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Abstract:

The continuous increment of durability and reliability requirements for many machinery components is
significantly enhancing the research activity in the Very-High-Cycle Fatigue (VHCF) characterization of
metallic materials, in particular of high-strength steels for critical structural applications.

According to the varea model, the VHCF strength of high-strength steels can be estimated from the
projected area of the ‘Optically Dark Area’ (ODA), which plays a key role in the VHCF response of high-
strength steels: more than 95% of the total VHCF life is consumed in the ODA formation, with crack growing
even though the Stress Intensity Factor (SIF) is below the threshold for crack growth. Following the hydrogen
embrittlement theory proposed by Murakami, hydrogen is supposed to assist crack growth within the ODA.

The present paper proposes a general SIF formulation for the analytical model of the hydrogen assisted crack
growth within the ODA. Starting from the general SIF formulation, a general expression for the material
fatigue limit is obtained in the paper. The statistical method for the estimation of the parameters involved in
the proposed model is finally illustrated in the paper and numerically applied to an experimental dataset.
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Acronyms and nomenclature
cdf: cumulative distribution function
HV: Vickers Hardness

LEV: Largest Extreme Value

ODA: Optically Dark Area

pdf: probability density function

rv: random variable

SIF: Stress Intensity Factor

A ag, \/ad_final, \/ad_final_max, \/ad_o, \/aODA: characteristic defect sizes, deterministic values
Aa o initial defect size, rv

J Qfinite, 0D, / Acs A/ Ao,opa: threshold defect sizes

Cip: rv function of Ky,
CHy Cs;r Cspay =00 Csay<0r Cths Cy, My, Ny, Ay, Ay cONstant coefficients

E[']: expectation of a random variable

fm: pdf Of,/Ad,O
F\/Ad,o' Fsl’ F51|\/ad,o’ FXI’ FXl|\/ad,o’ Fy, FY|\/ad,0' FYf|x/ ago cdfs

kg, ky, ken, kp: characteristic SIFs, deterministic values

K;y,: threshold SIF, rv

L: Likelihood function

P[-]: probability of an event

s: applied stress amplitude, deterministic value

s;: fatigue limit, deterministic value

S;: fatigue limit, rv

Si1\/aq,0: conditional fatigue limit, rv

Sfinite,0DA) Sco,0D4: threshold stresses

T: design matrix

x = logq[s]: logarithm of the applied stress amplitude, deterministic value
x; = logq[s;]: logarithm of the fatigue limit, deterministic value

X; = log1[S;]: logarithm of the fatigue limit, rv

Xil{ago = loglO[Sllﬂ/adlo]: conditional logarithm of the fatigue limit, rv



y: fatigue life (logarithm of the number of cycles to failure), deterministic value

Y: fatigue life, rv

Y|,/aq,o: conditional fatigue life, rv

YAM: conditional finite fatigue life, rv

Z: standardized Normal rv

@ gy (*): pdf of a standardized Largest Extreme Value distribution

@ quss: cdf of a standardized Normal distribution

oL, (): inverse cdf of a standardized Normal distribution

Wyzr Bicn Mk Mxp Bys 07 Oic,, Oik,p» Ox,» Oy Parameters of the statistical distributions
: a-th quantiles

Star Sy, ag o, y ag o,

*: parameter estimate

-| : conditional event



1. Introduction

The continuous enhancement of durability and reliability targets of many machinery components is one of
the major reasons for the increasing interest in the Very-High-Cycle Fatigue (VHCF) characterization of
metallic materials. Among the metallic materials, high-strength steels are widely used for critical structural
applications and, due to this, a particular attention is reserved to them in the VHCF literature (e.g., Refs.’4).

According to the literature®, the VHCF response of high-strength steels is strongly affected by the presence
of internal defects and, in particular, by their size. In this respect, the v area model proposed by Murakami®
is generally adopted to evaluate the effect of the defect size on the VHCF of high-strength steels.

According to the varea model, the VHCF strength of high-strength steels can be estimated from the
projected area of the ‘Optically Dark Area’ (ODA)®. The ODA is a restricted region, dark at the optical
microscope, which can be seen in the vicinity of the internal defect originating the VHCF failure. In order to
explain the ODA formation, a number of different theories and corresponding ODA denominations (‘Fine
Granular Area’ (FGA)” or ‘Granular Bright Facet’ (GBF)®) have been proposed in the literature (see Ref.? for a
review and the recent theory proposed by Hong et al.’%). Despite of the different theories concerning the
ODA formation, it is generally acknowledged in the literature®>*'12 that crack grows from the initial defect
to the boundary of the ODA even if the initial defect size is not large enough to yield a Stress Intensity Factor
(SIF) value larger than the threshold SIF. In particular, according to the hydrogen embrittlement theory,
originally proposed by Murakami et al.®* and then confirmed by different researchers!*?’, hydrogen assists
crack growth within the ODAY*#, thus inducing crack propagation even below the threshold SIF.

Hydrogen assisted crack growth has been differently modeled in the literature (see, e.g., the recent review
volumes®® and the references therein). From a macromechanical point of view, the hydrogen assistance
has been taken into account by modifying the Paris’ law or the threshold SIFs estimated without the hydrogen
assistance (e.g., Refs.2%%), In some cases (e.g., Refs.22>2627) the acceleration induced by hydrogen in crack
growth is modeled by vertically translating the Paris’ law or, equivalently, by amplifying the SIF through a
correction factor. In some other cases (e.g., Refs.32428) hydrogen assistance is modeled by subtracting a
constant factor to the threshold SIFs. Randomness, which is intrinsically present when dealing with fatigue
phenomena, is generally not taken into account by the macromechanical models proposed in the literature.

Recently, Liu et al.'” proposed to model the hydrogen assistance within the ODA by adding a SIF due to the
hydrogen concentration at the crack tip to the SIF associated to the internal defect size. The model has been
then used to estimate the fatigue limit of the material®® and to predict the S-N curves in the VHCF region3..
The additional SIF proposed by Liu et al.” involves a number of unknown parameters that can be hardly
estimated, thus preventing from the ease of use of the model.

