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Steady-State Analysis of Switching Power
Converters via Augmented Time-Invariant
Equivalents

Riccardo Trinchero, Student Member, IEEE, Igor S. Stievano, Senior Member, IEEE,
Flavio G. Canavero, Fellow, IEEE

Abstract—This letter addresses the simulation of the steady-
state response of switching power converters. The proposed
approach is based on the interpretation of the voltage and current
variables of a periodically switched linear circuit in terms of
a series expansion and on the generation of augmented time-
invariant constitutive relations of the circuit elements. The circuit
solution is obtained from an augmented time-invariant nodal
equation generated from topological information and circuit
inspection only. The feasibility and strength of the approach are
demonstrated on a DC-DC boost converter.

I. INTRODUCTION

Switched-mode power converters represent a class of well-
known circuits massively used in a wide range of applications
for supplying energy to electrical and electronic equipment and
appliances. These circuits are inherently time-varying systems
with a complex time-domain behavior characterized by the
superposition of slow and fast dynamics, the latter arising from
the internal periodic activity of the switching devices.

The above features demand for the availability of effective
simulation techniques for circuit analysis in the early design
phase, with specific emphasis on the prediction of both the
frequency- and time-domain behavior of the converter. Nu-
merical simulation is used for the systematic assessment of
possible alternative design scenarios and control strategies
or the selection of the optimal filtering technique aimed at
suppressing the unavoidable periodic disturbances feeding the
power distribution system (see e.g., [1], [2], [3], [4]).

In this framework, a number of techniques have already
been developed and are currently available in the literature.
Classical methods such as those based on state-space averaging
or possible enhancements provide an effective solution that
is widely adopted by designers [5], [6], [7], [8], [9], [10],
[11]. The aforementioned tools, provide a fast and effective
simulation of the average response of the converters. To fully
characterize the high-frequency behavior of circuit responses,
further improvements or other techniques based on the general
theory of periodically switched linear (PSL) circuits and
systems can be used. Without loss of generality, the readers
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should refer to [12], [13], [14], [15] for a selection of state-
of-the art contributions in this field. The above methods,
that enhance the basic mathematical tool for the analysis
of switching circuits or time-varying systems with periodic
behavior, share the common limitation that the formulation and
development are in general cumbersome. Hence, they demand
for improvements aimed at lowering the technical barrier and
facilitating the use of these methods for practical and realistic
designs, with a large number of components, via a simple
simulation strategy.

Therefore, the aim of this paper is to provide a solution
that reduces the mathematical complexity and allows to gen-
erate a simulation stamp describing the circuit components,
including the switches, by means of augmented time-invariant
representations. As a result, the steady-state response of a PSL
circuit is carried out via the standard solution of an augmented
time-invariant nodal equation generated from circuit inspection
only. As an additional benefit with respect to most of the
state-of-the-art methods, the proposed technique handles an
arbitrary number of switching devices within an automatic
simulation flow and without introducing additional numerical
overhead and complexity. The approach is illustrated and
validated on a realistic switching power converter.

II. SIMULATION STRATEGY

This Section briefly summarizes the proposed procedure for
the case of an arbitrarily complex PSL circuit consisting of
the interconnection of linear time-invariant (LTI) elements and
switches.

For the sake of illustration and concreteness, the letter is
focused on the DC-DC boost converter shown in Fig. 1. This
example offers a representative test case that allows to stress
the benefits of the proposed methodology. In the schematic
of Fig. 1, the MOS device is driven by a square wave with a
switching frequency f. = 10kHz and a suitable duty-cycle D,
that is provided by an analog feedback network as a function
of vo and ip,.

The mathematical framework of linear periodic time-
varying systems suggests to approximate the steady-state
behavior of PSL circuits to cisoidal excitations at angular
frequency wg in terms of a truncated harmonic expansion (e.g.,
see [12], [16] and references therein). E.g., for the current
ir,(t) in the schematic of Fig. 1, its corresponding Fourier
series writes:
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Figure 1. Example test case: DC-DC boost converter with its relevant
electrical variables. The circuit elements take the following values: E = 20V,
rp, =1mQ, L =5mH, rc =5m, C =10uF, R =20¢.
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where w, = 27 f. is the switching angular frequency and

1y, ,, are the Fourier coefficients of the n-th harmonic of the
current ¢;. The same approximation holds for all the other
voltage and current variables. It is relevant to remark that
this is the underlying interpretation similar to other tools like
the so-called harmonic balance, that is based on the Fourier
expansion of the steady-state responses of a possibly nonlinear
or periodically-varying system (e.g., see [12], [17]).

In this letter, the coefficients of the advocated expansion
are interpreted as new variables of an augmented circuit
where the characteristics of both the time-varying switches
and the standard LTI elements are recast in terms of new time-
invariant constitutive relations. The above interpretation allows
to predict the steady-state response of a PSL circuit via the
solution of a LTI augmented nodal equation via simple linear
inversion. Summarizing, the proposed simulation method can
be decomposed into the following two steps: (i) generate
augmented LTI characteristics of all the circuit elements and
(ii) obtain the steady-state solution of the original circuit in
terms of the solution of an augmented LTI nodal equation.
The method is described in details and applied to the example
boost circuit of Fig. 1.

