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BV-NORM CONTINUITY OF SWEEPING PROCESSES
DRIVEN BY A SET WITH CONSTANT SHAPE

JANA KOPFOVA AND VINCENZO RECUPERO

ABSTRACT. We prove the BV-norm well posedness of sweeping processes driven by a moving
convex set with constant shape, namely the BV-norm continuity of the so called play operator
of elasto-plasticity.

1. INTRODUCTION

Mathematical models of material memory are often based on the following evolution varia-
tional inequality (cf. [15, 36]). Let H be a real Hilbert space with inner product (-,-) and Z C H
be a closed convex subset. Given T' > 0 and w : [0,7] — H, find y : [0,7] — H such that

(z—u(t)+y@),y#) <0 Vze 2z, forLrae tel0,T), (1.1)
u(t) —y(t) e Z Vt e [0,7], (1.2)

with a given initial condition

u(0) —y(0) = 2 € Z, (1.3)
where 3/ denotes the time derivative of y and £' is the one dimensional Lebesgue measure.
Variational inequalities of the form (1.1)—(1.3) play an important role in elasto-plasticity, fer-
romagnetism, and phase transitions. It is worth noting that in the new unknown function
x = u—y, inequality (1.1) can be equivalently formulated as the first order differential inclusion

2/ (t) + 0Iz(x(t)) > u/'(t) for £l-a.e. t € [0,7], (1.4)

0Iz being the subdifferential of the indicator function Iz: Iz(z) :=0if z € Z, Iz(z) :=
otherwise (precise definitions and formulations will be given in Sections 2 and 3). Problem (1.4)-
(1.3) can be solved by using classical tools from the theory of evolution equations governed by
maximal monotone operators (cf. [6]). In particular it turns out that for every u € Wh1(0, T; H),
the space of H-valued absolutely continuous maps, there exists a unique y € Wl’l(O,T s H)
satisfying (1.1)—(1.3) almost everywhere. The resulting solution operator P : Wh1(0,T;H) —
W0, T;H) : uw — y is also called (vector) play operator following [18, p. 6, p. 151] (see also
[33, p. 294]). The suggestive terms input and output are used for u and y respectively. On the
other hand inequality (1.1) can also be interpreted as the time dependent gradient flow

y'(t) + 0L)-z(y(t)) 20  for L'-ae. t €[0,T]. (1.5)

This is a particular case of sweeping process, which can be described as follows. Let us denote by
%3 the family of nonempty convex closed subsets of H and endow it with the Hausdorff metric:
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2 JANA KOPFOVA AND VINCENZO RECUPERO

given yg € H and C € AC([0,T]; %), the space of €y-valued absolutely continuous maps, find
a function y € WH1(0, T; H) such that

y(t) € C(t) vVt € [0,T], (1.6)
Y (t) + OIcwy(y(t) 2 0 for £'-a.e. t € (0,77, (1.7)
y(0) = Proje (o) (¥0)s (1.8)

where Proj, denotes the projection operator on a closed convex set K. This problem was studied
and solved in [31, 32, 33]. More generally in [34] the important case when C € BV*([0,T]; %),
the space of right continuous maps with bounded variation, is considered. In this case the
formulation has to be generalized and one has to find y € BV"([0,T];H), a right continuous
‘H-valued function of bounded variation, such that there exists a positive measure p and a
p-integrable function v : [0, 7] — H satisfying

y(t) € C(t) vt € 10,77, (1.9)
Dy = vp, (1.10)
v(t) + Ol (y(t) 20 for p-a.e. t € 10,71, (1.11)
4(0) = Proje(o) (o), (1.12)

where Dy denotes the distributional derivative of y. This in particular defines the solution
operator M : BV™([0,T];%%) — BV'([0,T];H) associating with C € BV'(]0,T];%3) the
solution y of (1.9)—(1.12). Moreover if C is continuous then M(C) is also continuous, and if
C € AC([0,T]; %) then y = M(C) € WHL(0,T;H) and y satisfies (1.6)—(1.8). Usually one
says that (1.11) is the sweeping process driven by the moving convex set C. For the theory of
sweeping processes and some of their applications we also refer, e.g., to [30, 10, 2, 35, 11, 45, 16,
3,4, 5, 13, 46] and their references.

A relevant feature of sweeping processes is their good behavior with respect to the change of
time variable (cf. [34, Proposition 2i]): if M is the solution operator of the sweeping process,
associating with C the solution y of (1.9)-(1.12), then we have

M(C o) =M(C) oy (1.13)

for every continuous increasing time-reparametrization . This property is also called rate
independence. For the theory of rate independent operators and systems we refer, e.g., to
[18, 9, 20, 47, 28, 29]. If C € BV([0,T]; €x)NC(]0,T]; %), a natural reparametrization of time
is given by the (normalized) arc length ¢¢ : [0,T] — [0, 7] defined by

T
)= ge o)

where V(C, [0,¢]) denotes the variation of C over [0,¢]. Therefore there exists a Lipschitz contin-

V(C,[0,t]), tel0,77,

uous mapping C such that C = Co lc, thus the rate independence property yields

M(C) = M(C) o fe, (1.14)
and M(C) € Lip([0,T];H), the space of Lipschitz functions. This reparametrization method
was used by Moreau in [31, 33] in order to reduce the sweeping process driven by an abso-
lutely continuous moving set C(t) to the Lipschitz continuous case, while the reduction from
BV([0,T];%¢) N C([0,T);%x) to Lip([0,T]; %) is performed in [40, 42].

Let us observe that if u € WH([0,7];H) and C, € AC™([0,T];%%) is defined by C,(t) :=
u(t) — Z, then we have P(u) = M(C,). This remark naturally leads to the definition of the BV-
play operator P : BV'([0,T];H) — BV*([0,T];H): P(u) := M(C,) for any u € BV*([0,T]; H).
We can say that the play operator is a sweeping process driven by a moving convexr set with
constant shape. There are other ways to define the play operator for BV inputs: we will provide
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a proof that P admits an integral variational formulation, to be more precise y = P(u) is the
unique function such that (1.2) and (1.3) hold together with

/[ ]<z(t) —u(t) +y(t),dDy(t)) <0 Vz € BV*([0,T]; Z), (1.15)
0,7

where the integral is computed with respect to the Lebesgue-Stieltjes measure Dy. An analogous
formulation is given in [22] where the Young integral is used. Of course the play operator enjoys
of the rate independence property which reads P(u o) = P(u) o~ for every u € BV*([0,T];H)
and every continuous increasing reparametrization 7 of time. In particular if w € BV([0,T];H)N
C([0,T);H) and £,(t) :== T V(u,[0,t])/ V(u, [0,T]), t € [0,T], we have

P(u) = P(@) o la, (1.16)

where u € Lip([0,T];#) is such that u = w0 ¢,.

The well-posedness of problem (1.1)—(1.3), i.e. the continuity of the operator P with respect to
various topologies, is a fundamental issue both from a theoretical and applicative point of view.
The behavior of P : BV'([0,T];H) — BV*([0,T];H) with respect to the topology of uniform
convergence can be deduced, e.g., from the general results in [34] (cf. Thereom 3.2 below). The
continuity of P with respect to the BV strict topology restricted to BV([0,7];H) N C([0,T];H)
was proved in [20, Proposition 4.11, p. 46| if the boundary of Z satisfies suitable regularity
conditions, and in [39, Theorem 3.7] for arbitrary Z. In general P is not BV-strict continuous
on the whole BV*([0,T];H), it was proved in [39] that the continuity in the strict topology
holds if and only if Z ={z e H : —a < (f,z) <} for some f € H~{0} and a, 8 € [0, 00]. In
the one dimensional case it turns out P is always BV-strict continuous on BV*([0,7];R) (see
also [47, 9, 37, 38]).

