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Abstract

A design-by-reliability approach is ever more required and accurate design inputs are needed to
meet reliability targets while reducing costs. Different models have been proposed in the
literature to describe fatigue life variation with respect to the applied stress by assuming the
applied stress as a deterministic independent variable and the fatigue life as a dependent random
variable.

In the paper also the applied stress is considered as a random variable with its own uncertainty
and the procedure to evaluate the error on the estimation of parameters usually adopted in
service reliability assessment of structural components is shown. Exact equations are proposed for
some special cases and an illustrative example showing the reliability errors originated by applying
the ASTM recommendations is given.
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Nomenclature

fXa,serv’ fXa'Xm’ le’ me,serv’ fY; fytrue’ fytrue'Xl’ fYtrue|Xl’ fYtrue'Xlsxa’ fYtrue'Xl>xa = prObabIIIty denSIty
functions
Fy, Fy oy F

Ixg0 9xp Ixr A¥ruer eruelx; = Standardized location-scale probability density functions

Yarl(XaservXmsers)” Fytme, FtheKXalsemelsm) = cumulative distribution functions

Rafflser,,y = in service affected reliability at y

Rgery = in service reliability
Rtme,sewy = in service true reliability at y

Xa» Xqa,servs X1» Xm» Xm serv, ¥ = Values assumed by random variables
Xades» Xm des» Xdes = desired applied stresses
Xa,syst» Xm,syst = Systematic errors in the applied stresses

Xa» Xa,servs X1» Xm» Xm sery = lOower limits of integration

Xa) Xg serv» Xm» Xm,sery = Upper limits of integration

X, = random alternating stress

X1 = random axial stress

Xasery = in service random alternating stress

Xpna = random bending stress

X; = random fatigue limit

Xy, = random mean stress

Xm sery = in service random mean stress

Xyax = random maximum stress

Yafrp,, Yaffi g = (1 = Rgerp)-th and Rg,,,-th quantiles of the affected random fatigue life

Yerueg,,, » Yeruey g, = (1 — Rgepp)-th and Rg,,,-th quantiles of the true random fatigue life

YRsernloe = PErcent error of the fatigue life

Y = random fatigue life

Yirue = random true fatigue life

Y.rs = random affected fatigue life

ZReor, = Rserv-th quantile of the standardized Normal distribution
Bo, B1 = constant coefficients

¢ () = standardized Normal probability density function

®(-) = standardized Normal cumulative distribution function
Ha,servs Biy Bm,servs Ktruer Htrue|l = location parameters
OaffrOa,affr Oaservs O Om,servs Otruer Oa,truer Otrue|l = scale parameters
true = vector of parameters of Y;,e

.| -= conditional event



1. Introduction

Stringent safety requirements are common in structural design. A design-by-reliability approach is
required in ever more situations and accurate design inputs are needed to meet reliability targets
while reducing costs.

Different models have been proposed in the literature to describe fatigue life variation with
respect to the applied stress (for a summary, see [1]). Most of the proposed models assume the
stress as a deterministic independent variable, while fatigue life is a dependent random variable.
In some other cases [2-6], stress is considered as a random variable when conditioned on a given
value of fatigue life.

Indeed, according to [7], in fatigue tests different sources of scatter should be taken into account
simultaneously: scatter related to specimen manufacturing, to fatigue test conditions (e.g., test rig
and clamping), and to the material itself. Kandil and Dyson [8,9], by analyzing inter-laboratory low
cycle fatigue datasets [10], also showed that, even if a test is performed under the stringent
conditions imposed by the ASTM standard E 606 — 80 [11] concerning the maximum allowable
bending stress in axial fatigue tests (smaller than 5%), the ratio of the reproducibility limits of the
fatigue life reaches the value of six suggesting a reappraisal of the British Standard BS 7270:1990
[12] and ASTM standards E 606 — 80 [11] and E 1012 — 89 [13]. The above cited results were
confirmed in a further research supported by the Versailles Project on Advanced Materials and
Standards [14,15]".