III. AUGMENTED CHARACTERISTICS

This Section addresses the generation of the augmented
characteristics of the basic circuit components used in the
schematic of Fig. 1. For notational convenience, a generic two-
terminal element with the associated voltage v(t) current i(t)
variables defined with passive sign convention is assumed. The
electrical variables are represented by means of their corre-
sponding Fourier transforms and are approximated by means
of a truncated series of delta functions, following the same
notation of (1) (e.g., V(w) = :iV_N Vb (w — nwe — wp)).

For the case of a simple LTI resistor with characteristic
v = Ri, the relation between its current and voltage harmonics
turns out to be frequency independent and writes:

I,=V,/R, n=-N,...,0,...,N. )

For the case of dynamic LTI elements, such as the capacitor
with ¢ = Cdv/dt, the corresponding constitutive relation
becomes:

I, = j(wo + nw.)CV,, m=-N,...,0,...,N, 3)

and similarly for an inductor.

When dealing with a switch, the computation requires addi-
tional efforts instead. However, the derivation is only carried
out once. The generic switch is assumed to be described by
the two-terminal element of Fig. 2 that consists of the series
connection of an ideal switching element Sy and of a finite
series resistance I;. The above element can be considered as
the basic switching block describing the behavior of both the
MOS transistor and the diode of Fig. 1 that change their state
in opposition of phase during normal operation. The switch
Sy, is characterized by a periodic switching activity between
the open and the close position with a characteristic period 7'
and frequency f. = 1/T according to the illustrative plot in
the Fig. 2.

Sy close
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Figure 2. Example circuit for the generation of an augmented time-invariant
equivalent of the switch (A = Dy T).

In the schematic of Fig. 2, the PSL element is driven
by an ideal voltage source to allow the computation of its
generalized admittance representation, i.e., the constitutive
relation involving the port voltage v(t) and the current 4(t)
as the input and output variables, respectively.

Since the switching block does not include dynamical
elements, the port current i(¢) can be interpreted as the
juxtaposition in time of the current response computed from
the analysis of the circuit of Fig. 2 at each operating state of
the switch (i.e., open and close).

To simplify the derivation, the generic m-th component
of the expansion of the voltage variable is considered only,
ie. V(w) = Vipd(w — mw. — wp) or equivalently in the
time-domain v(t) = (V;,/27) exp(j(mw, + wp)t). Hence, the
current i(t) writes:

+oo

i(t) =v(t)Gx Y _ Tp, (t—tx — qT) 4)

g=—00

where, G, = 1/ Ry, and II is the window function defined by:

Ip, (t—ty) = &)

1 to <t < DT + 1o
0 otherwise

The direct application of the Fourier transform to (4) leads,
via a relatively long but straightforward manipulation, to:

+N
Iw) = Z I,0(w — nwe — wp)
n=—N

+N

Z Yy 1 Vind (w — (m + q)we — wo)
qg=—N

(6)



for |m+ q| < N, where

tr+DpT
Yo = f.Gi / 1 exp(—jauwet)dt

tr
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(7
In this example, the coefficients Y, ; do not depend on
the variable wy since the circuit in each operating state is
resistive and its solution involves instantaneous relations only.
It is worth noticing that the time-domain response of the
system is readily obtained from (6) by replacing the delta
functions 6 (w —nw. —wp) with the complex exponential terms
exp(j(wo + nwe)t).
When the voltage excitation v(t) includes all the harmonics,
the constitutive relation of the basic switching element of
Fig. 2 can be proven to be recast as:
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where the voltage and current variables V(w) and I(w) are
replaced by the vectors V. = [V_n,...,Vp,...,Vn|T and
I =[N, ..,Dp,...,In]T. The above vectors, that have
dimension (2N + 1)x1, are filled in by the harmonic coeffi-
cients defining the steady-steady response of the corresponding
variables and play the role of the new port variables of an
augmented circuit element.

Equation (8), that turns out to be an LTI representation of
the PSL element, can be written in a more compact form as

I=Y.V )

where Yy, is the (2N + 1) x (2N + 1) matrix in (8). The
above equation also highlights that the switch leads to a fully
coupled augmented characteristic involving the combination
of all the different harmonics. On the contrary, the companion
characteristics of the LTI components turn out to be defined
by diagonal matrices.

It is important to remark that the matrix entries Y, j are
coefficients defined by the closed-form analytical formula (7)
and that can be easily computed from the information of
the switching operation of the kth switch in the circuit only.
Also, the stamp (9), that is computed once, can be used to
approximate the behavior of any binary switching device in a
PSL circuit.

