POLITECNICO DI TORINO
Repository ISTITUZIONALE

A qualitative explanation of the origin of torsional instability in suspension bridges

Original
A qualitative explanation of the origin of torsional instability in suspension bridges / Berchio, Elvise; Gazzola, Filippo. - In:
NONLINEAR ANALYSIS. - ISSN 0362-546X. - STAMPA. - 121:(2015), pp. 54-72. [10.1016/j.na.2014.10.026]

Availability:
This version is available at: 11583/2624906 since: 2016-09-13T17:04:05Z

Publisher:
Elsevier

Published
DOI:10.1016/j.na.2014.10.026

Terms of use:

This article is made available under terms and conditions as specified in the corresponding bibliographic description in
the repository

Publisher copyright

(Article begins on next page)

07 May 2026



A qualitative explanation of the origin of torsional instability
in suspension bridges

Elvise BERCHIO ¥ - Filippo GAZZOLA T

¢ Dipartimento di Scienze Matematiche-Politecnico di Torino-Corso Duca degli Abruzzi 24-10129 Torino, Italy
t Dipartimento di Matematica - Politecnico di Milano - Piazza Leonardo da Vinci 32 - 20133 Milano, Italy

elvise.berchio@polito.it, filippo.gazzola@polimi.it

Dedicated to Enzo Mitidieri, on the occasion of his 60th birthday.

Abstract

We consider a mathematical model for the study of the dynamical behavior of suspension
bridges. We show that internal resonances, which depend on the bridge structure only, are the
origin of torsional instability. We obtain both theoretical and numerical estimates of the thresholds
of instability. Our method is based on a finite dimensional projection of the phase space which
reduces the stability analysis of the model to the stability of suitable Hill equations. This gives an
answer to a long-standing question about the origin of torsional instability in suspension bridges.
Keywords: suspension bridges, torsional stability, Hill equation.

Mathematics Subject Classification: 37C75, 35G31, 34C15.

1 Introduction

The collapse of the Tacoma Narrows Bridge, which occurred in 1940, raised many questions about the
stability of suspension bridges. In particular, since the Federal Report [2] considers the crucial event
in the collapse to be the sudden change from a vertical to a torsional mode of oscillation, see also [36],
a natural question appears to be:

why do torsional oscillations appear suddenly in suspension bridges? (Q)

The main purpose of the present paper is to give an answer to (Q) by analyzing a suitable mathematical
model. We are here concerned with the main span, namely the part of the roadway between the towers,
which has a rectangular shape with two long edges (of the order of 1km) and two shorter edges (of
the order of 20m) fixed and hinged between the towers. Due to the large discrepancy between these
measures we model the roadway as a degenerate plate, that is, a beam representing the midline of the
roadway with cross sections which are free to rotate around the beam. We call this model a fish-bone,
see Figure 1. The grey part is the roadway, the two black edges are fixed between the towers and
the plate is hinged there. The red line contains the barycenters of the cross sections and is the line
where the downwards vertical displacement y is computed. The green orthogonal lines are virtual
cross sections seen as rods that can rotate around their barycenter, the angle of rotation with respect
to the horizontal position being denoted by 6. We assume that the roadway has length L and width
2¢ with 2¢ <« L. The kinetic energy of a rotating object is %JGQ, where J is the moment of inertia
and 6 is the angular velocity. The moment of inertia of a rod of length 2¢ about the perpendicular
axis through its center is given by %M ¢? where M is the mass density of the rod. Hence, the kinetic
energy of the rod having half-length ¢, rotating about its center with angular velocity 0, is given by



Figure 1: The model of a fish-bone plate.

%5292. On the other hand, the bending energy of the beam depends on its curvature and this leads
to a fourth order equation, see [6]. Note that M is also the mass per unit length in the longitudinal
direction. The hangers are prestressed and the equilibrium position of the midline is y = 0, recall that
y > 0 corresponds to a downwards displacement of the midline. The equations for this system read

My + Elyspes + f(y+ £sin®) + f(y — £sinf) =0 O<xz<L, t>0,

1
MTKQHH—,u€29m+fcose(f(y+€sin0)—f(y—fsin@)):O O<z<L, t>0, .
where p > 0 is a constant depending on the shear modulus and the moment of inertia of the pure
torsion, E I > 0 is the flexural rigidity of the beam, f represents the restoring action of the prestressed
hangers and therefore also includes the action of gravity. We have not yet simplified by ¢ the second
equation in (1) in order to emphasize all the terms.
To (1) we associate the following boundary-initial conditions:

y(o7t) = ymc(oat) = y(Lvt) = yxCC(Lat) = 9(07t) = H(Lat) =0 t>0 (2)

y(z,0) =no(z), wy(x,0)=mn(x), 6(x,0)=00(z), 6i(x,0)=0(x) O<z<L. (3)

The first four boundary conditions in (2) model a beam hinged at its endpoints whereas the last two
boundary conditions model the fixed cross sections between towers.

In a slightly different setting, involving mixed space-time fourth order derivatives, a linear version
of (1) was suggested by Pittel-Yakubovich [32], see also [39, Chapter VIJ; this model, with the addition
of an external forcing representing the wind, was studied with a parametric resonance approach and
an instability was found for a sufficiently large action of the wind. This approach received severe
criticisms from engineers [34, p.841], see also [5, 22| for the physical point of view. The reason is that
the rhythm of the failure (torsion) mode has nothing to do with the natural rhythm of shed vortices.
And it is clear that, in a windstorm, a precise phenomenon such as forced resonance is quite unlikely
to be seen [24, Section 1]. More recently, Moore [29] considered (1) with
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a nonlinearity which models hangers behaving as linear springs of elastic constant k£ > 0 if stretched
but exert no restoring force if compressed; here g is gravity. This nonlinearity, first suggested by
McKenna-Walter [28], describes the possible slackening of the hangers (occurring for s < —%) which
was observed during the Tacoma Bridge collapse, see [2, V-12]. But Moore considers the case where
the hangers do not slacken: then f becomes linear, f(s) = ks, and the two equations in (1) decouple.
In this situation there is obviously no interaction between vertical and torsional oscillations and,
consequently, no possibility to give an answer to (Q).

It is nowadays established that suspension bridges behave nonlinearly, see [8, 15, 23, 28] and

references therein. Whence, nonlinear restoring forces f in (1) appear unavoidable if one wishes to



have a realistic model. A nonlinear f was introduced in (1) by Holubové-Matas [19] who were able to
prove well-posedness for a forced-damped version of (1).

For a slightly different model, numerical results obtained by McKenna [25] show a sudden develop-
ment of large torsional oscillations as soon as the hangers lose tension, that is, as soon as the restoring
force behaves nonlinearly. Further numerical results by Doole-Hogan [11] and McKenna-Tuama [27]
show that a purely vertical periodic forcing may create a torsional response. An answer to (Q) was re-
cently given in [3] by using suitable Poincaré maps for a suspension bridge modeled by several coupled
(second order) nonlinear oscillators. When enough energy is present within the structure a resonance
may occur, leading to an energy transfer between oscillators. The results in [3] are, again, purely
numerical. So far no theoretical explanation of the origin of torsional oscillations has been given, nor
any effective way to estimate the conditions which may create torsional instability. This naturally
leads to the following question (see [26, Problem 7.4]): can one employ the tools of nonlinear analysis
to say anything further in terms of stability?

