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A TWO DIMENSIONAL ADLER-MANIN TRACE AND

BI-SINGULAR OPERATORS

FARZAD FATHIZADEH, MASOUD KHALKHALI, FABIO NICOLA, LUIGI RODINO

Abstract. Motivated by the theory of bi-singular pseudodifferential opera-
tors, we introduce a two dimensional version of the Adler-Manin trace. Our
construction is rather general in the sense that it involves a twist afforded by
an algebra automorphism. That is, starting from an algebra equipped with
an automorphism, two twisted derivations, and a twisted invariant trace, we
construct an algebra of formal twisted pseudodifferential symbols and define a
noncommutative residue. Also, we provide related examples.
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1. Introduction

The Adler-Manin trace was discovered for one dimensional pseudodifferential
symbols [1, 23]. It was generalized by Wodzicki to the algebra of pseudodifferential
operators on a manifold of arbitrary dimension [33]. A vast generalization of Wodz-
icki’s noncommutative residue was obtained by Connes and Moscovici for spectral
triples in the context of the local index formula in noncommutative geometry [7].
A pseudodifferential calculus was developed in [5] for C∗-dynamical systems. Non-
commutative residues on the corresponding classical pseudodifferential operators
for the canonical dynamical system defining noncommutative tori were studied in
[18] (see also [17]). Also, noncommutatvive residues for pseudodifferential operators
on noncommutative tori with toroidal symbols are built in [22]. Motivated by the
notion of a twisted spectral triple [8], a twisted version of the Adler-Manin trace
was studied in [14].
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In this paper, motivated by the theory of bi-singular pseudodifferential operators
[28], we find an algebraic setting for a noncommutative residue defined analytically
in [25].

Fredholm properties, index and residue were studied for an algebra of pseudo-
differential operators, denoted by HL(X1 ×X2), on the product of two manifolds
X1 and X2 in [25]. In the the case X1 = X2 = S1, an operator in HL(X1 ×X2) =
HL(T) (with T = S1 × S1) can be defined by a global symbol a(x1, x2, ξ1, ξ2) as

a(x1, x2, D1, D2)u =

∫
e2πi(x1ξ1+x2ξ2)a(x1, x2, ξ1, ξ2)û(ξ1, ξ2) dξ1 dξ2

=
∑

k1,k2∈Z

e2πi(x1k1+x2k2)a(x1, x2, k1, k2)ck1,k2
,(1)

where ck1,k2
=

∫∫
T
u(x1, x2)e

−2πi(x1k1+x2k2) dx1dx2 are the Fourier coefficients of
u ∈ C∞(T) (in the first line u is regarded as a 1-periodic function and its Fourier
transform is a Dirac comb, which gives the discrete sum). The symbol a is supposed

to have an asymptotic expansion a ∼
∑M

m=−∞

∑N

n=−∞ σm,n(x1, x2, ξ1, ξ2), where

σm,n(x1, x2, ξ1, ξ2) is smooth in T×(R\{0})2 and positively homogeneous of degree
m,n with respect to ξ1 and ξ2 respectively. Hence

σm,n(x1, x2, ξ1, ξ2) =





a
(1,1)
m,n (x1, x2)ξ

m
1 ξn2 if ξ1 > 0, ξ2 > 0

a
(1,2)
m,n (x1, x2)ξ

m
1 ξn2 if ξ1 > 0, ξ2 < 0

a
(2,1)
m,n (x1, x2)ξ

m
1 ξn2 if ξ1 < 0, ξ2 > 0

a
(2,2)
m,n (x1, x2)ξ

m
1 ξn2 if ξ1 < 0, ξ2 < 0

for suitable smooth functions a
(s,t)
m,n , s, t = 1, 2, on T (see [25, Section 2] for more

details).
Now, writing I for the two sided ideal of the operators which are smoothing with

respect to at least one of the variables on T, we have an isomorphism

(2) HL(T)/I → Ψ(A, δ1, δ2),

where Ψ(A, δ1, δ2) is an algebra of formal pseudodifferential operators with coeffi-
cients in the algebra A, given by the direct sum of 4 copies of the algebra C∞(T),
and δ1, δ2 are the standard partial derivatives. To be precise, each element in the
right-hand side of (2) is by definition a formal series

(3)

M∑

m=−∞

N∑

n=−∞

am,nξ
m
1 ξn2 ,

with am,n = (a
(s,t)
m,n )s,t=1,2 ∈ A. We have 4 linearly independent traces τs,t : A → C

on the algebra A, defined by

τs,t(a) =

∫∫

T

a(s,t)(x1, x2) dx1 dx2, s, t = 1, 2, a ∈ A.