In this paper we address the problem of the continuity of P with respect to the classical
BV-norm topology induced by the norm ||u||py := ||ul|ec + V(u,[0,T]), u € BV*([0,T];H). For
absolutely continuous inputs the BV-topology is exactly the standard W'!-topology, and the
continuity of the restriction of P to W41(0, T; 1) was proved in [19] for finite dimensional H and
in [20] for separable Hilbert spaces. For such spaces H, the continuity of P in BV*([0,T];H)
(and in BV([0,T];H)NC([0,T];H)) is known only when Z has a smooth boundary (cf. [8, 26]),
in this case P is even locally Lipschitz continuous. Anyway this regularity assumption turns out
be restrictive in many applications.

In the present paper we prove that P : BV"([0,T];H) — BV"([0,T];H) is continuous with
respect to the BV-norm topology for every arbitrary nonempty closed convex set Z (and with
no separability assumptions on H).

In order to describe what kind of difficulties arise in proving the general BV-norm continuity
of P, let us briefly examine the known proofs in the more regular cases.

If the input u belongs to W1Y(0,T;H) and z(t) solves (1.4), then y/(t) = (P(u))(t) is a
normal vector and 2/(t) is a tangential vector to Z at x(¢) in the sense of convex analysis. The
proof given in [19] is strongly based on the orthogonal decomposition u'(¢t) = z'(t)+%/(t). In the
general BV case the distributional and the pointwise derivatives are different, so this procedure
does not work.

If the input w is an arbitrary BV function, but Z is smooth, then the proof provided in [26]
relies upon an explicit formula for the (unique) unit normal vector to the boundary of Z. If Z
is not smooth there can be several unit normal vectors at a boundary point and this argument
cannot be used.

These considerations, together with the rate independence property, suggest to try to use
formula (1.16), at least for the continuous case, and somehow “reduce” the problem to the
Lipschitz continuous case: indeed if uw € BV([0,T];H) N C([0,T];#) then P(u) = P() o ¢, and
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u, P(w) € Lip(]0,T];H), therefore one can try to get information on the BV-norm continuity of
P(u) by using the above orthogonal decomposition for the arc length reparametrization w.

We are going to show that this procedure is actually possible, thus we are left with the
discontinuous case and one can try to extend the previous reparametrization procedure. If
u € BV'([0,T];H), then the reparametrization u is a Lipschitz function defined on the image
£,(]0,TY), therefore we need to extend the definition of u to the whole [0, 77, in other words we
have to fill in the jumps of u. It is very natural to use segments, i.e. to define the Lipschitz
continuous function @ : [0,7] — H to be affine on every interval [£,(t—), ¢, (t)] and of course
we still have u = wo/,. The length function £, is not continuous anymore, so rate independence
does not apply, but anyway one may be tempted to use the formula P(u) o £,. The issue here
is that P(u) o £, # P(u), as shown in [39] (see [24, 25] for a detailed comparison of these two
operators). We overcome this problem by considering the more general framework of sweeping
processes: we consider the driving moving set C,,(t) = u(t) — Z and we fill in the jumps of C,,, (i.e.
of u) with a suitable €y-valued function, indeed using “segments” (1 —t).A + ¢t would produce
the “wrong” output P(u)o¢,. The proper choice is connecting two sets A and B by geodesics of
the form C(t) := (A+ Dyy) N (B+ D(1—y),), where p is the Hausdorff distance between A and B,
and D, is the closed ball with center 0 and radius r. Indeed in the paper [43] it is proved that
if C € BV([0,T];%%) and if C € Lip([0,T];H) is the unique function such that C = C o £¢ and

Clle(t=)(1 = X) +€e(t)A) = (C(t=) + Drp) N (C(8) + Da-x)p,)s (1.17)

for t € [0,T], A € [0, 1], with p; := dy(C(t—),C(t)), then M(C) o £¢ is actually the solution of the

sweeping process driven by C, i.e. the formula M(C) = M(C) o ¢¢ holds.

In our particular situation if u € BV*([0,T];H) it follows that M(C,) € Lip([0,T];H) is the
play operator P(u) € Lip([0,T];#) on the set ¢,([0,7]), where the pointwise derivative can be
exploited, while outside of £,,([0,T7]), on the “jump set”, we can analyze P(u) by means of formula
(1.17). As a consequence, if u, — w in BV*(]0,T];H) then the behaviour of the variation of
P(un) = M(C,,,) can be studied with the help of the formula P(u,) = M(C,,,) = I\/I(CNUH)OECW and
the BV-norm continuity can be eventually proved by using tools from vector measure theory.

The paper is organized as follows. In the next section we present some preliminaries and
in Section 3 we state our main continuity result. The reparametrization technique for convex-
valued functions is adapted to our situation in Section 4 and it is exploited in Section 5 to prove
the integral representation for P. In Section 6 we reduce our problem to a Lipschitz continuous
sweeping process. All the results of these sections are used in Section 7 to prove the main

theorem.

2. PRELIMINARIES

In this section we recall the main definitions and tools needed in the paper. We denote by N
the set of natural numbers (without 0). If E is a Banach space and z,x,, € E for every n € N,
then the symbol x,, — = indicates that xz, is weakly convergent to z (cf., e.g., [7]). Given a
subset S of the real line R, if Z(S) denotes the family of Borel sets in S, p : Z(S) — [0, 00] is a
measure, p € [1,00], then the space of E-valued functions which are p-integrable with respect to
u will be denoted by LP(S, u; E) or simply by LP(u; E). We do not identify two functions which
are equal p-almost everywhere (p-a.e.). For the theory of integration of vector valued functions
we refer, e.g., to [27, Chapter VI]. When u = £!, the one dimensional Lebesgue measure, we
write LP(S; E) := LP(S, u; E).

2.1. Functions with values in a metric space. In this subsection we assume that

(X, d) is a complete metric space, (2.1)
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where we admit that d is an extended metric, i.e. X is a set and d : X x X — [0, oo] satisfies the
usual axioms of a distance, but may take on the value co. The notion of completeness remains
unchanged and the topology induced by d is defined in the usual way by means of the open balls
By (z9) == {x € X : d(z,x0) < r} for r > 0 and zp € X, so that it satisfies the first axiom
of countability. The general topological notions of interior, closure and boundary of a subset
Y C X will be respectively denoted by int(Y), cl(Y) and Y. If x € X and Y C X, we also set
d(z,Y) :=infycy d(z,y).

If I C R is an interval and f € X! (the space of X-valued functions defined on I), then
Cont(f) denotes the continuity set of f, and Discont(f) := I\ Cont(f). The set of X-valued
continuous functions defined on I is denoted by C(I;X). For S C I we write Lip(f,S) =
sup{d(f(s), f(t))/|t—s| : s,t €S, s#t}, Lip(f) := Lip(f, I), the Lipschitz constant of f, and
Lip(I; X) :={f € X : Lip(f) < oo}, the set of X-valued Lipschitz continuous functions on I.
We recall now the notion of BV function with values in a metric space (see, e.g., [1, 48]).

Definition 2.1. Given an interval I C R, a function f € X!, and a subinterval J C I, the
(pointwise) variation of f on J is defined by

V(f,J):=supd > d(f(tj-1), f(t;)) : mEN, t; € TVj, tg <+ < tm
j=1
If V(f,I) < oo we say that f is of bounded variation on I and we set BV(I;X) := {f € X! :
V(f,I) < oo}.

It is well known that the completeness of X implies that every f € BV([; X) admits one
sided limits f(t—), f(t+) at every point ¢ € I, with the convention that f(inf I—) := f(inf I) if
inf I € I, and that f(supI+) := f(supI) if supl € I. We set

BVII;X) :={f € BV(I;X) : f(t—) = f(t) Vtel},
BV'(I;X):={f € BV(I;X) : f(t)= f(t+) Vtel}.
If I is bounded we have Lip(I; X) C BV(I; X).

Definition 2.2. Assume that p € [1,00]. A mapping f : I — X is called ACP-absolutely
continuous if there exists m € LP(I;R) such that

d(f /m do Vs, t € [0,T], s <t. (2.2)

The set of ACP-absolutely continuous functions is denoted by ACP(I; X).

