special attention has been paid in the study of the system residual lifetime under
different assumptions (see, e.g., [11,12,14,15,25]). Thus, for example, at a given time ¢ > 0 we may
just now that the system is working or we may have more information about the component states
(all of them are working, some of them are working and some have failed before ¢, etc.). However,
in some situations, the interest may be on the past lifetime of a system and not only on the future,
i.e., on its inactivity time, having observed that the system is failed at a given time t (see [7,11,28,
29)).

Let T be the lifetime of the system, and let X;, ¢ =1,...,n, be the lifetimes of its components.
Dealing with inactivity times, different conditions can be assumed observing that the system has
failed at a time ¢ > 0 . In fact, one can just know that the system lifetime is smaller than ¢, i.e., T < t,
or one can know, for example, that all its components have failed before ¢, i.e., X; <t, Vi=1,...,n.
In this particular case, one can believe that the inactivity time in the first case is smaller, in some
stochastic sense, than the inactivity time in the second case. That is, for example, one can affirm

that the stochastic inequality
t—TIT<t)<gr t—T|X; <t,...,X, <t) Vt >0, (1.1)

holds true for every coherent system (a formal definition of the stochastic comparison <gr will be
given in Section 3). However, as shown in the Example 4 (see Section 5), this assertion is not always
satisfied.

Motivated by this example, this paper provides a study on the inactivity time of coherent systems
formed by a number n of components with possibly dependent lifetimes, considering different condi-
tioning events on the failed components in the system. For all of them we give new representations
for the reliability functions of the corresponding inactivity times, and we apply them proving simple
conditions for comparisons of inactivity times according to the most important stochastic orders

considered in reliability theory.

The paper is organized as follows. Section 2 firstly recall the notion of distortion functions, which
have been recently introduced in the literature and used to formally describe how the dependence
structure between components affects the lifetime of a system (see [18,22,23]). Then, the representa-

tions of the reliability function of inactivity times of coherent systems based on distortion functions,



under different conditioning, are provided, and some immediate consequences of these representa-
tions are described. Section 3 contains conditions to compare inactivity times under the different
conditional events, as well as, comparison results for inactivity times of systems having different
structure functions. The final Section 4 is devoted to some illustrative examples and counterexam-

ples.

Throughout the paper, the notation (X|A) is used to represent a random variable whose distri-

bution is the conditional distribution of X given the event A (assuming Pr(A) > 0). Also, whenever

a
Do
derivative of the function g and, whenever we write g, we assume that this derivative exists. Finally,

we consider a ratio ¢, we assume b # 0 unless otherwise indicated. The notation ¢’ represents the

the terms “increasing” and “decreasing” are used in non-strict sense.

2 Representation of inactivity times through distortion functions

Some basic notions of coherent systems are provided now. Given a multicomponent system, its
structure function ¢ : {0,1}" — {0,1} is a function that maps the state vector (Zy,...,Z,) of its
n components (where z; = 1 if component i is working and Z; = 0 if it is failed) to the state
7 € {0,1} of the system itself. The system is said to be coherent whenever every component is
relevant (i.e., it affects the working or failure of the system) and the structure function is monotone
in every component. Also, given a coherent system with n possibly dependent components having
lifetimes X7, ..., X, > 0, the relationship between the vector (X7, ..., X,,) of component’s lifetimes
and system’s lifetime T is described by the relation T' = 7(Xy,..., X, ), where the coherent life
function 7 : R™ — R is defined as

T(z1, ... xn) =sup{t > 0: ¢(T14,...,Tnyt) =1},

where Z; , = 1if o, > ¢, or 7;, =0 if x; < ¢, fori € {1,...,n}.

For the sequel it will be useful to recall that a subset C C {1,...,n} of the components indices
is said to be a cut set if the system does not work whenever the components indexed in C do not
work. The set is a minimal cut set if it is a minimal set of elements whose failure causes the system
to fail. Similarly, a subset P C {1,...,n} is a path set if the system works whenever the components
indexed in P work, and it is called minimal path set if it does not contain other path sets. We refer

the reader to [1] for further details on coherent systems.

We now recall the concept of copula of a random vector, which is needed for the representation
of the distribution of inactivity times of systems through distortion functions. First, recall that, for
every dimension n > 2 a copula is an n-dimensional distribution function concentrated on [0,1]™
whose univariate marginals are uniformly distributed on [0,1] C R (see the monographs [5] or [24]
for details). Let (Xi,...,X,) be a random vector with joint distribution function F' and marginal

distribution functions Fj, i € {1,...,n}. Then the joint distribution F' can be represented as
F(zy,...,xy) = C(F1(21),..., Fao(zn))

for a copula C'. Notice that, as affirmed by the well-known Sklar’s theorem, if the marginal distri-
bution functions F; are continuous, then the copula C of the vector (X7, ..., X,,) is unique and it is
given by

Cut,. .. up) = F(F7 Y uy), ..., Fy M ug)),

n



for all u; € [0,1],7 € {1,...,n}, where the Ffl are the pseudo-inverses of the F;. We will assume
here, and everywhere throughout the paper, such a continuity property.

In a similar way the joint reliability function F can be represented as

F(x1,...,2,) = C(F1(z1),..., Fn(z,))
where F;,i € {1,...,n} are the marginal reliability functions and C is a copula called survival copula
of (Xi,...,X,). Similarly as above,

-1

Clu, ... un) = F(F; (1), ..., Fo (un)),

for all u; € [0,1],4 € {1,...,n}.