The present paper proposes to generalize and simplify the model discussed in'’. The general expression for
the additional SIF includes the model in'’, as well as the typical correction factors proposed in the hydrogen
embrittlement literature (multiplicative correction of the SIF in Paris’ law??>?7 or subtractive correction of
the threshold SIFs?*2428). As a further generalization, the intrinsic randomness associated with VHCF
phenomena is also introduced and statistically treated.

2. Methods

Starting from the hydrogen assistance as a theory for the ODA formation, a general formulation for the SIF
contributions is proposed in Section 2.1. A general expression for the fatigue limit is then determined in
Section 2.2. The procedure for the estimation of the fatigue limit statistical distribution is discussed in Section
2.3. Section 2.4 defines a procedure for the estimation of the Probabilistic-S-N (P-S-N) curves. Finally, the
method for the estimation of the parameters involved in the P-S-N curves is presented in Section 2.5.



2.1. Hydrogen assisted crack growth: a general SIF formulation

In order to define a mechanistic model for the crack growth in the VHCF region from internal defects, the
following assumptions are introduced:

1. According to the varea model®, the threshold SIF, referred to as k;j, can be generally expressed as
follows:
ken = 10 3¢y, (HV + 120) Jag ™, (1)
where a, (in pm?) denotes the projected area of the defect, HV (in kgf/mmz) is the Vickers hardness
of the material in the vicinity of the defect and ¢, and a;; are two material coefficients, being ¢;;, >
0 (according to Ref.%, ¢;, = 3.3/2; according to Ref.}, ¢, = 2.77/2; according to Ref.*?, ¢;, = 1.87;
according to Ref.”, ¢;;, = 1.8) and 0 < a;y, < 1/3 (according to Refs.>>732 @, = 1/3; according to
Refs.#81233 ., = 0).

2. According to the Varea model®, the SIF associated to the defect size, referred to as kg, is given by
the following expression:

kg = 1073055y ag 2)
where s (in MPa) denotes the local stress amplitude in the vicinity of the crack tip.
3. The hydrogen assistance is modeled through a SIF, referred to as kp, which has the easiest
formulation able to fulfill:
i.  The principle of dimensional homogeneity, which states that ky must be proportional to the
stress and to the square-root of the defect size:

1/2
ky =cysyag . (3)
ii.  Theinitial conditions, which state that, when crack starts growing, ky must be given by:
kH == 10_3CHS ad'ol/z, (4)

where \/ag o (in um) denotes the initial defect size.

iii.  The defect size dependence, which states that ky may vary with the defect size.
According to the three conditions i)-iii), the most general expression for ky is finally given by:
ky = 1073cys Jago - Jag ™, (5)
where ay is a constant coefficient.
It is worth noting that Eq. (5) reduces to Eq. (4) when \/a— = M and to Eq. (3) if ay = 1/2.
Furthermore, Eq. (5) can model any dependence of k with respect to the defect size: if ay = 0, kg
does not depend on \/a_d (i.e., ky = 10 3¢cys ad_ol/z); if ayg > 0, ky increases with respect to \/a_;
if ay < 0, ky decreases with respect to \/a_d.

4. The SIF associated to the defect size and the SIF associated to the hydrogen assistance contribute to
the total SIF at the crack tip, referred to as kr, through the following additive model*’:
kr=kyg+ky. (6)

5. Crack growth occurs only if k; > k¢p,; vice-versa, crack growth is stopped if ky < kqy,.

6. Hydrogen assistance occurs only if kg < kp:

(ka+ ki ka < ken
e AT A )

If kg < k¢p, and according to Egs. (5)-(7), k can be expressed as follows:

kp = 10_30.55\/E,/ad1/2 + 10 3¢ys adlol/z_aH,/adaH. (8)



In case ay = 1/2, Eq. (8) yields k; = (1 + %ﬁ) k4, which shows that the hydrogen assistance is modeled

as an amplifying multiplicative factor of k; (SIF without the hydrogen assistance). In this respect, the case
ay = 1/2 can be considered equivalent to the multiplicative models proposed in Refs.?*>?” for modeling
the hydrogen assisted crack growth above the threshold SIF. It is worth noting that, according to Refs.1>32,
the Paris’ law can be properly adopted to model crack growth even below the threshold SIF. Therefore, the
multiplicative models proposed in Refs.??>?7 can be reasonably applied to the ODA region, where the SIF
values are below the threshold SIF.

In case ay = 0, Eq. (8) yields k; = k; + constant, which shows that the hydrogen assistance is modeled as
an additional constant value to k (SIF without the hydrogen assistance). Since the critical condition for crack
growth is kr = k;p,, to add a constant value to k; is equivalent to subtracting a constant value to k;, (i.e.,
the equation ky = k4 + constant = k;, can berearranged as k; = ky, — constant < k). In this respect,
the case ay = 0 can be considered equivalent to the subtractive model proposed in Refs.?*?4?8 for taking
into account the hydrogen assistance.

1/2 5/2
In case ay =—5/2, Eq. (8) yields ky = 10730.5svm /ay 4 10 3¢cys ‘/ad_03/,/ad / , Wwhich is
equivalent to the model proposed in Ref.” for taking into account the hydrogen assistance.

2.2. Hydrogen assisted crack growth: a general fatigue limit expression

The total SIF in Eq (8) depends on the values assumed by the exponent a. Let us first consider ay = 0. Three
possible cases may occur when ay = 0 (i.e., k increases with the defect size):

a. Theinitial defect size is such that k4 (,/aq,0) > ken(y/aq,0)- Failure occurs and fatigue life is finite.
In this case, crack starts growing according to the Paris’ law without the hydrogen assistance from
the initial defect size up to failure.

No ODA appears on the fracture surface.

b. The initial defect size is such that kq(\/aqo) < ken(y/aq0) and kr(\faqo) > ken(y/aq,o). Failure
occurs and fatigue life is finite.

In this case, crack starts growing with the hydrogen assistance up to the threshold value for a crack
growth without the hydrogen assistance. When the threshold value, referred to as \/m, is
reached, then crack grows up to failure according to the Paris’ law and without the hydrogen
assistance.

