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Abstract

This paper deals with Best Theory Diagrams (BTDs) for metallic and laminated shells. The
BTD is a curve that is defined over a 2D reference frame in which the horizontal axis indicates
the error of a shell model with respect to a reference solution whereas the vertical axis indicates
the number of displacement variables of the model. The best reduced model is a refined model that
offers the lowest possible error for a given number of variables. The relevant terms of a model
are detected by means of the axiomatic/asymptotic method (AAM), and the error is related to a
given variable with respect to an exact or quasi-exact solution. In this work, a genetic algorithm
has been used to obtain the BTD. The Carrera Unified Formulation (CUF') has been employed to
build the refined models. The CUF makes it possible to generate automatically, and in a unified
manner, any plate or shell models. Equivalent Single Layer (ESL) and Layer Wise (LW) refined
models have been considered. The governing equations for shells have been obtained through
the Principle of Virtual Displacement (PVD), and Navier-type closed form solutions have been
considered. BTDs have been constructed by considering the influence of several parameters, such
as various geometries, material properties, layouts, different displacement/stress components
and loadings. The accuracies of some well-known theories have been evaluated and compared
with BTD reduced models. The results suggest that, since the BTD depends on the problem
characteristics to a great extent, the systematic adoption of the CUF and the AAM can be
considered as a powerful tool to evaluate the accuracy of any structural theory against a reference

solution for any structural problem.



1 Introduction

Laminated composite and metallic shells are widely employed in several structural engineering
applications, and many mathematical models have been developed over the last decades for
the structural analysis of plates and shells. The solution of the 3D elasticity equations can be
computationally prohibitive and valid only for a few geometries, material characteristics and
boundary conditions. Computationally cheaper 2D structural models are commonly used to
analyse shells and plates. The first model that was developed was the Kirchoff-Love ([1]. [2]).
According to this model, transverse shear and normal strains are assumed to be negligible with
respect to the other stress and strain components. An extension of this model to multilayered
structures is referred to as the Classical Lamination Theory (CLT). Further details on shell
theories can be found in [3].

The inclusion of shear effects can be carried out according to the Reissner-Mindlin model [4, 5]
that leads to the First Order Shear Deformation Theory (FSDT). Further refinements of the
FSDT can be obtained through the Vlasov model and the Reddy-Vlasov model [6, 7] to ac-
count for the homogeneous conditions for the transverse shear stresses at the top and bottom
shell/plate surfaces.

A refined model that accounts for both the transverse shear and normal stress effects, i.e. that
fulfills Koiter’s recommendation [8], was developed by Hildebrand, Reissner and Thomas [9].
Other significant contributions on laminated shell models can be found in [10, 11, 12, 13, 14,
15, 16, 17].

The number of unknown variables in the theories that were mentioned above is independent of
the number of layers. These theories are commonly referred to as Equivalent Single Layer Mod-
els (ESL). An alternative method is the Layer-Wise (LW) approach [18, 19, 20, 21, 22, 23] in

which each layer is seen as an independent plate and compatibility of displacement components



are imposed at the interfaces. In an LW model, the number of unknown variables depends on
the number of layers.

Multilayered structures are transversely anisotropic, and the mechanical properties are discon-
tinuous along the thickness. These characteristics lead to transverse displacements whose slopes
can rapidly change at the layer interfaces, and transversely discontinuous in-plane stresses. Due
to equilibrium conditions, transverse stresses must be continuous at the interfaces. Zig-zag mod-
els [24, 25] and mixed variational tools [26, 27, 28] have been developed over the last decades
in which the displacement and stress fields can be assumed in each layer. Compatibility and
equilibrium conditions are then used at the interfaces to reduce the number of the unknown
variables.

The present paper deals with refined shell models that are built by means of the Carrera Unified
Formulation (CUF)[29]. According to the CUF, the displacement field of shells and plates can
be defined as an arbitrary expansion of the thickness coordinate. The expansion order is a
free parameter of the analysis, and it can be chosen via a convergence analysis. The governing
equations are obtained through a set of fundamental nuclei whose form does not depend on
either the expansion order nor the choices made for the base functions.