In this paper we consider the fish-bone model and we display the same phenomenon of sudden tran-
sition from purely vertical to torsional oscillations. Let us mention that a somehow related behavior
of self-excited oscillations is visible in nonlinear beam equations, see [4, 17]: in turn, this behavior is
also visible in biharmonic semilinear coercive problems, see [10] and [16, Section 3.2]. Here we provide
a qualitative theoretical explanation of how internal resonances occur in (1), yielding instability. Our
results are purely qualitative and consider the bridge as an isolated system, with no dissipation and
no interaction with the surrounding fluid. We neglect the so-called aerodynamic forces and we focus
our attention on the nonlinear structural behavior. The idea of considering isolated systems is quite
natural, see [20, p.176].

In Theorem 1 we prove well-posedness of (1)-(2)-(3) for a wide class of nonlinearities f. The proof
is based on a Galerkin method which enables us to project (1) on a finite dimensional subspace of the
phase space and to study the instability of the vertical modes in terms of suitable Hill equations [18].
After justifying (both physically and mathematically) this finite dimensional projection we show that
it enables us to determine both theoretical and numerical bounds for stability, see Sections 3, 4, 5,
and to explain the origin of torsional instability.

The obtained results yield the following answer to question (Q). The onset of large torsional
oscillations is due to a structural resonance which generates an energy transfer between different
oscillation modes. When the bridge is oscillating vertically with sufficiently large amplitude, part of
the energy is suddenly transferred to a torsional mode giving rise to wide torsional oscillations. And
estimates of what is meant by “large amplitudes” may be obtained both theoretically and numerically.

2 Simplification of the model and well-posedness

It is not our purpose to give the precise quantitative behavior of the model under consideration.
Therefore, in this section we make several simplifications which do not modify the qualitative behavior
of the nonlinear system (1).

First of all, up to scaling we may assume that L = 7; this will simplify the Fourier series expansion.
Then we take ET (%)4 = 3u (%)2 = 1 although these parameters may be fairly different in actual
bridges. Finally, note that the change of variable ¢ — /Mt results in a positive or negative delay in
the occurrence of any (possibly catastrophic) phenomenon; whence, we may take M = 1.

After these changes (1) becomes

Yit + Yowazr + [y + €sinb) + f(y — £sinh) =0 O<zx<m t>0,
00y — 00,0 +3cosO (f(y+ £sinfh) — f(y —€sinh)) =0 O<z<m, t>0,

(4)



with boundary-initial conditions
Y(0,t) = Y (0,t) = y(m,t) = ygu(m,t) = 0(0,8) = O(m,t) =0 t>0 (5)

y(z,0) =no(z), wy(x,0)=mn(x), 6(x,0)=0(z), 6i/(x,0)=0(x) O<z<m. (6)

If f is nondecreasing, as in the physical situation, then
S
F(s):= / f(T)dr is a positive convex function. (7)
0

Therefore, the coercive functional (here ' = %)

Sy B O . s
y,0) = 5 +/ g T [F(y +{sinf) + F(y — £sin6)] dz,
0

defined for all y € H2NH}(0,7) and § € H}(0,7), admits a unique absolute minimum which coincides
with the equilibrium (y, #) = (0, 0); here and in the sequel || - |2 denotes the L?(0, 7)-norm.
We say that the functions

y € C°(Ry; H? N Hy(0,m)) N C'(Ry; L*(0, 7)) N C*(Ry; H*(0, 7))
0 € COR,; HE(0,m)) N CL(R4; L2(0, 7)) N CA(R; HL(0, 7))
are solutions of (4)-(5)-(6) if they satisfy the initial conditions (6) and if
Wit @) ir + (Yaw, @) + (f(y — £sind) + f(y + €sind), ) =0 Vo € H*N H(0,7),Vt >0,

0B, ) -1 + €0z, 0') + 3cosO(f(y + £sinf) — f(y — £sinf),v) =0 Vb € HE(0,7),Vt >0,

where (-,-) g1 and (-,-) g+ are the duality pairings in H~1 = (H}(0, 7)) and H* = (H>N H(0, 7))’
while (-, -) denotes the scalar product in L?(0, 7). We have

Theorem 1. Let ng € H> N H(0,7), 6y € HE(0,7), m,61 € L*(0,7). Assume that f € Lip;,.(R) is
nondecreasing, with f(0) =0, and |f(s)| < C(1+|s|P) for every s € R\ {0} and for some p > 1. Then
there exists a unique solution (y,0) of (4)-(5)-(6).

The proof of Theorem 1 is essentially due to [19, Theorems 8 and 11]. For the sake of completeness
and since we require additional regularity for the solution, we quote a sketch of its proof in Section
6. It is based on a Galerkin procedure which suggests to approximate (4) with a finite dimensional
system. In the next sections we study in some detail these approximate systems.

3 Finite dimensional torsional stability

3.1 Dropping the trigonometric functions

Since we are willing to describe how small torsional oscillations may suddenly become larger ones, we
can use the following approximations:

cosf =1 and sinf=9. (8)

This statement requires a rigorous justification. It is known from the Report [2, p.59] that the
torsional angle of the Tacoma Narrows Bridge prior to its collapse grew up until 45°. On the other



hand, Scanlan-Tomko [35, p.1723] judge that the torsional angle can be considered harmless provided
that it remains smaller than 3°. In radians this means that
the torsional angle may grow up until % and may be considered harmless until % . (9)

By the Taylor expansion with the Lagrange remainder term, we know that

n
& €2k+1 2,_:2n+3

sine = kzzo(—l) m + (—1)2n+3 cos(so)m :

= P(e,n) +T's(e,n) Ve e R

where |e,| < |¢| while P and I's represent, respectively, the approximating polynomial and the ap-
proximating error. We have that

™ ™ ™ ™ 7TS s ™ ™ ™ 7T3
R A e RN COR NEICOES B
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while we know that

(” ”):(*/5_1)(\/6“@_([_*@ 0+2V5 0593 sin® = L
0523, sin 7 =

16 V2

. .
S — = S1n

60

10 12

sine—P(e,n)

Therefore, the relative error Ry(e,n) := [~

| (or percentage error) is given by

Y T Y Y
R (—,0) ~46-107%, R (—,1) ~63-10°%, R (—,0) ~0.11, R (7,1) ~3.5-1073.
*\60 *\60 *\4 *\4

Similarly, we proceed with the cosine function. The Taylor expansion yields

n L &2 _— £2n+2
cose = Z(—l) oh)] + (—1)*"*?sin(e,)
k=0 '

G = QEn) +Telen)  VeeR.

We have that
2 2

Q50 =1 a(mn) =1 g (=1 ()15,

while we also know that 1

V2
cose—P(e,n

. )] is given by

cos % ~ 0.999, cos T_
Therefore, the relative error R.(g,n) := |

Y T i Vs
R (—,0) ~14-107%, R (7’1) ~31-1077, R (—,0) ~041, R (—,1) ~22.1072.
“\60 “\60 “\4 “\4

The above computations enable us to draw the following conclusions, which we collect in a proposition.

Proposition 1.

e If the model allows torsional angles up to %, then the approzimation (8) is incorrect, yielding large
relative errors (41% for the cosine and 11% for the sine); a second order approximation still yields
fairly large relative errors (2.2% for the cosine and 0.4% for the sine).

e If the model allows torsional angles up to &, the approzimation (8) is quite accurate, yielding small
relative errors (0.14% for the cosine and less than 0.05% for the sine); a second order approximation
does not improve significantly the precision of the model.



Since we consider small torsional data, of the order of 10~*, and since our purpose is merely to
detect when the torsional angle 6 increases of two orders of magnitude, thereby reaching at most
1072 < o> We can make use of the approximation (8). We emphasize that our results do not aim to
describe the behavior of the bridge when the torsional angle becomes large, they just aim to describe
how a small torsional angle ceases to be small.

