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The frailty approach is commonly used in reliability theory and survival analysis to model the
dependence between lifetimes of individuals or components subject to common risk factors;
according to this model the frailty (an unobservable random vector that describes envi-
ronmental conditions) acts simultaneously on the hazard functions of the lifetimes. Some
interesting conditions for stochastic comparisons between random vectors defined in accor-
dance with these models have been described in the literature; in particular, comparisons
between frailty models have been studied by assuming independence for the baseline survival
functions and the corresponding environmental parameters. In this paper, a generalization of
these models is developed, which assumes conditional dependence between the components
of the random vector, and some conditions for stochastic comparisons are provided. Some
examples of frailty models satisfying these conditions are also described.
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1. Introduction

The frailty approach, introduced in [1], provides a convenient tool in survival analysis
to model dependence between lifetimes of individuals, or between components, due to
common environmental conditions; according to this model, the frailty (an unobservable
random variable or vector that describes common risk factors) acts simultaneously on
the hazard functions of the lifetimes. In fact, frailty models have been considered in a
variety of contexts, such as medicine, biology, engineering, economics and demography,
and a number of monographs are entirely devoted to their definitions, properties and
applications in all these fields (see [2-6]).

We recall here the basic ideas of this approach and, for the sake of simplicity, we restrict
ourselves to the case of bivariate vectors of random lifetimes. Generalizations and results
in any dimension can be directly obtained, and hence are omitted throughout the paper.
Given the vector X = (X1, X»), it is said to be described by a bivariate correlated frailty
model if its joint survival function is defined as

Fx(z1,29) = E

2
Héz/i(xi)] , z; € RT, (1.1)
=1

where V = (V4, V3) is a frailty random vector taking values in R2 | while G, for i = 1,2,
is any survival function, commonly called the baseline survival function of X; (and, of
course, different from the survival function of X; unless V; = 1 a.s.). Note that this model
is based on the assumption that the components in the vectors are independent given
the vector of frailties V.

Suppose that the frailty random vector V has a joint distribution function given by H
with marginal distributions H; and Hy. From (1.1), the vector X has a joint distribution
function given by

+oo  ptoo _
Fx(xl,xg) :/ Gijl(:lil)ng(afg)dH(vl,vg), (1.2)
0 0

and a probability density function given by
+oo  p+o0 _ 1 _ 1
fxtoran) = [ [ eroagn(@)ga(e) G @) GE T m)dHlon ). (13)
0 0

When the frailty is common to both components in vector X, that is, when V is a
univariate random variable, then it is called a shared frailty model (see, e.g., [2]). In this
case, the joint distribution function is given by

2
[1G7 (=)
=1

Fx(xl,ajg) =E , T € RT. (1.4)

Different conditions for stochastic comparisons between shared frailty models and cor-
related frailty models have been provided in recent literature. Misra et al. [7] compared,
by using stochastic ordering, multivariate shared frailty models arising from different
choices of frailty distribution, generalizing the results given in [8, 9] for the univari-
ate frailty models. Khaledy and Shaked [10] simplified the proof of some partial results
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given by Misra et al. [7] as particular cases of comparison between multivariate mix-
tures. Mulero et al. [11] used the shared frailty model to provide sufficient conditions for
the stochastic comparisons of residual lifetimes by assuming independence between the
baseline survival functions. Several dependence properties of correlated frailty models
have been studied by Khaledy and Kochar [12] and later by Li and Da [13], who also
investigated stochastic comparisons in these models.

In the references cited above the conditional independence between the components
given the frailties is always assumed. However, this assumption could provide an over-
estimation problem. For example, Hua [14] studied a tail order of copulas to describe
the strength of the dependence in tails of a joint distribution (see below for definition of
copula). Particularly, a copula based on a scale mixture with a generalized Gamma ran-
dom variable was used for modeling asymmetric tail negative dependence. In that paper,
a dataset for aggregate loss modeling of a medical expenditure panel survey is studied.
The empirical analysis suggested that, when the upper tail appears to be negatively
dependent, a misspecified independence model that is often used in aggregate loss mod-
eling may overestimate the aggregate loss. Other examples where the non-independence
between the components appears in a natural way when the environmental factors are
fixed can be read in [15] and [16]. In such cases, the dependence structure is modeled
by a Gaussian copula whose parameters can be considered as the corresponding frailties
parameters.

Due to these considerations, frailty models with the conditional dependence hypoth-
esis, and univariate frailty, have recently been defined and studied in [17, 18]. Here, a
more general model is studied, defined by considering the conditional dependence hy-
pothesis and a bivariate frailty. A number of the results presented in this paper extend
properties and statements about the shared frailty model given in [17], several stochastic
comparisons results dealing with multivariate conditionally independent frailty models
provided in [7], and some results given in [19].

Certain preliminary definitions and results should be recalled in order to describe the
main statements presented in the following sections.

First, we recall that the copula of a random vector X = (X7, X2), which is a common
tool to describe the structure of dependence between its components, is the function
C :[0,1)2 — [0,1] defined as

Clu,v) = F(F (), Fy ' (v), w0 €[0,1],

where F' is the joint distribution function of X; Fj, for ¢ = 1, 2, is the cumulative distribu-
tion function of X;; and F; *(u) = sup{z : Fy(z) < u},u € [0, 1], is the right continuous
version of the inverse of F;. The copula is unique whenever the marginal distributions F;
are continuous. We also recall the notion of survival copula, which similarly describes the
dependence structure between the components of the random vector, but considers the
survival function Fj of the marginal X; instead of its cumulative distribution F;. Given
the vector X = (X1, X3) as above, the function Cg : [0,1]* — [0, 1], defined as

Cs(u,v) = F(Fy ' (u), Fy '(v)), w0 € [0,1],
is called the survival copula. Further details, properties and applications of these two
notions may be found in [20].