In the CUF framework, a novel axiomatic/asymptotic method (AAM) has been recently devel-
oped for beams [30, 31] and plates [32, 33]. AAM allows us to investigate the effectiveness of
each generalized displacement variable in detecting the solution for a given problem and differ-
ent values of typical parameters such as the thickness, the orthotropic ratio and the stacking
sequence. By retrieving only those variables that play a role in the detection of the mechanical
behavior of the structure, this method leads to the definition of reduced models that have the
same accuracy of the full model but that have fewer unknown variables. Another important
outcome that stemmed from the use of the axiomatic/asymptotic approach was the best theory

diagram (BTD) [34]. The BTD is a diagram in which, for a given problem, the computationally



cheapest structural model for a given accuracy can be read. The BTD is influenced by a number
of geometrical and material parameters, and it can be obtained by exploiting genetic algorithms
[35]. The most recent developments have dealt with the definition of more accurate techniques
to evaluate the accuracy of the model [36. 37] and with layer-wise plate models [38].

In this work, BTDs are obtained for metallic and laminated shells through genetic algorithms.
Navier-like closed-form solutions are employed, and both ESL and LW models are considered.
This paper is a companion work of [39] in which refined plate models were considered. This
paper is organized as follows: the geometrical relations for shells and the constitutive equations
for laminated structures are presented in Section 2; the CUF is presented in Section 3; the
governing equations are introduced in Section 4; the axiomatic/asymptotic technique and the
BTD are introduced in Section 5; the results are given in Section 6; the conclusions are drawn

in Section 7.

2 Geometrical and constitutive relations for shells

This section deals with the basic geometrical and constitutive equations for multilayered shells.
A more complete and detailed description of these equations can be found in [40]. The geomet-
rical parameters and the reference frame of a generic k-layer of a multilayered shell are depicted
in Fig. 1. The reference surface is defined as §2j, and its boundary is [';. The reference system
is defined by ayg, Bk, 2., and the curvature radii along the principal directions are RY and Rg.
The following relation are valid in the given orthogonal system of curvilinear coordinates for the

square of a line element, the area of an infinitesimal rectangle on ), and for an infinitesimal



volume, respectively,

dsp =HEdof + HdBr + HYdz}

dQy, =HE H doy, dBy,

dVi, =HE HY HY doy dBy dzy, (1)
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ko Zk ko Fk ko
HE = Ay (14 o; HE =B, [ 1+ = HF =1 (2)
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Constant curvature shells were considered in this paper; that is, Ay = Br = 1. For the sake of

convenience, strain components were grouped into in-plane and out-of-plane components,

61; = [€aa €33 €ag] '57]2 = [€az €32 €22 (3)

and the strain-displacement relations were expressed as (see [3])
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Stress and strain are related by means of the following constitutive equation:

ol = Ckék (7)

where 0¥ is the stress vector of the generic k layer of the shell and € is the strain vector of
the generic k layer of the shell. The material elastic coeflicients are expressed in the problem
reference system. The dependence of the elastic coefficients C‘ij on Young’s modulus, Poisson’s
ratio, the shear modulus and the fiber angle is not reported here for the sake of brevity, these
relations can be found in Reddy’s book [7]. Coherently with the strain grouping in Eq. 3, the

constitutive equations can be written as
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3 Carrera Unified Formulation for shells

In the framework of the CUF, the displacement field above a generic k-layer of a shell can be

described as

uk(akaﬁkvz)=F7’(Z>'u7k':(ak76k) T=12....M (11)

where u” is the displacement vector (uf u’g uk), F, are the expansion functions, u¥ = (uf , uléT, uk )

arc the displacement variables, and M is the total number of expansion terms. M can be chosen
arbitrarily. Functions F; are most commonly polynomials, but other types of functions could
be used, e.g. exponentials, harmonics, etc.. In this paper, ESL and LW were adopted. In the
ESL, the expansion functions are defined on the entire thickness. On the other hand, in LW
the expansion functions are defined for each layer k. Examples of ESL and LW schemes are
shown in Fig.s 2(a) and 2(b) in which a generic displacement component distribution along the

thickness is presented according to linear and higher-order expansions.