Proposition 1 allows us to implement the approximation suggested by (8); we set z := £6 so that
(4) becomes

Ytt + Yoaze + fy+2)+ fly—2)=0 O<z<m t>0, (10)
2t — Zew +3f(y+2)—3f(y—2)=0 O<zx<m t>0.

In (10) the dependence on the width £ is somehow hidden; to recover this dependence, note that 6 = 7

so that smaller ¢ yield larger #, that is, less stability.

3.2 Choosing the nonlinearity

We consider a specific nonlinearity f satisfying the assumptions of Theorem 1. Since our purpose is
merely to describe the qualitative phenomenon, the choice of the nonlinearity is not of fundamental
importance; it is shown in [3] that several different nonlinearities yield the same qualitative behavior for
the solutions. Following a suggestion by Plaut-Davis [33, Section 3.5] and since the same nonlinearity
appears in several elastic contexts (see e.g. [21, (1)]) we take

f(s) =s+~s® fory>0. (11)

The parameter v measures how far is f from a linear function. When f is as in (11), the system (10)
becomes

ytt+yx:vxm+2y(1+’yy2+3fyz2):0 O<1‘<7T, t>0, (12)

24t — Zgw + 62(1 4 37y% +72%) =0 O<z<m, t>0.

To (12) we associate some initial conditions which determine the conserved energy of the system,
that is,

E, - lye U5, 1@ lyea(®)]3 IIngf)H%

2 6 2 +

+ /07r (y(:l:, )% + 2(x,t)% + 3yz(z, t) 2y (x, t)? + ~

y(z, )t z(w,t)?
5 + v 2 )d:z:.

Let (yy,2y) be the solution of (12) with some initial conditions. If we put (7,%z) = /7 (44, ¥~),
then (7, z) solves system (12) when v = 1. Accordingly, the conserved energy is modified:

Proposition 2. Let v > 0. The conserved energy of (12) satisfies E, = Ei/v, where Ey is the
conserved energy of (12) when v = 1. Moreover, the widest vertical amplitude ||y| o satisfies ||y|locc =

[l / /-

The proof of Proposition 2 follows by rescaling. Proposition 2 enables us to restrict our attention
to the case v = 1, that is,
fls) =s+s>. (13)

In this case we have

f+2)+ fly—2)=2y(1+y*+32%) and f(y+2)— fly—2z) =2z(1+3y° +2°)



so that (4) reduces to

Yot + Yraze +2y(1+y* +32%) =0 (O<z<m, t>0) 14
24t — Zgz + 62(1 4+ 3y2 +2%) =0 O<z<m t>0).
Moreover, the conserved energy is given by
o _ @3 | 1200 |, lw®I3 | =00
2 6 2 6
g z,t)? z,t)?
—i—/ [y( 5 ) + i 5 ) +3z2(x, )2y (x, )2 + y(z, t)* + 2(x, t)?| dx. (15)

0

Our purpose is to determine energy thresholds for torsional stability of vertical modes (still to be
rigorously defined), see Section 3.4. From Proposition 2 we see that

¥ = By and ¥ = Yy lloo

are decreasing with respect to v and both tend to 0 if v — oo, whereas they tend to oo if v — 0. This
shows that the nonlinearity plays against stability:

more nonlinearity yields more instability and almost linear elastic behaviors are extremely stable.

3.3 Why can we neglect high torsional modes?

Our finite dimensional analysis is performed on the low modes. This procedure is motivated by classical
engineering literature. Bleich-McCullough-Rosecrans-Vincent [7, p.23] write that out of the infinite
number of possible modes of motion in which a suspension bridge might vibrate, we are interested only
i a few, to wit: the ones having the smaller numbers of loops or half waves. The physical reason
why only low modes should be considered is that higher modes require large bending energy; this is
well explained by Smith-Vincent [37, p.11] who write that the higher modes with their shorter waves
inwvolve sharper curvature in the truss and, therefore, greater bending moment at a given amplitude
and accordingly reflect the influence of the truss stiffness to a greater degree than do the lower modes.
The suggestion to restrict attention to lower modes, mathematically corresponds to project an infinite
dimensional phase space on a finite dimensional subspace, a technique which should be attributed to
Galerkin [14].
Consider the solution (y, z) of (14)-(5)-(6), as given by a straightforward variant of Theorem 1,
and let us expand it in Fourier series with respect to x:
oo oo
Yo ) =Sy sinGia) ,  =at) = 3 (8 sin(ja) | (16)
j=1 '

Jj=1

where the functions y; and z; are the unknowns. Denote by 2" the projection of z on the space
spanned by {sin(z),...,sin(mx)} and by w™ the projection of z on the infinite dimensional space
spanned by {sin((m + 1)z),sin((m + 2)x)...}:

z(z,t) = 2" (z, t) + w"(z,t), 2M(x,t) = Z zj(t)sin(jz), w™(x,t) = Z zj(t)sin(jz). (17)
j=1 j=m+1

In Section 7 we prove the following sufficient smallness condition for w™.



Theorem 2. Let w > 0, let (y, z) be a solution of (14)-(5)-(6) having energy E > 0 and let (17) be
the decomposition of z. Then ||w™||s < w provided that at least one of the following inequalities holds

rwt (m+1)2 [Tr(mQ +2m 4+ T7)2 +36E| — 3612 E2 (m + 1)* — 9w® > 0 (18)
T 3wt 3w Twt

E3+ - E?— E — - <0. 1

s 4 327 3 <0 (19)

The two inequalities (18) and (19) have a completely different meaning. The condition (19) is
somehow obvious and uninteresting: it states that if the total energy F is sufficiently small then
all the torsional components are small. In the next table we give some numerical bounds for E in
dependence of the maximum allowed amplitude w.

w 0.2 0.1 0.05 0.01
E|[33-1072/82-1073|2-1073|82-10~°

Upper bound for the energy E in dependence of the maximal amplitude w.

It appears clearly that the energy E needs to be very small.

On the contrary, the condition (18) is much more useful: it gives an upper bound on the modes to
be checked. High torsional modes remain small provided they are above a threshold which depends
on the energy F and on the maximum allowed amplitude w. In the next two tables we give some
numerical bounds on the modes m in dependence of the energy F, when w is fixed.

E| 1 [05]04]03]02]|01]0.05

598 | 298 | 238 | 178 | 118 | 58 | 28

Upper bound for the number of modes m in dependence of the energy £ when w = 0.1.

E| 1 /05/04)|03]0.2]0.1]0.05

m | 148 | 73 | 58 | 43 | 28 | 13 )

Upper bound for the number of modes m in dependence of the energy £ when w = 0.2.

It turns out that the map E — m appears to be almost linear: in fact, we have

6F
ms — — 2.
w2
This approximation is reliable for small w: it follows by dropping the term 9w® in (18), by dividing
by (m + 1)2, and by solving the remaining second order algebraic inequality with respect to m.

Remark 1. With the very same procedure we may rule out high vertical modes where, possibly, (19)
becomes more useful. We have here focused our attention only on the torsional modes because they
are considered the main cause in the collapses of bridges, see [2, 36].