An ODA with size equal to the threshold value appears on the fracture surface.

The ky is larger than zero just before the threshold value is reached (crack growth must proceed
with the hydrogen assistance) and it zeroes when the threshold is reached (crack growth can proceed
without the hydrogen assistance). As a consequence, ky is larger than k¢, just before the threshold

value is reached and kd(m) = kth(M) when the threshold is reached.

c. The initial defect size is such that kT(m) < kth(\/ﬁ_o). No failure occurs and fatigue life is
infinite.
In this case, crack does not grow at all since the hydrogen assistance is not sufficient to induce the
crack growth.
The ODA does not form and the final defect size is equal to the initial defect size.

For a given initial defect size \/ay, the three possible cases a)-c) are separated by two different stress
thresholds.



Case a) and case b) are separated by a first stress threshold, referred to as S¢;;teopa, that represents the
stress above which the ODA does not start forming in failed specimens. By taking into account Egs. (1) and
(2) and the condition k (Jad,o) = kth(1 /ad,o), it can be shown that S¢inite opa takes the following form:

Cth
0.5«/E(HV+120)

1/2—ath :
v a4do

Case b) and case c) are separated by a second stress threshold, referred to as s;, that distinguishes between
finite and infinite fatigue life (i.e., the material fatigue limit). By taking into account Egs. (1) and (8) and the

condition kT(ﬂ/ad,O) = kth(ﬂ/adlo), it can be shown that s; takes the following form:

(9)

Sfinite,0DA —

1
 OavmaegCtnHVHI20) g o ocen(HV+120)

1/2—awp - 1/2-app
v ad,0 v @d,o

where cg, 4,50 is a constant coefficient, which depends on the value assumed by cy.

N ) (10)

Let us now consider ay < 0 (i.e., kr decreases with the defect size).

Four distinct cases may occur when ay < 0:

a. The initial defect size is such that k ( /ad,o) > kth(ﬂ/adlo). Failure occurs and fatigue life is finite.
The same considerations of case a), for ay = 0, apply.

b. The initial defect size is such that kd(,/ad_o) < kth(‘/ad‘o) and kT(‘/ad_o) > kth(,/ad_o). Failure

occurs and fatigue life is finite.
The same considerations of case b), for ay = 0, apply.

c. The initial defect size is such that k4 («/aa,o) < kth(1 /ad,o) and kT(ﬂ/ad,O) > kth(1 /ad,o)- No failure

occurs and fatigue life is infinite.
In this case, crack starts growing with the hydrogen assistance but it finally arrests.

The ODA does not reach \/appa-
At the end of the ODA formation, the defect size reaches a value, referred to as W, such that
kT(\/ad,final) = kth(\/ad,final)-

d. The initial defect size is such that kT(M) < kth(M). No failure occurs and fatigue life is
infinite.
The same considerations of case c), for ay = 0, apply.

For a given initial defect size \/a o, the four possible cases a)-d) are separated by three different stress
thresholds.

Case a) and case b) are separated by the S¢n;te opa 8iven in Eqg. (9).

Case c) and case d) are separated by a stress threshold, referred to as s, gpz, that represents, for an infinite
fatigue life, the stress below which the ODA does not start forming. With few passages, it can be shown that
Sw,0p04 takes the following form:

1
0.5Vm+cy

1/2—ath
v @4do

which is equivalent to the expression of s; for ay = 0 (Eqg. (10)).

cen(HV+120)

Sw,0D4 =

) (11)



Finally, case b) and case c) are separated by the material fatigue limit s;. In order to find an expression for s;,
the function Ak = ki — k4, must be taken into account and analyzed. In particular, the two following
conditions must be fulfilled at the transition from infinite to finite fatigue life:

Ak(\/ag) = 0
08k(Jaq) _ - (12)
2Jaa

Eqg. (12) states that, in the (Ak - \/a_d) plane (Fig. 1), the transition from infinite to finite fatigue life occurs
when, for a given stress amplitude s, the Ak curve is tangent to the \/a_d axis. In particular, the transition
from infinite to finite fatigue life occurs when the initial defect size m equals the critical value \/a_c
(dashed grey line in Fig. 1). If the M value is larger than ,/a., failure occurs and the Ak curve does not
intersect the \/a_d axis (dotted black line in Fig. 1); while, if the m value is smaller than ,/a., no failure
occurs and the Ak curve intersects the \/a_d axis at W (continuous black line in Fig. 1). The largest

J@Qa finat, referred to as \/ag finai,max, OCCUrs at the transition from infinite to finite fatigue life. In case of
finite fatigue life, the hydrogen assistance is present until k,; reaches k¢, and the defect size attains the

threshold defect size \/ayp,4, according to assumption 6).
Figure 1

It can be shown (see Appendix A) that, by solving the system in Eq. (12), the value of the fatigue limit takes
the following form:

CSl'“H<0 Cth(HV+120)
1/2-a
/ad,() th

where ¢, 4, <o is a constant coefficient, which depends on the values assumed by cy, @, and ay. It is worth

Sl = ) (13)

noting that Eq. (13) differs from the fatigue limit expression proposed by Liu et al.** even if ay = —5/2 and
a., = 1/3, as in Refs.”*% (see Appendix B).

™ asin Eq. (10), for the ay = 0 case. Therefore,

1/2—
Eq. (13) show that s, is inversely proportional to \/ag o /2
it can be concluded that, according to the assumptions 1)-6), the fatigue limit takes the following general

expression:
cslcth(HV+120)

1/2=az, ’
\ad,0

where ¢, is a constant coefficient that must be properly estimated from the experimental dataset. It is worth

NS (14)

noting that Eq. (14) reduces to the well-known formulation proposed by Murakami®, if a;;, = 1/3 and can
be thus considered as a generalization of the Murakami’s model®.

Fig. 2 shows, for the ay < 0 case, the three threshold stresses, S¢initeopa (EQ. (9)), Swopz (EQ. (11)) and s,
(Eq. (14)), as well as a schematic of the four regions a)-d) in a (loglo[s] - loglo[,/adlo]) plot. Inthe ay = 0
case, the s; curve overlaps the s, gpz curve and case c) overlaps case d).