3.1 Equivalent Single Layer models

Mec-Laurin polynomials were adopted as expansion functions of the thickness coordinate to deal
with ESL,

F,=2""1 r=1,2....N+1 (12)

where IV is the order of the expansion. As in previous CUF works, the ESL models are indicated
as EDN, where N is the expansion order. The ED4 model displacement field, for instance, is

given by

Uq = Uqy T ZUay + 22 Uy + 23 Uqy T 24 Uas
ug = ug, +zug, + z? ug, + z3 ug, + 24 UBy (13)

Uy = Uz + 2 Uz + Z2 Uzs + 23 Uzy + 24 Uzs



This model has 15 generalized displacement variables. Classical models such as CLT and FSDT
can be considered as special cases of the full linear expansion (ED1). For instance, the FSDT

model is given by

Ug = Uq; T 2 Uy
ug = ug, + zug, (14)
Uy = Uy,

Poisson’s locking is corrected as in [41] in all those models that have first-order displacement
fields.
In this paper, many results were compared with those obtained via the model proposed by

Pandya (see [42]) in which the displacement components are the following:

Up = Ual + 2 U2 + 27 Uaz + 2° Uns
ug = ugr + 2z uge + 22 ugs + 23 Ug4 (15)

Uy = Uzl

3.2 Layer Wise models

LW models can be conveniently built by using Legendre’s polynomials as expansion functions

along each layer. According to CUF, the LW displacement field can be written as

vw=F u4+F-wW+E - =Fd  r=tbrr=23.. N k=12..., N (16)

where N; indicates the number of the layers. The subscripts ¢t and b denote those values at the
top and at the bottom of the layer, respectively. The Legendre polynomials for a fourth-order

model are the following:
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where (j is the adimensional thickness coordinate, —1 < (i < 1. The F- functions are obtained

from the Legendre polynomials as follows:

P+ P
2

_ P-P

F, 2

F,

F,=P,—-P_y r=23,..N (18)

LW models are referred to as LDN, where N is the expansion order. The LD4 model, for

instance, is based on the following displacement field:

ug, = Fruly + Fougy + Fyugs + Frufy + Fyul,
ub = Fyull, + Fyul, + Fyuliy + Fyiufy, + Fyufy (19)

k __ 2k .k 2k 2k 2k
uz_Ftuzt+F2uz2+F3uz3+F4uz4+Fbuzb

A more detailed description of CUF shell models can be found in [43, 44].

4 Governing equations

The Principle of Virtual Displacements (PVD) was used to obtain the governing equations,
5L'mt - 5Lext (20)

where 0 L;,; is the virtual variation of the internal work and § L., is the virtual variation of the

external work. The PVD can be written as

N . N
3 / / (6" b+ 0ek" ok ) dz de = > o1k, (21)
k—1 Qp J A k=1

Further details about the CUF and its implementation through the use of variational principles

can be found in [44].
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The governing equations can be written as

sut . KA. ub = Pk (22)
and the boundary conditions are
I uf = T u; (23)

where P¥ is the external load. The fundamental nucleus, K7® is assembled through the indexes
7 and s. Superscript k denotes the assembly at the layer level. The explicit form of the

fundamental nucleus is

KA {(_Dp + AT [c’;p By Dy, +CLEy Ay+Ch E Do+ Ch B + c’;nESTAn}
T T
4 (—Daa + A" [C’;n EuDy+ Chr By Ay + CE L EyDyo + CEL B A, + C’gnEm]
T T
+ |:CI]§TL ES,zTDp + C]];:n ES,ZTAP + ('\J’I]?Ln‘ES,zTDnQ + CﬁnEs,zTAn + CﬁnEs,zT,zj| } H§ Hg

(24)

and for the boundary conditions it is

17 ={(1,)" [Ch,Eer D, + ClyEor Ay + Chy B Dy + Chy By Ay + Ch By

T T . . . . .
+ (To)” [C" EoD,+CY B A, +Ck B Do+ Ck B Ay + CmeST,Z] } HY HY

pn pn nn nn

(25)

The following additional matrices have been introduced:

11



a0 0 00 7
I,= 0 HL’g 0 Li=10 0 ﬁlg (26)
Hig ﬁ 0 | (00 0
and
(EST7ESTYZ?ESTJ:EST?ES’ZT’Z) :/ (FSFT?FSFTJ FS,ZFTaFS,zFT,z)dZ (27)
Ag

The analyses herein reported were based on the Navier closed-form solution for simply
supported orthotropic shells, loaded by a transverse distribution of harmonic loadings. The

following properties hold

Cpp16 = Cpp26 = Cpn36 = Chnas =0 (28)

The terms u” for an LW model are expressed as:

uf = Y [Afng - oS (—&mm ) sin <"g’8k> k=1,N,

ag

“]ET = Zmn [)'57 - sin <m&) cos (%) r=1.M (29)

ag

where U 57, U Z; and U fT are the amplitudes, m and n are the numbers of waves (they range
from 0 to oo) and ay and by are the shell lengths in the aj and §j directions, respectively.
The same solution can be applied to the ESL approach, in this case the displacement variables

appear without the superscript k.
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5 The axiomatic/asymptotic method and the Best Theory Di-
agram