The same uncertainty (5%) in the applied stress is accepted by the ASTM standard E 466 — 96 [16],
concerning force controlled fatigue tests and, therefore, a similar reproducibility span should be
expected in this case. Indeed, in [17,18], the results of an inter-laboratory fatigue test carried out
along with the ASTM standard E 466 — 96 [16] showed that stress uncertainties due to load
application misalignment are not negligible compared to the material scatter and should be
considered in an uncertainty analysis [19].

In the paper an approach, which assumes that fatigue life is a dependent random variable and that
applied stress is an independent random variable with its own uncertainty, is shown. The
proposed approach allows to consider the random character of applied stresses in real cases and
provides a model valid for any combination of mean and alternating stress.

2. Fatigue design curves

In fatigue testing, the applied cyclic stress can be uniquely defined by considering at least two
stress quantities among, e.g., the applied alternating stress, the applied mean stress, the applied
maximum stress, the applied minimum stress and the applied stress range. The applied alternating

Yn [14], it was found that the main contribution to bending is the specimen orientation, rather than the machine
misalignment: “Further tests using a precision alignment system confirmed that specimen contribution is more
significant than previously thought; in many instances it even exceeded the contribution due to the machine
misalignment.” In this respect, even if specimens are carefully machined and the testing machine has been precisely
aligned before the test series, fatigue loading is expected to vary randomly from specimen to specimen.



stress, here denoted as X, and the applied mean stress, here denoted as X,,,, are considered in
the following. This is a variable set commonly adopted in the literature [4,5,7]; in some other cases
[1-3] the stress range (twice the alternating stress) is used in place of the alternating stress. In
fatigue tests, the desired values of X, and X,,, are often affected by several noise factors: residual
stresses and geometry uncertainties of tested specimens, geometry uncertainties of testing
fixtures, uncertainty in the applied load, environmental conditions are only some examples. In
most cases, these factors cannot be controlled during fatigue testing. For this reason their effects
on the applied cyclic stress can only be taken into account by considering both X, and X,,, as
random variables.

Experimental results show that specimens obtained from the same nominal material and tested
under the same cyclic stress (i.e., suppose that X, and X,,, remain constant from specimen to
specimen) may fail at different values of the fatigue life (logarithm of the number of cycles to
failure), here denoted as Y. Material heterogeneity and random occurrence of both internal and
external defects are the main causes of this variation. Since the scatter in specimen material
properties cannot be taken under control during the testing campaign, the fatigue life
corresponding to a specific applied cyclic stress is considered as a random variable, too. In
particular, if X, is supposed to be equal to value x, and X,,, is supposed to be equal to value x,,,
then the random fatigue life is a conditional random variable, denoted as Y;,¢ (i-€., Yirye =
YI(Xq = x4, Xm = X))

In classic fatigue life models (see [20] for a review), if x,, is smaller than a specific threshold value,
the fatigue limit, then tested specimens are supposed to survive indefinitely. According to
Murakami’s model [21], the fatigue limit depends on material parameters (i.e., hardness, inclusion
stiffness and geometry) that may vary from specimen to specimen and, according to well-known
fatigue limit experimental studies (see [22] and the references therein), is influenced by the value
of the applied mean stress, x,,. Therefore, as suggested by [5,23,24], the fatigue limit is
considered as a random variable whose distribution varies with x,,, and is here denoted as X;.

Without loss of generality and in agreement with many fatigue models proposed in the literature
[5,23,24], X;, and Y;,,. are supposed to be location-scale random variables (e.g., Normal, Smallest
Extreme Value, Logistic) with probability density functions (pdf’s) denoted as fx, and fy, . .,
respectively. In particular, let y; and g; be the location and scale parameter for fy,, and i and
Otrue be the location and scale parameter for fy,  , then:

1 —
le(xl;xm, U, 0p) = Eng (xz uz) (1)

ol

and
_ YUt
fYtrue (¥ Xa0 Xy Heruer Otrue) = 9Yirve ( Tue)r (2)

where gy, (-) and gy, () are the standardized location-scale pdf’s of X; and Y;,,., respectively.