3.4 Stability of the low modes

Let us fix some energy E > 0. After having ruled out high modes (say, larger than m) through
Theorem 2, we focus our attention on the lowest m modes, j < m. We consider the functions

m m

y" (@, t) =D yi(t)sin(jz) , 2T (z,t) =Y z(t)sin(jz) (20)

j=1 j=1

aiming to approximate the solution of (14), see the proof of Theorem 1 in Section 6. Put (Y, Z2) :=
(Y1s ooy YUms 21, -, Zm) € R?™ and consider the system

() + 7ty () + 1 Jo v (@, ) (L+y™ (@, 6)° 4327 (2, 1)?) sin(jz) dz = 0
Zj(t) +j22j(t) + 2 sz(% t)(1+3y™ (, ) +2"(x,1)?) sin(jz) dz = 0

™

(G=1,.,m). (21)

The proof of Theorem 1 is constructive: it ensures that 3 and 2z converge (as m — o0) to the
unique solution of (14). To (21) we associate the initial conditions

Y(0) =Yy, Y(0)=Y1, Z(0)=2, Z(0)=2, (22)

where the components of the vector Y € R™ are the Fourier coefficients of the projection of y(0)
onto the finite dimensional space spanned by {sin(jz)}"; similarly for Y1, Zy, Z;. In the sequel, we
denote by

j=1’

{ej}j21 the canonical basis of R™.
The conserved total energy of (21), to be compared with (15), is given by

m

Y2 22
E::\Zl \I Z ZJ

],

2 T t4 m t4
+7T/ [y (:zﬂ L.z (ﬁ’) + 3y (2, )72 (2, )7+ Y™ (@, 1) 4 2 (a,1)? | da. (23)
0

Note that (23) yields the boundedness of each of the y;, ¥;, 2;, Z;. Once (21) is solved, the functions
y™ and 2™ in (20) provide finite dimensional approximations of the solutions (16) of (14). In view of
Theorem 2, this approximation is reliable since higher modes have small components.

Let us describe rigorously what we mean by vertical mode of (21).

Definition 1. Letm > 1 and 1 < k < m; let R? 3 (o, B) # (0,0). We say that Y}, is the k-th vertical
mode at energy By (o, B) if (Y, 0) € R?™ is the solution of (21) with initial conditions (22) satisfying

Y(0)=aer, Y(0)=pe, Z(0)=Z(0)=0€eR™. (24)
By (23) and Lemma 4 the conserved energy of (21)-(24) is given by

52 + (K +2) % o 4300, (25)

Ek(a,ﬂ) = B 8

The initial conditions in (24) determine the constant value of the energy Fj(«, ). Different couples
of data (v, 8) in (24) may yield the same energy; in particular, for all (o, 3) € R? there exists a unique
> 0 such that

Ek(lu'v 0) = Ek(av /8) : (26)

This value of i is the amplitude of the initial oscillation of the k-the vertical mode.



The standard procedure to deduce the stability of (Y, 0) consists in studying the behavior of the
perturbed vector (Y — Yy, Z) where (Y, Z) solves (21), see [38, Chapter 5]. This leads to linearize the
system (21) around (Y%, 0) and, subsequently, to apply the Floquet theory for differential equations
with periodic coefficients, at least for m = 1,2. The torsional components ; of the linearization of
system (21) around (Y, 0) satisfy ,

C;T; + Py(t)=2=0, (27)

where 2 = (&1, ...,&n) and Pk (t) is a m X m matrix depending on Y.

Definition 2. We say that the k-th vertical mode Yy at energy Ex(c, ) (that is, the solution of
(21)-(24)) is torsionally stable if the trivial solution of (27) is stable.

In the following two sections we state our (theoretical and numerical) stability results when m =1
and m = 2. As we briefly explain in the Appendix, the cases where m > 3 are more involved because
Y may spread on more components. Our results lead to the conclusion that

if the energy Ex(c, B) in (25) is small enough then small initial torsional oscillations remain small
for all time t > 0, whereas if Ex(a, ) is large (that is, the vertical oscillations are initially large)
then small torsional oscillations suddenly become wider.

Therefore, a crucial role is played by the amount of energy inside the system (14). In the next
sections we analyze the energy, both theoretically and numerically, within (21) when m = 1 and
m = 2. For the theoretical estimates of the critical energy we will make use of some stability criteria
by Zhukovskii [40] applied to suitable Hill equations [18]. For the numerical estimates, we choose
“small” data Zy and Z; in (22) and, to evaluate the stability of the k-th vertical mode of (21), we
consider data Y and Y7 concentrated on the k-th component of the canonical basis of R™. More
precisely, we take

Yo=per, Yi=0eR™, |Z|<|ul 107", [Zy] < |p| 1077 (28)

Then the initial (and constant) energy (23) is approximately given by E ~ (k* + 2)“72 + %u‘l and the
remaining (small) part of the initial energy is the torsional energy of Zy and Z; plus some coupling
energy. We also show that different initial data, with Y7 # 0, give the same behavior provided the
initial energy is the same.

4 The 1-mode system
When m = 1, the approximated 1-mode solutions (20) have the form
yH(x,t) = y1(t)sinz | 2 (z,t) = 2 (t)sinz .

By Lemma 4 in the Appendix, (21) reads

G143y + 53 + Syl =0

(29)
21472 + %z% + %zly% =0,

with some initial conditions

y1(0) =10, 91(0) =n1, 21(0) = (o, £1(0) = (1 - (30)

Hence, in this case Y7 = 7 where 7 is the unique (periodic) solution of the autonomous equation

3
?J+3y+§y3:0, y(0) = a, §(0) = 3, (31)
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which admits the conserved quantity

32 34 52 32 34
24 St = 2 9
ToU gy =g T tge (32)

Therefore, (27) reduces to the following Hill equation [18]:

2
-2
2

Eva(e=0 with a(f) =T+ 2501, (33)

In Section 8 we prove

Theorem 3. The first vertical mode Y1 = y at energy Eq(a, 3) (that is, the solution of (31)) is

torsionally stable provided that
/10
U <4/ —==0.
[7]]00 < 21 0.69

235
i< —=
1S 500 0.799.

As already remarked, Definition 2 is the usual one. Nevertheless, the stability results obtained in
[31] for suitable nonlinear Hill equations suggest that different equivalent definitions can be stated,
possibly not involving a linearization process. In particular, by [31] we know that the stability of the
trivial solution of (33) implies the stability of the trivial solution of

or, equivalently, provided that

§+a(t)£—|—§£3:() with a()—7+% (t)?%.

We also refer to [9] and references therein for stability results for nonlinear first order planar systems.
As far as we are aware, there is no general theory for nonlinear systems of any number of equations
but it is reasonable to expect that results similar to [31] might hold. This is why, in our numerical
experiments, we consider system (29) without any linearization. The below numerical results suggest
that the threshold of instability is larger than the one in Theorem 3. Clearly, they only give a “local
stability” information (for finite time), but the observed phenomenon is very precise and the thresholds
of torsional instability are determined with high accuracy. The pictures in Figure 2 display the plots
of the solutions of (29) with initial data

y1(0) = [[y1lloc = 10%21(0),  §1(0) = £1(0) =0 (34)
for different values of ||yi|/cc. The green plot is y; and the black plot is z1. For ||yi1]lcc = 1.45 no
E||||||,||,|hmL|,|||,||,|\|\|J|”,||||,|\||||||. AU mmwnn\.n uu\\h\\nnum\l ,,hlnluhljnlnu\l.\,il||||\|.\,| 3 |\||\|M|m,|\,lh\| Il H\M\M\m\h i |\||\

I Il

“lw 1 \|H|||‘|l|\| |.|‘\|I g:“‘l\||||‘|‘|‘|| |“|‘ ‘l"l

I\||‘51|“|" l‘ [ “I“TJ e v|||“‘|‘|‘|”“ I|J~Jf|| \}‘}T‘II \ ﬂ
e H‘W e TN
Figure 2: On the interval ¢ € [0,200], plot of the solutions y; (green) and z; (black) of (29)-(34) for
llyilloo = 1.45, 1.47, 1.5, 1.7 (from left to right).