Clearly AC*(I;X) = Lip(I;X). If I is bounded then ACP(I;X) C BV([;X) N C(I; X)
for every p € [1,00[, and f € ACY(I;X) if and only if for every ¢ > 0 there exists § > 0
such that > 7", d(f(sk), f(tx)) < & whenever m € N and (]sg, tx[)jL; is a family of mutually
disjoint intervals with 3 7" [t — sg| < d. In the next definition we recall two natural metrics
in BV(I; X).

Definition 2.3. For every f,g € BV(I; X) we set

doo(f,9) = Sup d(f(t),g(t)), (2.3)
dus(f,9) == do(f,9) + | V(f, 1) = V(g,I)|. (2.4)

The metric doy and dys are called respectively uniform metric on BV(I; X) and uniform strict
metric on BV(I; X). We say that u, — u uniformly strictly on I if dys(un,u) — 0 as n — oo.
Let us recall that dys is not complete and the topology induced by dys is not linear if X is a
Banach space.
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Now we recall the notion of geodesic.

Definition 2.4. Assume that z,y € X and d(z,y) < co. A function g € Lip([0,1]; X) is called
a geodesic connecting z to y if g(0) =z, g(1) =y, and V(g, [0, 1]) = d(z,y).

2.2. Some convex analysis. Let us assume that

s (2.5)

H is a real Hilbert space with inner product (z,y) — (z,y),
]l = (z,2)

and we endow H with the natural metric defined by d(z,y) := ||z — y||, z,y € H. We also use
the notation
Dy ={xeH : |z <r}, r >0,
and we set
¢y = {K CH : K nonempty, closed and convex}.
If £ € €4 and x € H, then Proji(x) denotes the projection on K, i.e. y = Proji(x) is the
unique point such that d(z,K) = ||z — y||, or equivalently y € K and y satisfies the variational
inequality
(rt—y,v—19y) <0 Vv € K.
If K € 63 and = € K, then Ni(z) denotes the (exterior) normal cone of K at x:

Ne(z) ={u€H : (u,v—1z) <0Vve€K}=Proj'(z) — = (2.6)
We endow the set ¥ with the Hausdorff distance. Here is the definition.
Definition 2.5. The Hausdorff distance dy : € x € — [0,00] is defined by

dy (A, B) := max {Sup d(a, B),sup d(b, A)} , A, B € 6. (2.7)
acA beB

Now we recall the notion of subdifferential (cf. [6, Chapter 2]). If ¥ : H — [0, o0] is convex
and lower semicontinuous and D(¥) := {x € H \I/(:L“) # oo} # &, then for x € H the
subdifferential of ¢ at x is defined by 0V (z) := {y Ay, v —x) +Y(z) < ¥(v) Vv € H}.
The domain of OV is defined by D(OV) := {z € : 0V¥(z) # @) If K € €y and I,
the indicator function of IC, is defined by Ix(z) = 0 1f z € K and Ix(x) = oo if x ¢ K, then
Ol (z) = Nk (x) for every x € D(Ix) = D(0Ix) = K.

2.3. Differential measures. Let E be a Banach space with norm || - ||g and let I C R be
an interval. We recall that a (Borel) vector measure on I is a map pu : #(I) — E such that
w(Un2y Bn) = Yoo 1(Br) whenever (By,) is a sequence of mutually disjoint sets in (I). The
total variation of u is the positive measure |u| : B(I) — [0, o0] defined by

o0

I:U'I _Sup{Z”:u’ )HE : B:UBn7 Bn€%(1>v BhﬂBkZQIfh#k}
n=1

The vector measure p is said to be with bounded variation if || (I) < oco. In this case the

equality |||l := |u| (I) defines a norm on the space of measures with bounded variation (see,

e.g. [14, Chapter I, Section 3]).

If v: B(I) — [0,00] is a positive bounded Borel measure and if g € L'(I,v; E), then gv
will denote the vector measure defined by gv(B) := [5gdv for every B € Z(I). In this case

lgv| (B) = [5l9(t)||e dv for every B € A(I) (see [14, Proposition 10, p. 174]).

Let Ej7 j =1,2,3, be Banach spaces with norms |- |[g; and let E1 x Eg — E3: (21, 22) —
x1 e x93 be a bilinear form such that ||z1 e 22|, < ||z1||E, ||22||E, for every z; € E;, j = 1,2.
Assume that p: B(I) — E; is a vector measure with bounded variation and let f: I — E;
be a step map with respect to p, i.e. there exist fi,..., fm € E1 and Ay,..., A, € H(I) mutually
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disjoint such that |u| (A;) < oo for every j and f = Z;":l L4, fj, where 1g is the characteristic
function of a set S, i.e. 1g(z) :=1if z € S and 1g(x) := 0 if € S. For such f we define
J; fedp = Z;”:l fiou(A;) € Es. If St(|p] ; E1) is the set of E-valued maps with respect to p,
then the map St(|p];E1) — Es: f—— [, f e d is linear and continuous when St(|u| ; E1)
is endowed with the L!-semimetric ||f — IlLreren = J;If —glle, d1pl. Therefore it admits

a unique continuous extension |, : L'(|p] ; E1) — E3 and we set

/If-du = 1), feL(lul:E).

We will use the previous integral in two particular cases, namely when
a) E1 =R, Ey=E3 =M, Aex:= Xz ([, fedu= [; fdpu, integral of a real function with
respect to a vector measure);
b) E1 = E; = H, E3 =R, zy e xp := (x1,22) ([; fedp = [;(f du), integral of a vector
function with respect to a vector measure).

In the situation (b) with p = gv, v bounded positive measure and g € L*(v; H), arguing first on
step functions, and then taking limits, it is easy to check that [,(f,d(gv)) = [;(f,g) dv for every
f € L*™(u;H). The following results (cf., e.g., [14, Section I11.17.2-3, pp. 358-362]) provide a
connection between functions with bounded variation and vector measures.

Theorem 2.1. For every f € BV(I;H) there exists a unique vector measure of bounded varia-
tion puy : B(I) — H such that

pr(le.d) = f(d=) = flet),  pyle,d]) = f(d+) = fle—),

pr(le,d) = f(d=) = f(e=),  py(e,d]) = fld+) = f(ct).
whenever ¢ < d and the left hand side of each equality makes sense.

Vice versa if p : (1) — H is a vector measure with bounded variation, and if f,, : I — H
is defined by f,,(t) == p([inf I,t[N 1), then f, € BV(I;H) and py, = p.

Proposition 2.1. Let f € BV(I;H), let g : I — H be defined by g(t) := f(t—), fort € int(I),
and by g(t) == f(t), ift € OI, and let Vy : I — R be defined by Vy(t) := V(g, [infI,t] N 1T).
Then pg = py and |pg| = py, = V(g, I).

The measure py is called Lebesgue-Stieltjes measure or differential measure of f. Let us see
the connection with the distributional derivative. If f € BV(I;H) and if f : R — # is defined
by

f(t) iftel
f@):=< f(infI) ifinfITeR, t¢I,t<infl , (2.8)
f(supl) ifsupl eR,t&g I, t>supl
then, as in the scalar case, it turns out (cf. [39, Section 2]) that us(B) = Df(B) for every
B € #(R), where Df is the distributional derivative of f, i.e.

- / S (0T (1) dt = / 0dDf Yy e CI(R:R),
R R

CL(R;R) being the space of real continuously differentiable functions on R with compact support.
Observe that Df is concentrated on I: Df(B) = ps(B N I) for every B € %(I), hence in the
remainder of the paper, if f € BV(I,H) then we will simply write
Df:=Df =p;,  f€BV(I;H), (2.9)
and from the previous discussion it follows that
IDAI = IDFI(0,T]) = llugll - Vf € BV(I;H). (2.10)
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If T is bounded and p € [1,00], then the classical Sobolev space WP (I;H) consists of those
functions f € C(I;H) such that Df = g£! for some g € LP(I;H) and we have W'P(I;H) =
ACP(I;H). Let us also recall that if f € WH(I; ) then the derivative f(t) exists for £L!l-a.e.
intel,Df = f'L' and V(f,I) = [;|If/(¢)|| d¢t (cf., e.g. [6, Appendix]).

