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Abstract Under suitable conditions, the motion of a
fluid in a porous medium can be studied by assum-
ing the validity of Darcy’s law. Since many biological
tissues can be thought of as porous media, Darcy’s
law is invoked in several biomechanical contexts, like
the transport of the chemical species needed for the
metabolism of tissue cells. Although Darcy’s law sup-
plies physically sound results in many circumstances,
there may be cases in which the dynamic behaviour of
a biological fluid deviates from the Darcian one. The
scope of this work is to analyse some possible conse-
quences of such deviations, with emphasis on the fluid
velocity and pressure, which, in turn, influence the health
and correct functioning of the tissue cells. In particu-
lar, our study addresses the flow of an interstitial fluid
through a fibre-reinforced tissue, in which the fibres are
oriented statistically. We take articular cartilage as a
representative tissue of this type, and study the devi-
ation from Darcy’s law known as “Forchheimer’s cor-
rection”. Moreover, we introduce two models of tissue
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permeability, which lead to discrepant results when the
fluid velocity is described by Darcy’s law. We show,
however, that the discrepancies in the description of
the flow can be reduced if Forchheimer’s correction is
applied.

Keywords Biological tissue - Porous medium -
Biphasic material - Fibre-reinforcement - Composite
materials - Transverse isotropy - Darcy’s law -
Forchheimer’s correction

1 Introduction

Many biological tissues, such as articular cartilage [48,
49,35,34,26], can be described as biphasic systems com-
prising a fluid and a solid phase. In the course of its life,
a porous tissue responds to stimuli of various nature,
among which the mechanical ones contribute to vary its
shape and internal structure.

The fluid flowing through a tissue is affected by
the tissue’s structural variations, and changes its veloc-
ity and pressure accordingly. Since these changes are
relevant for the tissue’s health, it is important to un-
derstand the dynamics of biological fluids. In partic-
ular, the flow of the interstitial fluid in articular car-
tilage is related to the tissue’s microstructure, which
changes in time because of the deformation of the non-
fibrous matrix (comprising mainly proteoglycans and
chondrocytes) and the reorientation of the collagen fi-
bres. Thus, the velocity of the fluid must be coupled
with the deformation, and should reflect the evolution
of the medium’s anisotropy. At the tissue scale, the mo-
tion of the fluid is described by a velocity field, called
filtration velocity, obtained by eliminating the veloc-
ity fluctuations associated with the pore scale hetero-
geneities of the flow, and multiplying the result by the
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fluid volumetric fraction (see [21,22] for the definition of
mass average of the pore scale velocity). In many cases
of biomechanical interest, the fluid filtration velocity is
linearly related to the pressure gradient applied to the
fluid. Such hypothesis is at the basis of Darcy’s law [20].
Apart from the description of the flow, Darcy’s law is
also used to compute the advection velocity by which
nutrients and other chemicals are conveyed to the cells
[8].

‘We emphasise that the standard formulation of Darcy’s

law stems from the assumption that the macroscopic in-
ertial forces are negligible, the stress borne by the fluid
is purely hydrostatic (no viscous stress is accounted
for), and the dissipative forces exchanged among the
tissue’s constituents are balanced by the pressure gra-
dient, multiplied by the volumetric fraction of the fluid
phase [20,1]. The second-order tensor relating the pres-
sure gradient to the filtration velocity is referred to as
hydraulic conductivity, or permeability. More precisely,
in the jargon of Porous Media, the “hydraulic conduc-
tivity” is the second-order tensor obtained by dividing
the permeability tensor by the fluid viscosity [4], while,
in Biomechanics, “(hydraulic) permeability” and “hy-
draulic conductivity” are usually regarded as synonyms,
and are both expressed in mm*N~!s~! [1]. In the se-
quel, we follow the terminology used in Biomechanics.

Several anisotropic permeability models have been
proposed to couple the fluid filtration velocity with the
deformation of the matrix [42,1]. Also, as deduced in
the studies of Maroudas and Bullogh [31], collagen fi-
bres contribute to the permeability of articular carti-
lage, and exert a resistance to the flow, which adds it-
self to that supplied by the matrix. This argument has
been demonstrated under no or small deformations in
[15,14]. In these works, it is shown that the intersti-
tial fluid flows more easily along the fibres than it does
across them. The effect of the fibres on the permeability
has also been studied under large deformations [12,37,
38,47].

Even though the models discussed so far are purely
Darcian, there are cases in which Darcy’s law may cease
to describe the flow adequately. A thorough discussion
on this subject can be found in [4]. There exist, in
fact, two typical situations in which Darcy’s law should
be replaced by other descriptions of the flow. One of
these occurs when the viscous stress tensor has to be
considered in the momentum balance law of the fluid
and, in this case, one speaks of Brinkman’s equation
[4]. The other one, instead, leads to Forchheimer’s cor-
rection of Darcy’s law [4,5], and arises when the re-
lationship between the fluid filtration velocity and the
pressure gradient acquires a quadratic term in the fil-
tration velocity, with a coefficient depending on the mi-

crostructure of the porous medium [5]. We remark that
Brinkman’s equation is necessary when boundary ef-
fects must be included in the description of the flow,
and that Forchheimer’s correction is suggested when
the flow is subjected to inertial effects [27]. It should
be noticed, however, that these inertial effects are the
microscopic ones, since Forchheimer’s correction is de-
rived under the hypothesis of negligible macroscopic
inertial forces in the momentum balance law (see the
derivation in Section 3). In other words, Forchheimer’s
correction is the representation at the tissue scale of
microscopic inertial terms that contribute to the drag
forces exchanged by the tissue’s constituents [5].
In this work we study Forchheimer’s correction within

a nonlinear and anisotropic model of articular cartilage,
which is regarded as a hyperelastic, fibre-reinforced tis-
sue, undergoing finite deformations and in which the
fibres are oriented statistically. We give ourselves this
task for several reasons:

(i) To improve the understanding of Forchheimer’s
correction in the biomechanical context. Indeed,
to the best of our knowledge, in Biomechanics
Forchheimer’s correction has not been investigated
until recently (one paper we are aware of is that
of Khaled et al. [27]), whereas it is commonly em-
ployed in completely different contexts, like hydro-
geology, for problems in which the deformability
of the porous medium hosting the flow is usually
disregarded.

To enrich the description of the flow of biological
fluids. Indeed, even though in Biomechanics it is
usually believed that Darcy’s law is sufficient to
model the flow, there can be situations (for exam-
ple, in the benchmark tests performed to estimate
the elastic and flow properties of articular carti-
lage) in which particularly severe loading condi-
tions may trigger the microscopic inertial effects
that call for Forchheimer’s correction.

Since Forchheimer’s correction decreases the mag-
nitude of the fluid filtration velocity and increases
the fluid pressure, we use it to be more conserva-
tive in establishing the pressure threshold above
which the tissue health may be compromised.

(iii)

(iv)
may be tuned to fit experimental data. We show,
indeed, that a partial agreement between two dif-
ferent permeability models, presented in [1] and
[12], respectively, each with its own rationale, can
be achieved by tuning a coefficient referred to as
“trial friction factor” (see Section 5.1).

The work is organised as follows. In Section 2, we
present the derivation of the model equations. In Sec-
tion 3, we review Darcy’s law and Forchheimer’s correc-
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tion. In Section 4, we present the constitutive frame-
work. In Section 5, we describe the benchmark tests
and the related numerical results. In Section 6, we sum-
marise the main achievements of our work.

2 Biphasic Model of Fibre-Reinforced
Hydrated Soft Tissues

Following [15,47], we assume that a Representative El-
ementary Volume (REV) exists, i.e., we admit that a
region of space of constant size can be defined, whose
characteristic length scale is sufficiently smaller than
that of the tissue’s coarse-scale heterogeneities, and suf-
ficiently larger than that of the fine-scale ones [21].
The REV is partitioned into sub-regions, and each sub-
region is occupied by one constituent of the tissue. The
ratio between the measure of the sub-volume of the
REV filled with the interstitial fluid and the measure
of the REV is referred to as the fluid phase volumetric
fraction, ¢¢. Under the assumption of saturation, we de-
note by ¢s = 1 — ¢¢ the volumetric fraction of the solid
phase. The portion of REV filled with the solid phase
is subdivided into two disjoint sub-regions, occupied by
the matrix and the fibres with volumetric fractions ¢gs
and ¢15, respectively [47]. Tt holds that ¢gs + @15 = s,
where ¢gs and ¢15 are expressed per unit volume of the
REV.

2.1 Kinematics

As done in [47,17,9], we describe the kinematics of the
considered biphasic system by adapting to our problem
the theoretical framework developed for solid-fluid mix-
tures in [40,41]. Thus, two smooth material manifolds,
Mg and My, are introduced, representing the solid and
the fluid phase, respectively. The manifold Mg is em-
bedded into the three-dimensional FEuclidean space 8,
where it occupies the region B C 8, called reference
configuration.