1:|

oz

(i

i

"|*Mm|f\’\’\'|"|\mu|f\f\|'|qu‘HI|||m'|wumu 0

wide torsion appears, which means that the solution (y;,0) is torsionally stable. For ||yi|jcc = 1.47
we see a sudden increase of the torsional oscillation around ¢ ~ 50. Therefore, the stability threshold
for the vertical amplitude of oscillation lies in the interval [1.45,1.47]. Finer experiments show that

11



the threshold is ||y1||cc &~ 1.46, corresponding to a critical energy of about F =~ 4.9: these values
should be compared with the statement of Theorem 3. When the amplitude is increased further, for
lyilloo = 1.5 and ||y1]|oc = 1.7, the appearance of wide torsional oscillations is anticipated (earlier
in time) and amplified (larger in magnitude). This phenomenon continues to increase for increasing
lyilloo- We then tried different initial data with ¢1(0) # 0; as expected, the sudden appearance
of torsional oscillations always occurs at the energy level E =~ 4.9, no matter of how it is initially
distributed between kinetic and potential energy of y;. Summarizing, we have seen that the “true”
(numerical) thresholds are larger than the ones obtained in Theorem 3.

For suspension bridges in absence of wind, it is well-known that the torsional frequency is always
greater than its vertical counterpart, see [20, p.178]. We wish to emphasize this fact in our fish-bone
model. We slightly modify the parameters involved: instead of EI = 3u = 1, we take EI = p =1
and (29) should then be replaced by

G143y +3y5 + Sz =0
(35)
Z1+ 921 + %zi” + %zly% =0.

Then we prove

Theorem 4. Let (y1,21) be a nontrivial solution of (35). Let t1 < ta be two consecutive critical points
of y1(t). Then there exists T € (t1,t2) such that z (1) = 0.

Proof. For any solution (y1, 21) of (35) we have

dr.s. d yizi | 2yt o
— 9— 2o Il =0. 36
pn [ylzl} + o [ym + 5 + 5 | Ui (36)

By integrating (36) by parts over (¢1,t2) we obtain

0 = 9/;2(2 [yl(t>21(t) + yl(t)gl(t)B + Zl(t)gl(t)g} () dt

' t2 > 2 2
= 15 [T u@a0 [1+ S ] 1 (O (8) dt

t1
= 54 /t2 y1(t)%21(t) [1 + 21(2'5)2 + ylgﬂ [1 + yl(ﬁ n 3212(1?)2]

t1

U1 (t) dt

2 2 2 2
where, in the last step, we used (35);. In the integrand, y3[1+ 3 + %][1 + 4 + 3%] > 0 and also 91
has fixed sign so that the integral may vanish only if z;(¢) changes sign in (¢, t2). a

Theorem 4 shows that the nonlinear frequency of z; is always larger than the frequency of y;. If
the frequency of z; reaches a multiple of the frequency of y; then an internal resonance is created and
this yields a possible transfer of energy from y; to 2.

5 The 2-modes system
Let us fix m =2 in (20) and (21) and put

y*(x,t) = yi(t) sinz 4 yo(t) sin(2z) 22(x,t) = 2 (t) sinz + 25(t) sin(2z) .

12



Then, after integration over (0, 7) and using Lemma 4, we see that y; and z; satisfy the system

.. 9 3
y1 + 3y1 + iylz% + 3ylz§ + 3y1y§ + §y:13 + 62120y2 = 0

.. 9 3
1jo + 18y2 + —ygz% + 3ygz% + 3y2y% + fyg’ 4+ 6212911 =0
2 2 (37)

.. 27 9
21+ Tz + ?zly% + 921y§ + 921,2% + in)’ + 18y1y222 =0

. 27 9
Zo 4+ 1029 + 3223/% + 9z2y% + 922,2% + 523 + 18y1y221 =0,

\
while the energy becomes

1, . . 1, . . 3 7 5
E = 5(y% +93) + é(z% +22) + iy% +oy2 + gz% 1 gzg + 6y1122122

9 3 3
+ W +v323) + S (vivs +uizs Huial 4 2ia) + g vz + 2+ ).

Since our purpose is to emphasize perturbations of linear equations, it is more convenient to rewrite
the two last equations in (37) as

. 27 9
BT+ S yd +9y5 +922 ) 21+ 28 = —18y1020
2 2 (38)

. 27 9
Zo + (10 + ?yg +9y? + 92%) 2 + 525’ = —18y1y221 .

Hence, in this case we have Y; = y;e; (j = 1,2) where y; is the unique (periodic) solution of the
problem

. . 3 .
Ji(t) + G+ 2y () + 507 =0, y;(0) =, 5,;(0) =8,
which admits the conserved energy

?J(t)2 y(t)2 33/(75)4 52 -4 o? 3 4
+ = 4 +2)— + —a*>0.
2 2 8 2 (j 2) 2 8a 0 (39)

Then (27) becomes the following system of uncoupled Hill equations:

Ej="—+("+2)

&1(t) + a1 ()& (¢)

1(t) =0 ,
. (J1=1,2) (40)
&a(t) +az,;(1)&(t) =0
where a; ;(t) = i24+6+ 9ai,j@j(t)2, a;j=1ifi# jand a;; = %
In Section 9 we prove

Theorem 5. The first vertical mode Y1=(7,,0) of (37) at energy Ey is torsionally stable provided

that 1 13
Iilloo < —= ~ 0577 <= FE; < 21 ~ (0.542. (41)

=

The second vertical mode Yo=(0,75) of (37) at energy Ea is torsionally stable provided that

32 5024
Tolloo <1/ = ~ 0.792 By < 222 25795
[7allo0 < ] R 0792 = By < o A 5.795
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Again, Theorem 5 merely gives a sufficient condition for the torsional stability and, numerically,
the thresholds seem to be larger. Once more, numerics only shows local stability but the observed
phenomena are very precise and hence they appear reliable. Here the situation is slightly more
complicated because two modes (4 equations) are involved. Therefore, we proceed differently.

We start by studying the stability of the first vertical mode. The pictures in Figure 3 display the
plots of the torsional components (z1, z2) of the solutions of (37) with initial data

y1(0) = ||y1]loo = 10%y2(0) = 10%21(0) = 10%22(0),  §1(0) = §2(0) = £1(0) = £2(0) =0 (42)

for different values of ||y1]leo. The green plot is z; and the black plot is zo. Recalling that the initial

00008, a1
00010
00004

00005

000021

0,008

—0.0010

s 8
P
g
b

Figure 3: On the interval ¢ € [0,200], plot of the torsional components z; (green) and zo (black) of
(37)-(42) for ||y1]|leo = 1, 1.4, 1.45, 1.47 (from left to right).

torsional amplitudes are of the order of 10~% we can see that, for ||y1|lc = 1, both torsional components
remain small, although 2z is slightly larger than zo. By increasing the y; amplitude, ||y1||cc = 1.4 and
ly1llco = 1.45, we see that z; and zy still remain small but now z; is significantly larger than zo and
displays bumps. When ||y1|lcc = 1.47, 21 has become so large that zo, which is still of the order of
104, is no longer visible in the fourth plot of Figure 3. The threshold for the appearance of z; > 2z
is again ||y1]lco & 1.46, see Section 4. Therefore, it seems that the stability of the first vertical mode
does not transfer energy on the second modes; but, as we now show, this is not true.