Correspondingly, we will have 4 noncommutative residues on Ψ(A, δ1, δ2), defined
via τs,t, s, t = 1, 2, by considering the term τs,t(a−1,−1) for any a ∈ A. We will
prove these results in Section 4 for the abstract algebra Ψ(A, δ1, δ2), generalizing
therefore those obtained for bi-singular operators on the torus in [25].



A TWO DIMENSIONAL ADLER-MANIN TRACE AND BI-SINGULAR OPERATORS 3

Bi-singular operators P were originally studied, during the years 60’s and 70’s,
under the form

Pf(z1, z2) = b0(z1, z2)f(z1, z2)

+
1

πi

∫

S1

b1(z1, z2, ζ1)

ζ1 − z1
f(ζ1, z2) dζ1

+
1

πi

∫

S1

b2(z1, z2, ζ2)

ζ2 − z2
f(z1, ζ2) dζ2

−
1

π2

∫∫

S1×S1

b1,2(z1, z2, ζ1, ζ2)

(z1 − ζ1)(z2 − ζ2)
f(ζ1, ζ2)dζ1 dζ2.(4)

Here z1, z2 belong to S1, regarded as the unit circle in the complex plane, and we
understood counter-clockwise integration in the principal value Cauchy sense. We
assume the functions b0, b1, b2, b1,2 are C∞ with respect to all of the variables.
These operators, bounded on L2(T), can be regarded as operators of order zero
in HL(T), namely am,n = 0 for (m,n) 6= (0, 0) in (3). To respect the algebraic

isomorphism in (2), one sets in (3) a0,0 = (a
(s,t)
0,0 )s,t=1,2, where

a
(s,t)
0,0 = b0(z1, z2)− (−1)sb1(z1, z2, z1)

−(−1)tb2(z1, z2, z2) + (−1)s+tb1,2(z1, z2, z1, z2),(5)

with zj = e2πixj , j = 1, 2 (see Example 5.1 below for computations).
The literature in this connection is wide, involving problems of operator theory,

harmonic analysis and several complex variables, see for example [34, 32, 19], com-
ing from the school of A. Zygmund, and [30, 26, 27, 20], from the school of F. D.
Gahov.

Starting from the 70’s, bi-singular operators were reconsidered from the point of
view of the theory of pseudodifferential operators, see [13] and [28], emphasizing the
connection with the proof of the index theorem [3]. Roughly, the algebra HL(T)
is obtained by composing P in (4) with partial derivatives on T and their inverses.
This originates terms of positive and negative orders in (3), and gives rise to non-
trivial residues. Note that, arguing from a purely algebraic point of view, Fredholm
property and index have no meaning for Ψ(A, δ1, δ2), nevertheless a trace τ on
Ψ(A, δ1, δ2) in (2) can be obviously extended to HL(T) by setting τ = 0 on the
ideal I.

A natural question is whether a related class of pseudodifferential operators
exists, providing in (2) an isomorphism with Ψ(A, δ1, δ2) where simply A = C∞(T).
To this end, we may address to the Toeplitz operators in a quadrant of [11, 12, 4, 31].

This paper is organized as follows. In Section 2, we recall some standard con-
structions and the Adler-Manin trace in the one dimensional case. In Section 3,
we recall from [14] the extension of the Adler-Manin trace to a twisted set-up,
where the twist is afforded by an algebra automorphism. This work was moti-
vated by the notion of twisted spectral triples, introduced recently by Connes and
Moscovici [8], which appear naturally in the study of type III examples of foliation
algebras. They have shown that given a twisted spectral triple, the Dixmier trace
induces a twisted trace on the base algebra, where lack of any non-trivial trace is
the characteristic property of such algebras. Also, we briefly recall from [24] the
construction of spectral triples twisted by scaling automorphisms, and the existence
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of a tracial noncommutative residue on the corresponding algebra of twisted pseu-
dodifferential operators. In Section 4, we construct a two dimensional version of
the algebra of twisted formal pseudodifferential symbols and introduce a noncom-
mutative residue on this algebra. That is, starting from an algebra equipped with
an automorphism and two twisted derivations, we construct an algebra of formal
twisted pseudodifferential symbols. Then, we introduce a noncommutative residue
on this algebra via an invariant twisted trace on the base algebra, and show that it
is a trace functional. In Section 5, as an example of our two dimensional analogue
of the Adler-Manin noncommutative residue, we shall consider the noncommutative
residue of bi-singular operators.