Given the interval of time J C R over which the sys-
tem’s evolution is observed, the motion y of the solid
phase maps B into the current configuration x(B,t) C
S. While in [40,41] the “points” of the manifolds M;
are the particles of the solid constituent of a bipha-
sic mixture, in the present framework each particle of
My includes both the matrix and the fibres, and both
constituents are constrained to share the same motion
x. The motion of the fluid is represented by a one-
parameter family of smooth embeddings f such that,
at each t € J, the fluid particle Xy € My is embedded
into the point & € 8. The region B; C §, at each point
of which the solid and fluid particles coexist, is denoted

by B: := x(B,t) Nf(M;s, t). By definition of B; it holds
that © = x(X,t) = f(X¢, t), for all x € By, with X € B
and X¢ € M;.

For z € 8, T, 8 is the tangent space of § attached
at x, and TS = U,csT,S is the tangent bundle. Their
duals are denoted by T8 and T*8, respectively. Simi-
larly, we define Tx B and T% B, with their bundles T'B
and T*B. Moreover, we define the tensor spaces of or-
der r + s, where r > 0 and s > 0 are arbitrary positive
integers [7,12], as

[T8]"s=T8®.. TS @T*8§®...@T*S, (1a)
r times s times

T8 =TB®..0TBQT*B®...0T*B. (Ib)
7 times s times

For x € B; and ¢t € J, we introduce the velocity
vectors vg(z,t) € T,8 and ve(z,t) € T,8, associated
with the solid and fluid phase, respectively, the rela-
tive velocity w = vy — vg € T'S and the filtration ve-
locity g := ¢rw = ¢¢ (vf — vs) € TS (note that, in
several of our past works, we used w to denote the
filtration velocity instead of q). Using the jargon of
Marsden and Hughes [32], we also define the velocity
vector fields covering x(-,t) and f(-,t), respectively,
e, us(-,t): B — T8 and us(-,t): My — T8, which
satisfy the equalities vs(x,t) = us(X,t) = x(X,t) and
ve(z,t) = ug(Xe,t) = §(Xs,t), with the superimposed
“dot” standing for partial differentiation with respect
to time. Finally, we introduce the deformation gradi-
ent tensor of the solid phase, F, i.e., the tangent map
Tx(-,t) = F(-,t): TB — TS of the solid phase mo-
tion x(-,t) [32]. For X € B and z = x(X,t), F(X,t):
TxB — T,8 is a linear map transforming vectors of
T'x B into vectors of T,.§, and can be defined through the
directional derivative of x(-,¢) at X € B along some
vector U € TxB, i.e., dux(X,t) = F(X,t)U € T,8.
The determinant of F' is denoted by J = det(F') and is
required to be strictly positive in order for x to be ad-
missible. We emphasise that, since the matrix and the
fibres are assumed to share the same motion, y, they
also share the same velocity, vs (or ug), and the same
deformation gradient tensor F'. Along with F', we also
introduce the right and the left Cauchy-Green defor-
mation tensors, denoted by C = FT.F = FTgF and
b= F.F' = FG'F, respectively, where g € [T8]9
and G € [T'B] are the metric tensors associated with
the spatial and material description of the system, re-
spectively.

2.2 Balance Laws and Dissipation Inequality

We introduce the mass balance laws for the three con-
stituents considered in the present model of articular
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cartilage, i.e., matrix, fibres and fluid phase, with the
corresponding mass densities ggs, 015, and gf, which we
regard here as constant (cf. e.g. [47]). In material for-
malism, these balance laws read

gi)as:()v
J+DivQ = 0.

a€{0,1},

where @, := Jdas is the constant volumetric fraction
of the ath solid constituent (i.e., matrix or fibres) in the
reference configuration, and Q = JF~'q is the material
filtration velocity, i.e., the backward Piola transform of
the filtration velocity q. Note that the material form of
the volumetric fraction of the solid phase, &5 = ®ps +
@1, is constant in time too, whereas the material form
of the fluid phase volumetric fraction is given by &r =
J — &s.

Next, we introduce the momentum balance laws,
under the hypothesis that inertial and external body
forces are negligible, i.e.,

diveg + 7 =0,

dives + 7 =0,

where 7ty and 7r¢ represent the force densities due to the
momentum exchange between the solid and the fluid
constituent, and

Os = _¢spg_l + O,
1

or=—¢rpg = —(1-o)pg
are the Cauchy stress tensors associated with the solid
and the fluid phase, respectively. In (4a) and (4b), pis a
hydrostatic pressure called pore pressure, and o is the
constitutive part of os. Since the system under study is
closed with respect to momentum, the condition 7y +
¢ = 0 has to apply. Hence, by adding together (3a)
and (3b), one obtains

dive =div(—pg~' + o) =0,
—g tgrad(¢gp) + 7 = 0,

(5a)
(5b)

where o = o5 + o+ is the total Cauchy stress tensor.
For the system under study, the local dissipation, D,
computed per unit volume of By, is given by

D= _7de'g 2 07 (6)
of

where the term 7 := 7 — pg~'grad ¢, i.e., the dis-
sipative force density [20], permits to reformulate (5b)
as (see e.g. [20,6])

7 = ¢rg ' gradp. (7)

3 Darcy’s Law and Forchheimer’s Correction

In its classical formulation, Darcy’s law is obtained un-
der the hypothesis that 7y is determined through a
constitutive function, 7r¢q, of the deformation gradient
tensor, F', and the filtration velocity, q, with linear de-
pendence on g, i.e.,

w = #a(F,q) = —g~'#(F)gq, (8)

where 7 = #(F) € [TS8]3 is the resistivity tensor. We
assume that 7 is symmetric and positive-definite and,
thus, also invertible. Hence, by substituting (8) into (7),
and solving for g, we obtain Darcy’s law

q=gqp = —¢er 'gradp = —kgradp, (9)

where k = ¢pr—1 € [T8]3 is the permeability tensor. In
this work, we study the case in which 74 is a quadratic
function of the filtration velocity (i.e., (8) no longer
applies), but the simplified momentum balance law (7)
is still valid. When these conditions apply, one speaks of
Forchheimer’s correction to Darcy’s law [5]. Following
[63], we can express the relation between gp, and the
“corrected” filtration velocity, g, as (with our notation)
(1 +F)q = qp, (10)
where ¢ is the identity tensor, and the tensor F € [T'8]!;
is the “Forchheimer’s correction tensor” [53]. To ob-
tain (10), Whitaker studied a porous medium subjected
to no deformation, and applied the volume-averaging
method to the Navier-Stokes equation modelling the
pore scale dynamics of the fluid [53]. In his work, the
correction tensor F was determined by solving auxil-
iary “closure problems” under the assumption that, at
a sufficiently fine scale, the porous medium enjoys the
discrete symmetry of spatial periodicity. Moreover, F
was proven to depend linearly on the norm of the filtra-
tion velocity, in the limit of sufficiently small Reynolds
numbers [53].

By adapting the theoretical framework of [5] to our
problem, we show that Forchheimer’s correction (10)
can be deduced from the dissipation inequality (6). To
accomplish our task, we suppose that the theoretical
framework deduced in [53] for non deformable porous
media can describe also those tissues undergoing (finite)
deformations, even though such deformations can com-
promise the periodicity of the internal structure. Thus,
by relaxing the hypothesis of periodic internal struc-
ture, we postulate that the dissipative force 7y takes
on the form

T = —[i+|q|A] g7 'rq, (11)
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where we have set F := ||q||.A, and refer to A € [T8]';
as to the tensorial Forchheimer coefficient. By substi-
tuting (11) into (7), multiplying both sides of the re-
sulting expression by the inverse of the resistivity ten-
sor, 71, and invoking the definition of the permeability
tensor, k = ¢¢r !, we obtain

[i + ||q||k2Ak""]|q = qp,
1

(12)

where 21 := gAg~" is the counterpart of A in the tensor
space [T8];!. Our result (12) is consistent with similar
results found in the literature (cf. e.g. [52], in which the
case of an anisotropic porous medium is considered).