Two properties of scalar functions, recalled here, will also be used. Let A and V denote
the coordinatewise minimum and maximum, respectively, i.e., given the vectors x =
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(x1y.e0yy) and y = (Y1,...,yn) € R™, let x Ay = (min{z1,y1},..,min{z,,y,}) and
xVy = (max{z1,y1},...,max{za, y2}). A function ¢ : R” — R is said to be multivariate
totally positive of order 2 (abbreviated to MT Py) if

d(x)o(y) < p(xANy)p(x Vy) for all x,y € R",

while it is said to be supermodular if, for all x,y € R™,

P(x) +o(y) < d(xAy) + o(x Vy).

The definitions of certain multivariate stochastic orders considered throughout the pa-
per are now recalled. Let X = (X1, X2) and Y = (Y7, Y2) be random vectors with corre-
sponding distributions F(x), G(x), survival functions F'(x), G(x), and density functions
f(x),g9(x). X is said to be smaller than Y in the

i) wsual stochastic order (denoted by X <y Y), if the inequality E[¢(X)] < E[¢(Y)]
is satisfied for any increasing function 7 : R? — R such that the expectations

exist;

ii) increasing [componentwise] concave order (denoted by X <iop  [Sicw|Y), if
E[Y(X)] < E[Y(Y)] for any increasing and [componentwise| concave function
P :R?2 — R;

iii) supermodular order (denoted by X <, Y), if E[¢(X)] < E[¢(Y)] for any super-
modular function v : R? — R;

iv) upper [lower] orthant order (denoted by X <., 1o Y), if F(x) < G(x) [F(x) >
G(x)] for all x € R?;

v) hazard rate order (denoted by X <, Y), if F(x)G(y) < F(x Ay)G(x Vy) for all
x,y € R?;

vi) weak multivariate hazard rate order (denoted by X <, pn, Y), if

is increasing in x € {x: G(x) > 0};

vii) likelihood ratio order (denoted by X <. Y), if f(x)g9(y) < f(x Ay)g(xVy) for
every x and y in R?.

All the multivariate stochastic orders defined above are well-known, and have been
applied to compare random vectors in a variety of contexts, such as reliability, risk theory,
and actuarial sciences. A list of equivalent definitions, properties and applications may be
found in [21]. The purpose of this paper is to study the relationships between stochastic
comparisons of the frailty vectors and the corresponding comparisons of the random
lifetime vectors. For example, it is intuitive to believe that the more stochastically the
frailty increases, the less stochastically the random lifetime vectors are.

Some conventions used in this paper are now clarified. By “increasing” and “decreas-
ing” we mean “non-decreasing” and “non-increasing”, respectively. We also denote =g
to indicate equality in law. For any random vector X, or random variable, we denote
[X|A] as a random vector, or random variable, whose distribution is the conditional dis-
tribution of X given A. Finally, by considering a vector with the distribution defined as
n (1.1), X; denotes the random variable whose survival function is the baseline survival
function Gy, for i = 1, 2.

The paper is organized as follows. In Section 2, the generalized bivariate frailty model
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is defined, and the hazard rates of the corresponding distribution are described and char-
acterized. Moreover, two particular frailty models are defined through different interpre-
tations. In Section 3, several conditions for stochastic comparisons between generalized
bivariate frailty models are provided. In the last section, certain examples dealing with
the Gamma, the Lognormal and other frailty models, are proposed.

2. Generalized bivariate frailty models

A natural generalization of model (1.2) can be obtained by removing the assumption of
independence among the frailties V3 and V5. To this end, let us consider the absolutely
continuous joint survival function F'(¢1, t2|v1, v2) parametrized by a frailty vector (v1, v2).

DEFINITION 2.1  The vector X = (X1, X3) is said to be described by a generalized
bivariate frailty model if its joint survival function is defined as

_ too ptoo
Fx(l‘l,ﬂfg) = / / F($1,£C2|U1,U2)dH(’Ul,’L)2), x; € R+, (21)
0 0

where H is the joint distribution function of a frailty random vector V.= (V1,Va) that
takes values in Ri.

Note that the conditional independence hypothesis is not needed in the generalized
bivariate frailty model, and that it can be considered as a bivariate generalization of the
model provided in [17].

Two particular cases of generalized bivariate frailty models are extensively examined
below. The first one is the bivariate exponential frailty model, which is a generalization
of the model considered in Example 2.1 in [17], and defined by assigning,

F(x17x2|1)1’02) _ 6*01¢1(117$2)*U2¢2(l“1@2), z; € Ry (2.2)

where the functions ¢; (71, 72), i = 1,2, are proper non-negative differentiable functions in
both arguments, such that F'(x1, x2|v1, v2) is a survival function. Among other properties,

#i(0,0) = 0, ¢i(+00, +00) = +o0 and %@}j’m > 0, for 7, 7 = 1, 2 should be verified. Note
that if ¢; = ¢2 = —In F holds in (2.2), then this model coincides with the multiplicative
model studied in Section 4 in [17] and in Section 5 in [18].

The second particular case is based on a representation of F(x1, 22|01, vg) in terms of
the copula. In fact, representing it as Cg(G7'(x1), G5*(x2)), where the G; are baseline
survival functions and C'g is a survival copula, one can obtain the model

Fx(z1,22) = E [CS(GYI (x1), Gy (22))
+00 +0o0 Y B
:/ Cs(@ (21), G2 (2))dH (v, 02), 71 € Ry, (2.3)
0 0

where H is the joint distribution function of the frailty vector V = (V1, V3). We will refer
to this model as the Bivariate Model with Marginal Frailty Distributions (BMMFD).

Note that when Cj is the independence copula, that is when Cs(GY"(21), Gy2(22)) =
GY(x1)GY2 (x9) for all 1, x5, then the survival functions given in (1.1) and (2.3) are
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the same. In addition, if V; = V4 a.s., then the shared frailty model defined in (1.4) is
obtained.

It is worth mentioning that, in the model defined in (2.3), the marginal survival function
of the i-th component is Fj(z) = [;° G}'dH;(v;), therefore, Gj(x) = exp[—¢; ' o Fy(x)],
where ¢; ! is the inverse Laplace transform of H;. Thus, the model defined in (2.3)
coincides with the family of multivariate distributions generated by the mixture described

in [22].