We increased further the initial datum up to ||y1]lcc = 3. In Figure 4 we display the plot of all the
components (y1, Y2, 21, 22) of the corresponding solution of (37)-(42). One can see that some energy is

| I
| [
L 0 O
T A O e
|

Figure 4: On the interval ¢ € [0,100], plot of the solution of (37)-(42) for ||y1|lcc = 3. Left picture:
green=y, black=z;. Right picture: green=y5, black=z5.

also transferred to both the vertical and torsional second modes, although this occurs with some delay
(in the second picture, the green oscillation is hidden but it is almost as wide as the black oscillation).

Concerning the stability of the second vertical mode, we just quickly describe our numerical results.
The loss of stability appeared for ||ya]|oo & 0.945 corresponding to E ~ 8.33; in this case, Theorem 5
gives a fairly good sufficient condition. For |y2||cc < 0.94, both 2; and z2 (and also y;) remain small
and of the same magnitude, with the amplitude of oscillations of z; being almost constant while the
amplitude of oscillations of zo being variable. For |y2|/cc > 0.945, z2 suddenly displays the bumps
seen in the above pictures. Finally, for ||ya]oc > 1.08, also y; and z; display sudden wide oscillations
which, however, appear delayed in time when compared with zs.
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6 Proof of Theorem 1

The existence and uniqueness issues are inspired to [19, Theorems 8 and 11] while the regularity
statement is achieved by arguing as in [12, Lemma 8.1].

For the existence part we perform a Galerkin procedure. The sequence {sin(jz)};>1 is an orthog-
onal basis of the spaces L%(0,7), H}(0,7) and H2N H}(0, 7). Then, for a given n € N, we set

Zyj sin(jx) , ZQ sin(jx) (43)

where y; and 0; satisfy the system of ODE’s

() + 3y () + 2 [T f (" (2, t) + £sin 0™ (z, 1)) + f(y"(x,t) — £sin 6™ (x,t))] sin(jz) dz =0

56 (t )+32£e + 6 fo (x,t) + £sin 0™ (z,t)) — f(y"(x,t) — £sin 0™ (z,t))] sin(jz)dx =0
(

44)
fort > 0 and j = 1,...,n. Moreover, writing the Fourier expansion of the initial data (6) as

[e.9]

o0
= Znﬁ sin(jz) in H? N H(0, ) yi(z) = Zn{ sin(jz) in L?(0, )

o0
290 sin(jz) in H(0,7) 01(x) = ZG{ sin(jz) in L?(0,7),
we assume that, for every 1 < j < n, the y;’s and the 0;’s satisfy

yi(0) =nb, 9(0)=mul, 0;000=6], 0;(0)=06]. (45)

The existence of a unique local solution of (44)-(45) in some maximal interval of continuation
[0,74), 7 > 0, follows from standard theory of ODE’s. Then, we multiply the first equation in (44)
by 65;(t) and the second equation by 26;(t), then we add the so obtained 2n equations for j = 1 to n,
finally we integrate over (0,¢) to obtain

3lI57 ()13 +3ly ) 13-+ 1673+ N0 I3 +12 [ [F(y7() +Esin 07(1)) + F (y7(t) — £sin 07(1)) | dew <

3I15(0) 13+ 3l O) I3+ [0(O) I3+ 05(0) |3 +12 fiT [F (57*(0) +L5in 67(0)) + F (3(0) — £ 5in 67(0)) | dex
where y"(t) = y"(x,t), 0™(t) = 0"(x,t) and F(s) = [) f(r)dr. Since F > 0, this yields

3lI5" (4)113 + 3llya (D13 + €2)16" ()13 + 2|62 (D)3 < C for any t € [0,7,) and n > 1 (46)

for some constant C' independent of n and ¢. Hence, {y"} and {0"} are globally defined in Ry
and uniformly bounded, respectively, in the spaces C°([0,7]; H? N HZ(0,7)) N C([0,T]; L?(0, 7)) and
Co([0,T); HL(0,7))NCL([0,T); L*(0, 7)) for all finite T > 0. We show that they both admit a strongly
convergent subsequence in the same spaces.

The estimate (46) shows that {y"} and {§"} are bounded and equicontinuous in C°([0, T]; L?(0, 7).
By the Ascoli-Arzela Theorem we then conclude that, up to a subsequence, y™ — y and ™ — 6 strongly
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in C°([0, T); L*(0,7)). By (46) and the embedding Hg (0, 7) C L*(0,7) we also infer that y™ and 6"
are uniformly bounded in [0, 7] x [0,7]. Whence,

)+ sin 67(1)) da — /07r Fly(t) + £sin 0(1)) da

/ [f(r(y"(t) + £sin 07 (2)) + (1 = 7)(y(t) + £sin6(2)))] ([y" () — y(t)| + £]6"(t) — 0(t)]) da

for some 7 = 7(x,t,n) € [0,1]. Since y™ and 6" are uniformly bounded, so is f(7(y"™ + £sin0") + (1 —
T)(y + £sinf)) and the latter inequality yields

/7T F(y"(t) + £sin0"(t)) do — /7r F(y(t) + £sinf(t)) dx
0 0

< (I () ~y(®)o+£16" (1) -0t} 2) 0

(47)
We may argue similarly for F'(y™ — £sin6").
Next, for every n > m > 1, we set y™™ = y" — ¢y and ™" := 6" — ™. Repeating the
computations which yield (46), for all ¢t € [0,T] one gets

Bllg™™ (O3 + 3llyza" ()13 + 210™™ 013 + 105" ()3 =

3lg™™ ()3 + 3llyzz" (0)[13 + £2]16™™(0) 13 + €167 (0)13~

12 [ [F(y" () +Esin 07(t)) — F(y™ () +Lsin 0™ (¢)) +F (y" () —Lsin 0™ (¢)) — F(y™ (¢) — sin 6™ (¢))]+
12 7 [F(y"(0)+£sin 67(0)) — F(y™ (0) +£5in 6™ (0)) + F (4™ (0) — £ 5in 67 (0)) — F (4™ (0) — £ sin 6™ (0))] .

Therefore, by using (47), we infer that

o (315" OB + 312 13 + 210" OI + EI0OIF) 50 as mm = o0
S k]

so that {y"} and {#"} are Cauchy sequences in the spaces C°([0, T]; H*NH (0, 7))NC([0, T); L*(0, 7))
and C°([0, T]; H}(0, 7)) N CL([0,T]; L?(0, 7)), respectively. In turn this yields

y" — y in C°([0,T); H*> N H (0, 7)) nCY([0,T]; L*(0,7)) asn — +o0,

6" — 6 in C°([0,T]; H}(0,7)) N CY([0,T); L*(0, 7)) asn — +oo.

Let Y € C(0,T), ¢ € H> N H}(0,7) and v € H}(0,7). We denote by ¢" and " the orthogonal
projections of ¢ and 1 onto X, := spaua{sin(ja:)}7]?:1 from, respectively, the spaces H2N Hg (0, ) and
HZ(0,7). Then (44) yields

¢

Jo [0, (™)) + 2(f(y™ (1) — £sin0™(8)) + f(y" (t) + sin07(¢)), ™)] Y (1) dt

JT@r ), gm)T(t) dt =

—Jo [OR), (™)) + Z(F(y™(£) = £sin 6" () = F(y"(t) + £sin 6" (£)), ¥™)] V(1) dt
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Since, by compactness,
f(y" £ Lsin0") — f(y £ Lsinf) in C°([0,T], L*(0, 7)),

by letting n — +o00 in the above system we conclude that y;; € C°([0,T]; H*) and 0y, € C°([0,T); H1).
The verification of the initial conditions follows by noting that y™(0) — y(0) in H2N H{ (0, 7), 4™(0) —
7(0) in L2(0,7), 6™(0) — 6(0) in HJ(0,7) and §™(0) — 6(0) in L?(0, 7). The proof of the existence
part is complete, once we observe that all the above results hold for any 7' > 0.