Structural analyses can be carried out by means of models with different accuracies. In general,
better accuracies can be obtained by increasing the order of the expansion; that is, by increas-
ing the number of unknown variables. The axiomatic/asymptotic approach (AAM) makes it
possible to reduce the computational cost of refined models without affecting their accuracies.
AAM examples can be found in [32] for plates, or in [36] for shells. In the following, the AAM
is described, the Best Theory Diagram (BTD) for shells is introduced and then a method to

build the BTD is explained.

5.1 The axiomatic/asymptotic method

The AAM is a tool to build reduced refined models, and it consists of the following steps:
1. Parameters such as the geometry, BCs, materials and layer layouts are fixed.

2. A set of output parameters is chosen, such as displacement or stress components; in the

following analyses 044 or u, were considered.

3. A starting theory is fixed (axiomatic part); that is, the displacement variables to be ana-
lyzed are defined; usually, a theory which provides 3D-like solutions is chosen; a reference
solution is defined (in the present work the LD4 was adopted, since this fourth-order
model offers an excellent agreement with the three-dimensional solutions as highlighted

in [29, 32]).
4. The CUF is used to generate the governing equations for the theories considered.

5. The effectiveness of each term of the adopted expansion is evaluated by evaluating the

error due to its deactivation; a term is considered as non-effective if the error is negligible;

13



the deactivation of a term is obtained by means of a penalty technique.

6. The most suitable structural model for a given structural problem is then obtained by

discarding all the non-effective variables.

A graphical notation was introduced to show the results. This consists of a table with three
lines, and a number of columns equal to the number of the displacement variables used in the
expansion. As an example, an LLD4 model for a two layer shell is shown in Table 1. Table
2 shows the reduced model in which the first layer term w.o and the second layer term uiQ
are deactivated. The meaning of the symbols reported in Table 2 is reported in Table 3. The
symbol B is used to denote the terms that cannot be deactivated in the LW since this would

introduce an extra constraint.

5.2 The Best Theory Diagram

It is possible to associate to cach reduced refined model the number of the active terms and its
error computed with respect to a reference solution as reported in Fig. 3. Errors are reported
on the abscissa and the number of active terms is reported on the ordinate. Each black dot
represents a reduced refined model and its position on the Cartesian plane is defined considering
its error and the number of the active terms. Furthermore, the graphical representation of the
active/non-active terms is reported for some reduced models. It is possible to note that some
of them present the lowest error for a given number of active terms. These models are labeled
in Fig. 3 as 1, 2, 3, 4, 5 and they represent the Pareto front for the considered problem. This
Pareto front is defined as the Best Theory Diagram (BTD). This curve can be constructed for
several problems, for example by considering several type of materials, geometries and boundary
conditions. Moreover, the information reported in a BTD makes it possible to evaluate the

minimum number of terms, Ny, that have to be used in order to achieve the desired accuracy.
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5.3 BTD construction by means of genetic algorithms

The number of all possible combinations of active/not-active terms for a given refined model is

2M wwhere M is the number of the terms of a model. In the case of an ESL model, M can

equal to
be computed as M = 3 (N+1). In the case of an LW model M is computed as M = 3 N; (N —1).
As the expansion order increases, the number of the combinations to consider also increases. A
genetic algorithm was used to construct a BTD with a small computational effort.

Each shell theory was considered as an individual. The genes are the terms of the expansion and
each gene can be active or not active, as shown in Fig. 4. The meaning of the symbols A and
A is reported in Table 3. Each individual is, therefore, described by the number of active terms
and its error computed with respect to a reference solution. Through these two parameters, it is
possible to apply the dominance rule in order to evaluate the individual fitness. The generation
of new refined theories starting from a generic population is inspired to the reproduction of
bacteria; for each individual (i.e. for each shell theory) a number of copies are created according
to its dominance and then, a number of mutations are applied in order to vary the set of new
individuals. The purpose of this analysis is to find the individuals that belong to the Pareto
front, that is, the subset of individuals that are dominated by no other individuals. In all cases,
the number of generations, i.e. iterations, needed is equal to 10 and the number of the initial
population is equal to 400. The error of the reduced models with respect to a reference solution
is evaluated through the following formula:

N . .
221 |Q — Qrl 1

=100
‘ max Qref Np

(30)

where QQ can be a stress or displacement component, and N, is the number of points along the

thickness on which @ is evaluated.
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6 Results

Metallic and composite shells were investigated. A transverse distributed load was considered,

a) sin (#) (31)

The parameters m and n as well as the surface in which the load is applied (top or bottom) are

0 . (Tm
I

different for each case.