Figure 2

Fig. 2 also shows the maximum attainable limit for the fatigue strength under VHCF, which is equal to 1.6 HV,
according to Murakami®.

2.3. Statistical distribution of the fatigue limit



If, according to the literature (e.g., Refs.>**), logo[K,p] is assumed to be Normal with mean p,, and
standard deviation gy, , 10g10[K¢,] can be expressed in terms of the distribution parameters as follows:

logio[Ken] = wik,, + o1k, 2, (15)

where Z is a standardized Normal random variable (rv). The mean value of log,o[K;,] must be consistent
with the deterministic model proposed in Eq. (1). Therefore, according to Eq. (1), k,, is given by:

a
Hik,, = 10810 [10_3Cth(HV +120)./a, th]_ (16)

If, in Eq. (1), the deterministic k;, is substituted with the corresponding rv K;;, the deterministic c;;, becomes
a rv, too. By inverting Eq. (1) and by substituting the deterministic values with the corresponding rvs, it is
possible to obtain an expression for the rv Cyy:

-1
Cen = Ken (1073(HV +120)Jag ") . (17)

By taking the logarithm of Eq. (17) and by taking into account Eq. (15), the rvlog([C:,] becomes:

104
10810[Cen] = (tikyy + O pZ) — (10810 [1073(HV + 120) /2, ""]). (18)
If Eq. (16) is substituted in Eq. (18), log;o[C:] finally becomes:
log1o[Cen] = logiolcn] + o1k, Z = Wic,, + ic,, 2, (19)

which shows that logq[Cts] is @ Normal rv with mean pc,, =logiolcsn] and standard deviation
O1Cey, = Olkyp-
If, in Eq. (14), the deterministic c;p, is substituted with the rv Cy,, the deterministic s; becomes the conditional

rv Sil\/aqp (i.e., fatigue limit given the initial defect size):

csl(HV+120)

Sllwlad - Cth 1/2 aen” (20)

By taking the logarithm of Eq. (20) and by taking into account Eq. (19), the rv loglO[Sllﬂ/adlo], referred to as
Xil\/aq o, finally becomes:

Xil\/aq,0 = logyg

cthcsl(HV+120)

\/—1/2 ap ] GthhZ = qu (\/ a’d,O) + O.XIZ' (21)

Ctthl(HV+120)

Eq. (21) shows that X;|,/as o is a Normal rv with mean ,qu(,/ad,O) = log,o a—am
v ad,0

deviation oy, = gy,,. According to Eq. (21), the cumulative distribution function (cdf) of X;|\/aq is

] and standard

therefore given by:

xz—#Xl(M))’ (22)

O'Xl

FXl|m(xl; Vv adro) = ¢Gauss<

where FXzIM denotes the cdf of X;|,/ag o and @g4y55() is a standardized Normal cdf.

According to Eq. (22), the a-th quantile of the conditional rv Si|,/ag, referred to as s, - ,, takes the

following form:

- HV+120) -1
— 108x,({3a0)+0x, Pgiuss(@) _ Ctnls( o1k, Peauss(@)
Sl, —ad,o’a =10 l( ) 1 - Gauss = = oag, 10 th Gauss\®) (23)
\V %d,0

10



where &1 .. (+) denotes the inverse of a standardized Normal cdf.

In order to define the statistical distribution of X; (no more conditioned to the value assumed by M), the
randomness of the initial defect size must be taken into account. Since, following the literature®, the initial
defect size can be considered as the size of the largest defect present in the specimen, it can be assumed
that the initial defect size rv, referred to as \/Td_o, follows a Type | Largest Extreme Value (LEV) distribution®
with probability density function (pdf):

Vad,o~H 7
Vaa0—rz _Y4doThyg T oz
PLEV T e A
a = = 2 24
f fazs(aao) - - (24)

where f\/m denotes the pdf of \/A40, @y () is a standardized LEV pdf and w z and o, are the two

constant parameters of the distribution.

The cdf of X; can be obtained from the definition of marginal cdf:

Fy,(x)) = fol|M(xliM)f\/m(M)dm, (25)
where Fy, denotes the cdf of X;.

Therefore, by taking into account the assumed distributions (i.e., Egs. (22) and (24)), Eq. (25) finally becomes:

Fy,(x) = [0 @ (xl ”Xz(w/m}) ¢LEV<@rur>d
X\ — Jo Gauss X, \/_ (26)

The a-th quantile of the logarithm of the fatigue limit can be obtained by substituting Fx, (x;) with @ and by
solving Eq. (26) with respect to x;.

An approximate cdf of S;, which would avoid the numerical computation of the integral in Eq. (26), can be
obtained by assuming the rv loglo[,/Ad,O] as approximately Normal with mean w7 and standard deviation

O-\/Z:
10g10[1/Ad,0] = M\/Z + O-\/ZZ. (27)
By substituting Eq. (27) in Eq. (21), the rv X; becomes:

Ctthl(HV+120)
10(1/2—ath)(,um+20m)

X = qu(lo"\/T'ZJ\/Z) + 0x,Z = logq, [ ] + o1k, Z, (28)

where the deterministic ,/a4 o has been substituted with the rv \/A4; .

Eqg. (28) can be further rearranged as follows:

X, = (logyo[cencs, (HV +120)] = (1/2 — ayp)uyz) + \/ (1/2 — awm)?c iz + 0, Z, (29)

by exploiting the well-known properties of a sum of independent Normal rvs.

According to Eq. (29), an approximate a-th quantile of the rv §;, referred to as s 4, is finally given by:

__ CtnCs;(HV+120) J(l/Z ap)?o? +athhd>GauSS(a)

= 10(1/2_“th)”\/2 (30)

Sl,a

2.4. P-S-N curves
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The Probabilistic-S-N (P-S-N) curves statistically model the VHCF material response in the fatigue limit region
and in the finite fatigue life region.