2. The Adler-Manin Trace

Let A be a unital associative algebra overC which is not necessarily commutative.
Recall that a derivation on A is a linear map δ : A → A such that

δ(ab) = aδ(b) + δ(a)b, a, b ∈ A,

Given a pair (A, δ) as above, the algebra of formal differential symbols D(A, δ)
[21, 23] is, by definition, the algebra generated by A and a symbol ξ subject to the
relations

(6) ξa = aξ + δ(a), a ∈ A.

For every element D of D(A, δ) there is a unique expression of the form

N∑

i=0

aiξ
i,

with N ≥ 0, ai ∈ A. We think of D as a differential operator of order at most N .
Using (6), one can prove by induction that

(7) ξna =
n∑

j=0

(
n

j

)
δj(a)ξn−j , a ∈ A, n ≥ 0.

Using (7), we obtain the following multiplication formula in D(A, δ):

( M∑

i=0

aiξ
i
)( N∑

j=0

bjξ
j
)
=

M+N∑

n=0

(∑

i,j,k

(
i

k

)
aiδ

k(bj)
)
ξn,

where the internal summation is over all 0 ≤ k ≤ i ≤ M , and 0 ≤ j ≤ N such that
i+ j − k = n.

By formally inverting ξ in D(A, δ) and completing the resulting algebra, one
obtains the algebra of formal pseudodifferential symbols of (A, δ) [1, 23, 21], denoted
by Ψ(A, δ). More precisely, it is defined as follows. Elements of Ψ(A, δ) consist of
formal sums

D =

N∑

i=−∞

aiξ
i,

with ai ∈ A, and N ∈ Z. Its multiplication is defined by extending (7) to all n ∈ Z

as follows. For any a ∈ A and n ∈ Z one defines

ξna =

∞∑

j=0

(
n

j

)
δj(a)ξn−j .
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Here the binomial coefficient
(
n
j

)
for n ∈ Z and non-negative j ∈ Z, is defined by

(
n
j

)
:= n(n−1)···(n−j+1)

j! . Notice that for n < 0, we have an infinite formal sum. It

follows that for general D1 =
∑M

i=−∞ aiξ
i and D2 =

∑N

j=−∞ bjξ
j in Ψ(A, δ), the

multiplication is given by

D1D2 =

M+N∑

n=−∞

(∑

i,j,k

(
i

k

)
aiδ

k(bj)
)
ξn,

where the internal summation is over all integers i ≤ M , j ≤ N , and k ≥ 0 such
that i + j − k = n.

Now consider a δ-invariant trace τ : A → C. By definition, τ is a linear functional
such that

τ(ab) = τ(ba), τ(δ(a)) = 0, a, b ∈ A.

The Adler-Manin noncommutative residue [1, 23, 21] is the linear functional res :
Ψ(A, δ) → C defined by

res
( N∑

i=−∞

aiξ
i
)
= τ(a−1).

One checks that res is a trace, i.e.

res([D1, D2]) = res(D1D2 −D2D1) = 0, D1, D2 ∈ Ψ(A, δ).

Equivalently, one shows that the map res : Ψ(A, δ) → A/([A,A] + im δ)

D 7→ a−1 mod [A,A] + im δ

is a trace on Ψ(A, δ) with values in A/([A,A] + im δ).
A relevant example is when A = C∞(S1), the algebra of smooth functions on

the circle S1 = R/Z, with

τ(f) =

∫ 1

0

f(x) dx, δ(f) = f ′, f ∈ C∞(S1).

In this case the noncommutative residue coincides with the Wodzicki residue on the
algebra of classical pseudodifferential operators on the circle, see Section 5 below.

3. Twisted Symbols and Noncommutative Residues

Motivated by the notion of a twisted spectral triple [7], the Adler-Manin trace
was extended to a twisted set-up in [14]. That is, an algebra of twisted formal
pseudodifferential symbols was defined, where the twist is afforded by an auto-
morphism of the base algebra, and a noncommutative residue was introduced. In
this section we briefly recall this construction and highlight the tracial property of
the corresponding noncommutative residue. We also recall some facts about non-
commutative geometric spaces [6], namely spectral triples and the corresponding
algebras of pseudodifferential operators, which admit noncommutative residues un-
der some mild conditions [7]. We also briefly recall the twisted spectral spectral
triples obtained from scaling automorphisms of a spectral triple in [24], and the
corresponding algebras of twisted pseudodifferential operators and noncommuta-
tive residues.
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3.1. Adler-Manin trace in a twisted set-up. We assume that A is a unital
associative algebra over C, and σ : A → A is an algebra automorphism. A linear
map δ : A → A is a σ-derivation or a twisted derivation if

δ(ab) = δ(a)b + σ(a)δ(b), a, b ∈ A.