In [39 Lemma 6.4 and Theorem 6.1] it is proved that

Proposition 2.2. Assume that J C R is a bounded interval and h : I — J is nondecreasing.

(i) Dh(h=Y(B)) = £Y(B) for every B € B(h(Cont(h))).
(ii) If f € Lip(J;H) and g : I — H is defined by

J/(h(t)) if t € Cont(h)
g(t) ==

f(h(t+)) — f(h(t=)) , ’
teD t(h
h(i+) = h(t=) if t € Discont(h)
then foh € BV(I;H) and D(f o h) = gDh. This result holds even if f' is replaced by
any of its L'-representatives.

In the remainder of the paper we address our attention to left and right continuous functions
of bounded variation on a compact interval [a,b], (—oo < a < b < 00). In this case we have

IDSI = llisll = V(f,]a, b)) + [1f (a+) = f(a)l| = V(f.[a,b])  Vf € BVI([a,b];H), (2.11)
IDAI = Nlugll = V(£ Ja, b)) + [[£(0) = fF(b=)Il = V([ [a,0]) V€ BV ([a,0];H), (2.12)

therefore when we consider left (resp. right) continuous functions we are essentially dealing
with Lebesgue equivalence classes of functions with a special view on the initial point a (resp.
final point b), allowing us to take into account Dirac masses at a or b. We will consider on
BV ([a,b];#) the classical BV-norm defined by

1l = [fllec + V(f,la,0]),  f € BV([a,b];H), (2.13)

which is equivalent to the norm defined by ||| f|l|sv := ||f(0)|| + V(f,[a,b]), f € BV([a,b];H).
Observe that we have

I£llBv = flee + IDfI V€ BV!([a,b];H) UBV'([a,b]; H).
The topology induced by ds is clearly weaker than the one induced by || - ||Bv.

3. STATEMENT OF THE MAIN RESULT

In this section we state the main theorem of the present paper. To this aim we recall the well
known existence results about sweeping processes and the play operator.
We assume that

Z € 6y, (3.1)
0<T < oo.

Let us start with the general existence result for sweeping processes proved in [34].

Theorem 3.1. If C € BV'([0,T];%%) and yo € H, then there is a unique M(yo,C) =y €
BV*([0,T];H), such that there exist a measure p : B([0,T]) — [0,00[ and a function v €
LY (u; M) satisfying

y(t) € C(t) vVt € [0,T], (3.3)
Dy = vpu, (3.4)
v(t) + ey (y(t) 20 for p-a.e. t €[0,T7, (3.5)
y(0) = Proje(o)(¥o)- (3.6)
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The resulting solution operator M : H x BV*([0,T];6y) — BV'([0,T];H) is continuous when
BV*([0,T];%%y) is endowed with the topology induced by dys and BV'([0,T];H) is endowed with
the topology induced by dos. We have M(H x BV([0,T];%6%)NC([0,T];%)) C BV([O T];H)N

C([0,T];H). For every p € [1,00] we have M(H x ACP([0,T];%%)) C Wl’p( H), and if C
€ ACP([0,T];€y) then y = M(yo,C) is the unique function satisfying (3.3), (3. ), and
y'(t) + 0wy (y(t) 20 for L'-ae. t €[0,T]. (3.7)

In this case it holds
Lip(y) < Lip(C). (3.8)

Remark 3.1. The uniqueness and existence statements of the previous theorem are provided
in [34, Proposition 3a, Proposition 3b]. The continuity of M is proved in [34, Proposition 2g].
The regularity statements and (3.8) are proved in [34, Corollary 2c| (for p € ]1,00[ see [40,
Proposition 3.2]), while (3.7) is shown in [34, Proposition 3c].

The differential inclusion (3.5) is usually called sweeping process driven by the moving convex
set C. Now we recall the definition of the play operator, that is the operator solution of the
sweeping process driven by a moving convex set with constant shape.

Definition 3.1. For any u € BV'([0,T];H) define C,, € BV*([0,T]; %) by

Cu(t) :=u(t) — Z, tel0,7T]. (3.9)
The operator P : Z x BV*([0,T];H) — BV*([0,T];H) defined by
P(z0,u) :== M(u(0) — 20,Cy), 20 € Z, uw € BV'([0,T];H), (3.10)

is called play operator (with characteristic Z).

The following theorem will be proved in Section 4.3 and summarizes the main properties of
P inherited by Theorem 3.1. It also provides an integral variational characterization of P.

Theorem 3.2. The operator P : Z x BV'([0,T];H) — BV™([0,T];H) is continuous if
BV*([0,T];H) is endowed with the topology induced by dys in the domain and by dx in the
codomain. We have P(Z x BV([0,T];H)NC([0,T];H)) € BV([0,T]; H)NC([0,T];H). More-
over if zo € Z and u € BV'([0,T];H), then P(z9,u) =y € BV'([0,T];H) is the unique function
such that

u(t) —y(t) e 2 vt € [0,T7, (3.11)

| +y(1),dDy() <0 ¥z € BV(0,T]; 2), (3.12)
[0,T]

u(0) = y(0) = 2o. (3.13)

Equivalently P(zo,u) =y € BV'([0,T];H) is the unique function satisfying (3.11), (3.13), and

/ (2(t) +y(t),dDy(t)) <0 Vz e L™([0,T];H), 2([0,T]) C Z. (3.14)
0,7]
For every p € [1,00] we have P(Z x WYP(0,T;H)) € WYP(0,T;H) and if u € WHP(0,T;H)
then P(zp,u) =y is the unique function satisfying (3.11), (3.13), and

(z(t) —u(t) —y),y' () <0 for £'-a.e. t €[0,T], Vz € Z. (3.15)

Remark 3.2. The integral formulation (3.12) (or (3.14)) is analogous to the formulation used
in [22] where the Young integral is used. Our proof in Section 4.3 is completely independent
and uses only tools from differentiation theory.

Here is the main theorem that we will prove in Section 7.
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Theorem 3.3. The play operator P : Z x BV'([0,T];H) — BV'([0,T];H) is continuous if
BV™([0,T];H) is endowed with the topology induced by the BV-norm (2.13).

Remark 3.3. If we deal with left continuous functions the formulations of our problem need
to be modified accordingly. More precisely if C € BV!([0,T];%%) and yo € H then there is a
unique M(yo,C) := y € BV!([0,T];H) such that there exist a measure u : B([0,T]) — [0, 0]
and a function v € L!(u; H) satisfying (3.3), (3.4), (3.6) and

v(t) + 0oy (y(t+)) 0 for p-a.e. t € [0,T).

This can be easily proved by adapting the proof of [34] to the left continuous case, or one can
argue by reducing to Lipschitz inputs by using exacly the same argument as in [43, Theorem
6.1]. The play operator P : Z x BV!([0,T];H) — BVY([0,T];H) is defined by P(z0,u) :=
M(u(0) — 20, Cy) for z9 € Z,u € BV([0,T];H), where C, € BV!([0,T]; 6y) is given by Cy(t) :=
u(t) — Z, t € [0,T]. Moreover P(z,u) = y € BV!([0,T];H) is the unique function satisfying
(3.11), (3.13), and

/[ ] (z(t) — u(t+) + y(t+),dDy(t)) <0 Vz € BV([0,T7]; 2).
0,7

A motivation of the use of left continuous functions is, e.g., the fact that the viscous regular-
izations of rate independent processes converge to a left continuous function for the viscosity
coefficient approaching zero (cf. [23, Theorem 2.4]). Modifying our proofs in the obvious way
we get the following

Theorem 3.4. The play operator P : Z x BV!([0,T];H) — BV!([0,T];H) is continuous if
BVY([0,T];H) is endowed with the topology induced by the BV-norm (2.13).

4. REPARAMETRIZATIONS

In this section we recall the notion of a reparametrization by the arclength of a %3-valued
BV-function introduced in [43]. This will be the key tool for the proof of our main theorem.
We start with a more general notion of reparametrization in a general metric space setting.