A characterization of the hazard gradient of a vector, which is described by a gen-
eralized bivariate frailty model, is now studied. To this end, recall that, given vector
X = (X1, X2) with survival function Fx(x1,22), a well-known bivariate generalization
of the failure rate function is the hazard gradient

A1, z9) = AV (21, 22), AP (21, 2))

where

)\(i)(JUl,JUQ) - _ 9

oz, In Fx (21, 22), i=1,2.

As pointed out in [23] and references therein, the hazard gradient uniquely determines
the distribution Fx.

Let

In F(:L’l, T2 ”Ul, ’1)2)

A (a1, 2ol v2) = s

denote the failure rate function of the i-th unit with the j-th (i # j) unit surviving until
time z;, conditioned on V = v, with v = (v1,v2). The following result is the bivariate
version of Theorem 2.1 in [19] and shows that the components A?) (1, x3) of the hazard
gradient of X are the averages of the conditional hazard components. In order to simplify
the proof of results given in the next section, we use a slight modification in the notation
used in [19]. It is assumed that h is the corresponding density function of H and that
the conditional distribution of V|, given Xy > z1, Xo > w9, is absolutely continuous, such
that the conditional density exists.

THEOREM 2.1 Let the vector X have the survival function as defined in (2.1). Let the
joint distribution function H and the conditional distribution of V, given X1 > x1, Xo >
T2, be absolutely continuous. Therefore the population failure rate function of the ith
component of vector X with the j—th component of fized age x; is the expected value of
N (1, x5|v1, v9) with respect to the conditional distribution of the frailty effect V, given
X1 > x1 and Xo > xo. That is,

A® (71, 22) = E[)\(i) (@1, $2|‘N/(11@2))}’

where {//.(561,582) st [V|X1 > 1, X2 > :EZ]'

EXAMPLE 2.1 Assume that the vector X is described by a bivariate exponential frailty
model, i.e., it has a distribution as described in (2.2). Given that N9 (x1,zalvy,v9) =
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—a%iln F(x1,22|v1,v2), it follows that

8?@ (v1¢1(21, 22) + vodo(x1, 22))

AD (21, 20|01, v9) =

0
= U1aTci¢1($1, 162) + 11287%@(901, 902)-

Therefore, for the bivariate exponential frailty model, one has

. 0] 0
)\(Z) (1’1,1'2) = / |:’U1 B} ¢1($1, SﬂQ) + ’Ugigbg(l'l, QCQ) h(vl,UQ‘Xl > xq, X9 > l’g)d’l)ld’vg
R2 €T 6l‘i

0 0
= 8x-¢1(x1’x2)E[Vl|X1 > 11, X2 > z2] + 8x_¢2($1,$2)E[V2|X1 > 11, X2 > 2]

= )\%)(l‘l,l‘g)E[Vlle > xl,Xg > .’132] + )\go)(l‘l,.%‘g)E[‘/HXl > l‘l,XQ > 1‘2],

where )\gzg (x1,22), for i = 1,2, is the i-th component of the hazard gradient without
incorporating the frailty effect vi and where vo = 0; and where )\gg (x1,22), fori=1,2, is
the i-th component of the hazard gradient without incorporating the frailty effect vo and

where v1 = 0.

3. Stochastic comparisons of generalized bivariate frailty models

In this section, some stochastic comparisons between generalized frailty models are pre-
sented. From now on, unless stated otherwise, we assume that X; and X5 are two bi-
variate random vectors that have survival functions defined as in (2.1), that is,

Fx, (x1,22) = / / F(x1,xo|vy,va)dHg (v1,v2), z; € Ry for k=1,2, (3.1)
0 0

where Hy, is the joint distribution function of the vector frailty Vi = (Vi1, Vie), for
k = 1,2. Note that [X;|V; = (v1,v2)] and [X2|Vg = (v1,v2)] have the same survival
function for all (v1,v2) in R2. From now on, it is said that [Xi|Vi = (vi,v2)] =4
[XQ’VQ = (’01,1)2)] st [X’V = (1)1,1)2)].

The first two statements deal with comparisons in the usual stochastic order and the
likelihood ratio order. The proof of the former immediately follows from Theorem 3.3 in
in [24], while the proof of latter follows from Theorem 2.4 in [25]. For this reason, both
these proofs are omitted.

THEOREM 3.1 Let Xy = (Xg1, Xk2), with k = 1,2, be two random wvectors that have
survival functions defined as in (3.1). If [X|V = (v1,v2)] is increasing [decreasing] in the
stochastic order in (v1,va) and if Vi <g Vo, then X1 <g [>s]X2.

THEOREM 3.2 Let Xy = (X1, Xg2), with k = 1,2, be two absolutely continuous bivari-
ate random wvectors that have survival functions defined as in (3.1). Let f(x1,z2|v1,v2)
denote the density corresponding to the distribution F(xy1,xe|vi,va). If Vo <;. V1 and
if f(x1,z2|v1,v2) is MTP2 in (x1,x2,v1,v2), then Xy < Xo.

Further details, and examples of distributions that satisfy the assumptions of these
two statements, may be found in [24, 25] and references therein.
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The next statements describe conditions for the weak hazard order between generalized
frailty models. Particularly, Theorem 3.3 and 3.4. can be considered generalizations of
Theorem 3.1 in [17].

THEOREM 3.3 Let Xy = (Xk1, Xk2), k = 1,2, be two bivariate random vectors that have
survival functions defined as in (3.1). If

CL) [VQ‘Xl > .Z‘l,XQ > JIQ] <st [V1’X1 > xl,XQ > .’L‘Q] fO?“ all (1‘1,1'2) € R%_,’
b) XD (21, 29|v1,0v2), fori = 1,2, is an increasing function in (vi,vs) for all (x1,z2) € R2,

then X1 gwhr XQ.