6.1 Metallic shell

A metallic shell was first considered with a/Rz = 10, b/Rz = 7/3. Thin and thick shells were
considered, Rg/h equal to 100 and 4, respectively. The material properties are £ = 73 GPa and
v = 0.34. Unless otherwise stated, m = 0 and n = 1. The load was applied on the top surface.
The LD4 was used as the reference model for the axiomatic/asymptotic analysis and the BTD.
This model was chosen since it provides 3D-like accuracy as shown in previous works by the
first author [29, 32]. Some values of the displacement u, and stress o4, that were evaluated by
means of the ED4 and LD4 are reported in Table 4.

The BTD was first built by considering all the combinations given by the 15 displacement
variables of the ED4; that is, 21 = 32768. The BTD was obtained by considering ouq. and it
is shown in Fig. 5. The BTD, or the Pareto front, was obtained by considering the reduced
models that offer the lowest possible error for a given number of active terms. The BTD that
was obtained by means of the genetic approach is reported in the same plot. A perfect match
was found between these two BTDs. The genetic algorithm evaluated around 400 individuals
for 10 generations, this means that only about 4000 out of 32768 theories were evaluated. In
this structural problem, the BTD has no reduced models with more than 6 degrees of freedom

(DOFs). In other words, it is not possible to achieve higher accuracies with higher computational
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costs. However, in this case, the accuracy given by the ED4 models is extremely similar to the
one provided by the LD4. It is also interesting to see how for some error ranges there are no
reduced models. In this case, four regions were found with no reduced models. This means
that some accuracies are not detectable by any reduced model. Figure 6 shows the BTD for
the thin and thick shell together with some classical models. In particular, CLT, FSDT and
the Pandya model (see Eq. 15) are compared with the BTD. These models are less accurate
than the BTD models, particularly in the thick case. This means that it is possible to detect
Oaaq With the same computational cost but higher accuracy than CLT, FSDT and the Pandya
model. Or, on the other hand, a better rearrangement of the displacement variables allows one
to obtain results as accurate as those from these models without an increase of the degrees of
freedom. A detailed analysis of these models is presented in Table 5 in which the accuracies of
classical and BTD models are compared. Such a table can be useful in the understanding of
how to improve the accuracies of classical models. As an example, the accuracy of the Pandya
model for a thin shell can be significantly improved without adding displacement variables by
considering the fourth-order terms along the  and z directions and by neglecting all terms
that belong to the « direction. In the case of the thick shell, a 6-DOFs model can provide a
higher accuracy than the Pandya model. This means that, in some cases, better results can be
obtained with reduced models that have a lower number of degrees of freedom than the classical
models. The 0,4, distribution along the thickness is shown in Figure 7. FSDT and Pandya
models were considered together with the reference full LD4 solution and the reduced refined
models 9T, 6T and 5T that were given in Table 5. The distribution that was computed via the
BTD models is more accurate than the distribution computed by means of the classical models
in the thick shell case.

It is important to underline that this result is also due to the particular loading case considered

that makes the displacement variables along « useless. Table 6 shows some reduced models for

17



m = 1, n = 1. Figure 8 shows the BTD for different loading conditions. It can be seen how,
in this case, expansion terms along all the three directions are necessary and how the BTD is
influenced by the loading conditions to a great extent.

The axiomatic/asymptotic analysis of the metallic shell suggests that

e Genetic algorithms can be used to build the BTD in a more efficient way than by in-
vestigating the accuracy of all the shell models that stem from the combinations of the

displacement variables.

e The BTD is influenced to a great extend by the geometrical and loading characteristics
of the shell. This means that the set of active displacement variables cannot be casily
defined a priori. The combined use of the CUF and the axiomatic/asymptotic analysis
can represent a tool to build such models and to outline guidelines to select the most

relevant terms of the expansion.

e The shell models that belong to the BTD are often more efficient than classical mod-
els. In other words, either the BTD models are as accurate as classical models, but less
computational expensive or they provide higher accuracy with the same computational

cost.

e In some cases, reduced models that provide a given accuracy do not exist, that is, in some

accuracy ranges there are not reduced models.