The cdfs in Egs. (22) and (26) model the randomness in the fatigue limit region. As for the finite fatigue life
region, different types of continuous distribution have been proposed in the literature (see, e.g., Ref.3® and
the references therein) for the number of cycles to failure, referred to as N¢. Without loss of generality, the

finite fatigue life rv, referred to as ¥; = loglo[Nf], is supposed to be Normal distributed. Therefore, let us
suppose that the conditional finite fatigue life, referred to as Yf|1/ad,0 (i.e., finite fatigue life given the initial
defect size), has mean py and standard deviation gy, then:

= Y Hy
Fops = e (22), o
where FYfIM denotes the cdf of Yf| [Qgo-

It is well-known that the parameters of Fyflm depend on the applied stress amplitude and on the initial

defect size®-*, In particular, any monotonic decreasing function of s and Qa0 can be adopted for the mean

and any positive function can be used for the standard deviation. In the most simple case, the standard
deviation is constant and the mean is a linear function of both the logarithm of the applied stress amplitude
(Basquin’s model), referred to as x = log,[s], and the logarithm of the initial defect size, loglo[,/ad_o]:

ty(x,\/aqo) = ¢y + myx + nylogiol\/aq,], (32)
where cy, my and ny are three constant parameters.

According to the probabilistic model “One failure mode due to one cause with fatigue limit” described in
Ref.?%, when the logarithm of the applied stress is equal to x and the initial defect size is equal to /a4 o, the
cdf of the conditional fatigue life Y| /a4 ¢ is given by:

Fy fazs (% %y/@a,0) = F) jazs (X7[aa0)Fy | fags (viy/2a,0), (33)
where FYIM denotes the cdf of Y|, /a, o.

By taking into account the assumed distributions (Egs. (22) and (31)), Eq. (33) becomes:

x—px,(y@d,0) y—#y(x./aq,)
FY|1/ad,0 (y; X4/ ad,O) = Pgauss (%) Diauss (M) (34)

[} Oy

The a-th quantile of the conditional fatigue life, referred to as y agea Can be obtained by substituting

FYI\/m(y; x,ﬂ/ad,o) with a and by solving the equation with respect to y for different values of x:

- x—px,(y/3a0)
Y Jagoa = #Y(xm/ ad,O) + O_Yq)Géuss (a/q)Gauss (%)); (35)

X1

where x must be larger than yxl(ﬂlad,o) + GXltbgéuss(a) in order to have finite values of y azga: EQ- (35)

thus provides the P-S-N curves given the initial defect size.

In order to define the statistical distribution of Y (no more conditioned to the value assumed by ,/a, ), the
pdf of the initial defect size in Eq. (24) must be taken into account.

The cdf of Y can be obtained from the definition of marginal cdf:

F(y;x) = fﬂqm()’i X, 4/ ad,o)f\/m(\/ ago)dfaqo. (36)
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Therefore, by taking into account the assumed distributions (Egs. (24) and Eqg. (34)), Eq. (36) finally becomes:

® Vad,o~Hyg
o x—px,(\/ag0) y-uy(x./aq, LEV a
FY(y; x) = fo Diauss (%) Diauss ( Y(o dO)) e w2 d ago- (37)
X1 Y VA

The a-th quantile of the fatigue life can be obtained by substituting Fy(y; x) with @ and by solving the
equation with respect to x for different values of y. Eq. (37) thus provides the P-S-N curves of the material.

2.5. Parameter estimation

The cdf of the conditional rv X;|,/ag ¢ in Eq. (22) depends on the coefficients ¢;p, a¢p, 01k, and cg,. The
coefficients ¢, @y, and gik,, can be estimated by considering that, for each failed specimen exhibiting an

ODA with projected area agpg, kd(,/aODA) = kth(w/aODA) when failure occurs. In particular, let appa;
denote the projected ODA area of the i-th specimen tested at s; then, according to Eq. (1) and Eq. (2):

1/2
0.55TGopar - = cen(HV + 120) Jagpar ™. (38)

The coefficients ¢y, @, and oy, can be estimated from the model in Eq. (38) through application of the
Least Squares method. By taking the logarithm of Eq. (38) and by considering log;,[K;1] as the experimental
response and loglo[,/aODA] as the explanatory variable, the linear model for the expectation of log; [ K]
is given by:

Elogy1o[Kenll = cr + acn loglo[\/ aODA]/ (39)

where E[-] denotes the expectation of the experimental response and ¢y = log;o[c:n (HV + 120)]. As an
easy application of the Least Squares method, ¢, @y, and gy, can be estimated from the n; failures and,
finally, the estimates of @y, c;, and oyk,, can be obtained through the following expressions:

n - -
Zi:fl(loz‘%w[kth,i]—10g10[kth])(10g10[\/ aopa,i|-10810[\/aopa )

Aep = 0 ———
Ei=fl(10g1o[\/ aopa,i]-10gio[y/ aODA])
~ 10°T 10'0810[ken]-T¢nlog10l/a0p Al
1 Cth = = , (40)
HV+120 HV+120
n — 2
|2, (10810[Keni]-Togso| G (HV+120) faopa; "))
L O.thh - np—2

where*denotes the parameter estimate, k;p, ; = O.SSiﬁﬂ/aODA,il/Z, logiolken] = Z;Zl loglo[kth,i]/nf and

10810[\/ aODA] = 221 loglo[\/ aODA,i]/nf'

As for the parameter c,,, the Maximum Likelihood Principle can be adopted as estimation method. In order
to define the Likelihood function, the probability associated to the experimental dataset must be defined.
Let us first consider the probability of having a failure. If a failure occurs at s when the initial defect size is

\/@q,0, then the applied stress s is necessarily larger than the conditional fatigue limit S;|,/aq o. Therefore,
by taking the logarithm, when a failure occurs the event X;|,/ag ¢ < x occurs and the probability of having a
failure at s when the initial defect size is /a4 ¢ is finally given by:

P|failure at s, given \fag o| = P[X|\/aq, < x| = FXllm(x). (41)