Proof. From Theorem 6.D.2 in [21], it is sufficient to prove that

)\gz)l ($1,$2) 2 )\gz)z ($1>$2)1 for = 1’2’ (LU1,$2) € Ra_

Let Ag?h& = )‘;?1 (x1,x2) — )\()?2 (x1,x2), © = 1,2. From Theorem 2.1, it follows that
Ag?hxz = EP‘(Z) (331, x2|{[1(11,x2))] - E[)‘(Z) (xlv xQ‘v2(x1,xz)>]7

where \N/'Z-(whm) =5t [VilX1 > x1, X2 > x2]. Hence, from (a) and (b), Ag?l,Xz > 0 holds
for ¢ = 1,2. Thus, the result is obtained. |

Note that assuming conditionally independence hypothesis, Theorem 3.3 above and
Theorem 3.11 in [24] are similar. However, the conditions in Theorem 3.3 are weaker, as
well as the conclusion, since the multivariate hr order implies the multivariate whr order

A preliminary result is needed for the following result, which provides alternative con-
ditions for the weak hazard order. To this end, let hg, with k = 1,2, denote the density
function of Vy, let hy,,,j = 1,2, denote the density function of the j-th marginal of Vy,
and let Ay, |v,,—v,,] denote the density function of [Vi;|Vi; = vi;].

LEMMA 3.1 Let Vi = (V11,Vi2) and Vo = (Va1,Vag) be two bivariate frailty random
vectors such that Vo <;. V1. Therefore, [Vo1|X1 > x1, X2 > x9, Vag = va| <pp [V11]X71 >
x1, X9 > x9,Vio = 1)2] for all (x1,x2) S Ri and vy € R+.

Proof. First, observe that whenever Vi = (Vi1, Vi2) and Vo = (Va1, Vi) are two bivariate
random vectors such that Vo <;. V1, then

[V2i|V2j = t] <ir [V1i|Vlj = t] for 7 75] and for all t € R+. (32)

In fact, Vo <jp Vq if ha(x)hi(y) < ha(x A y)hi(x Vy) for every x and y in R2. In
particular, for x = (x,t) and y = (y,t), it follows that

ha(z, t)hi(y,t) < hao(z Ay, t)ha(z V y,t). (3.3)
By dividing by hy,, (t)hy,,(t) in both sides of equation (3.3), it follows that

P Vas = (%) P vis=g () < P vas=g (& A Y) B vis=g (T V ).
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Thus, [Va1|Vaz = t] <pp [V11|Via = t] for all ¢t € Ry, i.e., (3.2) holds for i = 1 and j = 2
(and the proof for i = 2 and j =1 is similar).

Now, from (3.2), the ratio Ay, [v,,—v,] (W1)/Avi, [vis=v,] (w1) = g(wi]ve) is a decreasing
function in wy, for all vo € Ry. Moreover, for (z1,z2) € Ri, we have

" () = Jo! F(a1, ma|wr, v2) hiv,, veyme,] (w1 ) dwr
[V21‘X1>117X2>$2,V22:’U2] 1 fo $1,$2 ‘wh Vg hV21|V22=U2]( 1)dw1

)
foul F((fUl, Talwi, v 2)9(w1|U2)h[Vu|\@2:v2} (w1)dwy
fooo F(l‘l, z)|w1, U2)9(w1|U2)h[vn|vg2:u2](w1)dw1 '

From the monotonicity of g(w|ve), and by using a similar development to the proof in
Theorem 2.4 in [17], the result is obtained. [ |

Note that, in general,

aF(EL'l, l’2|’U1, ’U2)/6:L’1
F(x1, 2lvi, v2)

AW (21, 2o]v1, v9) = —

_FXQ_(SU2|2)1,112)8F_’X_1 (l‘1|1)1,1)2,X2 > 1172)/833]_
Fx,(x2|vi, v2) Fx, (x1|v1, v2, X2 > x2)

= )\(1)(1‘1|U1, ’UQ,XQ > 582). (34)

Similarly, it can be proved that A\(?) (1, x2|V1,v2) = )\(2)(1:2|v1, vy, X1 > x1).

For simplicity, we denote, for i, = 1,2, with ¢ # j,
() I AN
Ap (wilvg, X5 > ) = oA (@ilvr, v2, Xj > )i Xy > 01, Xa > w2, Vig=0,) (Vi) Vi, (3.5)

where hy,,|x,>z,,X,>2,Vi;—v,] (Vi) 18 the marginal density function of [Vi;| X1 > 21, X2 >
T2, ij = ’Uj].

The following result can now be proved.

THEOREM 3.4 Let Xy, = (X1, Xi2), k = 1,2, be bivariate random vectors that have
survival functions defined as in (3.1). Let

a) Vo <jp Vi,

b) XD (xq, zalvr,v2),i = 1,2 be an increasing function in (vi,vs) for all (x1,x2) € ]R?H

c) )\gz)(:ci\vj,Xj > x;),i = 1,2 and j # i be increasing in vj or )\g)(xi]vj,Xj > x4),1 =
1,2, be increasing in v;.

Then X1 <yphr Xo.

Proof. From Theorem 6.D.2 in [21], it is sufficient to prove that Ag?l (x1,22) >

)\g?Z (z1,x2), for i = 1,2. The proof for i = 1 is given, the proof for i = 2 is similar
and is therefore omitted.
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Let Agaxz = )\%3((171,.’]}2) - )\ga (z1,x2). It follows that

Agaxz =/ / AV (@1, wolv1, v2) [l (v1, 02|21, 22) — ho(v1, 271, 22)]dvrdvy
o Jo

=/ / AD (@1 |v1,v2, Xo > 22) By, | X1 a1, Xo s, Vis =] (V1) R{Vis| X2 501, X0 50 (V2) dV1 A2
0 0

_/ / /\(1)(1‘1‘1}17 v2, Xy > x2)h[V21\X1>:171,X2>a:2,V22:U2](vl)h[V22|X1>I1,Xz>Zz] (UQ)dvldUQ
0 0

= / AP (102, Xy > T2)AViy | Xy > a1, X > o) (V2)dV2 —
0

/ MY (@1]v2, Xa > ) B x, 501, X 5a] (V2) 0.
0

Moreover, assume that in assumption c¢) the hazard rate )\51) (x1|va, X2 > x9) is increas-

ing (note that if )\gl)(xl\vg,Xg > x9) is increasing, then the proof is similarly obtained
by interchanging the corresponding roles of these functions). By adding and subtracting