Assume that (2.1) holds and set

Oy :={(r,y) e X x X : 0<d(z,y) < o0}.
4.1. Reparametrization associated to a family of geodesics. Let us recall [43, Proposition
5.1].
Proposition 4.1. For f € BV'([0,T];X), let £; : [0,T] — [0,T] be defined by

T .
V(. 0.T]) V(£ 10,t]) if V(£,10,T]) # 0

le(t) == te0,7].
0 if V(f,[0,T]) =0
(i) We have that ;s is nondecreasing, Discont(f) = Discont({f), and
G.T) =107 |J 1) ()] (4.1)
t€Discont(f)
Moreover there is a unique F : £;([0,T]) — X such that

f=Fot;, Lip(F)< V(f:[FOTD
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(ii) Let 9 = (9(z))(w,y)ca e a family of geodesics connecting x to y for every (z,y) € ®x.
Iff: [0,T] — X is defined by

F(o) if o € £4([0,T7)
flo) == v , (4.2)
guaxﬂm<gﬂﬂ_gﬁiﬂ> if o € J0s(t—),Ls(t)], t € Discont(f)
then
f= fo Ef’ 4.3
V(/,[0,T]) = V(f,[0,T]), (4.4)
Lip(f) = Lip(F) < V(f’[TO’TD, (4.5)
and

F0,1) = (0, 7H Y ( U v, 1])) :

teDiscont(f)

4.2. The Hilbert case. Let us consider Proposition 4.1 with X = H. In this case the family
Y = (Y(a,y)) (x,y)eds, 15 defined a fortiori by g . (t) := (1 — t)z + ty, t € [0,1]. Therefore for
every u € BV'([0,T];#) there exists a unique u € Lip([0,7];H) such that Lip(u, [0,T]) <
V(u, [0,T])/T and
u=1uol, (4.6)
Uy (t=)(1 = XN) + L, (6)N) = (1 — Nu(t—) + Au(t) vVt € [0,T], VA € [0,1]. (4.7)

Moreover from [39, Lemma 4.3, Proposition 4.10] we immediately infer the following

Proposition 4.2. For u € BV'([0,T];H) we have that
V(u, [0,TT)
T

If u, € BV'([0,T];H) for every n € N and dys(un,u) — 0 then u, — u in WYP(0,T;H) for
every p € [1,00].

@' (o)||3 = for £'-a.e. o € [0,T]. (4.8)

4.3. Reparametrization of “convex-valued” curves. Let us consider the situation of
Proposition 4.1 in the case when X = %%, and the family ¢ = (g( A,B)) is defined by

Q(A?B) (t) = (.A + Dtp) N (B + D(l—t)p)) te [O, 1] , pi= d}[(.A, B) < 0. (49)

The mapping G4 g is actually a geodesic in 63, (cf. [43, Proposition 4.1] and [44, Theorem
1]), therefore if C € BV*([0,T];%%), then there exists a unique Ce Lip([0,T];%%) such that

Lip(C, [0, T]) < V(C,[0,T])/T and
C=Colc (4.10)

Clle(t=)(1 = A) +Le(t)A) = (C(t=) + Dxp,) N (C(t) + D(1-)p,)
YVt € [0,T], VA € [0,1], with p; := dy(C(t—),C(1)). (4.11)
Moreover the following Proposition is proved in [43, Corollary 5.1].

Proposition 4.3. If C,C, € BV'([0,T];%y) for every n € N and dys(Cn,C) — 0 as n — oo,
then dys(Cpn,C) — 0 as n — oo.
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The family of geodesics (4.9) is studied in [43] in connection with sweeping processes. Indeed
in [43, Theorem 6.1] the following result is proved.

Theorem 4.1. If yo € H then M(yo,C) = M(yo,C) o Lc for every C € BV'([0,T]; €x).

The previous Theorem 4.1 allows us to reduce any BV-sweeping process to a Lipschitz con-

tinuous one. In order to study M(yo,CN) we need the following Lemma proved in [43, Lemma
4.4].

Lemma 4.1. Let A,B € 6 be such that dy(A,B) < oo and let Gap) : [0,1] — G3 be
defined by (4.9). For ug € A let to € [0,1] be the unique number such that |ug — Projg(uo)|| =
(1 — to)dy.[(.A, B) Then

U if t € 10, o[
M (uo, Gam)(t) = § uo + ﬁ(ProjB(uo) —wug) ifte€ [to, 1] . (4.12)
Projg(uo) ift=1

5. INTEGRAL REPRESENTATION FOR P

The reparametrization by the arc length allows to give a simple

Proof of Theorem 3.2. We only have to prove the statements about the integral formulations
of P, the remaining assertions following from Theorem 3.1. Assume that y = P(zg,u), then
(3.11), (3.13) hold, and there exist a measure pu : #([0,7]) — [0,00] and a function v €
LY (p; 1) such that Dy = vp. If 2 € L°(u;H) and 2([0,T]) € Z then from (3.5) it follows that
(z(t) — u(t) + y(t),v(t)) <0 for p-a.e. t € [0,7]. Thus integrating this inequality with respect
to u we find

0= [ {alt) ~ult) + y®) o) dn = [ (a(0) = u(®) + y(e). Dy(0),
[0,T] [0,7]

thus (3.14) and (3.12) hold. Vice versa let us assume that, y € BV*([0,T];#) satisfies (3.11)—
(3.13). Since y = y o 4y, from Proposition 2.2 we get that Dy = v D¢,, where v : [0,T] — H is
defined by v(t) := y'(¢,(t)) for t € Cont(y) and v(t) := (y(£y(t)) — y(Ly(t—)))/(Ly(t) — £y(t—))
for t € Discont(y). Now set C' := {s € Cont(€y) : Dly(]s —h,s +h[N[0,T]) #0Vh >0)} (i.e.
C' is the set of continuity points of ¢, which do not lie in the interior of a constancy interval of
¢y) and observe that limp\ o Dly(]s — h,s 4+ h[ N [0,T]) = D¢y({s}) = 0 for every s € C. Let us
recall that for any Banach space F and any f € LI(DEy; E) there exists a Dfy-zero measure set
Z such that f([0,T]\Z2) is separable (see, e.g., [27, Property M11, p. 124]), therefore from [17,
Corollary 2.9.9., p. 155] it follows that

1
i
0 Gy(5 + h) — Cy(s — h)

/ 1£(t) — F(s)l|z DG (1) = 0 (5.1)
[s—h,s+h[N]0,T]

for Dly-a.e. s € C. In [17] the points s satisfying (5.1) are called D¢,-Lebesgue points of f on
C' with respect to the Vitali relation V- ={[s —h,s + h[NC ; s € C, h > 0}. Let L be the set
of D{,-Lebesgue points for both ¢t — v(t) and t — (u(t) — y(t),v(t)) on C with respect to V,
thus Dy (C'\L) = 0. Now fix s € L and ¢ € Z. A straighforward computation shows that

: 1 = (C,v(s
ilzlg%) ly(s+h)—4Ly,(s—h) /[Sh,s+h[m[0,T}<C7 v} dDG{E) = & vle))
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Taking 2(t) 1= (L s_p sqn[ (1) + (u(t) —y(t) Lo, 71 [s—h,s+n[ (t) in (3.12) for h > 0 sufficiently small
we get

/ (¢, v(t)) dDLy(t) < / (u(t) —y(t),v(t)) dDLy(1)
[s—h,s+h[N[0,T]

[s—h,s+h[N[0,T]

Dividing this inequality by £, (s+ h) —£,(s — h) and taking the limit as h \, 0 we get ({ —u(s)+
y(s),v(s)) <0, therefore

(€ —u(s) +y(s),v(s)) <0 for D{y-a.e. s € C. (5.2)

Now let s € Discont({y) and take z(t) = (L5 syn[(t) + (w(t) — y(£)) Ljo, 7 [s,s4n[ (t) In (3.12): we
get