To express the Forchheimer coefficient 2(, we intro-
duce the “associated” permeability tensor k = gk €
[T8];! and we assume 2A := g;k3, where 3 € [T8];!
is called non-Darcy coefficient tensor [52], and is de-
fined according to the empirical law 8 = co¢f* K
adapted from [46], in which p is the viscosity of the
fluid, and ¢y > 0, ¢1, and ¢y are real constants. In the
jargon of Thauvin and Mohanty [46], formulae of this
type are said to be “correlations”, since they express
the non-Darcy coefficient in terms of other relevant pa-
rameters pertaining to the flow as well as the structure
of the considered porous medium. Since co is a real
number, the power law K is conveniently written in
spectral form as

3
K= 3 ko) 6

a=1

(13)

where k,, is the ath eigenvalue of the permeability ten-
sor, n® € T*$§ = [T8]? is its corresponding eigen-
covector (determined by [k — kai ' |n® = 0), and n, =
g~ 'n is the associated eigenvector. By employing (13),
the Forchheimer coefficient 21 acquires the expression

A = otk = co0r P PP KK?
3
— COQfd)gl/lQ Z(ka)lJchna ® Ny

a=1

(14)

According to (14), the tensors k and 3 are coaxial, and
thus commute, i.e., it holds that 2 = grk3 = pBk.
This implies

KAk~ = k(oikB)k™" = k(orBr)k ™

=g '(orB)g =g 'Ag = A, (15)
and, consequently, the relation (12) becomes
[i + llqllAlg = ap. (16)

Finally, with the aid of (14), the identity A = g~1lg
leads to

3
A = coor g p? Z(ka)1+62na ®@n*.

a=1

(17)

We remark that introducing the Forchheimer coefficient
into (11) is equivalent to defining an effective resistiv-
ity tensor, rp := r + ||q||r. Hence, mwrq admits the
expression mgqy = —g 'rpq, which is formally similar
to (8), but accounts for Forchheimer’s correction. More-
over, computing explicitly rp, with r = ¢k~ and A
given in (14), yields

rr =gtk

3
+ col|q|ospp T €2 (Z(k:a)@n“ ® no‘> .

a=1

(18)

Since the hypothesis of positive-definiteness of k implies
that rp is positive-definite too, the dissipation inequal-
ity is respected, and can be written in compact form as
D=¢;'rr:(q®q) > 0.

Before going further, we emphasise that the ten-
sorial Forchheimer coefficient A written in (17) stems
from the empirical laws expressing 20 and 3, in which
the coefficients cq, ¢1, and ¢y are to be determined ex-
perimentally. Thauvin and Mohanty [46] studied non-
deforming isotropic porous media, for which it holds
that k = kog~!, and the non-Darcy coefficient tensor
is represented by the scalar quantity 8 = co@¢' p®kg?.
Moreover, they found several expressions for [, each
corresponding to a set of scalars {co, c1,c2}, obtained
for different pore structures and system sizes. Some
of the correlations considered in [46] were assumed to
depend also on the (scalar) tortuosity of the porous
medium. On the contrary, since we are not aware of
expressions of 3 explicitly determined for articular car-
tilage, in the present work we consider 3, by choosing
o, ¢1, and co from the literature, with a certain amount
of freedom ascribable to the lack of experimental data.
The tortuosity is not taken into account in the realisa-
tions of the non-Darcy coefficient tensor 3 considered
here, since, to the best of our knowledge, there is no
experimental evidence of such parameter in articular
cartilage.

4 Materials Reinforced by Statistically
Oriented Fibres

Following the line of thought and notation in [12], the
porous fibre-reinforced composite material studied in
this work is assumed to have a statistical distribution
of fibres, described by the probability distribution func-
tion ¥:S?B — R{, where S?B is the collection of all
vectors M x € TxB, with X varying in B, such that
IM x| = 1. The value (M x) represents the prob-
ability density that, at a point X, a fibre is locally
aligned along M x. The probability density satisfies the
normalisation condition [y, (M) = 1 and, since in
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this work we restrict our attention to phenomena that
involve only the direction of the fibres, but not their
sense, we require ¥ to fulfil also the symmetry condi-
tion ¥(—M) = ¥(M). We also introduce the notation

)= [ vonson, (19)

denoting the directional average of the quantity § with
respect to the probability density ¥.

The composite is assumed to exhibit hyperelastic
behaviour from the reference configuration B, and its
elastic potential is constructed by superimposing the
elastic contribution of the matrix to that of the fibres,
ie.,

W(C) = QSSU(‘]) + @OSWO(C) + @1SVAV8(C)7 (20)

with J = J(C) = 1/det(C)

U(J) = H(Jer — J)(J — Jo)?(J — D)7, (21a)
; _exp(ai[ly = 3]+ az[ly — 3])

Wo(C) = ag - TATE 22 =, (21b)
We(C) = Wii(C) + (W1a(C, A)), (21c)
Wia(C, A) = H(Iy — 1)ie [l — 1%, (21d)

where, for brevity, we used Iy, I, I3 for the three prin-
cipal invariants I (C) = tr(C), I2(C) = 3{[tr(C)]* —
tr(C?)}, I3(C) = det(C) of the right Cauchy-Green
deformation tensor C, and I, for the fourth invariant
I,(C,A)=C: A of C [44], in which A =M @ M is
the structure tensor field.

The contribution U (J) is a penalty term depend-
ing solely on J, and accounting for the fact that, after
the fluid has flown away and the pores are closed, the
tissue behaves as an incompressible material. In (21a),
H is the Heaviside function, J., €]%Ps,1], ¢ > 2 and
r €]0,1]. The quantity J., specifies a “critical value”
of the volume ratio J, below which the penalty term is
active. When this occurs, U(.J) diverges for J — &7,
thereby preventing the violation of the unilateral con-
straint J > &,. A representation of U(J) is in Fig.
1. The elastic potential Wo(C) in (21b) describes the
hyperelastic response of the matrix alone, which is as-
sumed to be isotropic. The constitutive expression of
Wo(C) is taken from [26], where the coefficients g, o,
asg, and ag are model parameters. In (21c) and (21d),
Wi (C) denotes the isotropic part of the fibre elastic po-
tential, W1a(C ,A) denotes the anisotropic elastic po-
tential depending on the local direction of fibre align-
ment, ¢ is a material parameter, and the Heaviside step
function is introduced to eliminate the contribution of
the fibres that are not stretched (i.e., those for which
I, <1).

\*Uses?

—oUsaJ"

0.5

0.0 J

@ Jerit 1

s

Fig. 1 Graphical representation of the penalty term U(J)
The vertical asymptote at J = &5 expresses that U(J) di-
verges at compaction, i.e., when the lower bound J = &5 of
the admissible values of J is approached. The penalty term
is active only for J < J¢yit, and is zero otherwise. Graphics
adapted from [12].

The anisotropic part of W(C ) generates the anisotropicss:

contribution to o4 given by 453
~ 2¢15 T
Gu(F) = "2 (31— Dells - UFAFT), (22)

where again, for brevity, we used I for I4(C, A). To s
study the material symmetries safisfied by the consti- s
tutive tensor function & ,(F'), we choose arbitrarily X € s
B, and consider the group of all proper rotations about 4
a material unit vector M attached at X, i.e., 258

Sx(M):={H € Orth": HM = +M}. (23)

Hence, we notice that the integrand of (22) is a trans- s
versely isotropic tensor function with respect to M be- 0
cause, for all H € Gx (M), the structure tensor fulfils s
the equality A = HAH", I, is (by definition) invari-
ant under the transformation F — F = FH ,and so is a3
also the tensor FAFT, ie., 264

FAFT — FAFT = FHAH'F' = FAF". (24

If there exists a polar axis M, such that the probabil- s
ity density ¥ is restricted by the symmetry condition 466

U(HM) = ¥(M), (25)

for every M € S?>B and for every H € Orth™ such e
that HMy = + M, then ¥ is said to be transversely s
isotropic with respect to M and, because of the in- e
tegration over all possible directions performed in (22), 0o
0. (F) is invariant under arbitrary rotations about My.

Permeability is the material property describing the
ability of a fluid to flow through the pore space of a 3
porous medium. In this work, we focus on two per-
meability models that have been recently conceived to s
study the coupling between fluid flow and deformation 4
in anisotropic porous media undergoing finite deforma-
tions. These models were presented in [1] and [12], and s
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are hereafter referred to as the “AW-model” and “FG-
model”, respectively.