Let now T be the lifetime of a coherent system with structure function ¢ and with n possibly
dependent components having lifetimes X, ..., X,, > 0. Denote with F' the joint distribution func-
tion of the vector of components’ lifetimes, with C' its copula, and with F; the distribution function
of X;, i = 1,...,n. Analogously, let F denotes the joint reliability function of (Xi, ..., X,), with
C its survival copula, and with F; the reliability functions of the component’s lifetimes. Then a
representation of the distribution of T' similar to the above copula representations was obtained in
[23] (see also [17,22]). According to such a representation, the system reliability Fir(t) = Pr(T > t)

can be written as

FT(t) =Q(F1(t),... afn(t))a (2.1)

where @ : [0,1]® — [0,1] is a continuous increasing function satisfying Q(0,...,0) = 0 and
Q(1,...,1) = 1, which only depends on the system structure ¢ and on the survival copula C of
the vector (X1,...,X,). In other words, @ is simply a continuous aggregation function (for def-
inition and examples of aggregation functions see, e.g., [4,8]). It should be pointed out that the

function @ is not necessarily a copula. In fact, Q can be expressed in terms of the survival copula C

as follows. Assume that the system admits a number r of minimal path sets Py,...,P,, and denote
I, ={1,...,r}. Then
Qui,... )= Y (=D)IHCr(uy, ... uy) (2.2)
0£ICI,
where |I| is the cardinality of the set I, Cy(u1,...,u,) = C(ul,...,ul) and @} = uj, whenever

k € UnerPm, or % = 1 whenever k & U,erPp,. A similar representation holds for the respective

distribution function:

Fr(t) = Q(Fi(t),..., Fu(t)), (2.3)
where, similarly as above, assuming that the system admits minimal cut sets Cy,...,Cs, it holds
Qutyou) = S (=)ITHCs (u, ) (2.4)
DAICI,
where Iy = {1,...,s}, Cr(u1,...,u,) = C(al,...,ul) and 4l = uj whenever k € U;c/C;, or ul =1

whenever k ¢ U;crC;. In the particular case that the X; are independent, then the previous expression

for @) reduces to

Quy,...,u) = > (=D ] we (2.5)

0£ICI, k€UierC;
It should be observed that

Quy, ... up) =1—-Q(1 —uy,...,1 —wuy,)



for all (uy,...,u,) € [0,1]™. Representations (2.1) and (2.3) are equivalent but sometimes it is better

to work with (2.1) instead of (2.3) (and vice versa). When the components are identically distributed,

that is, F; = --- = F},, these representations can be reduced to

Fr(t) =q(F(t)) (2.6)
and

Fr(t) = q(F1(1)), (2.7)

where g(u) = Q(u,...,u) and q(u) = Q(u,...,u) = 1 —g(1 —u), u € [0,1]. The distributions
that can be written as in (2.6) and (2.7) are called distorted distribution and the functions ¢ and
q are called respectively distortion and dual distortion functions (see, e.g., [16] and the references
therein). The distributions that can be written as in (2.1) and (2.3) are called generalized distorted
distributions (see [17,18,20]). The functions Q and @ are called generalized distortion functions.

In particular, for the series system with n components, we have T' = X;., = min(Xy,...,X,,)

and

Fin,(t) =C(F1(t),...,Fn(t)),
that is, @;.,, = C (and it is obviously a copula). If the components are identically distributed, then
Gy., is the diagonal section of C (i.e., the function § : [0,1] — [0, 1] defined as §(u) = C(u,...,u)
for all w € [0,1]). Analogously, for the parallel system with n components, we have T' = X,,.,, =
max(Xy,...,X,) and

Fon(t) = C(Fi(t), ..., Fo(t))

that is, Qn., = C. If the components are identically distributed, then g,., is the diagonal section of
C.

Now, we provide similar representations for the distributions of inactivity times of the system,
that is, the time without service (¢ — T'|A;) under different assumptions A; which imply 7' < ¢. In
fact, assuming that a coherent system starts to work at time 0 and it is failed at time ¢ > 0, we might
have different information about the states of the components. We can thus consider the following

reasonable cases.

Case 1: The less informative case is to consider that we only know that the system has failed

at time ¢. Then it is easy to observe that the system inactivity time is
T, =@t-T|T <t).

Its reliability function is obtained in the following proposition. Before we need to note that if F;(¢) >

0, then the reliability function F;; of the ith component inactivity time (t — X;|X; < t) is given by

F; =Pr(t - X; X, <t)= ———F 2.8
,t(l’) I'( > SC| ) Fz(t) ( )
for € [0,t] and ¢ = 1,...,n. These reliability functions will be used to represent the reliability

function of the system inactivity time.



Proposition 1 If F;(t) > 0 fori=1,...,n, then the reliability function of T; can be written as

Fi(z) = Qu(F14(x),..., Frt(x)) (2.9)
for x € [0,t], where
QuiFi(t),...,u,Fy(t))
Q(F1(t),. .., Fu(t))

is a generalized distortion function which depends on the distortion function @ defined in (2.4) and

Qlu, ... un) =

on the values Fi(t), i =1,...,n.

Proof For x € [0,t], from (2.3), we have
Fi(z)=Pr(t—T >2|T <t)=
_ Fr(t—2)  QUA(E—x),...,Fu(t— 1))
Fr(t) QI (t)

T
— Q(Fl (t)Fl,t(ZE), .
Q(Fi(t),..., F,

which finishes the proof.

Case 2: Here we assume that we know the set W C {1,...,n} of indices of components that
are working at time ¢ (and so the set W° = {1,...,n} — W of those that have failed), that is,
A ={Xw > t, X < t}, where Xy = min;ew X; (lifetime of the series system with components
W), XW° = maxjewe X; (lifetime of the parallel system with components W¢). Of course, this
assumption implies that the components may work even if the system has failed, and that {X W< t}
implies {T < t} (i.e. W€ is a cut set). Also W # {1,...,n}. Then we can consider the following
system inactivity time

W =t —T|Xw >t, X" <t).

Note that here we include the particular case in which all the components have failed at time ¢, that
is, W =) and W¢ = {1,...,n}. We obtain a representation similar to (2.9) for T}V in the following

proposition.