Given such a triple (A, σ, δ), the algebra of formal twisted differential symbols

D(A, σ, δ) is defined as follows. Its elements are polynomials in ξ with coefficients
from A, which are of the form

N∑

i=0

aiξ
i, N ≥ 0, ai ∈ A.

The multiplication of D(A, σ, δ) is defined by the relations

ξa = σ(a)ξ + δ(a), a ∈ A.

By induction, it follows that

(8) ξna =

n∑

i=0

Pi, n(σ, δ)(a)ξ
i, n > 0, a ∈ A,

where Pi, n(σ, δ) : A → A is the noncommutative polynomial in σ and δ with
(
n
i

)

terms of total degree n such that the degree of σ is i. For example

P3,4(σ, δ) = δσ3 + σδσ2 + σ2δσ + σ3δ.

By formally inverting ξ and using induction, for n = −1 and a ∈ A, we have

ξ−1a =

N∑

i=0

(−1)iσ−1(δσ−1)i(a)ξ−1−i + (−1)N+1ξ−1(δσ−1)N+1(a)ξ−1−N .

This suggests setting

ξ−1a =
∞∑

i=0

(−1)iσ−1(δσ−1)i(a)ξ−1−i.

Therefore for n > 0, a ∈ A, we set

ξ−na =
∞∑

i1=0

· · ·
∞∑

in=0

(−1)i1+···+inσ−1(δσ−1)in · · ·σ−1(δσ−1)i1 (a)ξ−n−i1−···−in .(9)

Thus, the elements of the algebra of formal twisted pseudodifferential symbols

[14], denoted by Ψ(A, σ, δ), are of the form

N∑

−∞

aiξ
i, N ∈ Z, ai ∈ A,

and the multiplication in this algebra is defined as follows. For any

D1 =

N∑

n=−∞

anξ
n, D2 =

M∑

m=−∞

bmξm ∈ Ψ(A, σ, δ),
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we have

D1D2 =

M∑

m=−∞

∑

n<0

∑

i≥0

(−1)|i|anσ
−1(δσ−1)i−n · · ·σ−1(δσ−1)i1(bm)ξm+n−|i|

+

M∑

m=−∞

N∑

n=0

n∑

j=0

anPj, n(σ, δ)(bm)ξm+j ,

where for n < 0, i = (i1, . . . , i−n) is an n-tuple of integers and |i| = i1 + · · ·+ i−n.
One of the main results proved in [14] is that given a twisted δ-invariant trace

τ : A → C, the linear functional resσ : Ψ(A, σ, δ) → C defined by

resσ

( N∑

n=−∞

anξ
n
)
= τ(a−1)

is a trace. Here, by twisted trace we mean that

τ(ab) = τ(σ(b)a), a, b ∈ A.

Also, τ is said to be δ-invariant if τ ◦ δ = 0.

3.2. Spectral triples twisted by scaling automorphisms. Geometric spaces
are described by spectral triples (A,H, D) in noncommutative geometry [6, 7]. Here,
A is a ∗-algebra represented by bounded operators on a Hilbert spaceH, andD is an
unbounded selfadjoint operator acting in H, which interacts with A in a bounded
fashion. That is, for any a ∈ A, the commutator [D, a] = Da − aD extends by
continuity to a bounded linear operator on H. A local index formula is proved for
spectral triples in [7]. If a spectral triple is n-summable, the Dixmier trace Trω
induces a trace on the base algebra A. This trace functional is given by

a 7→ Trω(a|D|−n), a ∈ A.

Also, it is shown in [7] that if the spectral triple has a simple dimension spectrum,
the analogue of Wodzicki’s residue defines a trace on the corresponding algebra
Ψ(A,H, D) of pseudodifferential operators. This trace is defined by

P 7→ Resz=0Trace(P |D|−2z), P ∈ Ψ(A,H, D).

Since the existence of a non-trivial trace is the characteristic of type II situations
in Murray-von Neumann classification of rings of operators, in order to incorporate
type III examples, the notion of twisted spectral triples was introduced recently by
Connes and Moscovici [8]. In fact, this notion arises naturally in the study of type
III examples of foliation algebras, and also in noncommutative conformal geometry
[8, 10, 15, 9, 16]. For twisted spectral triples, the ordinary commutators [D, a] are
not necessarily bounded operators, however, there exists an algebra automorphism
σ : A → A such that the twisted commutators [D, a]σ = Da − σ(a)D extend to
bounded operators for all a ∈ A.