6.2 Laminated shell

Composite laminated shells are dealt with in this section. First the LD4 model capabilities are
compared with a 3D elasticity solution by Varadan and Bhaskar [17]. The material properties
are E,/Ep = 25, v = 0.25, Gpp/Er = Grp/Ep = 0.5, Gr,/Er = 0.2 and the dimensions of

the shell are a = 4 Rg and b = 27w Rg. The transverse pressure load is applied internally, m
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and n are equal to 1 and 4, respectively. The results are given in Table 7. The LD4 results are
in excellent agreement with those in [17]. The LD4 was then chosen as the reference model for
the axiomatic/asymptotic analysis ad the BTD.

BTDs were first obtained for the symmetric layout, 90°/0°/90°. An ED4 model was first
considered. Figure 9 shows the BTD for the o, in the thick shell case. The BTD was obtained
by means of the genetic algorithm, and it perfectly matches the boundaries of the best accuracy
models that were computed by considering all the combinations (2! = 32768) of the ED4
displacement variables. As for the metallic shell case, some empty regions were found; they are
labeled as 1 and 2. This means that for some error intervals, and for some number of DOFs
it is not possible to construct any reduced models. The minimum error that can be obtained
through the ED4 terms with respect to LD4 is about 3.5% with 11 displacement variables. The
remaining four variables are not able to improve this result. Figure 10 shows the BTDs that were
obtained by considering u, and 0,4, thin and thick shells were investigated. Both the thickness
and the considered outputs influence the BTD to a great extent. The accuracy of CLT, FSDT
and Pandya models are compared with BTD in Fig. 11. In the most cases, these models are far
from the BTD. This means that with the same number of degrees of freedom, better accuracies
can be achieved and that the same accuracy can be achieved with fewer displacement variables.
Table 8 shows the accuracy of the models from the open literature and that one from some
of the models that belong to the BTD. Such a table can provide some guidelines to improve
the accuracy of classical models. For instance, the accuracy of the FSDT model in detecting
Oaq for a thin shell analysis can be improved by considering a third-order term instead of a
first-order term (i.e. ugq instead of ugy). Stress oqq and displacement u, distributions along
the thickness are reported in Fig. 12, the reduced models of Table 8 are employed, and the
reference solution is the full LD4 model. It is confirmed that the BTD 9T model provides the

best accuracy although the match with the LD4 model is not perfect.
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Figure 13 shows BTDs based on LD4 models. u, and o,, were considered. As it was already
found in the ED4 case, BTDs are influenced by the output variable and the shell geometry. On
the other hand, BTDs for LD4 have a narrower error range than ESL. This means that by only
considering the twelve to, bottom and interface variables, that is, those displacement variables
that cannot be deactivated, the accuracy of the reduced LD4 models is high. The error, in fact,
is lower than 2.5 % in the thick shell case. Table 9 presents some reduced models that have
a fixed number of variables (18). A defined set of higher-order terms on the top and bottom
layers are needed to have a good accuracy. On the other hand, it is more difficult to define a
fixed set of higher-order terms along the middle layer. The o, distribution along the thickness
is shown in Fig. 14. The reduced models of Table 9 are compared with the full LD4 solution.
The reduced model distributions match the full LD4 one perfectly.

An asymmetric layout, 0°/90° was considered as the second assessment for the composite shell
case. The LD4 was used as the reference solution. ED4 models were first investigated. Figure
15 shows BTD for 0,4, and the classical model accuracy was also included. Unlike the previous
cases, classical models are close to the BTD except the Pandya model in the thick shell case.
This means that these models provide the best accuracy possible for a given number of DOFs.
Table 10 shows the accuracy of the classical models and of the BTD models that have the same
amount of DOFs. The linear and parabolic terms in z play a fundamental role in the refinement
of the Pandya model. Figure 16 present a comparison between the BTD for o,, and the one
for u,. As in all the previous cases, significant differences in the BTD for different outputs are
observable. Figure 17 shows the o, distribution along the thickness via the reduced models of
Table 10 and the full LD4 model. The BTD 9T model perfectly matches the full LD4 solution.
The BTD for the asymmetric composite shell based on the LD4 is shown in Fig. 18 with
all the reduced models that were obtained by considering all the possible term combinations

(2'8 = 262144) of a two-layer LD4. It is possible to note that the genetic approach can detect
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almost all the models that lie on the BTD. Figure 19 shows BTDs for o4, and u, for thin and
thick shells. As in the symmetric case, the BTD based on LD4 has a narrower error range than
the ED4 one.