Otherwise, two possible causes may originate a runout at y,. when the initial defect size is \/ag o and the
specimen is tested at s: either the conditional fatigue life is infinite or the conditional fatigue life is finite but
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the test is stopped at y, before failure occurs. From a probabilistic point of view, a runout at y,- when the
initial defect size is \/aq o and the specimen is tested at s can be described as follows:

P[runout at (y,; s), given 1/ad,0] = P[(Xll,/ad,() < x) n (Yf|1/ad,0 > yr)] + P[Xll Ago = x]. (42)

By taking into account the definition of cdf of X;|,/a4 o and Yf| /g0, EQ. (42) becomes:

P[runout at (y,; s), given \/ag | = FX”M(X) (1 - Fyflﬁ(yr)) + (1 - FXllm(x)). (43)
With few passages, Eq. (43) can be finally rearranged as follows:
P[runoutat (y,; s), given \[ag o] =1 — Fy 1 JagoCOFy ;| fage Or)- (44)

The Likelihood function L associated to the experimental dataset can be finally computed from the failure
(Eq. (41)) and runout (Eq. (44)) probabilities of each specimen as follows:

L= ]'[?:f1 P|failure at s;, given \/ag o] - H;l;1 P[runout at (y,; sj), given /ad‘o_j], (45)

where n,. is the number of runout specimens, (si, M) is the couple associated to the i-th failed specimen
and (yr; sj,m) is the triplet associated to the j-the runout specimen. It is worth noting that, for the n,.
runout specimens, the fracture surfaces cannot be analyzed and, consequently, the initial defect size is not
known at the end of test. However, m must be measured for the computation of the Likelihood function.

Therefore, in order to have a measure of the initial defect size in runout specimens, the specimens must be
subsequently tested up to failure at a larger stress amplitude.

By taking into account the assumed distributions (Eq. (22) and Eq. (31)), the Likelihood function in Eq. (45)
becomes:

L(Csl) = H:l:f1 q)Gauss <M> Hnr (1 - cI)Gauss <M> (DGauss <M>>; (46)

071 J=1 UX[ Gy

where, according to the plug-in principle (see, e.g., Ref.** and the references therein), /’I;(xj, /ad,o_j), oy and
0x, are the Least Squares estimates of uy(xj, /ad,o_j), oy and oy, and qu(cSl;,/ad,O_.)=

“Th (HV +120 o — .
logyo [CSz %}, being ¢;, and &g, the Least Squares estimates of ¢, and a;y,.
\V 4do,;

The estimates of uy(xj, /ad_o,j) and oy can be obtained by applying the Least Squares estimation method

to the failure data. In particular, let Yf| /a4 o be considered as the response variable and x and loglo[, /ad,o]
the two explanatory variables of the model (Eq. (32)), then:

E[Yf|1/ad,0] = cy + myx + ny loglo[, /ad,o]- (47)

The parameters ¢y, my and ny of the multiple linear regression in Eq. (47) can be estimated from the n;
failures, through the Least Squares Method:

Cy
{r’rry} =(T'T)"'T'Y, (48)
iy
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1 x logyo [\/ ad,O,l]

where T = |- - is the design matrix of the multiple linear regression, T’ is the
1 xp, logig [,/ad,o,nf]
V1
transposeof Tand Y = { } is the vector of the experimental responses, being y; (i = 1, ..., ns) the fatigue
Ynf

life of the i-th failed specimen. According to the plug-in principle, the parameter estimate of uy(xj, ,/adlo,j)
is therefore given by:

[I;(xj, ,/ad,olj) =Cy + Myx; + ny loglo[, /ad,o,j]- (49)

The Least Squares estimate of gy is the Root Mean Square Error associated to the regression model:

ng=3 (50)

n 2
— \]Zi:fl(yl'—ﬁ?(xi,\/ )
O-Y = .
The value of ¢y, that maximizes the Likelihood function L(csl) in Eq. (46) provides the Maximum Likelihood
estimate Cg, and also permits the estimation of py,:

&, c’;h(HV+120)] (51)

ﬁ;z(\/ ad,O) = log1o W .

According to the plug-in principle, the a-th quantiles in Egs. (23) and (35) can be estimated by substituting
the parameters with the corresponding estimates.

The approximate a-th quantile in Eq. (30) requires the estimation of the parameters Wz and g 7. Since the

rv loglo[\/ﬁ,o] is approximately assumed to be Normal, the estimates (7 and d_; are respectively given
by the sample mean and sample standard deviation of the logarithm of the initial defect sizes. By substituting
in Eq. (30) the parameters Uz and gz with the corresponding estimates, the approximate a-th quantile of
S; can be finally estimated.

In order to estimate the cdfs in Egs. (26) and (37), the parameters Wz and o7 must be estimated through
a Gumbel plot of the initial defect sizes®. By substituting in Eqs. (26) and (37) the parameters with the
corresponding estimates, the a-th quantiles of X; and Y can be finally estimated.

3. Numerical application to an experimental dataset

In order to show the steps that must be followed to estimate the model parameters and the a-th quantiles,
the procedure explained in Section 2.5 will be applied to an experimental dataset.

VHCEF tests have been carried out on Gaussian specimens* made of an AISI H13 steel with Vickers hardness
560 kgr/mm?. Details on the testing setup and on the tested material are reported in Refs.**** and will not
be recalled here for the sake of brevity. Specimens were loaded at a constant stress amplitude until failure
or up to 100 cycles (runout specimens). Eighteen out of twenty Gaussian specimens failed during the VHCF
tests at a number of cycles to failure ranging from 4.2 - 107 to 9.6 - 10° cycles. After the VHCF test, the two
runout specimens were subsequently tested up to failure at larger stress amplitudes in order to reveal the
possible presence of defects. Fracture surfaces were seen through a Scanning-Electron-Microscope (SEM) in
order to measure the initial defect size in each specimen and through an optical microscope in order to
measure the ODA size in failed specimens. From the SEM analysis, all the fatigue fractures nucleated from
non-metallic inclusions (oxide-type inclusions).
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The location of the initial defects in the specimens was taken into consideration, in order to assess the local
stress amplitude in the vicinity of the initial defect. Fig. 3 shows the distribution of the initial defects with
respect to the longitudinal axis of the specimen. From the initial defect locations, it is possible to estimate
the normalized local stress amplitudes S;ycq1/Smax, P€INE Spmax the nominal maximum stress amplitude
applied during the test. As shown in Fig. 3, all the failures occurred for stress amplitudes larger than the 96%
of the nominal maximum stress amplitude applied during the test. The maximum volume of material in which
failures occurred was estimated to be equal to 2013 mm?, more than two times larger than the maximum
risk-volume investigated in the VHCF literature**.