Twisted spectral triples also arise naturally in conformal geometry of Riemannian
manifolds [8, 24]. Let (M, g) be a connected compact Riemannian spin manifold of
dimension n and D = Dg be the associated Dirac operator acting on the Hilbert
space of L2-spinors H = L2(M,Sg). Let SCO(M, [g]) denote the Lie group of
diffeomorphisms of M that preserve the conformal structure [g] (consisting of all
Riemannian metrics that are conformally equivalent to g), the orientation, and the
spin structure. Also, let G = SCO(M, [g])0 denote the connected component of
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the identity. In [24], using a suitable automorphism of the crossed product algebra
C∞(M) ⋊G, a twisted spectral triple of the form (C∞(M) ⋊ G,L2(M,Sg), D) is
constructed.

Similarly, by endowing Rn with the Euclidean metric, and considering the group
G of conformal transformations of Rn, a twisted spectral triple is constructed over
the crossed product algebra C∞

c (Rn)⋊G [24]. An abstract formulation of this class
of twisted spectral triples leads to the idea of twisting an ordinary spectral triple
by its scaling automorphisms. A local index formula is proved in [24] for these
examples under a particular invariance property under the twist, which enforces
the Selberg principle for classical examples.

The set of scaling automorphisms of a spectral triple (A,H, D), denoted by
Sim(A,H, D), consists of all unitary operators U on H such that

UAU∗ = A and UDU∗ = µ(U)D for some µ(U) > 0.

One can see that Sim(A,H, D) is a group and the map µ : Sim(A,H, D) → (0,∞)
is a character. Since the group Sim(A,H, D) acts by conjugation on A, by fixing a
subgroupG ⊂ Sim(A,H, D), one can form the crossed product algebraAG = A⋊G.
By definition, as a vector space, AG is equal to A⊗ CG whose elements are finite
sums of the form ∑

aUU, U ∈ G, aU ∈ A.

The multiplication in this algebra is defined by

Ua = (UaU∗)U, U ∈ G, a ∈ A.

It is shown in [24] that the formula

σ(aU) = µ(U)−1aU, a ∈ A, U ∈ G,

defines an automorphism of AG, and (AG,H, D) is a twisted spectral triple. For
the twisted commutators, one has

[D, aU ]σ = DaU − σ(aU)D = [D, a]U,

which are bounded operators for all a ∈ A, U ∈ G.
For this class of twisted spectral triples, the group Sim(A,H, D) acts by conjuga-

tion on the algebra of pseudodifferential operators Ψ(A,H, D) of the base spectral
triple. In [24] the crossed product algebra

Ψ(A⋊G,H, D) := Ψ(A,H, D)⋊G

is considered, and it is shown that the residue functional given by

P 7→ Resz=0Trace(P |D|−2z), P ∈ Ψ(A⋊G,H, D),

defines a trace functional, under a similar assumption to the untwisted case, namely
the extended simple dimension spectrum hypothesis.

4. Two Dimensional Noncommutative Residue

In this section, motivated by the theory of bi-singular pseudodifferential op-
erators [28], we find an algebraic setting for a noncommutative residue defined
analytically in [25]. The setting is a higher-dimensional version of the one for the
Adler-Manin trace, explained in Section 2. Our construction is rather general in
the sense that, similar to the construction described in Section 3, it involves a twist
afforded by an algebra automorphism.
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As above, we assume that A is a unital associative algebra and σ : A → A is
an algebra automorphism. We consider two σ-derivations δ1, δ2 : A → A such that
δ1δ2 = δ2δ1, δ1σ = σδ1, δ2σ = σδ2. First, we associate to this data an algebra
D(A, σ, δ1, δ2) of twisted differential symbols whose elements are polynomials in
ξ1, ξ2 with coefficients in A, which are of the form

M∑

m=0

N∑

n=0

am,nξ
m
1 ξn2 , M,N > 0, am,n ∈ A.

The multiplication in D(A, σ, δ1, δ2) is essentially defined by the relations

ξia = σ(a)ξi + δi(a), i = 1, 2, a ∈ A.

Since δi and σ commute, by induction, for any n > 0 we have

ξni a =

n∑

j=0

(
n

j

)
σn−jδji (a)ξ

n−j
i , i = 1, 2, a ∈ A.