In Equation (2), both p4e and o4, are general functions of x, and of x,,, since both the mean
value and the scatter of the fatigue life strongly depend on the value assumed by the applied
alternating stress and the applied mean stress. Moreover, if a random fatigue limit model is
considered [23,24], then e and oy May also depend on the value assumed by the fatigue
limit, x;. Therefore, the random fatigue life more generally depends on the values assumed by X,
X, and X;. In particular, if X, is supposed equal to x,, X,, is supposed equal to x,,, and X; is
supposed equal to x;, then the random fatigue life is a conditional random variable, denoted as
Yirue | X; (i€, Yirue | X = Yirue | (Xg = Xg, Xy = X, X3 = x1)). If, in agreement with the random
fatigue limit model [23,24], Y, |X; is supposed to be a location-scale random variable with pdf
denoted as fy,  |x,, then:

. _ 1 YV—Htrue|l
fYtruele(y' Xar Xmo X1, Rtrue|ls Utruell) - Utruellgytruelxl ( Ttruell )1(3)

where gy,  1x,(*) is the standardized location-scale pdf of Y |X;, and pisrye) and Oty denote

the location and scale parameters of fy |,

If the random fatigue limit model [23,24] is considered, the joint pdf of Y}, and X, is given by
multiplying Equations (1) and (3):

Y—Htrue|l X|—|
IYruel X1 <;) Ix, ( lal l). (4)

fYtrue,Xl (y' X1 Xar Xm» Htrue|l» Otrue|lr His Ul) = Ceruelt

O10true|l

By integrating the right-hand side of Equation (4) with respect to x;, from the minimum value of
X}, x;, to the value assumed by X, x,, it is possible to obtain the pdf of Y, when the fatigue

limit is smaller than the applied alternating stress, fy, <y, as follows:

) _ (Xa 1 Y—Htrue|l X1—H]
fYtrue,Xlsxa(y; Xar Xm) Kerue|l Otrue|l) K1 Ul) - fxl Ulatrue”thruele ( Otruell )gXl ( oy )dxl' (5)

Since the probability of having a failure if the applied alternating stress is below the fatigue limit is
equal to zero, then the pdf of Y;,,. when the fatigue limit is larger than the applied alternating
Stress, fy,,,..x;>x,, IS €qual to zero (i.e., fy, . x>x, = 0). According to the Total Probability
Theorem and taking into account Equation (5), the pdf of Y;,,,. can be easily obtained:

fYtrue (y; Xar Xm» Htrue|l Otrue|l Ko Ul) = fYtrue,Xlsxa + fYtrue,Xl>xa =
_ (Xa 1 Y—HUtrue|l X1—Uy
= 9YeruelXy ( )gxl ( ) dx;, (6)

Xl 010truell Otrue|l al

since the events X; < x, and X; > x, form a partition of the event space.

For sake of clarity, the pdf of Y;,,,. will be generically indicated with fy,__ in the following. If the
random fatigue limit model holds, then fy,_ = can be obtained through Equation (6); otherwise it
can be obtained through Equation (2).



In experimental tests, X, and X,,, may be either dependent or independent random variables. If
dependence exists between X, and X,,, then a joint pdf of X, and X,,, denoted as fy, x,., should
be considered. However, if the joint pdf of X, and X,,, is Normal, then the conditional pdf of X,
given X, (X, given X, ) and the marginal pdf of X,,, (X,;) are Normal and, as a consequence, fx_x
is the product of two Normal (location-scale) pdf’s. The same result for fy_x  can be obtained if

X, and X,,, are independent location-scale (not necessarily Normal) random variables.