The FG-model [12] extends the results obtained in
[15] to the framework of finite deformations, and was
employed in [47] to investigate the influence of the fi-
bres’ orientation on the permeability of articular carti-
lage. In the FG-model, the permeability k is the result
of an upscaling method. More precisely, in [15], at each
spatial point = € B, C 8, a (rectified) fibre is assumed
to be locally aligned along the unit vector m € T,S.
Then, a REV is attached at x and its size is chosen in
such a way that it comprehends only the fibre passing
from x and the portion of matrix in which the fibre is
embedded. Hence, the permeability of the REV, krgv,
is determined by enforcing a self-consistent method [39]
(see [15] for details) under the hypothesis of validity
of Darcy’s law at the REV scale and in the limit of
vanishing fibre permeability and small fibre volumetric
fraction. The result obtained within this approach is
then generalised to the case of arbitrary fibre volumetric
fractions by adopting differential schemes for composite
materials [33,36], and supposing that the permeability
of the matrix has a spherical representation. Thus, the
REV permeability determined in [15] reads

krev = ko[l — ¢1s]°g ™" + ko[l — ¢15)b1sa, (26)
where
a—meom— FM ® FM
[FM| — [|[FM]
1
—— — __FAF" 2
T,(C.A) , (27)

and m = FM/||FM|. We remark that the contribu-
tions of the fibre to the permeability of the REV man-
ifest themselves exclusively through the spatial struc-
ture tensor a and the fibre volumetric fraction ¢15. Fol-
lowing the constitutive framework of Holmes and Mow
[26], the scalar permeability kg is expressed as a consti-
tutive function of the deformation through the volume
ratio J, i.e.,

J — &,
1— &,

Ko

~ton [ 17| exp (3mal? - 1), (25)
where kg and mg are material parameters, kgr is the
scalar permeability in the undeformed configuration,
and the condition lim_,¢_ k(J) = 0 is respected, since
the permeability has to vanish at compaction. By com-
puting krgyv at X € B, and considering the group
Gx (M) defined in (23), it holds that krgy(FH, A) =
krev(F, A), for all H € Gx(M). Thus, the REV per-
meability is transversely isotropic with respect to M.

By exploiting (26), the FG-model obtains the spatial s
permeability, k, by integrating krgy over all possible sz
directions, which results in a constitutive function of s
the deformation gradient alone [12,47], i.e., 523

krc = kra(F) = (krpv(F, A))
= J 2ko(J)[J — D129

+ I 2ko(J)[J — 14|01 FZ(C(F))FT, (29)
where C' in (29) is understood as a function of F, and s

we set Z = <<WAA)>> 525

The backward Piola transformation of (29), i.e., Krg =2
JF 'kpgF~T, produces the material permeability of s

the FG-model: 528
R ko(I)[J — D142
KFG:KFG(C):—O( )[J ol -1
ko(J)[J(;@m}@lsZ(C). (30)

The AW-model considers several classes of mate- s
rial symmetries and it supplies for each of those the s
corresponding permeability tensor. To this purpose, it sx
employs the Representation Theorems for functions val- s
ued in the space of symmetric second-order tensors [43, s
29]. In the case of transverse isotropy with respect to a s
direction M € TB, the AW-model defines the spatial s
permeability tensor as 536

kaw = koig " + k1pb + 2kab?

+ Ufla - klt]a + 2[k2a - k2t]sym(a'b)a (31)

where the coefficients ko;, k1a, k1t, koa, and koy are, in  ss
general, functions of the invariants Iy, I, I3, I, and s
Is = C?: A [44]. We remark that, while in this work s
a is defined by (27), the spatial structure tensor used s
in [1] is given by FAF" and is, thus, not normalised. sa
Therefore, the coefficients kia, k1t, koa, and kot appear-  sa
ing in (31) must be adjusted accordingly in order for s
(31) to be consistent with the expression provided in s
[1] 545

By comparing (26) and (31), one can see that krgy s
is retrieved from kaw in the limit of vanishing kq¢, koy  sa7

and ks,, and provided that the identifications 548
koi :=koi(J) = J 2ko(J)[J — P14)%, (32a)
ko = k1a(J) = T 2ko(J)[J — $14]P1s (32b)

are made. In fact, whereas neglecting k1; and kgy can  sa
be physically motivated by the observation that the sso
permeability along the fibres is much higher than that ss
across the fibres [47], the absence of a coefficient of the sz
type ko, in the expression of krgyv descends from the  ss3
chosen upscaling criterion. We regard this feature as a  ssa
weak point of the FG-model. 555
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From here on, we consider only a “reduced” and
slightly modified version of the AW-model, obtained by
setting kit, kot, and ko, equal to zero, and choosing
koi = kol(J) = EQ(J), and ki, := ]%1a(!]) = J’ZIE:O(J)
(cf. the form of k1, with Equation (39) of [1]). Then,
we write the statistical average of the material perme-
ability of the AW-model, Kaw = JF 'kawF T, as

(Kaw) = Jho(J)C ™" + T ko(J) Z(C). (33)

The difference between (33) and the permeability that
would be obtained by adopting the original model by
Ateshian and Weiss [1] is due to the division by I4
in the definition of the spatial structure tensor a (cf.
(27)). Indeed, if the spatial structure tensor were not
normalised, as is the case in [1], the second term on the
right-hand-side of (33) would read J ko (J)(A).

Notice that, while the FG-model predicts that krgy
depends explicitly both on the fibre’s volumetric frac-
tion and on the fibre’s orientation, kaw depends on
the direction of transverse isotropy, but may be inde-
pendent on ¢15. The dependence of kaw on ¢4, how-
ever, can be accounted for by extending the constitutive
framework.

5 Benchmark Tests

The model described in the previous sections requires
to determine the unknowns U = {x, p, ¢ or Q} through
the solution of the equations

Div (—Jpg—lF—T + PSC) — o, (34a)
J+DivQ =0, (34D)
(I + gl F~*AF)Q = Qp, (34c)

in which (34c) is the material form of Forchheimer’s
correction. In (34a)-(34c), I is the identity tensor in

[TB]'1, Qp = —K Grad p is the material form of Darcy’s

law, where K is given either by (30) or by (33), depend-
ing on whether the FG- or the AW-model is used.
Equations (34a)—(34c) must be equipped with the
initial and boundary conditions specifying the type of
benchmark problem that has to be solved. To this end,
we assume that B coincides with the configuration of
a cylindrical sample at time ty = 0, regarded as unde-
formed and unloaded, and we partition the boundary of
B as 0B = [, UlyUIg, where I, I'y, and I'g represent
the lower, upper, and lateral surfaces of 9B, respec-
tively. As benchmark problems, we consider two un-
confined compression tests. In both tests, a cylindrical
sample of height L = 1 mm and circular cross-section
of diameter D = 3mm is inserted between two paral-
lel, impermeable and rigid plates, and compressed along

the direction M of its geometrical axis. For this pur-
pose, a loading history is imposed to the upper plate,
while the lower plate is kept fixed. The two plates re-
main parallel to each other over the entire duration of
the tests. In the following, we consider the Cartesian
orthonormal vector bases {€;}3_, and {e;}3_,, associ-
ated with B and 8, respectively. We assume {€/}5_,
and {€;}3_; to be collinear and choose €3 coincident
with M.

In the first test, I, is clamped at the lower plate.
Thus, the original cylindrical shape of the sample is
lost during deformation, although each cross section
maintains the polar symmetry with respect to the axis
M, = &3. Accordingly, for all times t €], Tend], the
boundary conditions read

X’ =g
On I, { (—KGradp).N = 0, (352)
—Jpg—lFT _
On Iy, { (=Jpg~'F~' + Py).N =0, (35D)
p=0,
X(X7t) - X(X7O) = Oa
On I, { (—~KGradp).N =0, (35¢)

where N is the unit vector normal to the surface of the

sample, and g is the loading history

alt) = L—- ﬁmpum for t € [0, Tramp) (36)
L — ur, for ¢t €]T amp, Tend]-

Here, ur = 0.2 mm is the target displacement and Tyamp

20 s is the final instant of time of the loading ramp. The

load (36) is kept up to Teng = 50s.

In the second test, which we call “cylindrical un-
confined compression test”, we assume that the cylin-
drical shape of the sample is preserved by requiring that
I'y and I7, glide frictionlessly on the plates’ surfaces in
axial-symmetric way and that I'g is a free boundary, al-
though the sample is inhomogeneous [cf. (38a)—(40)]. In
fact, the inhomogeneity of the sample in the direction
M = &3 causes the axial strain and radial displace-
ment to be non-constant with the space variable X3.
Still, even when we consider an inhomogeneous sample
[see Egs. (38a)—(40)], in our simulations the deformed
configurations of the sample deviates only slightly from
the cylindrical shape (data not shown). Thus, for the
purposes of this work, and in particular for the results
reported in section 5.2, we approximate the sample’s de-
formation with a deformation preserving the cylindrical
shape. In this case, the conditions (35a) and (35b) as
well as the no-flux condition on [T, still apply, while the
null displacement condition on I, has to be replaced by
the condition x3(X,t) = 0, for all X € I}, and for all
te ]t(), Tend]-
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With respect to the orthonormal vector basis {€/}5_,

M is written as

M = M(6,9)

= sin© cos PE| + sin @ sin PE5 + cos OE 3, (37)

where © € [0, 7] is the co-latitude and @ € [0, 2] is the
longitude, and the transverse isotropy of the probability
density ¥ means that there exists a function p : [0, 7] —
R{ such that the conditions (M) = &(M(6,d)) =
©(0) is verified for all @ € [0, 2x]. The function p must
comply with the normalisation condition and with the
symmetry condition p(@) = p(r — @), for all © €
[0, 7], which corresponds to ¥(M) = ¥(—M). More-
over, since in this work we compute the statistical aver-
ages of functions that depend on direction only through
the structure tensor, we are allowed to restrict the aver-
aging integrals to one hemisphere only (e.g. the “north-
ern” hemisphere S**B). Hence, we introduce the prob-
ability density ¢ : [0,7/2] — Ry such that the normal-
isation reads 27 foﬂ/z ©(0)sin(©)dO = 1. In this work,
we use the pseudo-Gaussian distribution [13]

p(6,§)

P0,8) = o [T p(O, ) sin(6/)d6" (332)
p(.6) =exp (=00, (381)

where both the mean angle Q(£) and the standard de-
viation w() depend on the normalised axial coordinate
¢ = X3/L, and are given by [13]

a0 -3 1-ws((-32+39)3)].

w(€) = 103[(1 — €)&)* 4 0.03.