We also define an algebra of formal twisted pseudodifferential symbols Ψ(A, σ, δ1, δ2)
(in short Ψ(A, δ1, δ2) if σ = id) formally inverting each ξi, i = 1, 2. The elements of
this algebra are of the form

M∑

m=−∞

N∑

n=−∞

am,nξ
m
1 ξn2 , M,N ∈ Z, am,n ∈ A.

The multiplication of this algebra is defined by the following relations:

ξ1ξ2 = ξ2ξ1,

ξiξ
−1
i = ξ−1

i ξi = 1, i = 1, 2,

ξni a =

∞∑

j=0

(
n

j

)
σn−jδji (a)ξ

n−j
i , i = 1, 2, n ∈ Z, a ∈ A.

We note that these relations follow from (8) and (9) under the assumption that the
automorphism and the derivations commute with each other, which is assumed in
our construction as mentioned above. Therefore, for any

D1 =

M∑

m=−∞

N∑

n=−∞

am,nξ
m
1 ξn2 , D2 =

M ′∑

p=−∞

N ′∑

q=−∞

bp,qξ
p
1ξ

q
2 ∈ Ψ(A, σ, δ1, δ2),

we have:

D1D2 =
∑ ∑

j1,j2≥0

(
m

j1

)(
n

j2

)
am,nσ

m+n−j1−j2δj11 δj22 (bp,q)ξ
m+p−j1
1 ξn+q−j2

2 ,

where the first summation is over all integers m,n, p, q such that m ≤ M,n ≤
N, p ≤ M ′, q ≤ N ′.

In the following, we define a noncommutative residue Res : Ψ(A, σ, δ1, δ2) → C

and prove that it is a trace functional. For the definition, we start from a twisted
trace τ : A → C, which satisfies some invariance properties stated in the hypotheses
of Theorem 4.3.
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Definition 4.1. For any

D =

M∑

m=−∞

N∑

n=−∞

am,nξ
m
1 ξn2 ∈ Ψ(A, σ, δ1, δ2),

we define its noncommutative residue by

Res(D) = τ(a−1,−1).

In order to investigate the tracial property of Res, which is carried out in Theo-
rem 4.3, first, we need to prove a lemma:

Lemma 4.2. Let δ : A → A be a σ-derivation such that δσ = σδ. If τ : A → C

is a linear functional such that τ ◦ δ = 0, then for any a, b ∈ A and non-negative

integer i, we have

τ(δi(a)b) = (−1)iτ(σi(a)δi(b)).

Proof. For any a, b ∈ A, we have

τ(δ(ab)) = τ(δ(a)b + σ(a)δ(b))

= τ(δ(a)b) + τ(σ(a)δ(b))

= 0.

Therefore

τ(δ(a)b) = −τ(σ(a)δ(b)), a, b ∈ A.

So the statement holds for i = 1. By induction, for any non-negative integer i we
have:

τ(δi(a)b) = τ
(
δi−1(δ(a))b

)

= (−1)i−1τ
(
σi−1(δ(a))δi−1(b)

)

= (−1)i−1τ
(
δ(σi−1(a))δi−1(b)

)

= (−1)iτ(σi(a)δi(b)).

�

Now, we show that under suitable invariance properties on the twisted trace
τ : A → C, the noncommutative residue defined above gives a trace on the corre-
sponding algebra of two dimensional formal twisted pseudodifferential symbols.

Theorem 4.3. Let τ : A → C be a σ2-trace such that τ ◦ δi = 0 for i = 1, 2,
and τ ◦ σ = τ . Then the noncommutative residue Res gives a trace functional on

Ψ(A, σ, δ1, δ2).

Proof. Since Res is clearly a linear functional, in order to prove that it is a trace,
it suffices to show that for any a, b ∈ A and m,n, p, q ∈ Z, we have:

Res(aξm1 ξn2 bξ
p
1ξ

q
2) = Res(bξp1ξ

q
2aξ

m
1 ξn2 ).
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First, we observe that

aξm1 ξn2 bξ
p
1ξ

q
2 = aξm1

∞∑

j=0

(
n

j

)
σn−jδj2(b)ξ

p
1ξ

n−j+q
2

= a

∞∑

j=0

(
n

j

)
ξm1 σn−jδj2(b)ξ

p
1ξ

n−j+q
2

= a

∞∑

j=0

(
n

j

) ∞∑

i=0

(
m

i

)
σm−iδi1σ

n−jδj2(b)ξ
m−i+p
1 ξn−j+q

2

=
∞∑

i,j=0

(
m

i

)(
n

j

)
a σm−i+n−jδi1δ

j
2(b)ξ

m+p−i
1 ξn+q−j

2 .