Figure 3

In the following, the local stress amplitude in the vicinity of the initial defect will be considered as the stress
amplitude applied during the test. As shown in the S-N plot of the experimental dataset (Fig. 4), the local
stress amplitudes are in the range 473 — 630 MPa.

Figure 4

As a first step, the parameters a;y, ¢y, and oy, are estimated from the ODA sizes measured in failed
specimens. As shown in Fig. 5, the linear model of Eq. (39) is in good agreement with the experimental data.
In particular, according to Eqg. (39), the Least Squares estimates of a;p, ¢, and ay, are given by:

e, = 0.2965
€ = 19054 (52)

&%, = o, = 0.0214

where the @;;, and ¢;;, values are close to the values proposed in the literature for a;, (i.e., 1/3 according to
Refs.>>1732) and for ¢, (i.e., 1.87 according to Ref.??, and 1.8 according to Ref.").

Figure 5

As a second step, the parameters cy, my, ny and gy are estimated from the triplet (y; S, /ad,o) associated

Ny/m
to every failed specimen. Fig. 6 shows the number of cycles as a function of the variable s - \/a o v/my ina

double-logarithmic plot. As shown in Fig. 6, the assumed linear model of Eq. (47) is in good agreement with
the experimental data. In particular, according to Eqgs. (48) and (50), the Least Squares estimates of ¢y, my,
ny and gy are given by:

& = 56.9259

My = —16.4492

Ay = —1.7990 ’ (53)
&7 = 0.3559

where the ratio 7ty /My = 1/9 is close to the 1/6 value proposed by Murakami®.
Figure 6

As a third step, the parameter ¢, is estimated through the Maximum Likelihood Principle, by maximizing the
Likelihood function in Eq. (46). The numerical maximization is carried out in Matlab® and provides for ¢y, the
following estimate:

&, = 0.7278, (54)

which finally permits the estimation of uy, ( /ad,o); according to Eq. (51):
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. 1.3868-(HV +120)
ix,(\/aa,0) = logig W} (55)
Eq. (55) has a structure similar to the expression of fatigue limit proposed by Murakami®>. Moreover, the
exponent 0.2035 = 1/5 is close to the 1/6 proposed by Murakami®.

The estimates Gy, and /i, (M) can be used for estimating the a-th quantile of the conditional rv S |,/aq,o
from Eq. (23-25), according to the plug-in principle. Fig. 7 shows a plot of the estimated 0.1-th, 0.5-th and
0.9-th quantiles of the conditional fatigue limit, as a function of the initial defect size m. As shown in Fig.
7, all failure data are above the 0.9 quantile of the conditional fatigue limit, in agreement with the definition
of fatigue limit.

Figure 7

The median S-N curve for a given initial defect size can be estimated from Eq. (35), by substituting the
parameter with the corresponding estimates and a with 0.5. Fig. 8 shows a plot of the estimated median S-
N curves, for values of the initial defect size ranging from 18.6 um to 56.3 um. As shown in Fig. 8, for each
initial defect size a specific finite life and a specific fatigue limit can be estimated. In particular, the larger the
initial defect size the smaller the median fatigue strength.

Figure 8

For a given initial defect size, the S-N curves can be also estimated at failure probabilities different from the
median from Eq. (35). As an example, Fig. 9 shows a plot of the estimated 0.1-th, 0.5-th and 0.9-th S-N curves
for an initial defect size equal to 32.4 pm.

Figure 9

In order to estimate the marginal fatigue limit distribution and the marginal P-S-N curves, the statistical
distribution of the initial defect size must be estimated through a Gumbel plot. Fig. 10 shows the Gumbel
plot of the initial defect sizes. According to the procedure suggested in Ref.?, the two parameters of the LEV
distribution can be easily estimated as follows:

{#72 = 32.1697

7 = 9.7799" (56)

Figure 10

Given the statistical distribution of the initial defect size, it is finally possible to estimate the P-S-N curves for
different values of the failure probability. Fig. 11 shows the estimated 0.1-th, 0.5-th and 0.9-th S-N curves
for the tested specimens. As shown in Fig. 11 the region between the 0.1-th and the 0.9-th S—N curve includes
about the 88% (which is close to the expected 80%) of the failure data; while the 0.5-th S—N curve is almost
median between failure data at each stress amplitude.

Figure 11

By taking into account Egs. (26) and (30), it is also possible to estimate the fatigue limit for the tested
specimens. As shown in Fig. 12, the two expressions provide very similar results in terms of interval plot:
according to Eq. (26), the 80% interval plot is [410; 505] MPa with median 455 MPa; according to Eq. (30),
the 80% interval plot is [412; 503] MPa with median 455 MPa. It is worth noting that the approximate
expression of Eq. (30) is computed without any numerical integration: the parameters of the approximate
distribution of the initial defect size are estimated by computing the sample mean and standard deviation of
the logarithm of the initial defect sizes:
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1~ = 1.5544
{” va (57)

oz = 0.1282
Figure 12

For the sake of comparison, Fig. 12 also shows the interval plots computed for two different fatigue limit
models proposed in the VHCF literature. Differently from the models proposed in the present paper and from
the Murakami’s model?, which are in good agreement with the experimental data, the model proposed by
Liu et al.?® provides risky non-conservative results. In particular, all failed specimens are above the upper
confidence limit computed from Eqgs. (26) and (30), 15 out of 18 failed specimens are above the upper
confidence limit computed according from the Murakami’s model', and no failed specimen is above the
upper confidence limit computed from the model proposed by Liu et al.>°.
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4. Conclusions

A general SIF formulation for the analytical model of the hydrogen assisted crack growth was defined in the
paper. The proposed formulation is based on general basic assumptions related to the hydrogen assistance
in ODA formation and includes different models proposed in the Very-High-Cycle Fatigue literature and in
the hydrogen embrittlement literature.