(39a)
(39b)

A graphical representation of the functions p(O, £),
Q(&), and w(§), defined in (38b), (39a), and (39b), re-
spectively, is reported in Fig. 2. The angle Q(£) ranges
continuously from Q(0) = 0 rad at the lower boundary
(cartilage-bone interface) to Q(1) = 7/2 rad at the up-
per boundary (articular surface). The variance, in turn,
is greater in the middle zone, since in that zone the fi-
bres are almost randomly oriented, and thus the tissue
could be thought of as isotropic. Hence, the probability
density tends to be peaked around Orad for & approach-
ing zero, and around 7/2rad, for £ approaching unity.

The model parameters used for the numerical sim-
ulations of the considered benchmark tests are taken
from [47]. By employing experimental data available
in the literature [24,10,2], we provide polynomial ex-
pressions for the volumetric fractions, i.e., @ps(§) =
—0.062 €2 +0.038 £40.046, P14(€) = 0.062 2 —0.138 £+
0.204, and 1 — @4(£) = 0.100£2 + 0.750. To determine

1o 15

0.5

]

(C) 02 04 06 08 1.0

Fig. 2 Graphical representation of (a) the probability den-
sity distribution in (38b) as a function of © parameterised
by & (dashed line: £ = 0.15; dotted line: £ = 0.30; thick line:
& = 0.50; thin line: £ = 0.70; dashed-dotted line: £ = 0.85);
(b) the histological profile of the mean angle Q(&) given in
(39a); and (c) the standard deviation w(§) given in (39b).

Krc and (K aw) (cf. (30) and (33), respectively), it is
necessary to specify ko, mo, and kog. As done in [47],
we take here ko = 0.0848 and my = 4.638 [25], and we
prescribe kgr to be a function of the normalised axial
coordinate [54], i.e.,

kor = kor(§) =
Ko 2
0 [29] s (1o | (2289) 1)) 0
R R

where k(()%) = 0.003mm*N~!s7! is a referential value
of the scalar permeability (taken of the same order
of magnitude as that reported in [3]), while eg(§) =
(1 — D4(8))/Ps(€) is the void ratio associated with the
undeformed configuration (i.e., the ratio between the
fluid and the solid volumetric fractions in the unde-
formed configuration), and eg ) =40 [34] is a referen-
tial value for eg(§). Moreover, we assume Wy = W
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and, as done in [47], we compute the parameters «p,
a1, and «ay featuring in (21b) by imposing the condi-
tion that the elastic coefficients obtained by linearis-
ing WO(C) are identical to those experimentally de-
termined in [3], and fitted to the biphasic indentation
model presented in [30]. Since the samples of articular
cartilage used for the experiments reported in [3] were
intact and comprised both the matrix of proteoglycans
and the chondrocytes, we conclude that «ag, a;, and
ao refer to the mixture of proteoglycans and cartilage
cells. For this purpose, we adopt the formulae provided
in [26], in which g, a1, and ag are written as func-
tions of the Lamé’s constants. This calculation leads
to ag = 0.1250 MPa, oy = 0.7778, and oy = 0.1111.
Finally, we choose ¢ = 7.5 MPa [47].

Equations (34a)—(34c) are solved numerically by means

of Finite Element methods. This necessitates to intro-
duce the weak forms of (34a)—(34c), which are obtained
by multiplying each of these equations by the corre-
sponding test function, integrating the resulting expres-
sions over B, and applying Gauss Theorem, where re-
quired, along with the boundary conditions character-
ising the chosen benchmark tests. Thus, one obtains:

/3 (5J — (Grad p)Q} =0, (41a)
/ P : gGradu =0, (41b)
B

/B (T +qlF AFQLO — Qp.0} =0,  (d1c)

where p, u, and Q are test functions, taken in suitable
functional spaces, and referred to as virtual pressure,
virtual velocity, and virtual (material) filtration veloc-
ity, respectively. For the finite element discretisation of
the problem, piecewise quadratic Lagrange interpola-
tion functions are used for all the unknowns and the
corresponding test functions. Equation (41c) is an al-
gebraic auxiliary equation that has been introduced to
compute @ numerically when its analytical determina-
tion is cumbersome (for example, when the Forchheimer
coefficient tensor, A, is not spherical).

To compute the required statistical averages, we em-
ploy the Spherical Design Algorithm [19,11,9]. Finally,
we notice that in (34c) and (41c) ||q|| can be written as
lgll = J~1/C : (Q ® Q), where the term under square
root supplies a further coupling between deformation
and the flow direction [16].

5.1 The “Equivalent” Scalar Forchheimer Coefficient

Although the permeabilities predicted by both the FG-
and the AW-model are not represented by spherical ten-

sors, we start by defining the equivalent scalar perme-
ability [16],
Ltr[k.kT], (42)

keq :=

which we employ to construct the equivalent non-Darcy
coefficient, fBeq = codg' pu kez, and the “equivalent”
scalar Forchheimer’s correction, Aeq, i.e.,

Aeq = kaeqﬁeq = Cogfd)lfl ,UCQ ké;CQ,

with ¢ > 0. The factor S, may depend on cy, c1,
and ¢y in several ways. A review on the subject can be
found, for example, in [46,16].

The equivalent scalar Forchheimer coefficient A is
determined to invert (34c) analytically, and to study
the simplest case of interaction between the anisotropy
of the medium and the nonlinearity of the flow. Indeed,
if Aeqt is used instead of A in (16), Forchheimer’s cor-
rection becomes

(43)

[1+ llgllAeqla = g, (44)

which is remnant of the result obtained in [23]. An ad-
vantage of working with (44) is that it can be readily
solved for q in spite of the nonlinearity of the product
llgllg. Indeed, taking the norm of both sides of (44), and
rearranging all terms, the equality (44) can be turned
into a quadratic equation in ||g|| [18,16] whose only ad-
missible solution is given by

lall = —* V1+4Aglapl

2 Aeq

(45)

Since (45) expresses ||q|| as a function of ||gp ||, we can
solve (44) for g, i.e.,

q=fap, (46a)

= -
IRV ]

where f is referred to as friction factor. As shown in
[16], f can be understood as a function of the product
Aeqllgpll; and, with a slight abuse of notation, we set
[ = f(Aeqllapll)- In particular, f is such that f(0) =
L, f(Aeqllapll) ~ 1 — Acqllgpll for Aeqllgp |l — 0, and
f(Aeqllapl) ~ (Aeqllapl) =/ for Acq|lgp|| — +oo. We
remark that the definition of f given in (46b) looks
much like a result obtained in [23] (cf. Equation (20) in
23)).

If the exponents ¢; and ¢z in (43) are chosen as
c1 = —11/2 and ¢z = —1/2, Aeqllgpll can be expressed
as a function of the Reynolds number Rep [4], i.e.,

(46b)

Aeqllapll = CO¢f_5ReD7 (47a)
ke
Rep = ngIIqDI- (47b)
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Therefore, by substituting (47a) into (46b), f can be
expressed as a function of Rep and ¢¢, with ¢g > 0
being the only tuneable parameter, i.e.,

f= 2 (48)

1+ 4/1+4co¢; *Rep

We emphasise that, while ¢q is assumed to be constant
in this work, f varies in space and time, since so do also
¢r and Rep. Moreover, since the filtration velocity is
given by q = fqp, and f is determined either by (46b)
or by (48), the equations necessary to close the model
reduce to (34a) and (34b). Finally, we remark that the
definition (47b) of Rep is slightly different from the one
given in [4], in which the characteristic value of ||qp|| is
divided by the characteristic volumetric fraction of the
fluid phase.