Therefore

(10) Res(aξm1 ξn2 bξ
p
1ξ

q
2) = τ

(∑(
m

i

)(
n

j

)
a σm−i+n−jδi1δ

j
2(b)ξ

m+p−i
1 ξn+q−j

2

)
,

where the summation is over all non-negative integers i, j such that m+p− i = −1
and n+ q − j = −1.

Similarly, we have:

bξp1ξ
q
2aξ

m
1 ξn2 =

∞∑

i,j=0

(
p

i

)(
q

j

)
b σp−i+q−jδi1δ

j
2(a)ξ

m+p−i
1 ξn+q−j

2 .

Therefore

Res(bξp1ξ
q
2aξ

m
1 ξn2 ) = τ

(∑(
p

i

)(
q

j

)
b σp−i+q−jδi1δ

j
2(a)

)
,

where the summation is again over all non-negative integers i, j such thatm+p−i =
−1 and n+ q − j = −1. Since τ is a σ2-trace, for each term in (11) we have

τ
((p

i

)(
q

j

)
b σp−i+q−jδi1δ

j
2(a)

)
=

(
p

i

)(
q

j

)
τ(σp−i+q−j+2δi1δ

j
2(a)b)

=

(
p

i

)(
q

j

)
τ(δi1δ

j
2σ

p−i+q−j+2(a)b),

which, using Lemma 4.2, is equal to
(
p

i

)(
q

j

)
(−1)i+jτ(σp+q+2(a)δi1δ

j
2(b)).

Using τ ◦ σ = τ , the latter is equal to
(
p

i

)(
q

j

)
(−1)i+jτ(aσ−p−q−2δi1δ

j
2(b)).

Since m+p−i = n+q−j = −1 in the above sum, we have −p−q−2 = m+n−i−j.
Thus we have

(11) Res(bξp1ξ
q
2aξ

m
1 ξn2 ) = τ

(∑(
p

i

)(
q

j

)
(−1)i+jτ(aσm+n−i−jδi1δ

j
2(b))

)
,

where the summation is again over all non-negative integers i, j such thatm+p−i =
−1 and n+ q − j = −1.
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By comparing (10) and (11), in order to prove that they are identical, we show
that (

m

i

)(
n

j

)
= (−1)i+j

(
p

i

)(
q

j

)
,

for any fixed non-negative integers i, j such that m+p− i = −1 and n+q− j = −1.
This can be proved by showing that (−1)i

(
p
i

)
=

(
m
i

)
and similarly (−1)j

(
q
j

)
=

(
n
j

)

as follows. We have:

(−1)i
(
p

i

)
= (−1)i

(
−m+ i− 1

i

)

= (−1)i
(−m+ i− 1)(−m+ i− 1− 1) · · · (−m+ i− 1− i+ 1)

i!

=
(m− i+ 1)(m− i+ 2) · · · (m)

i!

=

(
m

i

)
.

�

Example 4.1. Let A = C∞(T), σ = id, δ1 = ∂
∂θ1

, δ2 = ∂
∂θ2

, and

τ(f) =

∫ 1

0

∫ 1

0

f(θ1, θ2) dθ1 dθ2, f ∈ A.

Then

Res
( M∑

m=−∞

N∑

n=−∞

am,nξ
m
1 ξn2

)
=

∫ 1

0

∫ 1

0

a−1,−1(θ1, θ2) dθ1 dθ2.

5. Singular and Bi-Singular Operators

We add here some detail concerning the bi-singular operators mentioned in the
introduction. To be definite, we consider first the one dimensional case.

5.1. Singular integral operators. Classical pseudodifferential operators [2, 29]
of order N ∈ Z on the circle S1 = R/Z can be defined by a global symbol a(x, ξ),
x ∈ R/Z, ξ ∈ R, with an asymptotic expansion in homogeneous terms. Modulo
regularizing operators, i.e. mappings D′(S1) → C∞(S1), this algebra can therefore
be identified with that of formal series

(12) σ =
N∑

n=−∞

an,1(x)ξ
n
+ + an,2(x)ξ

n
−,

where ξ+ = max{ξ, 0}, ξ− = min{ξ, 0}.
This corresponds to the Adler-Manin algebra

Ψ(A, δ) =
{ N∑

n=−∞

anξ
n; N ∈ Z, an ∈ A

}
,

with A = C∞(S1) ⊕ C∞(S1), δ = d
dx
, an = (an,1, an,2). There are two linearly

independent traces on A, namely

τs(a) =

∫ 1

0

a(s)(x) dx, s = 1, 2, a = (a(1), a(2)) ∈ A.
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Therefore, there are two noncommutative residues