IV. AUGMENTED MNA AND RESULTS

This Section specializes the classical modified nodal anal-
ysis (MNA) tool for circuit analysis to the case of circuits
composed by linear time-invariant elements and switches. For
conciseness, the derivation is based on the example circuit of

Fig. 3, that has the same topology of the boost circuit of Fig. 1
where both the MOS transistor and the diode are replaced
by the gray two-terminal switching elements labeled as Y
and Y, respectively. For notational convenience, the other
circuit components are identified by their admittances in the
framework of phasor analysis for the solution of circuits oper-
ating in the sinusoidal steady-state. Also, the nodal unknowns,
i.e., the voltages V;(w), Va(w), Va(w) and Vi(w) and the
current through the inductor I, (w) are the Fourier transform
of their corresponding steady-state circuit responses. Similarly,
E(w) is the Fourier transform of the time domain excitation
signal (both constant and periodic signals are covered by this
method). The above interpretation is introduced to facilitate
the derivation of the MNA equations governing PSL circuits
with the switches described by the augmented characteristics

introduced in the previous Section.
®
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Figure 3. Example circuit used for the generation of an augmented time-
invariant MNA equation of the boost converter of Fig. 1 (the gray two-terminal
elements Y7 and Y> represents the switches). The other LTI components are
identified by their corresponding frequency-domain admittances.

The discussion starts with the well-known stamp arising
from the analysis of the schematic of Fig. 3 where Y; and
Y, are simple LTI admittances (e.g., Y71 2 = jwCj 2 ). In this
case, the MNA equation in matrix form writes:

[vi4v, 0 -V, o |-1][wn 0
0 gz 0 0 1 Vo gLl
=Yy 0 Yot+go+G —gc Vs|=1] 0
0 0 —gc  got+jwC| 0 Vy 0
11 0 0 |-z) || |0

When the impedances Y; and Y, are replaced by two
switches like the one in Fig. 2, the nodal variables need to
be replaced by the corresponding vectors Vi, V3, V3, Vy
and I that collect the coefficients of the harmonic series
expansion of the unknowns. The characteristic of all the circuit
components must be replaced accordingly. As an example, the
forth row of (10), go (V4—V3)+jwCVy = 0, is replaced by the
augmented equation (12), that in compact matrix form writes:

gcl(V4 - Vg) +YcVy=0. (11

Summarizing, the augmented characteristics of the two
switches defined by (9) and the companion relations that
can be readily obtained for the classical LTI elements allow
to replace the original MNA equation with (13), where the
role and definition of the new entries of the matrix and

(10)



variables comes from the explicit expansion of (12) and the
source term F(w) = (E/2m)d(w) is replaced by the vector
E=[0,...,E,...,0]T.

It is worth to remark that equation (13) turns out to be
(2N + 1) times larger than the corresponding MNA equation
of a circuit with the switching elements replaced by linear-
time invariant impedances. However, the proposed extended
matrix, that belongs to the same class of (10), can be readily
solved via simple linear inversion. What is more important, the
steady-state response of the the PSL circuit can be computed
via equations like (1) by re-interpreting the coefficients of the
new voltage and current unknowns.
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Figure 4. Time-domain response of the current ¢y, (t) and voltage vc(t)
of the circuit in Fig. 1 (D = 50%). Dashed black: reference; Solid gray:
prediction (13) and order expansion N = 110.

To validate the method, Fig. 4 collects the comparison be-
tween the reference and the predicted time-domain responses
of the inductor current ir,(¢) and the output voltage v (t).
The reference responses of the circuit are computed by means
of Matlab® and the standard ordinary differential equation
integration routines. The curves in the figure highlight the
good accuracy of the proposed solution in reproducing the
steady-state response of the boost circuit via (13) without
the inclusion of the initial transient observed in the reference
curve.

It is important to remark that in this comparison the two
switches describing the MOS and the diode are assumed to
have a non ideal behavior, with an overlapping of 1% of the
switching period 7' in which they are both closed. This is a
parasitic condition occurring in a real power converter that
explains the spikes in the voltage response (see the bottom
panel of Fig. 4). Owing to this, the expansion order is set to
a sufficiently large number (i.e., N = 110) to allow for the
inclusion of the high frequency components of the responses
in the proposed steady-state analysis. As far as the accuracy
and efficiency is concerned, a speed-up of 177x (0.13s) and
a mean square error-computed from the difference between

the reference and the predicted responses of < 0.25% only is
achieved.

V. CONCLUSIONS

This letter addressed the simulation of the steady-state
response of a switched-mode power converter. The proposed
solution extends the results of previously published papers in
this field and is based on the generation of an augmented
time-invariant MNA equation governing the circuit behavior.
A topological approach is considered, with emphasis on an in-
tuitive physical based interpretation of the switching elements
in the network. The proposed solution has been proven to offer
a modular approach to circuit analysis, leading to accurate
results with good simulation speed-ups. The present imple-
mentation requires a dedicated code to carry out the numerical
simulation (as an example, the results collected in this letter are
based on Matlab®). Tt is also worth mentioning that a high-
frequency characterization of switching circuits unavoidably
demands for a relatively large number of harmonics to be
included in the model.
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