Equation (48) implies that the strength of Forch-
heimer’s correction is influenced by ¢y. Indeed, the mag-
nitude of the filtration velocity converges to that pre-
dicted by Darcy’s law in the limit ¢y — 0, and tends
towards zero for increasing cqg. This description can be
formalised by recognising that, for every ¢; *Rep, f can
be written as f = f(co), and can be thus identified with
the value taken at ¢y by the strictly monotonically de-
creasing function f : [0, +00[—]0,1]. This function is
defined by the right-hand-side of (48), and satisfies the
conditions f(0) = 1 and lime, , o0 f(co) = 0. We notice
that, since f is continuous and strictly monotonically
decreasing over [0, +oo[, it is invertible and its inverse
f71:]0,1] = [0, 400] is continuous. Since we do not
have experimental data for ¢y, we use the invertibility
of f to determine a prescribed value of ¢ such that f
stays within a certain acceptable range. More precisely,
in a preliminary test, for which f = 1, we calculate
Ro = op "Rep at a given point and instant of time, and
then, by selecting a trial friction factor fiia1 €10, 1], we
obtain the corresponding value of ¢g as ¢y = f “(Firial)-
By substituting this result into (48), f can be related

to ftriaI:

2

1 + \/1 + 4_f42ftrial ¢;;R6D

trial 0

f= (49)

In (49), R is the value of ¢; "Rep at a point Xt of the
boundary line of Iy and at time Tyamp. Consistently
with the behaviour outlined above, f tends to unity in
the limit fija — 1, thereby meaning that the filtration
velocity tends to converge to Darcy’s solution. Since we
expect that Forchheimer’s correction is moderate in ar-
ticular cartilage, we regard only small deviations of the
flow from the predictions of Darcy’s law as physically
admissible. Although this suggests to restrict f‘l to

values of fiia sufficiently close to unity, for the sake of a5
completeness we consider fi i, ranging from 0.1 to 0.9. s

In the simulations performed in this work, the Reynoldser
number associated with Darcy’s law ranges between ss
10~® and 1077, thereby corresponding to a maximum e
velocity magnitude of about 107> m/s (see Fig. 4). This &0
range is often distinctive of a purely Darcian regime [4]. e
A plausible range of variation for fi;ia and ¢g could be s
obtained by means of the comparison between the FG- &3
and the AW-model, as done in the present work. Notice s
that, for a porous medium with ¢ =~ 0.75, the coeffi- s
cient ¢ would have approximatively the same order of s
magnitude as ReBl, and decreases with fiial- 827

It should be noticed that, even though fi,ia1 is con- e
stant, the friction factor reported in (49) depends on s
space and time, and may also deviate appreciably from s
ferial. Furthermore, if evaluated at (Xv, Tramp), it does  sa
not return firia1. Indeed, computing ¢; SRep in (Xu, Tramp k22
by accounting for Forchheimer’s correction yields a value s
R, different from Ry, which is instead computed by us- s
ing Darcy’s law only. In fact, as we will see in the follow-  s3s
ing, Forchheimer’s correction leads to higher pressures s
and lower magnitudes of the velocity field in the do- s
main, thereby leading to usually lower Reynolds num- 3
ber. In this respect, the friction factor (49) is “inconsis- s
tent”. This discrepancy, however, can be reduced by it- s
erating the determination of the friction factor as shown sa
in Algorithm 1. 842

Algorithm 1 Procedure for determining the friction
factor f

1: Choose a tolerance TOL > 0 and firia1 €0, 1];
2: Compute Rg by using Darcy’s law;
3: Compute fo = 2 — [cf. Eq. (49)];
1+J 14 A=A erial Of m];eD
trial

4: if ‘fO(XU; T‘ramp) - ftriall < TOL then

5: f = fo;

6: else

7: k=0

8: Compute Ry by using fi;

9: Compute fr41 = 2 — ;
14|14 274 wrial %

trial

10: if | fr+1(Xvu, Tramp) — foriall < TOL then

11: f=frs

12: else

13: k=k+1;

14: Go to 8;

To see how the friction factor varies in space, and  ss
to highlight how its spatial distribution is influenced s
by the fluid filtration velocity, which, in turn, depends s
through the permeability tensor on the anisotropy and s
inhomogeneity of the tissue, we run two simulations of s«
the first benchmark problem (i.e., an unconfined com- s
pression test in which the lower boundary of the sample s
is clamped). For the first simulation, we consider the ss
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transversely isotropic and inhomogeneous model dis-
cussed in the previous sections, while for the second
simulation we study a simplified framework in which
the anisotropic contribution of the fibres is not taken
into account, and all material parameters are constant
with the depth of the sample. In particular, we set
&y = g5 = 0.15. Hence, the scalar permeability in (40)
becomes constant through the depth of the sample, and
equal to kor = 0.0188 mm?*N~1s~1.

By comparing Fig. 3 with Fig. 4, which represent
f and gp at t = Tramp, respectively, we notice that, as
expected, the friction factor is higher in the zones of the
sample in which the Reynolds number is lower, i.e., in
the central zone of the sample, and it approaches fi;ial
in the external zone, for both the inhomogeneous (Fig.
3(a) and Fig. 4(a)) and the homogeneous case (Fig.
3(b) and Fig. 4(b)). As experimentally observed, both
the porosity and the permeability of articular cartilage
experience strong variations along the tissue’s depth. If
the inhomogeneity of these physical quantities is mod-
elled, the pathways of the fluid inside the tissue vary
sensibly with respect to the homogeneous case. On the
contrary, as shown in Fig. 3(b) and Fig. 4(b), when &,
and kor are assumed to be constant, the variation of
both the filtration velocity and the friction factor along
the sample depth is less pronounced than it is in the
inhomogeneous (and transversely isotropic) case.

We report in Fig. 5 the patterns of q at t = Tramp,
as obtained by employing Forchheimer’s correction with
ftrial = 0.1, both in the inhomogeneous and anisotropic
case (Fig. 5a) and in the homogeneous and isotropic
case (Fig. 5b). We observe that, when Forchheimer’s
correction is introduced, the filtration velocity tends
to become more spatially uniform than that predicted
by Darcy’s law, and a small distortion of the stream-
lines occurs at the bottom of the sample, where zero-
displacement boundary conditions are imposed.

In Fig. 6 we show the influence of Forchheimer’s cor-
rection on the magnitude of the filtration velocity and
pressure for different values of fi;ja1. At each time, the
values on the vertical axis refer to the maxima attained
by the magnitude of the filtration velocity, |g||, and
pressure, p, within the sample. In particular, ||g|| is eval-
uated at the point Xy defined above, while p is taken at
the point X1, = (0,0,0) (centre of the lower boundary
of the sample). First, we report the results of two sim-
ulations, performed by using Darcy’s law, in which the
permeability is given once by the FG-model and once by
AW-model. Looking at Fig. 6, we notice that the results
predicted by the Darcy-based FG- and AW-model are
in remarkable disagreement with each other, although
they both seem to be physically plausible. In particu-
lar, the AW-model returns a higher filtration velocity

A 09632

(a) ¥ 0.1302

(b) ¥ 01479

Fig. 3 The friction factor f varies according to the variation
of both the filtration velocity and the permeability (computed
here with the AW-model). (a): Transversely isotropic and in-
homogeneous model with firia1 = 0.3. (b): Homogeneous and
isotropic case with fi;ia1 = 0.3. Close to the outer wall of
the sample, where the filtration velocity is higher, the values
of f are smaller (thereby yielding a stronger Forchheimer’s
correction) than those at the centre of the sample. The plots
are evaluated at t = Tramp. (Colour figure online)

and a lower pore pressure (black dotted curve) than
those obtained by using the FG-model (black curves).
By tuning fi.a1, & partial agreement between the two
models can be achieved. Indeed, as we can see from
Fig. 6, Forchheimer’s correction contributes to lower
the magnitude of the filtration velocity and to raise the
pressure, thereby reducing the mean distance between
the results of the AW-model and those of the FG-model.
Moreover, an optimal value of fi,.1 can be obtained by
means of an optimisation procedure that minimises the
distance between the magnitude of Darcy’s velocity ob-
tained by means of the FG-model, and the magnitude
of the filtration velocity obtained with the AW-model
modified by Forchheimer’s correction. Here, we set

ftrial = fopt = ftrial(é-)

=2.3863 —3.516241.69¢€40.07.  (50)

Such optimal value varies in space, due to the spatial
variations of the computed f (see Fig. 3).
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A 1.4409x10°F
x10°

0.5965
0.0205

¥ 2.0512x10°F
(a)

A 6.6235x10°F

(b) ¥ 7.4979x10°8

Fig. 4 Patterns of Darcy’s filtration velocity g at t = Tramp
as predicted by the AW-model. (a): Transversely isotropic
and inhomogeneous model. (b): Isotropic and homogeneous
model. The black curves represent the streamlines. The zones
of higher velocity correspond to the zones of lower friction
factor in Fig. 3. (Colour figure online)

It is important to notice that, when Forchheimer’s
correction is introduced, both the magnitude of the fil-
tration velocity and the pressure relax towards the sta-
tionary states more slowly than in the Darcian case.