Next we turn to the uniqueness issue. Since it follows by repeating the proof of [19, Theorem 11]
with some minor changes we only give a sketch of it. Assume problem (4)-(5)-(6) admits two couples of
solutions (y!,#') and (y 92) and denote (7, 9) = (y! —y ' —6?). Next, we put ps(t) = — [ 5(

t)=—[70(r)dr, fo 7)dr and O(t fo 7)dr with 0 < t < s. Note that us( ) = y( ),
n(t) = 0(t), ps(t) = Y(t) —Y(s) and ns(t) = @(t) —O(s ) Multiply the equation satisfied by ¢ times
s and the one satisfied by @ times 7,. By integrating, one deduces

,

SIF) B+ 1 ¥ea(5) 3 =
Jo (! = Lsin0h) + f(y' + €sin0') — f(y? — £sin6?) — f(y? + Lsin6?)] podt

0 - 14
S8 + £10.(5)]3 =

Iy [cos(01)(f(y' — €sin ') — f(y* + £sin€')) — cos(b2)(f(y* — (sin6?) — f(y* + £sin6?))] n.dt.

\

Exploiting the fact that f € Lip;.(R) and (46), one infers that

15(s)113 + 110(s)[13 + [1Yaz ()13 + [[©2(5)]3 < C/ O3 + 1013 + [ Yau ()13 + 102 (2)II3) dt

where both the Young and the Poincaré inequalities have been exploited. Hence, by the Gronwall
Lemma, ||7(s)||l2 = [|6(s)]|]2 = 0 and uniqueness follows.

7 Proof of Theorem 2

We start with a calculus lemma.
Lemma 1. Let a,b,c,d > 0 and let A= {(z,y) € R% 0 <y <dzx, ax+y+by? < c}. Let

2¢2d

K= >0
(a +d)?+ 2bed? + (a + d)+/(a + d)? + 4bcd?

2(1 4 3bc)3/2 — 2 — 9be
27ab?

Ky = >0.

Then
sup zy = max{Kj, Ks}.
(z,y)EA
Proof. The set A is delimited by two segments and an arch of parabola, see Figure 5. In order to find
the supremum of xy, we intersect the hyperbola zy = k with the closure of A and the maximum of
xy on such set belongs to the bold face part of the boundary in Figure 5. Whence, either it coincides
with the point M or with a point where a hyperbola zy = k > 0 is tangent to the parabola.
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Figure 5: The set A.

The coordinates of the point M are given by

M V(e +d)?+4bed? — (a+d) +/(a+ d)? + 4bcd® — (a + d)
2bd? ’ 2bd

which belongs to the hyperbola xy = K;.
The hyperbola tangent to the parabola is found by solving the following system:

ry=k, ax+y+byi=c.

We have to determine for which k this system admits a double solution. We find k& = Ko.
Summarizing, the hyperbola having equation xy = k intersect the bold face of the boundary in

Figure 5 for k£ = K7 if the intersection is at the point M and for £ = K5 if the hyperbola is tangent

to the parabola. This proves the statement. O

Then we recall a Gagliardo-Nirenberg [13, 30] inequality. Since we are interested in the value of
the constant and since we were unable to find one in literature, we also give its proof. We do not know
if the optimal constant is indeed 1.

Lemma 2. For all u € H}(0,7) we have ||Jul%, < ||ull2 ||v||2-

Proof. Since symmetrization leaves L%-norms of functions invariant and decreases the LP-norms of the
derivatives, see e.g. [1, Theorem 2.7], we may restrict our attention to functions which are symmetric,
positive and decreasing with respect to the center of the interval. If u is one such function we have

w/2 . B w/2 , B ™ , _1 ™ ,
/0 u(r)u (T)dT—/O Ju(r)u (r)\dT_/m ju(r)ed ()| dr = 2/0 ju(r)ed ()] dr

Therefore, by the Holder inequality we have
N 2 /2 w/2 ™
e =u(3) = [ty =2 [ urw@dr = [T @ldr < el s o
0 0 0
In particular, by Lemma 2, we have
[w™ ()5 < lw™ @3 |wg @13 - (48)

Note also that an improved Poincaré inequality yields

Il @)ll2 < = llwz"(®)ll2 (49)
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Moreover, by (17), we may also rewrite (15) as

_ lye®IE N O03 | w13 | Iyee®I3 | @13 | w13
E = + + + + +
2 6 6 2 6 6
t 4 t 4 ™
@1 + 101 + o+ L0 EOL g [ 2,2 a0
0
m(¢ 2 t 4
6 2m
w™(t) |13 w™(t)]3
The two constraints (49) and (50) are as in Lemma 1 with z = ||w™(¢)3, y = [[w™(¢)||3, and
1 1
a==, b=—, ¢c=FE, d=—+5.
6 27 (m+1)2
Therefore, Lemma 1 combined with (48) states that
lw™ ()5 < max{K1, K>} (51)

where
721 E% (m +1)?

7(m2 +2m 4 7)2 + 36E + (m2 + 2m + 7)\/72(m2 + 2m + 7)2 + 727E

3/2
(1+3E> —1]—47rE.
2T

Then (51) yields |[|w™(t)||co < w, provided either K7 < w* or K3 < w*. The first occurs whenever
(18) holds whereas the second case occurs whenever (19) holds. Theorem 2 is so proved.

K, =

167
9

K>

8 Proof of Theorem 3

For any E > 0 we put

Ay (E) = 2,/1+§E12.

Lemma 3. For any o, € R problem (31) admits a unique solution § which is periodic of period

Then we prove

8 1 ds
T(E) = \/5/0 VOAL(B) + A_(B)s2) (1 —s2)

(52)

In particular, the map E s T(E) is strictly decreasing and limg_o T(E) = 2m//3.

Proof. The existence, uniqueness and periodicity of the solution 7 is a known fact from the theory of
ODE’s. For a given E > 0, we may rewrite (32) as

3
P =2F — 3% — Zy4. (53)

Hence,
[Flloe = VA-(E). (54)
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Since (31) merely consists of odd terms, the period T'(E) of i is the double of the width of an interval
of monotonicity for . Since the problem is autonomous, we may assume that 7(0) = —||7||s and
7(0) = 0; then, by symmetry and periodicity, we have that 7(7/2) = |[7]lco and 3(7/2) = 0. By

rewriting (53) as
= \f\/ (A4 (

B 1AM (B -y Ve <o§) ,

by separating variables, and upon integration over the time interval (0,7"/2) we obtain

[17lo dy
? \f/ynoo (B) +y2)(A-(E) —y?)
Then, using the fact that the integrand is even with respect to y and through a change of variable,
8 [l dy g ! ds
V3l LB TR 5D V3o B T A (BP0

which proves (52). Both the maps F — A4 (FE) are continuous and increasing for E € [0,00) and
A_(0) =0, A4 (0) = 4. Whence, E — T'(E) is strictly decreasing and

T(E) =

4 L ds 27
lim T(F)=T(0) = — —_— =,
E—0 ( ) ( ) \/3 0 vV1— 52 \/g
a result that could have also been obtained by noticing that, as E — 0, the equation (31) tends to
iy + 3y =0. a

In the sequel, we need bounds for T'(E). From (52) we see that, by taking s = 0 in the first
polynomial under square root,

8 b ds 4 167>
T(E) < = = >3AL(F). 55
(®) < V3AL(E) Jo V1—s2 \/3A.(F) T(E)? ~ +(B) (55)
Moreover, by taking s = 1 in the first polynomial under square root, we infer
8 bods 2m 4r?
T(E) > = = <V9+6E. 56
(8) V3y/A i (E) +A_(E)/o Vi—s2 V9+6E T(E)? (56)

Let us now consider (33). With the initial conditions £(0) = £(0) = 0, the unique solution of (33)
is £ = 0. We are interested in determining whether the trivial solution is stable in the Lyapunov
sense, namely if the solutions of (33) with small initial data |¢(0)] and |£(0)| remain small for all £ > 0.
By Lemma 3, the function 7(t)? is T/2-periodic. Then a is a positive T'/2-periodic function and a
stability criterion for the Hill equation due to Zhukovskii [40], see also [39, Chapter VIII], states that
the trivial solution of (33) is stable provided that

472 1672

TEP <0 = 7gp (57)

Let us translate this condition in terms of ||g||oc. By the definition of a in (33) and by (54), we have

27
7<a(t) <7+ ?||y||§o =-20+9V9 +6E.