Proposition 2 If F;(t) > 0 fori = 1,...,n, then the reliability function of TV can be written as

F, (2)=Q; (F1(x),...,Fpn(x)) (2.10)
for € [0,t], where the reliability functions F; (z) are defined as in (2.8) and arv is a generalized
distortion function. If C1,...,Cs are the minimal path sets of the system, then QZV is given by

_ —HI+HA+L Uty ey Upy
@ (1. ) = 0L 2w ) ) (211)

ZAgw(*l)‘Ach,W(Fl(t)"--aFn(t)) ’
where Craw(ui,...,u,) =0 when W NU;erC; #0 or

Crawluy, ... up) =C@AW, . alAwW)

when U;e1C; € W€, where ﬂi’A’W = Fi(t) whenever k € AU(W€¢—U,;¢,C;), or ﬁé’A’W = 1 whenever

keW —A, or ﬂi’A’W = u Fy(t) whenever k € U;erC;, and where

~A ~
Caw(ui, ... u,) =C@", ... abv)

and ﬂ:’w = uy whenever k € AUWE, or ﬂ?’w =1 whenever k € W — A.



Proof From the definition, we have

Fy (z) =Pr(t—T > z|Xw > £, X" <)

Pr(T <t—x Xy >t, X" <t
Pr(Xy >t, XW° <t)

If Cy,...,C, are the minimal cut sets and denoting again X¢ = max;cc X;, one has
—w Pr(T <t—x Xy >t, XV <t
Fy (z) =

Pr(Xw >t, XW° <)
Pr(w > 1 X <)
Pr(Uj=1, . o{ X9 <t—a}, Xw > t, X" <1)
Pr(Xw > 1, X" <) :

The denominator in the preceding expression can be written in terms of C' and Fi, ..., F,, as

D=Pr(Xy >t, X" <t)= Y (-D)ACow(Fi(t),...,Fult)
ACW
where C'y y is defined in the statement.

A similar representation holds for the numerator

= > (=D Pr(XVert <t — o Xy > £, XV < 1)
OAT

1.
S0 (=)IHARC g w (Fra(), ... Fia(x))

OAICT, ACW

N =Pr(Uimy, (X% <t —a}, X > t, XV <)

N

where Cr 4w is defined in the statement.
Therefore, the final expression for (), is obtained by using such expressions for N and D.
O

—W ) e . . .
Note that @, only depends on u; for i € W€ (i.e., it is constant in u; for i € W). As a particular

case, whenever W = (), then (2.11) reduces to

B Sosercr, (DI Crgo(us, ... un)

0
UlyennyUp) = 2.12
Qi ) C(Fi(t), ..., Fu(t)) (212)
where Crgp(ur,...,up) = C(ﬁ{’w’w, ., ub%0) and where ﬂ,ﬁ’w’w = Fy(t) whenever k ¢ U,;crC;, or
ﬂi’@’@ = u Fi(t) whenever k € U;¢C;.

Let us see now two examples showing how these representations can be obtained.

Ezxample 1 The simplest case of application of the above representations is in a series system with

two possibly dependent components, i.e., with lifetime 7" = min(X1, X5). Its reliability function is

Fr(t) = C(F(t), Fo(t))

and its distribution function is

Fp(t) = Pr(min(Xy, Xo) <t) = Fi(t) + Fa(t) — C(F1(2), F2 (1)) = Q(F1(2), Fa(t))



where Fy, F5 are the components’ continuous distribution functions and

Q(ul,ug) = U] + us — C'(ul,uz) =1- 6(1 — Ui, 1-— UQ).
In case of independence between lifetimes’ components, clearly Q(uy,us) = Q1 (u1,us) = uy + ug —
ULU.
If at time ¢ > 0 we just know that the system has failed, that is, T < ¢, then the reliability
function of (t — T|T < t) is

for x € [0, t], where

@ (u1 u2) _ Q(U1F1(t),u2F2(t)) _ ’U,lFl(t) +UQF2(t) — C(UlFl(t),UQFQ(t))
e Q(F(t), F2(t)) Fi(t) + Fo(t) — C(Fi(t), Fa(t))

is a generalized distortion function. In particular, if the components are independent, then

— . UlFl(t) + UQFg(t) — U1U2F1(t)F2(t)
Qy(ur,uz) = Fi(t) + Fa(t) — Fi(t)Fa(t)

Another option is to assume that at time ¢ > 0 we know that the first component is working and
the second has failed, that is, W = {1}. Then the series system has failed, T' < ¢, and the reliability
function of T/ = (t — T| X, > ¢, X, < t) is

PI‘(T<t—.’L‘,X1 >t, Xo St)

(1)
F =
e (@) Pr(X: >t Xo<t)

x € (0,1,
where

PriT <t—uo,X1 >t,Xo<t)=Pr(Xo<t—u2,X;>t)=Pr(Xa<t—2z)—-Pr(X; <t,Xo <t—2x)

and
Pr(X; >t,Xo <t) =Pr(Xo <t)— Pr(X; <t, X5 <1).
Then
FiY (@) = Q1 (Fru(w), Fau () (2.13)
where

UQFQ(t) - O(Fl (t), U2F2(t))

{1} _
Q¢ " (u1,uz) = Fy(t) — C(Fy(t), Fa(t))

—{1
is a generalized distortion function. Note that Q,;{ } only depends on us. In particular, if the compo-

nents are independent, then

U — u2F1 (t)

éjl}(ul,uz) ~ TR

= U2,

that is, (t — T|Xw > t, X" < t) has the same law as (t — T*| X" < t), where T* is the lifetime of
the system obtained from the original one by deleting the cut sets which have at least an element in
W (ie., T* = mingj.c,nw—o} XC, T* = X, in this example), as one can expect. The representation
for the case in which the first component has failed and the second is working can be obtained in a

similar way.