5.2 Diagonal Forchheimer Coefficient Tensor

In this section, we consider the benchmark test of the
second kind, in which the original shape of the sample
is approximately maintained by the deformation. We
say “approximately” because, in spite of tissue’s inho-
mogeneity, the deformed shape of the sample deviates
only slightly from the original, cylindrical one. We de-
note by {E;(X)}3_, € TxB and {e;(x)};_; € T8 the
collinear, orthonormal vector bases attached at X € B
and © = x(X,t) € 8, respectively, with E;(X) and
e (x) oriented radially, E5(X) and es(z) circumferen-
tially, and E5(X) and e3(z) axially. Forchheimer’s cor-
rection tensor A is diagonal with respect to the basis

A 2.0298x10°F

&
55 RO ot e 1A 1 v i 10 (D15

L BTSSR R B RO R SETRSE

0.1598
¥ 1.5976x10F
(a)

A 26852x10°
x107
6.852
6.192
3537
13

S S R g B S B RS S B
SRR A S S R SR Y

0.4944

(b) ¥ 4.3445%10°8

Fig. 5 Patterns of filtration velocity q at ¢ = Tiamp for
ftrial = 0.1. (a): Transversely isotropic and inhomogeneous
model. (b): Isotropic and homogenous case. The black curves
represent the streamlines. Both simulations are obtained for
the AW-model. The filtration velocity is more uniform in the
domain, and lower than that obtained in the Darcian case (cf.
Fig. 4). (Colour figure online)

{ei(x)}3_, € T8, and can be written as

3 3
A= Z.Aiiei Qe = Zﬂiei ® ei’ (51)
=1

i=1

where {e'(z)}?_, € T8 is the covector basis dual of
{ei(z)}3_, € T,.8, and A; = A%, > 0,4 € {1,2,3} (no
sum with respect to i), are the transversal and axial
components of A, respectively. Equation (51) permits
to rewrite (16) as

3
> (1 +Ailglei e q=aqp.

i=1

(52)

Let Ay = max;eqy,2,3){Ai} and Ap = mingey 2.53{Ai}
be the maximum and the minimum eigenvalue of A,
respectively. Hence, the inequality Ay > Ay, with the
equality sign being satisfied in the isotropic case, im-
plies the estimates

(1 +AnmllglDliall < llgpll < (1 + AmllglDllg]- (53)
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Fig. 6 Magnitude of the filtration velocity ||g|| (a) and pres-
sure p (b), for different values of fiyia1, computed at the point
of the sample in which each of these quantities attains its
maximum. The black solid curves with and without markers
represent the output of the AW and the FG model, respec-
tively, in a purely Darcian regime. The coloured curves are
obtained by means of the scalar Forchheimer’s correction ap-
plied to the AW permeability model. (Colour figure online)

By equating ||gp|| with its lower and upper bound,
Eq. (53) allows to deduce two admissible extremal so-
lutions for ||q||, i.e.,

=14+ /14 4Amlgp |l

~Y(Am) : s (54a)
=141+ 4An]gpl
Y(AR) = o ) (54b)

It can be proven that the inequality v(Ayn) < v(Am)
holds true. Consistently, the magnitude of the filtration
velocity is said to be admissible if it complies with the
chain of inequalities

vAm) < llglf < 7(Am)-

We remark that v(Ay) and y(Am) depend on ||gpl|,
which, in turn, depends on the permeability and pres-
sure gradient. The lower and the upper bounds of ||q||

(55)

are obtained by evaluating the same function, -, once
in the maximum and once in the minimum eigenvalue
of A. Thus, if we set ||g|| = v(A;), with j € {1,2,3},
and substitute the result into (52), we obtain

L+ Aillgll = 1+ Aiv(Aj)

_ (2=Gy) + GV +44lgpl
2
1
= — 56)
I (
where (;; := A,;/A; is referred to as anisotropy ratio,

and f;; is said to be the corresponding friction factor.
Note that (;; = 1/¢;;, and (52) becomes

3
—e; Qe

Z q = (qp, ] € {17 2a 3}’ (57)
= fis

which can be inverted to express the filtration velocity
as

3
q¢) = lz fijei® e

i=1

dp; j € {17273} (58)

where g(;) is the value of the filtration velocity whose
norm is y(A;), with j € {1,2,3}. To complete the
description, we provide an explicit expression for the
anisotropy factors, (;;, with 4,5 € {1,2,3}. In the AW-
model, the spatial permeability tensor is given by k =
JUF(Kaw)F", and depends on the tensor Z. Due
to the particular form of the deformation, Z possesses
transverse isotropy with respect to E3, which is paral-
lel to M. Since Ag := E3s® Ez and Tog = E, Q E| +
E5 ® E5 span the space of all symmetric second-order
tensors of the type [T'B]3 exhibiting transverse isotropy
with respect to Mo = E3, we can write

Z = <<I4(é'4,A)>> — Z,To + Za Ao,

with Z; and Z, being the transverse and axial com-
ponents of Z, respectively. Since, for the considered
benchmark test, F' is assumed to admit in cylindrical
coordinates the representation F' = A\je; QE! +A2eg®
E? + \se; @ E?, the tensor z = FZFT is given by

(59)

2 =7Zb+ (Z,— Z,)FAF*

=Zib+ (Za — Zi) 100, (60)
with b = Z?=1 Me; ® e; being the left Cauchy-Green
deformation tensor, Ijo = C : Ag = A2, and ag = €3 ®
e3. We remark that Z features the nonzero transver-
sal component Z; even though I, 1 A does not have any
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transverse component along the local transverse projec-
tion tensor T = G~' — A [50,51,47]. Consequently, the
spatial permeability is given by

k=lo(J)g™! + J 2ko(J) Z:b

T2k (J)(Za — Z0) Lnoao, (61)

and, more explicitly, it can be written as k = Z?=1 ki e;®
e;, where the scalar permeabilities are defined by

ki = ko(J) + J 2ko(J) Z A2, (62a)
ko = ko(J) + J 2ko(J) Ze A2, (62b)
ks = ko(J) + J 2ko(J) ZaA2. (62c)

Accordingly, the eigenvalues of the Forchheimer coeffi-
cient tensor read

c1,cof —27 2 e
Ar = coord§ i (ko)) + T 2ko(NZXE) 7, (63a)

14—02

Ao = cooedf 1 (ko() + T 2ho(1)ZA3) . (63D)

N 97 9 14co
As = coord (ko(J) U kO(J)Za)\3) . (63c)

Therefore, if we choose the anisotropy factors (3; and
(32, we obtain

1+co

J2+Za)\2 .
2 . j={1,2}.

. 64
@ T2+ ZX2 (64

In the undeformed configuration, it holds that Z, +
27y = 1, which yields

1+ 2,1 [2-27,]'"" (65)
1+ Z, Tl 1+ 2 ’

431:C32:<:|:

Note that, in the undeformed configuration, it holds
that (12 = (31 = 1. The correlations used in this work to
express [eoq were taken from [28], and are referred to as
Coles&Hartman correlation, feq = codg- 449 M—1.88ke—ql.88

and Geertsma correlation, Beq = co¢;5‘5,u_0'5k;10'5 .
For the computations, the Coles&Hartman correlation
has been approximated by setting ¢y = —2.

The curves in Fig. 7a refer to two different sets
of computations of the magnitude of the filtration ve-
locity: once by employing the equivalent scalar Forch-
heimer’s coefficient Ay defined in (43) and the opti-
mised friction factor fop, and once in the case of di-
agonal A. The continuous curve is obtained for ||q|| =
~v(A1), and the marked curve is obtained for ||q| =
~v(As). From Fig. 7a, we can see that the curve ob-
tained by expressing the norm ||g|| of the filtration ve-
locity as a function of A; is quite compatible with the
one obtained as a result of the equivalent scalar case.
The greatest distance between the two curves, i.e., the
one obtained for ||g|| = v(A;) and the one obtained

for ||g|| = v(As), can be registered in the neighbour-
hood of t = Tyamp, i.e., when Forchheimer’s correction
is more significant due to the higher values of the fil-
tration velocity in the sample. In Fig. 7b, the friction
factors fi;, with 7,7 = 1,3, are compared with fopt.
As a consequence of the inhomogeneity of the perme-
ability through the depth of the sample, A; and Aj
acquire the role of maximum or minimum eigenvalue
of A, respectively. In particular, the axial friction fac-
tors fis3 and fs3 are higher than the longitudinal ones
in the deep zone of the sample. Due to the randomness
of the distribution of the fibres in the middle zone, also
the material parameters are such that, in this zone, an
isotropic behaviour can be observed. In this zone, in-
deed, all the friction factors merge, whereas at the top
of the sample, the transversal friction factors f;; and
f31 have a greater value than the axial ones. Moreover,
at the top of the sample, the friction factors related to
the transversal eigenvalue A, i.e., f11 and fi3, are both
higher than the ones related to the axial eigenvalue Ag,
i.e., f31 and fs33, whereas the latter two are higher than
the transversal ones at the bottom.