I )\gl)(xﬂvg,Xg > 22) Py, (X, >a1, Xo > 2.} (V2)dvg, it follows that

1 o 1
Ag{i,xz = /0 )‘g )(.Z'1|’U2,X2 > xQ)[h[V12\X1>$17X2>I2]<v2) - h[V22\{X1>931,X2>x2]<v2)]dv2

+ / Y (@1]v2, Xo > @) — A (21]v2, Xo > 29)| (v x2 501, Xo > 0] (V2) V2. (3.6)
0

The first and second terms on the right-hand side of (3.6) are denoted by A and B,
respectively, that is

A= E[)\gl)(.%'1|‘712,X2 > ZL‘Q)] — E[)\gl)(xl‘VQQ,XQ > 1'2)],

where ‘712 =gt [V12‘X1 > :L'l,XQ > 1‘2] and ‘722 —st [‘/22|X1 > :L‘1,X2 > x2]7 and

B =/ D (@1 [vg, Xo > @2) = A (1 [v, X > L) vy (X, >0, Xa >0} (V2)dV2.
0

From assumption a), and given that the multivariate likelihood ratio order is closed
under marginalization (see Theorem 6.E.4.b in [21]), it follows that Vas <;- Vi2. Moreover,
from Theorem 2.4 in [17] and given that the <;,. order implies the multivariate <y order,
it follows that [Vaa|X7 > 21, Xo > xo] <& [Vi2]|X1 > 21, X2 > x9]|. Therefore, A > 0,

given that from hypothesis ¢), )\(11)($1|’02, Xg > x9) is increasing in vy for all (x1,x2).

It can now be proved that the second term on the right-hand side of (3.6) is also

non-negative. Denote A%) = )\51) (x1|v2, X2 > x2) — )\gl)({El‘UQ,XQ > x2). From (3.4) and

(3.5),

1 fe%s)
A(u) =/ /\(1)(I1,9€2|’01,Uz)[h[vu|X1>x1,xz>x2,v12:v2] (V1) = Aoy | X1 S>30, Xo > w0, Vaz=vs] (V1)]dV1

= EMD (21, 29| Vi1, v2)] — E]NO (21, 22| Var, v2)], (3.7)

10
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where Vi1 =g [Vi1|X1 > 21, X > 22,Vio = o] and Vo =g [Va|X1 > 21, Xp >
x2,Vig = wva]. From @), Lemma 3.1 and b), it follows that (3.7) is non-negative and,
therefore, B > 0. Thus, the result is obtained. [ ]

As a particular case, if the vectors Xy = (Xp1, Xi2), k = 1,2, are defined according to
the bivariate exponential frailty model, i.e., if F(x1,z2|v1,v2) is defined as in (2.2), then
a simpler statement can be provided.

THEOREM 3.5 Let Xy = (X1, Xp2), k = 1,2 be two bivariate random vectors that have
survival functions defined as in (3.1), and let F(x1,x2|vi,v2) be defined as in (2.2). If
Vo <y Vi, then X1 <ynr Xa.

Proof. If F(z1,x2|v1,v2) is defined as in (2.2), then

i 0 0
/\;(c)(9€1,$2) = O1(x1,22) E[Vi1 | X1 > @1, Xo > x2] + d2(x1,22) E[Via| X1 > 21, X2 > x2).

Therefore,
i 0
Ag()l,X2 = 8$'¢1($1’x2) [E[VH’Xl > le,Xg > 372] — E[V21’X1 > le,Xg > 372]]
0
+ 6x-¢2($1’x2)[E[V12|X1 > 21, Xo > x9] — E[Va2| X1 > 21, X5 > 29]].

Moreover, given that the order <, is closed under marginalization, and by using The-
orem 2.4 from [17], [Va;| X1 > 21, Xo > x9] <& [V1i|X1 > 21, X2 > x2] holds. Thus, since

W > 0 forall 7,5 = 1,2, it follows that Ag?l x, = 0, and the result is obtained. W
For the same model as above, the upper orthant order (which is weaker than the usual

stochastic order) can be obtained under mild conditions, as stated in the following result.

THEOREM 3.6 Let Xy = (Xg1, Xi2), & = 1,2, be two bivariate random vectors that
have survival functions defined as in (3.1) and F(z1,x2]v1,v2) defined as in (2.2). If
V2 <st Vl; then Xl <uwo X2-

Proof. Since gy, z,)(v1,v2) = —e 1P (@nm2)—vada(21,72) i an increasing function in

(v1,v2), for every (x1,x2) € Ri, then by inequality Vo <4 V7, it immediately follows
that

B 0o foo
Fx (r1,22) = / / e_vl(bl(xl7x2)_v2¢2($17x2)h1(’Ul,’U2)dv1dv2
0 0

_E[g(ml,zg)(vl)]
_E[g(xl,xz)(v2)]

o0 o0
= / / e—v1¢1(wl,wz)—vz¢z(x1,x2)h2 (v1, v2)duvy dvg
0 0

= Fx,(x1,22),

IN

which constitutes the assertion. [ ]

11
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The following statements deal with the BMMFD, i.e., the model of survival functions
defined as in (2.3). Recall that Xy; denotes the random variable whose survival function
is the baseline survival function Gy;, for k= 1,2 and 7 = 1, 2.

THEOREM 3.7 Let Xy, = (X1, Xk2), for k = 1,2, be two bivariate random vectors with
survival functions given by a BMMFD. If

a) Vo <g Vi;
b) X1 <st Xoiyi=1,2;

then X1 Sst Xg.