In this example we can also consider the case W = () (note that we cannot consider W = {1, 2}
since Xy > t implies T > t). The reliability function of T? = (t — T| X, < t, Xy < t) is, for = € [0,1],

F?(:c) _ PriT <t—z,X1 <t,X2<1)
Pr(X; <t,Xs <t)
Pr(Xi<t—uz,Xo<t)+Pr(Xi <t,Xo<t—z)—Pr(X; <t—uz,Xo<t—1x)
Pr(X; <t Xy <t)

= @?((?M(x), Fay(z)),

where
C(UlFl(t), Fg(t)) + C(Fl(t), UQFQ(t)) - O(UlFl(t), U2F2(t))

C(F1(t), F2())

is a generalized distortion function. In particular, if the components are independent, then

QY (ur, uz) =

—0
Q¢ (w1, u2) = ur +uz —uruz = Q1 (w1, uz),
where Q| is the generalized distortion function of the series system in the case of independent

components. O

Ezample 2 Let us consider the system with lifetime T' = min(X7, max(Xs, X3)). It may represent,
for example, a server and two computers supporting the web page of a shop. The system works if
the server works and, at least, a computer works. Its minimal cut sets are C; = {1} and Cy = {2, 3}

and its distribution function is

Fr(t) = Pr(min(X;, max(Xa, X3)) <t)
= Fi(t) + C(1, Fx(t), F5(t)) — C(Fi(t), Fa(t), F5(t))
= Q(F1(1), F2(1), F3(1)),

where Q(u1,us,u3) = u; + C(1, ug, us) — C(uy, us, us) and Fy, Fy, F3 are the continuous component
distribution functions. Whenever the component’s lifetimes are independent, then Q(uq,us,u3) =
Q1 (u1,u2,u3) = uy + Uguz — U UU3
If at time ¢ > 0, we just know that the system has failed, that is, T" < ¢, then the reliability
function of (t — T|T < t) is
 FPrt-z) < =

Fy(z) = O Qu(Fr(x), Fa4())

for z € [0,¢], where the reliability functions F; ;(z) are defined as in (2.8) and

@ (UI uo Ug) _ Q(’U,lFl(t),UQFQ(t),U3F3(t))
e Q(F1(t), Fa(t), F3(t))
_urFi(t) + C(1,ua Fo(t), us F3(t)) — C(uy Fi(t), ua Fo(t), us F3(t))
N Fi(t) + C(1, Fx(t), F5(t)) — C(Fi(t), Fa(t), F3(t))

is a generalized distortion function.

Another option is to assume that, at time ¢ > 0, we know that all the components have failed,
that is, W = (). Then the system has failed, T' < ¢, and the reliability function of Ttm =t-T|X; <
£, Xy <t,X3<t)is

F?(x) _ Pr(T <t—xz, X1 <t,Xo <t X3<1)
Pr(X; <t, X, <t X3<t) ’




where
PI‘(T<7§—$,X1 St,XQ St,Xg St) :PI"(Xl <t—.13,X2 St,X3 St)
+Pr(Xy <t, Xo<t—uz,X3<t—ux)
—Pr(Xi<t—z, Xo<t—ua,X3<t—2x),

and
Pr(X; <t, X, <t X3 <t)=C(Fi(t), Fa(t), F5(t)).
Then
F\(z) = Q) (F14(2), Fau(2), Ful(a), (2.14)
where

ClunFy(t), Bo(t), Fs(t)) + C(Fy(t), usF (£), us Fs(t))
C(F1(t), F2(1), F5(t))
B Cur F1(t), uaFa(t), usFs(t))
C(Fy(t), Fa(t), F3(t))

—0
Qy (u1,uz,u3) =

is a generalized distortion function. In particular, if the components are independent, then
—0
Qy (u1,u2,u3) = u1 + uguz — uruguz = Q1 (u1,uz,us),

where @) is the generalized distortion function of the system in the case of independent components.
Another option is to assume that at time ¢ > 0, the only working component is the third

component, that is, W = {3}. Then the system has failed, T" < ¢, and the reliability function of

T = (- TIX) <, X, <t, X3 > t) is

. PI‘(T < t—l‘,X1 < t,XQ < t,Xg > t)

{3}
F
0 @) Pr(X, <t Xs <t X3 >1) ’

where

PY(T<t—£L‘,X1 <t,Xo <t X3 >t):PI'(X3>t,X1 <t—x,Xo St)
:PI"(Xl <t—ux,Xo St)—PI"(Xl <t—ux,Xo St,XgSt)

and
Pr(X; <t,Xo<t,Xs>t)=Pr(X; <t,Xy <t) —Pr(X3z <t,X; <t,Xo<t).
Then
Fi (@) = Q1" (Fr(e), Faulx), Fs (), (2.15)
where

C’(ulFl(t), Fg(t), 1) — C’(ulFl(t), Fg(t), Fg(t))
C(EFL(t), Fa(1), 1) — C(F1 (1), Fo(t), F3(1))

is a generalized distortion function. Note that it only depends on u;. In particular, if the components

—{3
Q;t{ }(Ul,UQ,Us) =

are independent, then
={3} _uy —ui F3(t)
Q: (w1, uz,u3) = 1= F3(1)
that is, (t — T|X; < t, X <t, X3 > t) has the same distribution of (¢ — X1|X; < t). The represen-

tations for the other cases can be obtained in a similar way. a

:ul

The property obtained in the preceding examples for 7,V in the case of independent components

and when W = {} is actually a general property that can be stated as follows.

10



Proposition 3 If T is the lifetime of a coherent system with independent components, then @? =

Q1.

The proof is obtained from (2.12) by replacing C' with the product copula.

An immediate consequence of the previous proposition is described in the following statement.

The proof is straightforward and therefore omitted.

Corollary 1 If the components are independent, then (t — T|Xw > t, XV < t) has the same
distribution of (t — T*|XW" < t), where T* is the lifetime of the system obtained from the original

one by deleting the cut sets which have at least an element in W (i.e., T* = ming;.c.nw=o} XGi).

3 Stochastic comparisons

First, we briefly recall the definitions of the stochastic orders that will be used throughout this paper
to compare random lifetimes or inactivity times. Let X and Y be two absolutely continuous random
variables having a common support (0,5), for a 5 € R U {oo}, distribution functions F and G,
reliability (survival) functions ' = 1— F and G = 1 — G and density functions f and g, respectively.
Then we say that X is smaller than Y:

e in the stochastic order (denoted by X <gr Y) if F < G in (0, B);

e in the hazard rate order (denoted by X <pgr Y) if the ratio G/F is increasing in (0, 3);

in the reversed hazard rate order (denoted by X <gpyr Y) if the ratio G/F is increasing in (0, 5);

in the likelihood ratio order (denoted by X <ppr Y) if the ratio g/f is increasing in (0, 5);

e in the mean residual life order (denoted by X <j/ry Y) if, and only if, E[X'] < E[Y"] for all
t € (0,0).