5.3 Fully Tensorial Case

In this section, we simulate the second benchmark test,
in which the original cylindrical shape of the sample is
disrupted by the deformation, and we consider a not
necessarily diagonal Forchheimer coefficient A. In this
case, which we call “fully tensorial case”, we prefer to
invert the relation (34c) numerically. For determining
A, we employ the non-Darcy coefficient tensor 3, with
the exponents ¢y, c¢1, and ¢, predicted by the previously
introduced approximation of the Coles&Hartman corre-
lation. For comparison, we consider also the benchmark
test of the first type (which approximately maintains
the sample’s cylindrical shape). In Fig. 8, we show the
time variation of the magnitude of the filtration veloc-
ity, ||q||, for the fully tensorial case, and for the ex-
tremal values ||q|| = v(A1) and ||q|| = 7(As), obtained
in the case of diagonal Forchheimer coefficient tensor.
From Fig. 8, we see that the Coles&Hartman correla-
tion induces a greater difference between the extremal
curves, with respect to those plotted in Fig. 7, which
were obtained for ¢; and co taken from the Geertsma
correlation, and ¢g = f‘l(fopt), with fopy = f;rial(g) as
in (50).

Figure 8 represents also a validation of the results
obtained by solving numerically (34c). Indeed, the nu-
merical results of the two extremal cases, ||g|| = (A1)
and ||gq|| = v(As), act as an upper and a lower bound
for the results of the fully tensorial case, depending on
which eigenvalue attains the maximum and minimum
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(b)

Fig. 7 (a): Filtration velocity evaluated at the upper ex-
ternal point of the sample. (b): Friction factors related to
each of them for ¢t = Tramp vs the normalised axial coor-
dinate £. The vertical line along which the variation of the
friction factor is observed intersects the lower boundary at
X' = X? = 0.5 mm. The blue curves are obtained by means
of the formula (56), with ¢ = 1 and 5 = 1, for the dashed
curve, and j = 3, for the solid curve. Analogously, the red
curves are obtained by choosing ¢ = 3. (Colour figure online)

value, respectively. Thus, in Fig. 7a, we see that the
magnitude of the filtration velocity obtained as an out-
come of the fully tensorial case lies in between the two
extremal solutions, and it is quite compatible with the
result obtained with the equivalent scalar Forchheimer’s
correction.

In Fig. 9a, the results obtained with the scalar Forch-
heimer’s correction, which corresponds here to the opti-
mised friction factor, fopt, are compared with those ob-
tained with the fully tensorial correction for the case of
clamped lower boundary of the sample (this boundary
condition is closer to the system’s phenomenology, since
it simulates the attachment of articular cartilage to the
subchondral bone). For completeness, we report also
the magnitude of the filtration velocity as predicted by
the FG- and the AW-model within the Darcian regime.

0.000007

I

O Fully Tensorial
llal=¥(A,)

* - llall=v(A,)

0.000006 -

0.000005 5° N

0.000004

0.000003 * *.

Filtration Velocity [m/s]
*
*

0.000002f [*

0.000001

5 10 15 20 _25 80 3 40 45 50
Time [s]
Fig. 8 Magnitude of the filtration velocity for the fully ten-
sorial case (plain rings), for the diagonal case and extremal
values ||q|| = v(A1) and ||q|| = 7(A3s) (continuous line and as-
terisks, respectively), and for the equivalent scalar case with
optimised friction factor fopt. All velocities are evaluated at
a point Xy of the boundary line of I'y by employing the
Coles&Hartman correlation, with cg = 5 - 10~ 18,

As seen in Fig. 7a, also with a different boundary condi-
tion, the equivalent scalar Forchheimer coefficient and
the fully tensorial Forchheimer coefficient return, in our
work, a quite compatible numerical result. Indeed, the
curves representing the fully tensorial case (plain circles
in Fig. 9a) are almost overlapped to the dashed ones,
which represent the scalar equivalent case. Finally, Fig.
9b shows the time variation of the pressure at the cen-
tre of the lower boundary of the sample. We remark
that, in contrast to what happens to the magnitude
of the filtration velocity, the pressure predicted by the
fully tensorial model is lower than that obtained by
the equivalent scalar model. Moreover, the curves ob-
tained within the Darcian regime by employing the FG-
and the AW-model predict sufficiently smaller values
of pressure and, in particular, the lowest pressures are
those predicted by the AW-model. Finally, we notice
that, also in the tensorial case, Forchheimer’s correc-
tion implies that the magnitude of the filtration velocity
and pressure relax towards the stationary states more
slowly than in the Darcian case.

6 Discussion and Conclusions

In this work, we studied some consequences of Forch-
heimer’s correction to Darcy’s law in the study of the
fluid flow in a hydrated biological tissue such as ar-
ticular cartilage. To imitate the internal structure of
the examined target tissue, its reinforcing fibres were
assumed to be oriented statistically, as predicted by a
probability density compatible with the tissue’s histol-
ogy. Also the volumetric fractions of matrix and fibres
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Fig. 9 (a): Magnitude of the filtration velocity for the fully
tensorial case (plain rings), for the equivalent scalar case
with optimised friction factor fopt (asterisks), for the Dar-
cian regime and FG-model (dash-dotted line), and for the
Darcian regime and AW-model (continuous line). All veloci-
ties are evaluated at a point Xy of the boundary line of I,
for the Coles&Hartman correlation, with cg = 5-10718. (b):
Pore pressure versus time (curves as in point (a)). Pressures
are evaluated at X1, = (0,0,0) for the Coles&Hartman cor-
relation, with co = 5-10~18.

were deduced from experimental data taken from the
literature. The mechanical response of the solid matrix
of the sample was hypothesised to be hyperelastic, and
characterised by the elastic potential defined in (20).
Moreover, to study the flow of the interstitial fluid, the
FG-model [12] and the AW-model [1] of permeability
were compared.

We developed the theory of Forchheimer’s correc-
tion for the case of a tensorial Forchheimer’s coefficient.
However, in order to adapt our study to well-established
derivations of Forchheimer’s correction available in the
literature [46], we first introduced an “equivalent” scalar
coefficient, A.q, and the friction factor, f. We observed
that the inhomogeneity and anisotropy of the sample
yield patterns of f and gp that are different from those
obtained in the isotropic and homogeneous case, and
produce an increase of the maximum value of both f

and ||gp| (see Figs. 3 and 4). The increase of |gp||
might be ascribable to microstructural effects. By in-
troducing Forchheimer’s correction, we obtained a re-
duction of the magnitude of the filtration velocity (see
Fig. 5) with respect to the Darcian description. More-
over, a redistribution of the flow pattern, which tends
to become spatially uniform, can be observed. By com-
paring Figs. 4 and 5, we can also observe that, by ap-
plying the same trial friction factor fiyia = 0.1 to both
the inhomogeneous and anisotropic tissue and to the
isotropic and homogeneous one, Forchheimer’s correc-
tion produces, in the former case, a maximum differ-
ence between the magnitudes of the filtration velocity
llg|| and ||gp|| of about 85%, and of about 60% in the
latter. Thus, we may conclude that the more inhomo-
geneous and complex the microstructure is, the more
Forchheimer’s correction could be significant in study-
ing the flow. Indeed, it is possible that also this result
is due to the microstructure as well as to a better res-
olution of the interplay between deformation and flow.

To test the FG-model of permeability, which takes
the sample’s microstructure explicitly into account, we
compared it with the AW-model. From the results of
this comparison (see Fig. 6), we observed that the two
models are discrepant in the Darcian case, but that the
discrepancies can be partially smoothed over by mod-
ulating the AW-model with the aid of Forchheimer’s
correction and, thus, of the friction factor. We believe
that this behaviour could be due to the fact that Forch-
heimer’s correction introduces new parameters into the
flow model, which can thus be employed to better fit
experimental results. We emphasise that, by modulat-
ing the AW-model, we by no means intended to correct
it. Rather, we chose to modulate the AW-model be-
cause, contrary to the FG-model, it is not restricted by
the use of Darcy’s law at the REV scale. An important
conclusion is that Forchheimer’s correction implies an
increase of the fluid pressure and a dilation of the relax-
ation times for both the filtration velocity and pressure.
This behaviour can be observed both in the equivalent
scalar case and in the fully tensorial one (see Fig. 9).

In the future, we would like to study the combined
effect of Forchheimer’s correction and the Brinkman
equation to study the boundary effects on the fluid be-
haviour. These, indeed, may lead to a more precise de-
scription of the flow in complex benchmark tests, such
as the indentation test.
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