The analyses that were carried out on the composite shells suggest the following:

e BTDs are influenced to a great extent by the geometry, the stacking sequence and the

considered displacement/stress component.

e The application of the axiomatic/asymptotic method leads to reduced layer-wise models
that can have much fewer displacement variables than the full models. The reduction
in computational costs is much more evident in layer-wise than in equivalent single layer

models.

e The genetic algorithm approach is a valid tool to build BTD.

e (Classical models are often qui far from the BTD curve. This means that they can be

improved both in accuracy and computational cost standpoint.

7 Conclusion

This paper has dealt with the axiomatic/asymptotic method (AAM) of isotropic and composite
shells. The AAM can be seen as a tool to evaluate the influence of each unknown variables on
the solution, and it leads to the definition of reduced models that have fewer DOFs than the
full models without accuracy loss. The systematic use of the AAM has led to the Best Theory
Diagram (BTD). The BTD is a curve in which the computationally cheapest structural model
can be read for any accuracy level. In other words, given an error with respect to an exact, or
quasi exact solution, the BTD provides the smallest set of unknown variables that can fulfill

such a requirement. The results have been obtained for different boundary conditions, materials
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and geometries. Navier-type, closed-form solutions have been employed.

The following main conclusions can be drawn:

1. BTDs are influenced to a great extent by the geometry of the shell, the loading conditions,

the material properties and by the quantity considered (displacement /stress component).

2. Often, classical models do not belong to the BTD. This means that the BTD models are
either as accurate as classical models, but less computational expensive or they provide

higher accuracy with the same computational cost.

3. The influence of a displacement variable on the solution is extremely related to the problem
characteristics. Furthermore, it is not possible to foresee the importance of most of the
variables. The systematic exploitation of the AAM can be seen as a tool to evaluate
each variable; that is, to assess the accuracy of any structural model against a reference

solution.

4. The AAM is particularly efficient in the layer-wise case in which a substantial reduction

of the number of variables was achieved.

Future works should deal with multifield problems and mixed variational models.
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Tables

H | A A | A N A | A AR
M| A A | A N A | A AN
H | A A | A N A | A AN

Table 1: Representation of the full model.

H| A A A N A|aAja N
H | A A | A N A | A AR
M| A |A|A| N A | A AN

Table 2: Representation of the reduced model.

Active term Inactive term Non-deactivable term
A A [ |

Table 3: Symbols to indicate the status of a displacement variable.

U,(z = 0) Taalz = Fh/2) T.(z=0) Gaalz — Fh/2)

LD4
Rs/h = 100 Ry/h =4
1.6669 —2.5757 2.1213 —3.3373
2.5504 2.7722
ED4
Rs/h = 100 Ry/h =4
1.6669 —2.5757 2.1132 —3.3236
2.5504 2.7882

Table 4: ED4 and LD4 reference stress and displacement values for the isotropic shell, w, = 10u: B h®

puRf, ?
Taa = P()l((;%iu/;;)z ’
Rg/h =100
Pandya, M,/M =9/15 BTD, M,/M =9/15 (9T) FSDT, M./M =5/15 BTD, M./M =515 (5T)
A | A A A A Al ATA]A|A A A | A | A|A Al A|A]A|A
A A | A A A A | A|A|A|A A | A | A | A A A | A | AN | A A
A | AN |A|A A A | A | A | A A A A|A]A|A A A | A | A|A
Error 1.6074 % 3.9210 x 1075 % 0.1465 % 0.1072%
Rﬁ/h:4
Pandya, M,/M =9/15 BTD, M,/M = 6/15 (61) FSDT, M,/M =5/15 BTD, M./M =515 (5T)
A | A A A A Al ATA]A|A A A | A | A|A Al A|A]A|A
A A | A A A A A | AN |A|A A A | A A|A A A | A | A|A
A | AN |A|A A A | A A A A A A|A]A|A A | AN|A|A|A
Error 3.1428 % 0.6014 % 3.2831% 1.3366 %

Table 5: Accuracy of classical and BTD models for the isotropic shell, ED4
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Rg/h = 100
M./M = 6/15

A | A |A|A|A
A A | A | A|A
A A|A]A|A

Error 78143 x 107 2%

Rg/h =4
M./M = 12/15
A | A | A | A A
Al A|A|A| A
A | A | A A |A

2.1201 %

Table 6: Reduced models for the isotropic shell, m = n = 1.