We address the reader to [27] for a detailed description of these stochastic orders and to [1] for a

list of examples of applications in the reliability theory. Here, in particular, we just point out that:

e X <yprY if, and only if, (X —t|X > ¢) <gr (Y —t|Y > ¢) for all ¢ € (0, 3),
o X <pprY if, and only if, (t — X|X <t) >gp (t = Y|Y <¢) for all £ € (0,5)
e X <;pYif,and only if, (X| a < X <b) <gr (Y]a< X <b)forall0<a<b<p.

Hence, the hazard rate order and the reversed hazard rate order are equivalent to compare residual
lifetimes and inactivity times of systems, respectively, at any age ¢t > 0. Analogously, the likelihood
ratio order can be used to compare both residual lifetimes and inactivity times, while this is not the

case for the weaker stochastic order. Moreover, the following relationships are well known:
X<irY = X<pgrY = X<yrtY
4 I !
X <purY = X <srY = E(X) < E(Y).

In the previous section we have obtained representations for T} and T} as generalized distorted
distributions based on the same baseline distributions. Now we can use these representations, and

the results for generalized distorted distributions described in [16,18,19], to compare the inactivity

11



times T; and T}V for any W. We can also compare T}V for different sets W or inactivity times for

different system structures. For it, we first recall some useful properties proved in recent literature.

In the case of distorted distributions (i.e., n =1 in (2.3)), we have the following ordering prop-
erties, extracted from Theorems 2.4 and 2.5 in [16] and Theorem 2.3 in [19].

Proposition 4 Let F,, = ¢1(F) and F,, = q(F) be two distorted distributions (of two random
variables X1 and Xs) based on the same distribution function F and on the distortion functions ¢

and qa, respectively. Let §; and Gy be the respective dual distortion functions. Then:

(i) X1 <g1 X5 for all F if and only if G, <G, in (0,1).
(i) X1 <pgr X2 for oll F if and only if G5/q, is decreasing in (0,1).
(11i) X1 <gpmr X2 for all F if and only if g2/q1 is increasing in (0,1).
(iv) X1 <pr Xs for all F if and only if 5/, is decreasing in (0,1).
(v) If there exists ug € (0,1] such that G,/q; is decreasing in (0,ug) and increasing in (ug, 1), then
X1 <mrp Xo for all F such that the means of the respective distorted distributions are ordered

(in the same sense).

In the general case (i.e. for generalized distorted distributions) we have the following results,

extracted from Proposition 2.2 in [18].

Proposition 5 Let Fg, = Q1(F1,...,F,) and Fg, = Q2(F1,..., F,) be two generalized distorted
distributions (of two random variables X1 and X2 ) based on the same distribution functions Fy, ..., F,
and on the generalized distortion functions Q1 and Qa, respectively. Let Q, and Q4 be the respective

generalized dual distortion functions. Then:

(i) X1 <st Xo for all Fy,..., F, if and only if Q; < Q4 in (0,1)".
(ii) X1 <wpgr Xz for all F1,...,F, if and only if Q,/Q, is decreasing in (0,1)".
(1)) X1 <gpmr X2 for all Fy,...,F, if and only if Q2/Q1 is increasing in (0,1)™.

Note that both propositions provide necessary and sufficient conditions to obtain distribution-
free orderings (except in the case of the mrl order). Now it is immediate to obtain the corresponding
results to get distribution-free comparisons between T; and T}V. Note that we can also compare T,V
and T)V" for different W and W*. For example, the results to compare T; and T}V can be stated as

follows. The proofs are immediate from representations (2.9) and (2.10) and Propositions 4 and 5.

Proposition 6 Let T be the lifetime of a coherent system with components having a common con-

tinuous distribution function F. Then:

(i) Ty <s7 T)V (>s71) for all F if and only if g, < gy (>) in [0,1].
(i1) Ty <gr TV (>ur) for all F if and only if G\ /G, is decreasing (increasing) in (0,1).
(i) Ty <pur T)V (>rur) for all F if and only if ¢}V /q: is increasing (decreasing) in (0,1).
(iv) Ty <pr TV (>Lrr) for all F if and only if (¢}V)'/q} is decreasing (increasing) in (0,1).
(v) If there exists ug € (0,1] such that §;" /, is decreasing (increasing) in (0,ug) and increasing
(decreasing) in (ug, 1), then Ty <prrr TYV (>arr) for all F such that E(Ty) < E(TYV) (>).

Proposition 7 Let T be the lifetime of a coherent system with components having distribution
functions Fy, ..., F,. Then:

12



(i) T; <st T}V (>s7) for all F1,. .., F, if and only if Q, < @:V (>) in (0,1)™.
(ii) Ty <ugr T}V (>ugr) for all Fy, ..., F, if and only zf@fv/@t is decreasing (increasing) in (0,1)™.
(iii) Ty <rur T)V (>rur) for all Fy,...,F, if and only if Q}Y/Q; is increasing (decreasing) in
(0,1)™.

A simple example of application of the previous results, dealing with the comparison of inactivity

times Ty = (t — T|T < t) for series and parallel systems of two components, is given now.