/ (C—u(t) +yt),v(t))dDe,(t) <0
[s,s+h[

and taking the limit as h 0, by the dominated convergence theorem we infer that

02 {6 ult) +(0), o) D) = (¢~ u(s) +(5) 0(5) Dy (5))

hence

(C—u(s)+y(s),v(s)) <0 Vs € Discont(4y). (5.3)
Collecting together (5.2)—(5.3) and the fact that D¢, (Cont(¢,)\C) = 0, we get (3.5) and we are
done. g

6. REDUCTION TO LIPSCHITZ SWEEPING PROCESSES

Within this section we consider v € BV([0,T]; H) and the moving convex set C, (t) = u(t)—Z,
and we study the properties of the sweeping process driven by the reparametrized curve Cu €
Lip([0,T];%%). In this way we will be able to get information on the play operator thanks to
the formula P(z0,u) = M(u(0) — z0,Cy) = M(u(0) — 20,C) o £e. It is useful to introduce the

operators
S:ZxBV'([0,T];H) — BV'([0,T] ; H), Q: Z x BV'([0,T];H) — BV*([0,T];H),
defined by
S(z0,u) :=u — P(20,u), Q(z0,u) := P(z0,u) — S(20,u), w e BV([0,T];H). (6.1)

In the regular case, the derivatives of these operators have a useful geometric interpretation,
indeed if zy € Z and u € WH1(0, T'; H) then it is easily seen (cf. [20, Proposition 3.9, p. 33]) that
((S(20,u)), (Q(z0,u))") = 0 for £l-a.e. t € [0,T], hence (Q(20,u)) (t) and u'(t) are the diagonals
of the rectangle with sides (S(zp,w))'(t) and (P(z0,u))'(t): it follows that ||(Q(zo,u)) (t)|] =
|u'(t)| for £'-a.e., t € [0,T] and this is a fundamental fact in the proof of the BV-continuity of
the play operator in WH1([0,T];#). Such relation makes no sense in the BV framework, but
we will see that the operators S and Q still play a role.

Lemma 6.1. Let C, be defined by (3.9) for everyu € BV'([0,T];H), and Q : ZxBV*([0,T];H)
— BV'([0,T];H) by (6.1), i.e.
Q(z0,u) := 2P(z0,u) — u, 20 € Z, ue BV([0,T];H). (6.2)
Then
V(w, [0,T]) = V(Ca, [0,T]),  bu=rfe,  Yue BVY([0,T];H), (6.3)
and N
Q(z0,u) = (2M(u(0) — 29,Cy) — ) 0 £y, Vu € BV([0,T];H). (6.4)
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Proof. Identity (6.3) follows from the fact that dy(u(t) — Z,u(s) — 2) = |Ju(t) — u(s)|| for every
t,s €10,T]. If u e BV*([0,T];H) then from (3.10), Theorem 4.1, (4.6), and (6.3) we infer that

Q(20, 1) = 2P (20, 1) — u = 2M(u(0) — 20,Cy) — u = 2M(u(0) — 29,Cy) 0 be, — U o Ly,

= 2M(u(0) — 20,Cy) 0 £y — w0 £y, = (2M(u(0) — 20,Cy) — @) 0 £y.

As a consequence, from Proposition 4.3 we infer the following

Corollary 6.1. Assume that u,u, € BV'([0,T];H), Cy, and Cy, are defined as in (3.9) for
every n € N. If ||u, — u||py — 0, then dys(Cp,C) — 0 as n — oo.

Lemma 6.2. Assume that u € BV*([0,T];H), Cy, is defined by (3.9), z0 € Z, and set yy :=
u(0) — zo. If

w = Q(z0,u) := 2P(z0,u) — u (6.5)
and

W = 2M(yo, Cy) — @, (6.6)
then there exists a function v, € L°°(0,T;H) such that
(a) 0y is a Lebesgue representative of W';

(b) it holds
low(@)] = 17 ()] = W

(the case £'(£,(Cont(u))) = 0 is not excluded);
(¢) if gu : [0,T] — H is defined by

W(lu(t)) — w(lu(t-))
l

for £t-a.e. o € £,(Cont(u)) (6.7)

if t € Discont(u),

gw(t) — gu(t) - u(t_) (68)
Oy (Lo (1)) otherwise,
then
Dw = D(w 0 £y) = gy Dly, (6.9)

i.e. gy s a density of Dw = D(w o £,,) with respect to D&,

Proof. 1f g := M(yo,C,) then

§(0) € Culo) Vo € [0,7], (6.10)
§(0) + 01, ., (y(0)) 20 for Llae. o€ [0,T], (6.11)
§(0) = u(0) — xo (6.12)
and, since it is immediately seen that
Culo)=T(0)— Z Vo e £,(0,T)), (6.13)

it follows from (6.11) that

(¥ (0),z —u(o) + (o)) <0 for £'-a.e. o € £,(]0,T)) (6.14)
(the case £(£,(]0,T])) = 0 is not excluded). Let A be the set where w is differentiable, hence
£Y([0, T]NA) = 0, and observe that (4.12) and (6.6) imply that 0 is affine on every interval of the
form ]€,(t—), €, (t)[ with ¢t € Discont(u), thus B := Uycpiscont(u) [fu(t—), Lu(t)[ € A. Now define
C as the set of points o € AN¥,(Cont(u)) such that there are two sequences hy,, k, € R such that

hn, ¢ 0 and k, N\, 0 asn — oo and o+hy, € £,([0,T]) and 0 —k,, € £,([0,T]) for every n € N. Let
us notice that C N B = @ and take z = &(o + hy,) (respectively z = &(o — hy,)) in (6.14), divide
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by hy, (resp. by ky), and take the limit as n — oo: as a result we get (¢(0),u' (o) — ¢'(0)) = 0.

Therefore for every o € C' we have

1" ()|* = [1§'(0) — (@ (o) = 5" (@))|I* = 1§ ()II” + [T (0) — 7' (o)
=17'(0) + (@ (o) = §' (o> = I7' (o),
ie.

[ (@)l = l[@ (o) Vo e (6.15)
Now let 0 € D := (AN ¥, (Cont(u)))~C. From (4.1) it follows that o is the endpoint of an
interval of the kind ¢, (t—), ¢,,(t)[ with ¢ € Discont(u), thus at most two possibilities can occur:
(a) o € £y(Jt — d,t[) with ¢ € Discont(u), 6 > 0 and £,(s) = £,(t—) for every s € |t —d,t]:

therefore D, (¢, (o)) = 0;
(b) o = £,(t) with t € Discont(u) and ¢, () = [t, s[ with s € Discont(u) and ¢, constant

n [t,s[: therefore D4, (¢, (c)) = 0.

It follows that, since (]0y (t—), £u(t)[)teDiscont(w) 1 @ countable family, £'(D) = 0 and D4, (¢, (D))

= 0. Therefore if e € H is such that ||e]| =1 (if H = {0} there is nothing to prove), then the
function vy, : [0, 7] — H defined by

W' (o) ifee BUC,
V() 1= 6.16
" v . (010
——— "¢ otherwise
T
satisfies the required properties. Now the last statement on g, follows from Proposition 2.2 and
from the fact that D#,(¢;1(D)) = 0. O

7. PROOF OF THE MAIN THEOREM

In this section we prove the main Thereom 3.3. First, for the reader’s convenience we restate
the weak compactness theorem for measures [12, Theorem 5, p. 105] in a form which is suitable
to our purposes.

Theorem 7.1. Let I C R be an interval and let M be a subset of the vector space of measures
w: B(I) — H with bounded variation endowed with the norm ||u|| = |p| (I). Assume that
M is bounded. Then M is weakly sequentially precompact if and only if there exists a bounded
positive measure v : B(I) — [0,00[ such that for every e > 0 there is a § > 0 which satisfies
the implication

Ve>036>0 (BE%(I), v(B) <d§d = sup |,u|(B)<6>. (7.1)
pneM

Theorem 7.1 is stated in [12, Theorem 5, p. 105] as a topological precompactness result. An
inspection in the proof easily shows that this is actually a sequential precompatness theorem,
since an isometric isomorphism reduces it to the well-known Dunford-Pettis weak sequential
precompactness theorem in L!(v;H) (see, e.g., [12, Theorem 1, p. 101]).