Proof. Let X, with k = 1,2, be two vectors with the survival function defined as in
(2.3). Now, consider a new random vector Y having survival function given by

Fy (v1,22) = / Cs(Ghi(z1), Gi3(22))dHa(v1, v2).
0 0

First, we prove that Y <y Xo. For fixed (vi,v2) and k = 1,2, let X,(Cvl’w) be a random
vector with survival function defined as

inul,@)(l‘l, Z'Q) = Cs(Gzll(.’El), GZZQ(IEQ))

Observe that, for any fixed (vi,v2), the vectors ngl’”) and nghw) have the same
survival copula C’g’“vz) = Cg(uj*,u3?). Moreover, by hypothesis (b), ngl’vg) and Xg’l’w)
have ordered univariate margins. Thus, from Theorem 4.1 in [26], ngl’w) <ot ngl’w).
By the closure under mixture of the st order, and given that X5 is the mixture of X(QU“UQ)

with respect to Vo and that Y is the mixture of ngl v2) with respect to Vo, it follows
that

Y Sst X2- (38)

It will now be proved that X; <, Y. Let ¢ be an increasing function. Observe that

El6(X)) = | ott)iF, (1

= [Lowa[ [ [ st@rn, Gisteparn. )

+oo +o0 B B
[ [ ¢<t>dcs<G};a<t1>,G%%(m))} 0HL (01, )
0 0 R2

oo oo ~ 1, 1viy A1, 1/vs
/ / OGR!, Gl ) aCs(a o) | Ao )
0 0 0,1]2

= El(Vy)] (3.9)

12
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where

br(v1,v9) = — o A(Cr (uy”™), Gt (ug*))dCis (un, ug)
0,1]2

Therefore, E[p(X1)] = —E[¢1(V1)] and, analogously, E[¢p(Y)] = —E[1(V2)]. Now,
given that ¢ is increasing, then 1 is also increasing. Thus, from hypothesis (a), it follows
that E[¢(X1)] = —E[¢1(V1)] < —E[¢1(V2)] = E[o(Y))], ie.,

X < Y. (3.10)

Therefore, the assertion follows from (3.8) and (3.10). [ |

REMARK 3.1 Note that the proof of Theorem 5.7 is immediately obtained assuming that
X1 =t Xo5,1 = 1,2, since for any increasing function ¢,

Bl(X,)| V] = /[0 O ("), G () dCs w1, o)

is decreasing in (vy,v2). That is, [X|V = (v1,v2)] is stochastically decreasing in (vi,vs).
Thus, from Theorem 3.1, the corresponding multivariate usual stochastic order between
X1 and Xo holds.

REMARK 3.2 Consider the survival functions Fy . (1, 22) = Csx(G}3 (1), G5 (22))
for k = 1,2, where Cg1(u,v) < Csa(u,v) for all u,v € [0,1]. That is, assume that
the copulas Cs1 and Cgyo are ordered in concordance sense (see [20], for details on the

concordance order). If a) and b) in Theorem 3.7 are verified, then it is easy to show that
Xl guo X2-

REMARK 3.3 Note that, when Cg is the independence copula, then Theorem 3.7 reduces,
as a particular case, to Theorem 2.4 in [7].

The following two statements describe suitable conditions for the orthant orders be-
tween two BMMFDs.

THEOREM 3.8 Let X = (Xp1,Xk2), k = 1,2 be two bivariate random vectors with
survival functions given by a BMMFD. Assume that the survival copula Cs(u,v) is convex
in each component. If

a) YQ <icev y1;
b) X1 <st Xoii=1,2;

then X1 <uo X9 and Xo <j, Xj.

Proof. First, the statement for the <,, is shown. Observe that, since Cg is a copula
and GSi(x;) is a decreasing function in v;, it follows that —Cs (G} (1), Go3(w2)) is an
increasing function in v = (v, v7). Furthermore, observe that, for fixed x € R%, the
equality Fx,(x) = —E[1»2(V2)] holds, where 13(v) = —Cs (G5} (z1), Go3(x2)). Note that
the function 2 (v) is a componentwise concave function. In fact, for A € (0,1),v1,w; € R

13
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and fixed vg, it is obtained that

Yo (Mot + (1= Nwi, vp) = —Cs(Got TV (21), G33(x2))
—Cs(AG (1) + (1 = NG (21), GH3(w2))) (3.11)

>
> =ACs(G™ (1), G3(22)) — (1 = N)Cs (G (1), Go3(2)), (3.12)

where (3.11) follows from the convexity in vy of GV (z1), while (3.12) follows from the
componentwise convexity of Cg.

Therefore, 15 is concave in the first argument when the second argument is held fixed.
Analogously, it can be shown that 1, is concave in the second argument when the first
one is held fixed.

Thus, 15 is an increasing and componentwise concave function and, from assumption

a), it follows that —FE[y2(Va)] > —E[2(V1)].
Finally, from b), it follows that, for all v,

Pa(v) = —Cs (G (1), Go3(x2))

< —Cs(GYi (1), GT3(x2))
=11(v).

Thus, E[t2(V1)] < E[¢1(V1)], and therefore Fx, (x) = —E[2(Va)] > —E[1h2(V1)] >
—E[Y1(V1)] = Fx, (x) for all x, and the result is obtained.

The proof for the <;, order is now given. That is, it should be shown that Fy(x1,x2) >
Fi(z1,x9) for all (1, x2) in Ri. Let (x1,x2) be a fixed point in ]Ri. It is well-known that

Fi(l‘l,l‘g) =1- Fﬂ(l‘l) — FiQ(SL'Q) + E($1,1‘2) for 7 = 1,2.

Therefore, it will be sufficient to show that Fii(z1) > Foi(x1) and Fia(xa) > Faa(za).
Thus,

—Fn(ﬂm):/ —Fy(z1,0|vy, ve)dHi (v1,v2)
R?
2/ —Fy(21,0|v1, ve)dHi (v1,v2),
RZ

where the last inequality follows from hypothesis b). By taking into account that
Fy(x1,0lv1,v2) = G5(x1) is a decreasing and convex function in vy, it is obtained by
applying a) that

—F2(061,0\?11,112)dH1(v1,112)Z/ —F5(z1,0[v1, vo)dHa (v, vo)
RZ

= —Flg([ﬁl).