Example 3 Consider two components having possibly dependent lifetimes X; and X5, with the
same distribution F, and consider 7™ = max(X1, X») and T™" = min(X;, X5), lifetimes of the
corresponding parallel and series system. It is rather intuitive, and actually easy to analytically
verify, that if the components have independent lifetimes then the inactivity times 7/ and 7"
are comparable in the likelihood order, i.e., it holds T/*®* <pr T/ for any t > 0. However, using
Proposition 4,(iv) one can verify that this inequality does not necessary hold for any dependence
structure (copula) of the vector (X7, X5).
In fact, denoting with C' the copula of the vector (X7, X5), one has

Pt =T > 2™ < 1) = g™ (Fu(x))

where Fy(z) = F(t — x)/F(t) and

min B 2uF(t) — C(uF(t),uF(t)) _ 2uF(t) — 0(uF(t))
T = TSR - CEW). FD) 2R (D)~ ()

being § the diagonal section of the copula C. Similarly,
P(t = T™ > 2T < 1) = g7 (Fy(2)),

where
C(uF(t),uF(t) 6(uF(t))

@ (u) = -

' C(F(t),F(t)) — o(F(t))

Observe that, by Proposition 4, (iv), the inequality T/ < T holds if and only if

dg(w)/du _ O(F(t)  2F(t) = F(t)d' (uF (1))

t) —
d @ (u)/du — 2F(t) — 6(F (1)) F(t)d" (uF(t))

is decreasing in wu, thus if
2 — ' (uF(t))
&' (uF(t))

is decreasing in u. The latter is satisfied if and only if d(u) is convex in (0,1). A list of copulas
have convex diagonal section (such as: Marshall-Olkin for any value of the parameters, FGM with
negative value of the parameter 6, i.e., § € (—1, 0], Gumbel copulas, Clayton and other Archimedean
copula, etc.). However, do not exist copulas having a concave diagonal section. A copula whose
diagonal section is neither convex nor concave is the FGM with 6 € (0, 1]. Thus, for this copula
the stated property does not hold. Note that for the product copula we have §(u) = u? which is a
convex function. So the stated property holds in the case of independent components. Proceeding
in a similar way and by using Proposition 4, (ii), one can prove that T/ <y p T/ holds for any

t > 0 if and only if §(u)/u is increasing in [0, 1]. O
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Under the assumption of independence between components’ lifetimes, a simple proof of the
inequality (1.1) mentioned in the Introduction follows by a direct application of Proposition 7.
Using this result, in fact, it is possible to prove the stochastic comparisons between the inactivity
time of a system conditioning on the fact that it failed before a time ¢t or that all its components

have failed before time ¢.

Proposition 8 If T is the lifetime of a coherent system formed by n components having independent
lifetimes X1, ..., X,, then

(t—T|T <t)<gr (t—T|X1 <t,...,X, <t) Vt>0. (3.1)

Proof Let Fi,...,F, denote the distribution functions of Xi,...,X,. From (2.9), the reliability
function of T; = (t — T|T < t) can be written as

Fi(2) = Q(Fri(2),. .., Fnu(2))

for z € [0,t], where F;,(z) = Fi(t — z)/F;(t) is the reliability function of the inactivity time
Xi: = (t— X;|X; <t) of the ith component for i =1,...,n, and where

_ CQUuEL (), ... unFu(t))
@l ostn) = =3B S R @)

is a generalized distortion function.
On the other hand, from Proposition 3, the reliability function T? = (t — T|X; < t,..., X, <)

can be written as

Fi(z) =Q(F14¢(x),...,Fns(x))

for x € [0,t], where @ is the generalized distortion function of 7" in the case of independent compo-
nents.

Therefore, from Proposition 7(i), T3 <gr Ttw holds for all Fy, ..., F,, if and only if

Q(uiFi(t),...,unFy(t))
Q(F1(t),...,Fn(t))

< Qua,.. . un)

holds for all uq,...,u, € [0,1]. Hence, Ty <gr Ttm holds for all Fiy,..., F,, and for all ¢, if and only
if
Qurvy, .., upvy) < Qur, -y un)Q(v1, ..., vp) (3.2)

for all uy,...,up,v1,...,v, € [0,1]. Now we use the fact that @ is the reliability structure (dual
generalized distortion) function of the dual system (since the minimal path sets of the dual systems
are the minimal cut sets of T and C' = C in the case of independent components). Moreover, it is
well known that (3.2) holds for reliability structure functions in the case of independent components
(see (5.2) in [1], p. 183). This completes the proof. O

Actually, even if the stochastic inequality (3.1) is in general false, Proposition 8 can be gen-
eralized to systems with dependent components under additional assumptions on the structure of

dependence among them.
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Proposition 9 If T is the lifetime of a coherent system formed by n components having lifetimes

(X1,...,Xp) with a continuous joint distribution such that

(t—XalXa <t, XA >t)<gp (t—XalX1 <t,...,Xn <1) (3.3)
for all nonempty set A C {1,...,n}, then

t—TIT<t)<gr (t—T|X1 <t,....,Xn <t) forall t>0.

Proof Denote with €;,...,&,, all the cut sets of the system where €; = {1,...,n} (note that here

we consider all the cut sets, and not only the minimal ones). Then it holds that
(T <t} =U {Xe, <t, X% >t}

for any x > 0. Note that it is a union of disjoint events.

For any x,t > 0, let
a; =Pr(Xe, <t,X% >t) and b =Pr(T <t—uxz Xe, <t, X% >1t).
Then we have

Pr(T'<t—a,T<t
Pr(Ty >2)=Pr(t —T >2|T <t)= ( r )

Pr(T < t)
Y Pr(T<t—m, Xe, <t, X >t) Y7 b
T T PiXe, <6X% >0 Toa

The lifetime T' can be written as T' = 7(X7,..., X,,). For any cut set €;, let T; = 7;(X¢,) be the
lifetime of the system obtained from T by assuming that all the components not included in €; are
always working. Of course, we have T' < T; for all i.

Then for any i =1,...,s

bi c c
= =Pr(T <t—xz|Xe, <t, X% >t) =Pr(r(X) <t—z|Xe, <t, X% >1)

= PI‘(Ti(X@i) <t-— $|X¢i < If,)(Cg > t) = PI‘(Ti(t - XQ}) > $|X¢i < t,XQC' > t)
<Pr(r(t — Xe,) > x| Xe, <t) =Pr(t —T; > x| Xe, <)
b
<Pr(t—T>x|Xe, <t)=Pr(T <t—z|Xe, <t)=—,
Qs
where the first inequality is obtained from assumption (3.3) and the second from 7" < T;. Thus
asb; < a;bs and

asby + -+ asbs < arbs + -+ + agbs.