90°/0° 90°/0°/90°
ﬂz EO(O( ﬂz EO(O(
(z=0) (z=Fh/2) (2=0) (z=Fh/2)
Rg/h =4
Ref. [17] 6.100 —0.9610 4.009 —0.2701
0.2120 0.1270
L4 6.100 —0.9614 4.009 —0.2721
0.2088 0.1267
Rg/h =100
Ref. [17] 1.367 2.300 0.4715 0.0018
0.1871 0.0838
L4 1.367 2.300 0.4715 0.0018
0.1871 0.0838
Table 7: Displacement and stress for the composite shell, LD4 vs. the Varadan and Bhaskar solution
(17), @, = 10u, Eihj,ﬁaa — 1000a
po R po (Rg/h)
[oeTe Uy
Rg/h/ZIOO
Pandya, M,/M =9/15 BTD, M,/M =9/15 (9T) Pandya, M,/M =9/15 BTD, M,/M =9/15 (9T)
A | A | A A A A A | A|A|A A | A | A | A A A | A | A | A | A
A | A | A A A A A | A | A A A | A | A | A A A A | A | A A
A | A | A A A A | A A | A A A A|A| A A A A | A | A A
Error 0.1201 % 0.0547 % 0.2485 % 0.0771 %
Rﬁ/h:4
Pandya, M,/M =9/15 BTD, M,/M = 6/15 (6T) Pandya, M,/M =9/15 BTD, M,/M =9/15 (9T)
A | A | A A A A A A |A|A A | A | A | A A A A | A | A A
A | A | A A A A | A | A| A A A | A | A | A A A | A | A | A A
A | A | A A A A | A A | A A A A|A| A A A A | A | A A
Error 10.6406 % 2.4431 % 9.6671 % 6.7721 %
FSDT, M./M =5/15 BTD, M./M =5/15 (5T) FSDT, M./M =5/15 BTD, M./M = 5/15 (5T)
A | A | A A A A A A|A|A A A | A | A A Al A|A|A|A
A | A | A A A A | A|A|A|A A A | A | A A A|A|A| A|A
A | A | A A A A A|A|A A A A A A A A A | A | A A
Error 13.9300 % 10.6558 % 27.6149 % 8.5433 %

Table 8: Accuracy of classical and BTD models for the symmetric composite shell, ED4.

T

T,

>

Al A A

>

A | A| A

>
>
>4

AL A A

>

L
>

>
>
>

Al A A

>
>
>

A|A|A

AL AN A

Error 0.2723%

1.3126 %

Table 9: Reduced models for the symmetric composite shell with M, /M = 18/39, LD4 models, 044,

Rp/h = 4.
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Rg3/h =100

Pandya, M./M =9/15 BTD, M,/M = 9/15 (9T)
A | A | A | A A A | A | A | AN | A
A | A | A | A A Al A | A A A
A A | A A|A A A | A AN | A
Error 0.0389 % 0.0279%
Ry/h =4
Pandya, M./M =9/15 BTD, M,/M = 9/15 (9T)
A | A | A | A A A | A A | A A
A | A | A | A A A A | A A A
A A|A|A|A A A | A AN | A
Error 6.9251% 2.6671%
FSDT, M./M =5/15 BTD, M./M = 5/15 (5T)
A A | A | A A Al A | A |A|A
A | A Al A A A A|A|A
A A A A A Al A | A A A
Error 8.4968 % 8.4968 %

Table 10: Accuracy of classical and BTD models for the asymmetric composite shell, ED4, 0.
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Figure 2: ESL and LW displacement distributions through the shell thickness.
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NDOFs

Figure 5: BTD for the thick isotropic shell and accuracy of all the shell models given by the
nations of the ED4 displacement variables, Rg/h = 4.
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Figure 4: Displacement variables of a refined model and genes of an individual.
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Figure 7: Stress distributions for the isotropic shell via different models.
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Figure 15: BTD for the asymmetric composite shell, ED4 model, 0,4
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Figure 16: BTD for the asymmetric composite shells, ED4, 0,, and u,.
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Figure 17: 04, distribution along the thickness for the asymmetric composite shell, ED4.
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Figure 18: BTD for the asymmetric composite shell, LD4, 044, Rg/h = 4.
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Figure 19: BTD for the asymmetric composite shell, LD4 model, u, and 0,4
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