R2

Consequently, —Fy1(z1) > —Fia(x1), ie., Fi1(x1) > Fia(x1). The inequality Fpi(z2)

>
Fys(x9) can be proved similarly. Thus, the result is obtained. [ ]

Examples of survival copulas Cg satisfying the assumptions in Theorem 3.8 are those

14
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in the Farlie-Gumbel-Morgenstern family, defined as
Cs(u,v) =uv(l+ (1 —u)(l —v)), with —1< <1

(see [20], for details on Farlie-Gumbel-Morgenstern copulas). In fact, it can be easily
verified that these copulas are componentwise convex whenever the parameter 5 < 0.
Note also that componentwise convexity is satisfied whenever the copula is convex. How-
ever, as described in [20], page 102, the only copula satisfying general convexity is the
Fréchet-Hoeffding lower bound copula.

Recall that the increasing concave order is weaker than the increasing componentwise
concave order (see Theorem 7.A.22 in [21]). It is interesting to observe that, for the case
of independence copula, the previous result also holds if the order <;.., between the V;
and Vy is replaced by <;.,. This fact, which generalizes Theorem 2.5 in [7], is proved in
the following statement.

THEOREM 3.9 Let the bivariate vectors Xy, with k = 1,2, have survival functions defined
as in (1.1). If

a) YQ <icv Yl;
b) Xis <ut Xoi for any i =1,2;

then X1 guo Xg and Xg Slo Xl.

Proof. First, X; <,, Xg is proved. For any fixed x € R2, we can write Fx,(x) =
—E[¢2(V2)], where ¢2(V) == —[szzl FQZ(IEZ)M] Given that V2 Sicv V1 and that 1/12 is
an increasing and concave function of (vq,v9) € R%r, it follows that

El2(Va)] < E[2(V1)]. (3.13)

Now, from Xy; <¢ Xo; it follows that —[[]7_; Fai(z:)"] < —[[T22; Fui(z:)¥], and, there-
fore, that

Elp2(V1)] < Elgr(V1)], (3.14)

where ¥ (v) = —[H_?Zl F1i(2;)"]. From (3.13) and (3.14), it follows that E[tz(Va)] <
E[1(Vy)], that is, Fx,(x) < Fx,(x), and therefore X; <,, Xo.

Finally, X9 <j, X7 is similarly shown as in Theorem 3.8. |

The last result provides conditions to compare two BMMFDs, with marginal distribu-
tions defined by univariate frailties, in the supermodular order sense.

THEOREM 3.10 Let Xy = (Xk1, Xk2), £ = 1,2 be two bivariate random vectors with
survival functions given by a BMMFD. If

a) Yl <sm YQ;'
b) Xoi =5t X140 =1,2;

then X1 <gm Xao.

Proof. First, observe that if ¢(x,y,u) is a supermodular function in (z,y) for every fixed
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u € R", u—integrable in u € R™ (where u is a measure in R™), then

B(z,y) = / o, y, w)dp(u) (3.15)

is also a supermodular function in (z,y). In fact, on considering z1 < z2 and y; < ya,
through assumptions on ¢(z,y,u), then

90(551,3/1711) + 90@2,3/2,11) Z 90($1,y2a11) + 90(332791711) for all u,

and hence
(1, 1) + B2, y2) = / (o(@1, y1,w) + (2, yo, w)dpu

> /[80@2,3/1»11) +¢($17y2au)]d:uu

= ®(z2,y1) + P(21,92)-
Now, let ¢ : R? = R be a supermodular function. If 1 is defined as

vlonw) = | (G ("), (u2) V)dCs(un, o), (3.16)
0,1]2

then E[¢p(Xy)] = E[ (V)] holds. Note that the right-hand side in (3.16) does not de-
pend on k, since Xo; =g X1i. It is easy to verify that, for fixed u, h;(v;) = C;’,;il (ull/v)
is decreasing in wv;. Thus, since ¢ is supermodular, for every fixed u, the function
d(v1,v9,u) = ¢(G, (ui/vl), @iQ(ué/vQ)) is supermodular in (v1,v2). From the supermod-
ularity of (3.15), it follows that ¢ (v1,v2) is supermodular, and hence

E[p(X1)] = E[p(V1)] < E[Y(V2)] = Elp(X2)].

Therefore, the assertion is obtained. [ |

4. Examples

4.1. Bivariate correlated gamma proportional hazard frailty model

Yashin and Iachine [27] showed how methods and ideas from different research areas
could be merged in a new approach based on a bivariate survival model of correlated
frailty. Using Danish twin survival data, they showed how that model could be used for
genetic analysis of important demographic characteristics such as human mortality and
longevity. Analogous to the bivariate correlated gamma frailty model due to [27], and to
its reversed version studied by Li and Da [13], we propose here an example of stochastic
comparison for a similar model. Consider the frailty vector Vi = (Vi1, Vi2), such that
Vi1 = Yo1+ Y1 and Via = a(Yp1+Y2), where the variables Y1, Y1 and Y are independent,
and such that Yo; ~g I'(ko1, A1), Y1 ~s T'(k1,71) and Yo ~g I'(k2,7v2). Therefore, Vi3
and Vi are gamma distributed and correlated.
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Assume that p; is the correlation coefficient between V11 and Vis. By straightforward
computations

—1/2 —1/2
pl_[lJrklA%] / [1+k2A§] /'
ko1v? ko173

Similarly, let Vo = (Va1, Vag) be a frailty vector, such that Va1 = Yoo + Y1 and Vo =
a(Yp2 + Ya) where Yoo ~g I'(ko2, A2), and po is the corresponding correlation coefficient.

Note that, I§%1 <5 KO? if, and only if, p1 < po.

Assume that, for k = 1,2, the bivariate vector Xj, has the survival function defined
as in_(2.1) and Fk($1,1’2’V1,V2)_: F(x1, 22|11, 1) is defined as in (2.2), for ¢;(x1,x9) =
—InG;(x1,22), i = 1,2, where Gj is a joint baseline survival function. Note that in this
case,

F(l’l 1'2‘1/1 V2) — N lné’l(xl,xz)—}—uglnég(zl,zz)
s >

= G1(w1,22)" Ga(z1, 12)"

can be considered as a generalization of the multiplicative model given, for example, in
[17]. The following statement holds.