Starting from the general SIF formulation, a general expression for the material fatigue limit was obtained in
the paper.

The procedures for modeling the randomness of the fatigue limit and the Probabilistic-S-N (P-S-N) curves
were also provided. The statistical method for the estimation of the parameters involved in the proposed
model was finally illustrated in the paper and numerically applied to an experimental dataset.

The numerical application showed the potentialities of the proposed approach in terms of estimated
statistical results (P-S-N curves and fatigue limit distribution). It also highlighted the ease of application of
the method: it was shown that model parameters can be easily estimated step by step through
straightforward applications of the Least Squares Method and of the Maximum Likelihood Principle to
experimental data.

19



Appendix A: Solution of the system in Equation (12)
By substituting Egs. (1), (2) and (5) in Eq. (12), the system of equations becomes:
(O.Sﬁ\/a—dl/ “tenfage T fag " )s = cn(HV +120) fag"" = 0
(1/2 05vEfag "+ ancifago g )s = cn(HV + 120)agfag " = 0

The stress amplitude can be expressed as a function of the defect size from the first of the two equations in
Eq. (A.1):

(A.1)

cen(HV+120)

s= — — — A2
05V ag T ey fagy  H JagH (A-2)
If Eq. (A.2) is substituted in the second of the two equations in Eq. (A.1), it yields:
-1/2 1/2-ay apg—1
1/20.5 -1
/205vVm fag " +aycyfaqe Jaa =y, ada’th . (A3)

05V Jag T My fage s H fag Mot
With few passages, the largest final defect size can be obtained from Eq. (A.3):

1
(atp—any)c /2—a
v Ad, finalmax = ((1/;:1%)1 amaH v Qd,0/ (A.4)
which shows that the largest final defect size is proportional to the initial defect size.

Finally, by substituting Eq. (A.4) in Eq. (A.2) it is possible to show that the fatigue limit takes the following

form:
I/Z—Ilt-h
(1/z—ath)0.5«/5)1/2—aH Ap—ay
( (@th-am)cH 0.5x/ﬁ(1/2—aH)Cth(HV+120) _ Cspap<oCeh(HV+120)

1/2-app 1/2—agpy
v a&d,o Vad,o

where cg, 4, <0 is @ constant coefficient, which depends on the values assumed by c¢p, ¢y, @y and ay.

5 = , (A.5)
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Appendix B: Numerical difference between Equation (13) and the fatigue limit expression in
Liu3

According to Liu’s model'’*%, a, = —5/2. By substituting ay = —5/2 in Eq. (13), the fatigue limit
expression becomes:

1/2—(1H1
((1/z—ath)0.5ﬁ) 3 ampt5/2
(arp+5/2)cy 1.5Vm

I/Z—Ilt-h
v ad,o

It is worth noting that the fatigue limit expression in Eq. (B.1) differs from the expression proposed by Liu et
al.®. The difference is due to a different fatigue limit condition considered in Ref.3%: in Ref.% the critical
transition between finite and infinite fatigue life occurs when the condition kd(,/aODA) = kth(,/aODA) is

fulfilled with a ky negligible and equal to a small quantity. Liu et al.>° considered as negligible a value of ky
equal to 0.01k,. According to Liu et al.*°, the fatigue limit must thus fulfill the following system of equations:

{ ka(\/aopa) = ken(\/aopa) .
ki (yaopa) = 0.01ka(\/aopa)

By substituting Egs. (1), (2) and (5) in Eq. (B.2), the system of equations becomes after few passages:

cen(HV+120)

S = (Bl)

(B.2)

1/2—
0.55vT/agps - ™ = ¢ (HV + 120)
3
Cy ad,03 =5 10_3\/E1/a0DA

where ay has been substituted with — 5/2.

(B.2)

The \/agpa can be expressed as a function of ,/a, o from the second of the two equations in Eq. (B.2):

1

W,aODA = (ﬁﬁ)gdad’o. (83)

If Eq. (B.3) is substituted in the first of the two equations in Eq. (B.2), it yields:

1/2—-ay
1/2—
055V (7iz) 7 aan = con(HV +120), (8.4)
With few passages, the fatigue limit expression according to Liu et al.?° can be obtained from Eq. (B.4):
1/2_“th
(5-10—3\5) 3
H S cen(HV+120)
SiLiu = /2—ag, (B.5)
Vad,0
By taking the ratio of Egs. (B.1) and (B.5), it can be shown that:
12 Ms/z
St _ -1 —Qth 3 +ath
Sl Liu - (001 5/2+ath) 3 ’ (B6)

which is larger than 1 for any positive value of a;, below 1/3. In particular, the maximum value (equal to
1.37) of the ratio in Eq. (B.6) is reached when a;; = 0 and the minimum value (equal to 1.04) is reached
when a;, = 1/3.In any case, s; 1 ;,, is below s;. In this respect, s, 1 ;,, is a conservative estimate of the fatigue
limit that can be directly computed from the model proposed in Ref.l. The conservativeness of the
estimation proposed in Ref.*° probably descends from the arbitrary negligible value of kj assumed in Ref.*.
If, rather than equal to 0.01k,, ky is more generally assumed equal to 6k, Eq. (B.6) becomes:

1/2—app

S1 =( -1 1/2_ath) 3 5/2+a
SLLiu 5/2+aen 3 7

(B.7)
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which can be exploited to compute the expression of § that verifies s; ;;;, = s;. In particular, it can be shown
form Eq. (B.7) that the expression of § that verifies s; ;;;, = s; takes the following form:

3
— 1/2—ath (5/2+ath)1/2—ath (B 8)
5/2+asp 3 ’ ’

which is in the range [0.021; 0.067] (larger than 0.01) for any positive value of a;;, below 1/3.
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