Whence, (57) holds if both

472 1672
<7 d —20+9V9+6E <
T(E)2 < an + + T(E)
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In turn, by (55)-(56), the inequalities in (58) certainly hold if
VI+6E<T7 and —204+9V9+6E <3AL(E).
The first of such inequalities is fulfilled provided that F < %; the second inequality is satisfied if

235 10
EF<—=x=0. ] <4/ —==0.

which is more stringent and, therefore, yields a sufficient condition for (57) to hold. This proves
Theorem 3.

Remark 2. The sufficient condition (57) is fulfilled as long as both (58) hold. Numerically, we see
that the former is satisfied for E' g 10.445 whereas the latter is satisfied for £ < 0.944. The most
stringent is the second one which corresponds to |7« < 0.74, not significantly better than (59).

9 Proof of Theorem 5

For any E > 0, we put

Ai(E):Q\/WQW+§E + %(j4+2) (j=1,2).

Then (39), with E; = E, reads
. 3. j .
bt = 1 AL(E) + vHAL(E) -y (=12).
By this, since any j-th vertical mode 7, satisfies (39), we deduce
[Filloo = AL(E)  (1=1,2). (60)
Then, the same analysis performed in Section 8 yields that the y; are periodic functions of period

8 1 ds
(B) = — .
V@/O VVL(E) + AT (B)s2)(1 - s2)

In particular, the map E — T;(E) is strictly decreasing and limg_,o Tj(E) = 27/+/j* + 2. Further-
more, the following estimates hold

T;

4 1672

8 L ds s ;
7(F) < |- — o 2 L) (61)
j = : T;(E)2 = "0t
Van) o Visst o ey TE)
and
8 b ds 2m 472
T;(E) > : : / = — = 5 < V(1 +2)2 +6E.
VNL(B) + AL () 0 VIS YGTRRR G ()
(62)
Consider the first mode (Y7,0) = (¥;,0,0,0). For j =1 the system (40) reads
&)+ (7+ Fm)*)a ) =0
(63)

E(t) + (10 + 97, (1)%)é2(t) = 0.
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If the trivial solution of both the equations in (63) is stable then system (63) itself is stable and
Definition 2 is satisfied, see [39, Theorem II-Chapter III-vol 1]. Since the first equation in (63)
coincides with (33), the proof of Theorem 3 yields the torsional stability provided that (59) holds. For
the second equation in (63), by applying again the Zhukovskii stability criterion (57), we see that the
trivial solution is stable provided that

472 1672
<1 . ()2 < ———
r(ep = 0= e

By arguing as in the proof of Theorem 3, see (58), we reach the bounds (41) which are more stringent
than (59). These are the bounds for the torsional stability of the first vertical mode.
For the second vertical mode (Y32,0) = (0,7,,0,0) we proceed similarly, but now system (40) reads

() + (7 + 92()D)ér(t) =
(64)
E(t) + (10 + Fa(t)*)6a(t) =

Concerning the first equation, a different stability criterion for the Hill equation due to Zhukovskii
[40], see also [39, Chapter VIII], states that the trivial solution is stable provided that

0<7+97,()?< Ar® (65)
The left inequality is always satisfied while the second inequality is satisfied if 7 + 9]|75[|%, < %15)2.
Whence, by (61) a sufficient condition for the stability is
_ 2
7+ 9|72 )1% < 4/\2( ) = E<—, [Pl < 7 (66)

Next we focus on the second equation in (64). The Stability of the trivial solution is ensured if
0 <10+ Fyy(t)? < that is, if 10 + 27([7,|2 Whence, by (61) with j = 2, a sufficient

Ty (E)Q’ o0 = Tz( )%
condition for the stability is
3 5024 32
10+ =— < SA(E E<Z ~ = 67

This is more restrictive than (66) and is therefore a sufficient condition for the stability of the second
vertical mode ,. The proof of Theorem 5 is now complete.
10 Appendix

In order to determine the projected system, we need to multiply by sin(jz) (j € N) the equations in
(14) and then integrate over (0,7). Therefore, we intensively exploit the following

Lemma 4. For all k € N we have

Chkk = 8/ sin4(ka:) dr =3.
T Jo
For alll,k € N (1 # k) we have

Clik = 781_/0 sin®(kz) sin(lz) dz = { (;1 ZZ; ; 2:
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For alll,k € N (1 # k) we have
Clik = 8/ sin?(kz) sin®(lz) dz = 2.
T Jo

For alll,j,k € N (all different and | < j) we have

o 1 ifj+l=2k

Cljk = / sin?(kx) sin(jz)sin(lz) de = { —1  if j —1 =2k
T

0 0  ifjl+£2k.

Proof. By linearization we know that

ity — cos(460) — 4 cos(20) + 3

3sinf — sin(36)
- 3

6 pu—

g , sin 1
Therefore, we may readily compute the two integrals

i 4 4 —4 2
/ sin' (k) dz = / cos(4kx) — 4 cos(2kx) + 3 dp — §7T7
0 0 8 8

VO e R.

s s 3 k; oo k
/ sin®(kz) sin(lz) dz = / sin(lw)gsm( z) 1 sin(3kz) dx
0 0

1

_ 4/0 sin(lx) sin(3kx) dx = { 0 if 1 £ 3k.

Next, we compute

/07T sin?(kz) sin?(lz) dz = i/oﬁ(l — cos(2kx))(1 — cos(2lx)) dx = % .

Finally, by using the prostaphaeresis formula, we get

/ sin?(kz) sin(jz) sin(lz) do = ;/ (1 — cos(2kx)) sin(jzx) sin(lz) dz
- " T i j4l=2k
= 4/ cos(2kz)[cos((j — 1)) + cos((j + )z)|dx = ¢ —% ifj—1=2k
0 0  ifj+l+#£2k.

The proof of the four identities is so complete. O

Lemma 4 allows to compute the coefficients of problems (21) and (27). For the former, one needs to
compute coefficients of the kind ¢; 1, . If m > 3, since these coeflicients do not vanish when [ = 3k, (21)
with initial conditions (24) may admit solutions (Y, 0) which have more than one nontrivial component
within the vector Y. Then the study of the stability of the k-th vertical mode, see Definition 1, cannot
be reduced to that of a single Hill equation as in the cases m = 1 and m = 2. One obtains, instead,
a system of coupled equations. Hence, when m > 3 the theoretical stability analysis requires more
refined tools and we do not address this problem here. On the other hand, we performed several
numerical experiments which confirm the conclusions stated in Section 3.4.
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