THEOREM 4.1 Let X1 and Xo be defined as described above.

7,) If kor < koo and A\ > /\2, then Xo <,0 Xj.
ZZ) If k‘()l < kog, kl < k‘g (md )\1 > )\2, then X2 Swhr X1

Proof. i) From Example 3.1 1in [28], A1 Y01 <gisp A2Y02 is verified. Thus, by applying Theo-
rem 3.B.11 and Theorem 3.B.13 in [21], Yp1 <4 Yoo holds. If Zy = (Yo, Y1,Y2) for k =
1,2, and by taking into account that Yy, Y7, and Ys are independent, then Z; and
Zs, have the same copula. Consequently, from Theorem 6.B.14 in [21], Z; <4 Zo.
Therefore, by using Theorem 6.B.16 a) in [21], it follows that V1 < V5. Finally, by
applying Theorem 3.6, it is obtained that Xo <,, Xj.

i) If ko1 < ko2, k1 < ko and A; > Ay, then V1 <. Vo (similar to the proof of Proposition
5.1 (iii) in [13]). Therefore, from Theorem 3.5, Xo <,p, X1 holds.

Assume now that, for & = 1,2, the bivariate vector X; has the survival function as
defined in (1.1), that is,

Fx, (z1,72)

HGV’“ T; ] .z € RT.

THEOREM 4.2 Let X1 and Xo be defined as described above. If

i) ko1 < ko2, A1 < A2, and 13711 = ,,?722;
“) X2i <st Xli fOT any i = 1727'

then X2 Suo Xl.
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Proof. By using i) and Proposition A.9 in [29], Y51 > Yp2 holds. Now, by applying
Theorem 4.A.34 in [21], Yo1 <iey Y02 is verified. Consequently, by taking into account a
statement similar to Theorem 7.A.6 in [21] with respect to the icv order, and from a)
in Theorem 7.A.5 in [21], it is easily obtained that Vi <;., V3. Thus, by Theorem 3.9,
X2 guo Xl- u

4.2. Bivariate log-normal frailty model

The log-normal distribution is, along with the gamma distribution, one of the most com-
monly used distributions to model variables with necessarily positive range. In particular,
this distribution has been used to model the distribution of the univariate frailty model
as well the correlated frailty model (see, among others, [3, 5, 30]; and references therein).

In this example, we consider two frailty vectors Vi = (Vi1, Via), k = 1,2, with a
bivariate log-normal distribution. That is, for £k = 1,2, assume

Vk: ~st LnN(Ma Zk)a

where LnN denotes the bivariate log-normal distribution, p = (mq,mo) and X =
2 2

<rss2 T’;; , where m;, s> and 7 are the mean, variance and correlation of the re-
k

spective normal distributions. The mean, variance and correlation of the frailties are

related to these parameters as follows:

pi = E[Viy] = ™7,
O']%i =Var(Vy;) = ezmi+82(es - 1),

et — 1
pk- — COTT(Vkl, Vk2) == ﬁ

Assume that, for k = 1,2, the bivariate vectors X have survival functions given by a
BMMFD, with the same baseline survival functions Gi; = G;, for i = 1,2, but with
different frailties Vi, as above. The following result gives conditions for the comparison
of X1 and X5 in the supermodular order in terms of the order between the correlation
of the frailty vectors Vi and Va.

THEOREM 4.3 Let the vectors X1 and Xo be defined as described above. If ry < ro, then
Xl Ssm XZ-

Proof. 1t is known that two normally distributed bivariate vectors are ordered in the
PQD order (see page 388 in [21]) if their covariance matrices are ordered (see Example
9.A.8, in [21]). Moreover, from Theorem 9.A.9 in [21], it follows that the PQD order is
closed under increasing transformations of the components of the vectors. Therefore, if
r1 < rg, then Vi <pgp Va.

Furthermore, observe that the two vectors have the same marginal distributions. Thus,
given that the PQD and sm order are equivalent in the bivariate case whenever the
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compared vectors have the same margins (see page 395 in [21]), it follows that Vi <4,
V5. From Theorem 3.10 the inequality X <, X5 is obtained. [ ]

4.3. A bivariate additive Gamma frailty model

Assume that, for k = 1,2, the bivariate vectors X have survival functions given by a
BMMFD, with the same baseline survival functions Gy; = Gy, for i = 1,2. Let V; =
(Vi1, Vi) be frailty vectors such that V;; = Yy, + Y1; and Vi = Yo, + Ya;, where the
variables Y;, Y1 and Y, are independent and such that Yy, ~ T'(koi, A), Y1i ~ T'(k1i, A)
and Ya; ~ T'(k2;, \). As follows from Proposition 3.1. in [31], if ko2 < ko1, and ko2 — ko1 =
k11 —k12 = ko1 —koo, then Vo <, V1. Therefore, by applying Theorem 3.10, X <, X1.

5. Conclusions

The frailty approach is commonly used in reliability theory and survival analysis to model
the dependence between lifetimes of individuals or components subjected to common
risk factors; according to this model the frailty (an unobservable random vector that
describes environmental conditions) acts simultaneously on the hazard functions of the
lifetimes. Several interesting conditions have been described in this paper for stochastic
comparisons between random vectors that are defined according to these models by
assuming conditional dependence hypothesis for the frailty vector.

Two particular cases of generalized bivariate frailty models have been considered. The
first one is the bivariate exponential frailty model and the second particular case is based
on a representation of F(x1,z2|v1,v2) in terms of copula. The multivariate upper and
lower orthant orders for the populations are obtained in the first model by comparing
the corresponding frailty vectors in the usual multivariate stochastic order. For this
model, we also investigate the weak hazard rate order for the populations in terms of the
multivariate likelihood ratio order of the frailty vectors. However, for the second model,
the populations are ordered in the usual multivariate stochastic order if the random frailty
vectors are also ordered in the same order. For this model, the upper orthant order and
the supermodular order of the populations are obtained when the random frailty vectors
are ordered in the increasing componentwise concave order and the supermodular order,
respectively. The examples used herein are common in the literature on multivariate
frailty.
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