The following lemma is a vector measure counterpart of a well-known weak derivative argu-
ment.

Lemma 7.1. Let I C R be an interval, w,w, € BV(I;H) for everyn € N, and p: B(I) — H
be a measure with bounded variation. If w, — w uniformly on I and Dw, — u, then Dw = pu.

Proof. Let w and w, be the extensions of w and wy, to R defined as in (2.8). We have that
W, — w uniformly on R and Dw and Dw, are Borel measures of bounded variation on R,
concentrated on I. We also extend pu to the measure i : Z(R) — H defined by f(B) := u(BNI),



16 JANA KOPFOVA AND VINCENZO RECUPERO

B e %( ), thus we have Dw,, — 7. Let # € H and ¢ € CL(R;R). Then the mapping
v — (z, [ (t)dr) is a linear continuous functional on the space of Borel measures with
bounded variation on R, therefore we have

lim <a:,/cpdDwn> = <x,/<pd,u>

On the other hand we have

Jim <x,/Rg0dDwn> = lim <:r,—/Rg0/(t)wn(t)dt> = <x,—/Rg0/(t)w(t)dt>
<x, /R ¢du> _ <x,— /R go’(t)w(t)dt>

and from the arbitrariness of z it follows that

| edn== [ Sumar= [ pavw,

thus @ = Dw by the arbitrariness of ¢. Hence y = Dw. O

hence

We are now in position to provide the

Proof of Theorem 3.3. Assume that zp, 20, € Z, u,u, € BV*([0,T];H) for every n € N and
that 29, — 20 and |lu, — u||py — 0 as n — co. Let us set yo := u(0) — 2o, ygn = u,(0) — Zon
for every n € N. For simplicity we define C,C,, € BV*([0,T];%6%) by C(t) := Cy(t) = u(t) —
Cn(t) :=Cy, (t) = up(t) — Z,t € [0,T], and we set £ := {,, = Lc, by, = by, = Lc, (cf. (6.3)) for
every n € N. Hence Theorem 4.1 yields

P(20,u) = M(yp,C) o £, P(20,ns Un) = M(Y0,n,Cp) © €y, Vn € N. (7.2)
We also define
w = Q(z0,u) = 2P(20,u) — u, wy, = Q(20,n, Un) = 2P (20,1, Un) — Un, (7.3)
and » ~
W= 2M(yo,C) —u,  Wn = 2M(yon,Cn) — Un. (7.4)

Now, with these notations, let g, € L*(0,T; H) and g, € L°(0,T;H) be the density functions
provided by Lemma 6.2 in formula (6.8), with w replaced by w, in the case of g, , and for
simplicity set g := gw, gn := gu,,. Therefore we have that

Dw = gDV, Dw, = g, D¥{,. (7.5)

We will prove that ||w, — w| gy — 0 as n — oo, and the conclusion follows from (7.3) and from
the linearity of the BV-norm topology. From (7.2), (7.3), the uniform convergence of w,, to u,
Corollary 6.1, and from the continuity property of M stated in Theorem 3.1, we infer that

lwn — w||oo — 0 as n — oo. (7.6)

Moreover from the inequality | V(un, [s,t]) — V(u, [s,t])| < V(un — u,[s,t]), 0 < s <t < T, and
from the triangle inequality we immediately get that

|D(6, — 0] (10,T]) = V(ly — £,[0,T]) 50 asn — oo, (7.7)

Thanks to (6.8), (7.4), (3.8), (4.5), and (6.3), we have that for every ¢ € Discont(u) and for
every n € N

lgn ()1 < Lip(dn) < 2Lip(M(yo, Ca)) + Lip(a)
< 2Lip(Cp) + Lip(@) < 2V(Cn, [0,T])/T + V (tun, [0,T])/T
= 3V(un, [0,T)/T,
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while from (6.8) and (6.7) we infer that ||gn(t)|| < V(un,[0,T]) for every t € Cont(u) and for
every n. Hence there is a constant C' > 0, independent of n, such that

lgn@)| <C  VneN, (7.8)

and

|Duw, | (B) = /B lgn(®)]| dDE(t) < C DL, | (B) VB € B(0.T)). (7.9)

Therefore, since in particular D/, is weakly convergent to D{, by the weak sequential compact-
ness Dunford-Pettis Theorem 7.1 for vector measures, by (7.6), and by Lemma 7.1, we have that
Dw,, is weakly convergent to Dw, in particular if ¢ : [0, 7] — H is an arbitrary bounded Borel
function then p — || 0.7] (p(t),dp(t)) is a continuous linear functional on the space of measures
with bounded variation and we have

im [ (6(t),dDwn(t)) = /[0  (6(0):4Du(0),

n—o0 [O,T]
i.e.

lim (0(1), gn(t)) DL (t) = / (o(t), g(t)) ADL(2). (7.10)

n=o0 Ji0,T] [0,7]

On the other hand, by (7.8), we have that there exists z € LP(D¢;#H) such that g, — z in
LP(D¢;H) for every p € |1, 00[, therefore if we set ¥y, (t) := (&(t), gn(t)) and (t) := (H(t), z(t))
for t € [0, T], we have that ¢, — ¢ in LP(D¢;R), p € |1, 00, thus

wn (t) dDEn (t) - w(t) dDﬁ(t)
[0,7] [0,T]

<)
0

< [I¢llssllgnlloc [D(en — O] ([0, T7) +

/ (n(t) — (1)) ADL(E)
[0,7]

)

[Yn(t)]d [ D — O] (8) +
1]

/ (n(t) — () ADE()
(0,7

< Cll¢lloollun — ullv + —0

[ ) - v avece
[0,7]

as n — oo. This means that
i [ (6(0),9,(0) dDG () = | (0(t), (1) dDL(2),
o0 Jo,1] (0,77

hence, by (7.10),
/ (6(t), d(g DO) (1)) = / (6(t), d(=DE)(1)). (7.11)
[0,T]

[0,7]
The arbitrariness of ¢ and (7.11) imply that z D¢ = g DZ (cf. [14, Proposition 35, p. 326]), hence
z(t) = g(t) for Dt-a.e. t € [0,T] and we have found that
gn — g in LP(D¢;H), Vpe|l,00]. (7.12)
Now observe that (6.8) and (6.7) yield

Tim [lgo ()] = tim YL OTD VDTN oy e contw. (713)
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Moreover ¢, — ¢ uniformly by [43, Proposition 5.2], while formula (7.4), Corollary 6.1, and
Proposition 4.2 imply that [|w, — W|/c — 0 as n — oo, thus

Bn(la(t) = Ballalt)||  ||0(2(0) — et
Un(t) = £n(t—) (1) —£(t-)
From (7.13), (7.14), and (7.8) it follows that

lim
n—oo

—)) H V¢ € Discont(u). (7.14)

lim (g7 s g0 = im lgn ()P ADL(t)
n—00 ) ]

n—oo [07

/[0 CIREIOR M AT

therefore by the uniform convexity of LP(D¢;H) for p € |1, 00[ we have
gn — ¢ in LP(D¢; H) Vp € |1, 00|, (7.15)
and, since D(([0,T]) =T < oo,
gn — ¢ in LY(D¢;H). (7.16)
Hence g, has a subsequence, which we do not relabel, that is convergent to g for Df-a.e. t, thus
V(wn —w,[0,T]) = | D(wy — )| = || D, — Dwl| = lga Dby — g D]
< llgn D(ln = O + [[(gn — 9) DL]|