Hence

S b b
Zimibi b _p s pixe <)

Z::l a; o ag

and the stated result holds. O

Prt —T>zT <t)=
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An example where the assumptions of the previous proposition are satisfied for any non empty
set A C I and ¢t > 0 is when the vector of lifetimes (X7, ..., X, ) has an MTP2 joint density f, i.e.,
when f satisfies f(x)f(y) < f(x Vy)f(x Ay) for any x, y € R™. See, e.g., [6] or [9] for the formal
definition and examples of random vectors satisfying the MTP2 property. The proof of this assertion
is similar to the proof of Theorem 11.2.2 in [12], and therefore omitted.

Further simple conditions may be stated for the case of series systems with two dependent

components, as described in the following statement.
Proposition 10 If T = min(X;, X2) and the copula C of (X1, Xs) satisfies the conditions
2C(x,y) > yC(z,z), forall0 <z <1, 0<y<z<1, (3.4)
and
2C(x,y) > 2C(z,y), forall0 <z <z2<1,0<y<1, (3.5)
then (t —T|T <t) <gr (t —T|X; < t, X5 < t).
Proof From Example 1, the dual distortion functions of T} = (t — T|T < t) and T = (t — T|X, <
t, Xo < t) are, respectively,

0, (un, 1) = up By (1) + ua Fo(t) — C(ur Fy(t), ug Fa(t))
TR + Bl - C(ROR®)

and
C(’U,lFl(t), Fg(t)) + C(Fl(t),UQFQ(t)) — C(UlFl(t),UQFQ(t)).

—0
Qy (u1,uz) = C(Fy(t), Fy(t))

Thus, the stated result holds if and only if these two distortion functions satisfy

Qu(ur,uz) < Q (u, us) (3.6)
By taking @ — Fi (), y — usFy(t) and z — Fy(¢) in (3.4) we get
B () C(Fi(t), uz k(1) > ua P2 (1) C(Fi(t), Fa(t)).
Analogously, by taking # — u1 Fy (£), y = Fa(t) and z = Fy(t) in (3.5) we get
FLO)C (w1 Fi (1), Fa(t)) > un Fi ())C(Fi(£), Fa(t)).
Hence (3.6) holds if

C(Fi(t), F>(1))C(ur F1(t), ua Fa(t)) + F1(t)C(Fi (1), u2 F(t)) — Fi(t)C(ur F1(t), ua Fa(t))
= C(F1(t), F2(1))C(F1(t), uz Fa(t)) = 0

and

C(Fl (t), Fg(t))C(ulFl (t), UQFg(t)) =+ Fg(t)C(ulFl (t), Fg(t)) — Fg(t)C(ulFl (t), UQFg(t))
— C(Fl(t),Fg(t))C(UlFl(t),FQ(t)) Z 0

hold. The first term can be written as

(F1(t) = C(F1(t), Fa () (C(F1(t), u2F2(t)) — Cur F1(t), u2 Fa(t)))

and the second one as
(F2(t) — C(F1(t), F2 (1) (C(ua Fi (1), Fa(t)) — Cur Fi(t), uzFa(t))).

Hence both terms are nonnegative since C' is increasing and C(u,1) = C(1,u) = u. O
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Remark 1 Conditions (3.4) and (3.5) can be seen as positive dependence properties (weaker than
TP, property). In fact, letting = Fy(t),z = Fy(t) and y = Fb(s), with s < ¢, one can immediately

observe that (3.4) is equivalent to

Pr(X; <t|X2 < s) > Pr(X; <t|X2 <t), forall s <t, (3.7)
and, similarly, one can see that (3.5) is equivalent to

Pr(Xs < t|X7 < s) > Pr(Xae < t|X; < t), for all s <t. (3.8)

Hence, (3.4) and (3.5) hold if Pr(X; < t|X2 < s) and Pr(Xs < t|X; < s) are decreasing in s for
s < t, i.e., if Xy is Left Tail Decreasing (LTD) in X; and X; is LTD in X5. The LTD notion is a
well know property describing positive dependence among random variables; see, e.g., [24], Chapter

5, or [3] on its formal definition and applications in modeling dependence. a

4 Tllustrative examples

A list of examples of applications of the theoretical results described in previous sections are provided

here. The first one proves that the ordering in (1.1) is not always true.

Ezample 4 Consider the lifetime 7' = min(X;, X2) of a series system formed by two components
having non independent lifetimes X; and X5. Observe that for this system we have
Pr(t — 2 <min(Xy, Xp) <t)  F(t—a,t—a) — F(t,t)

Pr(min(X;, X3) <t) 1 F(t,1) = p1e(x)

Prt—T <z|T <t)=

and

F(t—a,t—x)—F(t—a,t)— F(t,t —x)+ F(t,1)
1 —F(0,t) — F(t,0) + F(t,t)

Pr(t - T <x|X;, Xy <t) = = p2.+(2),
where I denotes the joint reliability function of (X1, X»).

Assume now that the pair (X7, X3) has a Gumbel’s bivariate exponential distribution, i.e., let

F(x1,79) = Pr(X; > 21, Xo > 29) = exp(—a1 71 — aaxy — ajanxims), «o; >0, 0€(0,1)
It can be numerically verified that in this case the inequality p1 .(z) < p2(z) does not holds for all
x <t (see, e.g., Figure 1, in which ¢y =4, ag = 1,0 = 1/2 and t = 1), i.e., inequality (1.1) does not
hold for all ¢ > 0.