Ress

( N∑

n=−∞

anξ
n
)
= τs(a−1) =

∫ 1

0

an,s(x) dx, s = 1, 2,

which are known as Wodzicki’s residues.
Introducing on Ψ(A, δ) the Toeplitz projection

P+σ =

N∑

n=−∞

an,1(x)ξ
n
+,

i.e. setting an,2 = 0 for all n in (12), we may define the quotient subalgebra of the
asymptotic expansions of the classical Toeplitz operators, cf. the example at the
end of Section 2, where A is simply given by C∞(S1).

5.2. Bi-singular integral operators. Consider the algebra HL(T) of bi-singular
integral operators on T = S1 × S1, which are defined by a global symbol

a(x1, x2, ξ1, ξ2),

as in (1), where x1, x2 ∈ R/Z, ξ1, ξ2 ∈ R, with an asymptotic expansion in terms
which are positively homogeneous with respect to ξ1 and ξ2 separately. As explained
in the introduction, modulo sums of operators regularizing in x1 or x2, they are
identified with formal series of the form

σ =

M∑

m=−∞

N∑

n=−∞

σm,n,

where each σm,n is given by an expansion of the form

σm,n =
∑

s,t=1,2

a(s,t)m,n (x1, x2)ξ
m
1,sξ

n
2,t,

with ξj,1 = max{ξj , 0}, ξj,2 = min{ξj, 0}, j = 1, 2.
Therefore, the above operators correspond to the algebra

Ψ(A, δ1, δ2) = Ψ(A, σ, δ1, δ2) =

{ M∑

m=−∞

N∑

n=−∞

am,nξ
m
1 ξn2 ; M,N ∈ Z, am,n = (a(s,t)m,n )s,t=1,2 ∈ A

}
,

considered in Section 4, with

A = C∞(T)4, σ = id, δ1 =
∂

∂x1
, δ2 =

∂

∂x2
.

Now we have four linearly independent traces on A, namely

τs,t(a) =

∫ 1

0

∫ 1

0

a(s,t)(x1, x2) dx1 dx2, a = (a(s,t)) ∈ A, s, t = 1, 2.

Therefore, in this case, we have four noncommutative residues on Ψ(A, σ, δ1, δ2),
which are given by

Ress,t

( M∑

m=−∞

N∑

n=−∞

am,nξ
j
1ξ

k
2

)
= τs,t(a−1,−1), s, t = 1, 2.

They correspond to those found in [25] for general bi-singular operators on the
product of two manifolds.
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Finally, we note that the projection

P++σ =
M∑

m=−∞

N∑

n=−∞

a(1,1)m,n (x1, x2)ξ
m
1,1ξ

n
2,1

gives the algebra of the asymptotic expansions for Toeplitz operators in the quarter
plane, corresponding to Example 4.1.

Example 5.1. We finally verify that the operator P in (4) falls in the class HL(T)
and prove the formula (5) for its symbol.

To this end, in (4) we perform a 0th order Taylor expansion of b1, b2, b1,2 at
ζ1 = z1, ζ2 = z2 and ζ1 = z1, ζ2 = z2 respectively. Ignoring operators whose
integrals kernels are smooth with respect to a couple of variables, which belong to
the ideal I, we get

Pf(z1, z2) = b0(z1, z2)f(z1, z2) +
b1(z1, z2, z1)

πi

∫

S1

f(ζ1, z2)

ζ1 − z1
dζ1

+
b2(z1, z2, z2)

πi

∫

S1

f(z1, ζ2)

ζ2 − z2
dζ2

−
b1,2(z1, z2, z1, z2)

π2

∫∫

S1×S1

f(ζ1, ζ2)

(z1 − ζ1)(z2 − ζ2)
dζ1 dζ2 mod I.

The formula (5) then follows by expressing the Hilbert transform on a circe as a
pseudodifferential operator:

1

πi

∫

S1

u(ζ)

ζ − z
dζ =

∑

k≥0

e2πixka(x, k)ck −
∑

k<0

e2πixka(x, k)ck = a(x,D)u +Ru,

where ck =
∫
S1
u(x)e−2πixk dx, R is a regularizing operator, and a(x, ξ) = (1 −

χ(ξ))sign ξ, χ being a smooth cut off function, χ(ξ) = 1 in a neighborhood of the
origin.
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