< CID( — 0] + / lgn(t) — 9(t)| ADL(E) - 0

)

as n — oo and we are done. O

REFERENCES

[1] L. Ambrosio, Metric space valued functions of bounded variation, Ann. Sc. Norm. Sup. Pisa 17 (1990),
439-478.
[2] H. Benabdellah, Existence of solutions to the nonconvex sweeping process, J. Differential Equations 164
(2000), 286—295.
[3] F. Bernicot, J. Venel, Differential inclusions with prozimal normal cones in Banach spaces, J. Convex Anal.
17 (2010), 451-484.
[4] F. Bernicot, J. Venel, Stochastic perturbations of sweeping process, J. Differential Equations 251 (2011),
1195-1224.
[5] F. Bernicot, J. Venel, Sweeping process by prox-regular sets in Riemannian Hilbert manifolds, J. Differential
Equations 259 (2015), 4086—4121.
[6] H. Brezis, “Operateurs maximaux monotones et semi-groupes de contractions dans les espaces de Hilbert”,
North-Holland Mathematical Studies, Vol. 5, North-Holland Publishing Company, Amsterdam, 1973.
[7] H. Brezis, “Analyse Fonctionelle - Théorie et applications”, Masson, Paris, 1983.
[8] M. Brokate, P. Krejéi, H. Schnabel, On uniqueness in evolution quasivariational inequalities, J. Convex Anal.
11 (2004), 111-130.
[9] M. Brokate, J. Sprekels, “Hysteresis and Phase Transitions”, Applied Mathematical Sciences 121, Springer-
Verlag, New York, 1996.
[10] G. Colombo, V.V. Goncharov, The sweeping processes without convezity, Set-Valued Anal. 7 (1999) 357-374.
[11] G. Colombo, M.D.P. Monteiro Marques, Sweeping by a continuous proz-regular set, J. Differential Equations
187 (2003), 46-62.
[12] J. Diestel, J.J. Uhl, “Vector Measures”, American Mathematical Society, Providence, 1977.
[13] S. Di Marino, B. Maury, F. Santambrogio, Measure sweeping processes, J. Convex Anal. 23 (2016), 567-601.
[14] N. Dinculeanu, “Vector Measures”, International Series of Monographs in Pure and Applied Mathematics,
Vol. 95, Pergamon Press, Berlin, 1967.
[15] D. Duvaut, J.L. Lions, “Inequalities in Mechanics and Physics”, Springer, Berlin, 1976.
[16] J.F. Edmond, L. Thibault, BV solutions of nonconvezr sweeping process differential inclusion with perturba-
tion, J. Differential Equations 226 (2006), 135-179.
[17] H. Federer, “Geometric Measure Theory”, Springer-Verlag, Berlin-Heidelberg, 1969.



SWEEPING PROCESSES 19

[18] M.A. Krasnosel’skii, A.V. Pokrovskii, “Systems with Hysteresis”, Springer-Verlag, Berlin Heidelberg, 1989.

[19] P. Krejci, Vector hysteresis models, European J. Appl. Math. 2 (1991), 281-292.

[20] P. Krejei, “Hysteresis, Convexity and Dissipation in Hyperbolic Equations”, Gakuto International Series
Mathematical Sciences and Applications, Vol. 8, Gakkotosho, Tokyo, 1997.

[21] P. Krejél, Evolution variational inequalities and multidimensional hysteresis operators, In “Nonlinear differ-
ential equations (Chvalatice, 1998)”, volume 404 of Chapman & Hall/CRC Res. Notes Math., 1999, 47-110.

[22] P. Krejci, P. Laurengot, Generalized variational inequalities, J. Convex Anal. 9 (2002), 159-183.

[23] P. Krejci, M. Liero, Rate independent Kurzweil processes, Appl. Math. 54 (2009), 117-145.

[24] P. Krejéi, V. Recupero, Comparing BV solutions of rate independent processes, J. Convex Anal. 21 (2014),
121-146.

[25] P. Krejéi, V. Recupero, BV solutions of rate independent differential inclusions, Math. Bohem. 139 (2014),
607-619.

[26] P. Krejci, T. Roche, Lipschitz continuous data dependence of sweeping processes in BV spaces, Discrete
Contin. Dyn. Syst. Ser. B 15 (2011), 637-650.

[27] S. Lang, “Real and Functional Analysis - Third Edition”, Springer Verlag, New York, 1993.

[28] A. Mielke, Ewolution in rate-independent systems, In “Handbook of Differential Equations, Evolutionary
Equations, vol. 27, C. Dafermos, E. Feireisl editors, Elsevier, 2005, 461-559.

[29] A. Mielke, T. Roubicek, Rate Independent Systems, Theory and Applications, Springer, 2015.

[30] M.D.P. Monteiro Marques, “Differential Inclusions in Nonsmooth Mechanical Problems - Shocks and Dry
Friction”, Birkhauser Verlag, Basel, 1993.

[31] J.J. Moreau, Rafle par un conveze variable, I, Sém. d’Anal. Convexe, Montpellier, Vol. 1 (1971), Exposé No.
15.

[32] J. J. Moreau, Rafle par un conveze variable, II, Sém. d’Anal. Convexe, Montpellier, Vol. 2 (1972), Exposé
No. 3.

[33] J.J. Moreau, On unilateral constraints, friction and plasticity, in “New Variational Techniques in Mathemat-
ical Physics” (G. Capriz and G. Stampacchia, Ed.) pp. 173-322, C.L.M.E. II Ciclo 1973, Ediz. Cremonese,
Roma, 1974.

[34] J.J. Moreau, Evolution problem associated with a moving convez set in a Hilbert space, J. Differential Equa-
tions 26 (1977), 347-374.

[35] J.J. Moreau, An introduction to unilateral dynamics, in “Novel Approaches in Civil Engineering (M. Frémond,
F. Maceri Eds.)”, Springer, Berlin (2002).

[36] J. Necas, I. Hldvacek, “Mathematical theory of elastic and elasto-plastic bodies: an introduction”, Elsevier,
1981.

[37] V. Recupero, On locally isotone rate independent operators, Appl. Math. Letters 20 (2007), 1156-1160.

[38] V. Recupero, BV-eztension of rate independent operators, Math. Nachr. 282 (2009), 86-98.

[39] V. Recupero, BV solutions of rate independent variational inequalities, Ann. Sc. Norm. Super. Pisa Cl. Sc.
(5) 10 (2011), 269-315.

[40] V. Recupero, A continuity method for sweeping processes, J. Differential Equations 251 (2011), 2125-2142.

[41] V. Recupero, BV continuous sweeping processes, J. Differential Equations 259 (2015), 4253-4272.

[42] V. Recupero, Hysteresis operators in metric spaces, Discrete Contin. Dyn. Syst. Ser. S 8 (2015), 773-792.

[43] V. Recupero, Sweeping processes and rate independence, J. Convex Anal. 23 (2016), 921-946.

[44] J. Serra, Hausdorff distances and interpolations, ISMM 98 Proceedings of the fourth symposium on Math-
ematical morphology and its applications to image and signal processing, H. Heijmans and J. Roerdink
Editors, Kluwer Acad. Publ. (1998) 107-114.

[45] L. Thibault, Sweeping process with regular and nonregular sets, J. Differential Equations 193 (2003), 1-26.

[46] L. Thibault Moreau Sweeping Process with Bounded Truncated Retraction, J. Convex Anal. 23 (2016), in
press.

[47] A. Visintin, “Differential Models of Hysteresis”, Applied Mathematical Sciences, Vol. 111, Springer-Verlag,
Berlin Heidelberg, 1994.

[48] W. Ziemer, Weakly Differentiable Functions, Springer-Verlag, New York (1989).

Jana Kopfovd, MATHEMATICAL INSTITUTE OF THE SILESIAN UNIVERSITY, NA RyBNiCKkU 1, CZ-74601
OpravAa, CZECH REPUBLIC.
E-mail address: Jana.Kopfova@math.slu.cz

Vincenzo Recupero, DIPARTIMENTO DI SCIENZE MATEMATICHE, POLITECNICO DI TORINO, CORSO Duca
DEGLI ABRUZZI 24, 1-10129 TORINO, ITALY.
E-mail address: vincenzo.recupero@polito.it