O
Two examples where Proposition 10 can be applied are described now.
Ezxample 5 Recall that a copula C is called Archimedean if it can be written in the form
Clur,ug) = 6~ (¢(ur) + d(uz)), (4.1)

for any continuous and strictly decreasing function ¢ : [0, 1] — [0, 0o] such that ¢(1) = 0. In this case,
the function ¢ is called generator of the Archimedean copula. In [2], Proposition 6.1, it is proved

that any Archimedean copula is Totally Positive of order 2 (T'P,), i.e., it satisfies

C(x1,y1)C(x2,y2) > C(x1,142)C(x2,91) VO< 23 <o <land0<y; <yp <1, (4.2)
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Fig. 1 Plot of the difference Pr(t — T < z|X1,X2 <t) = Pr(t — T < z|T < t) for T = min(X1, X2) when ¢t = 1 and
the vector (X1, X2) has Gumbel’s bivariate exponential distribution with a1 =4, ap =1 and 6 = 1/2.

if the inverse ¢! of its generator function is log-convex. Examples of Archimedean copulas for which
(4.2) holds are, for example, the Clayton or the Gumbel-Hougaard copulas, for any values of their
parameters. Ali-Mikhail-Haq copulas, for positive values of the parameter, also satisfy this property.

Let now T' = min(X7, X3) be the lifetime of a series system with two dependent components
having an Archimedean copula C. Since the property (4.2) clearly implies (3.4) and (3.5), then (3.6)

holds whenever C' is Archimedean with log-convex inverse generator ¢—!. a

Ezample 6 Let T = min(X7, X3) be the lifetime of a series system with two dependent components
having dependent lifetimes X; and Xs connected by a Farlie-Gumbel-Morgenstern (FGM) copula,
i.e., the copula defined as C(z,y) = zy[l + a(l —z)(1 —y)] with —1 < a < 1. For0 < a < 1itis
easy to verify that

zay[ll + a — ax — ay + azy] > zyz[l + a — ax — az + azxz], fory <z

and

zay[ll + o — ax — ay + azy| > zzy[l + a — ay — az + ayz], for z < z.
Thus, both (3.4) and (3.5) hold, and so (3.6) holds too. O

The next example shows that (3.7) and (3.8) are not necessary conditions for the stochastic

comparison (3.1) where 7' = min( X7, X5).

Ezample 7 Let (X1, X2) have Gumbel’s bivariate exponential distribution as seen in Example 4,
with @1 = a3 =1, 6 =0.5. The copula C of this vector does not satisfy conditions (3.4) and (3.5),
otherwise inequality (¢t — T|T < t) <gp (t — T|X1 < t, X2 < t) would be satisfied in Example 4, by
Proposition 10. However, for this particular choice of the parameters a; and 6, and letting ¢t = 1,
the stochastic inequality (t — T|T < t) <gr (t — T|X; < t, X2 < t) is satisfied. This can be verified
numerically: Figure 2 shows the plots of Pr(t — T < z|T < t) (black) and Pr(t — T < z| X1, X5 <¢)
(red) for z € (0,1]. |
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Fig. 2 Plots of Pr(t — T < z|T < t) (black) and Pr(t — T < z|X1, X2 < t) (red), for a1 = a2 =1, 6 = 0.5 and
t =1, with z € (0,1], when (X1, X2) is described as in Example 7.

Ezample 8 Consider a k-out-of-n system whose lifetime 7' corresponds to the k-th failure of a com-
ponent, and let the X;, i = 1,...,n be the lifetimes of the n components. Assuming that the X;
are independent ad identically distributed, with cumulative distribution F;, by Proposition 9 fol-
lows that the inactivity time T; under the general condition that the system is failed in ¢ is always
stochastically bounded by (t — T X1 < ¢,...X,, <t) that is, Vz € (0,t) it holds

Prit—T>z|T <t) < Pr(t—T > z|Xppn <t)
 Pr(Xp <t =2, Xy < t) 2y () F(t = 2) (1)

Pr(X,., <t) B Fr(t)

We conclude the section observing that a statement somehow related to Proposition 8 has been

provided in [11], where, in Theorem 4, it is proved that
(max{X1,X2}): <gr max{Xi,, Xo2,} and (min{Xi, Xo}); >gr min{X; ¢, Xo,} (4.3)

for independent components having lifetimes X; and X, and inactivity times X; ; and X3 .. Actu-
ally, Proposition 8 is clearly different, since the inequalities in (4.3) compare the inactivity time of
systems with the maximum, or minimum, among inactivity times of their components. Moreover,
the following example proves that inequality (3.1) does not holds in general for the <ypr order.
However, it also shows that (3.1) can be satisfied for the <pr order whenever T is the lifetime of a

series system having independent and identically distributed lifetimes of the components.
Ezxample 9 Let us consider a series system with two independent components and lifetime T =
min(X1, X5). From Example 1, the dual distortion functions of T}, and T? are

0, (u1, us) = ur By () + ua By (t) — ugugFy () Fa(t)
(U1, U2) = Fl(t) JrFQ(t) — Fl(t)FQ(t)

and

—0
Q; (1, u2) = Q(u1,u2) = u1 + ug — urus.
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From Proposition 8, we know that T} <gr Ttw holds for all ¢ and all continuous distributions Fy, F5.
To study if Ty <gr T,? holds, we consider the ratio

@?(Uh ug) (w1 +ug —wyug)(Fi(t) + Fo(t) — Fi(t) Fa(t))
Q,(u1,uz) ur F1(t) + ua Fa(t) — uyua Fy () Fa(t)

It can be seen that if Fy(t) = 0.5, F»(t) = 0.7, then this ratio is increasing in u; when ug = 0.1 and
it is decreasing when uy = 0.9. Therefore T; <gypg Ttm does not hold.

Ri(ui,uz) =

However, if we assume that the components are IID (i.e., F; = F» = F'), then we should study

the ratio
o) = 7} (u) _ Qu—w?)Q2F(@) - F*(t) _ (2—u)(2-F(t))
¢ 7,(u) 2uF (t) — u2F2(t) 2 — uF(t)

whose derivative satisfies
ri(u) =gign —2 + 2F(t) <O0.

Therefore, 74 is decreasing and T3 <gp Ttw holds for all £ and for all ITD components. Even more, to

study if Ty <pgr Tt@ holds we consider the ratio

(@YW (1—w@ - F()
o) = Zgy = 1ok ()

whose derivative satisfies
g (u) =sign =1+ F(t) <0.

Therefore, g; is decreasing and T} < Tf’ holds for all ¢ and for all IID components. ad
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