For sake of simplicity and without loss of generality, in the following X, and X,,, are supposed to
be either independent location-scale random variables (as an example, the independence
assumption holds if the alternating stress and the mean stress are applied by means of
independent testing equipments) or jointly Normal random variables (in agreement with the
Central Limit Theorem, the Normality assumption can be adopted when uncertainty is due to
many different simultaneous factors). In both cases, fx_ x . is the product of two location-scale
pdf’s:

1

Ix, (xa;aua) X, (%), (7)

where gy () and gx_ () are the standardized location-scale pdf’s of X, (or X, given X,;,) and X,y,,

fXa'Xm (xa‘ Xms Ha» Oar Bmo O-m) = 0aO0m

Uq and g, are the location and scale parameters of X, (or X, given X,,,), and u,,, and g, are the
location and scale parameters of X,,,.

By integrating the product (fymw . fXa,Xm) with respect to x, and x,,,, over the ranges of variation
of both X, and X,,,, the marginal pdf of Y, fy, can be obtained as:

fY(y; HUa) O KUy Omy 19t7‘ue) =

= f;r;n f;aa fXa,Xm (xa: Xms Har» Oar K, Um) ’ fYtrue (y; XarXm, 191:7"ue)dxa dxmr (8)

where x, and x, are the minimum and the maximum value of X, x,,, and x,,, are the minimum

and the maximum value of X,,,, and vector 9, denotes the set of parameters of Y. In
particular, either 9¢rue = (Utrues Orrue) if model (2) holds, or 9 = (.utruellr Otrue|l» M1 al) if
model (6) holds.

By further integrating Equation (8) with respect to y, the expression of the cumulative distribution
function (cdf) of Y, Fy, can also be obtained:

Fy (y; Ha) Oq) Umy Oy 19true) =

= f;r;n f;aa fXa,Xm (xa: Xms Har» Oar K, Um) : FYtrue (y; Xar Xm) 19true)dxa dxmr (9)

where Fy_ denotes the cdf of Yy, (ie., Fy,,, = f_yoo Srore AY)-
In particular, according to model (7), Equation (9) yields:

Fy (y; Ha) Oq) Um» Oy 19true) =



= Lo = g () [ gy (F52) - Py O Xar X Derue) dq A (10)

Suppose that model (10) applies and the set of parameters 9, has been estimated by applying a
statistically consistent estimation method (e.g., based on the Maximum Likelihood Principle) to
the experimental data obtained from the specimens. In order to set aside the uncertainty in the
parameter estimation and to focus the study only on the effects due to the uncertainty in the
applied stress, the number of experimental data (i.e., the number of failures) can be considered
large enough to give parameter estimates close to the true parameter values.

It is worth noting that, during fatigue testing, if the experimenter does not take into account the
uncertainty in the applied stresses, he or she is induced to suppose that the random applied
stresses, X, and X,,,, are instead deterministic variables equal to the desired applied stresses,
Xgdes and X, ges. In particular, according to model (7), a true applied alternating stress which is
unknown and is randomly drawn from a location-scale pdf, with location parameter u, and scale
parameter o,, corresponds to a desired applied alternating stress equal to x, 4.5, and a true
applied mean stress which is still unknown and is randomly drawn from a location-scale pdf, with
location parameter u,,, and scale parameter g,,, corresponds to a desired applied mean stress
equal to x,, 4.5. As an optimistic hypothesis, it can be assumed that the desired applied stresses
are equal to the location parameters (corresponding to the modes of the Normal, the Smallest
Extreme Value and the Logistic distributions) of the random applied stresses. However, calibration
errors of the load cell and misalignment errors due uniquely to the testing machine [14] contribute
in a systematic way to the stress level really experienced by specimens. Therefore, more generally,
it can be assumed that the location parameters of the random applied stresses are equal to:

Ha = Xgdes T Xasyst

and

Um = Xmdes T Xm,systs

where x; ¢,; and X, ¢; denote the systematic errors which affect the applied stress. It is worth
noting that, if a correct and precise calibration of the testing machine is performed, then
systematic errors are known (with their negligible uncertainties) and can be properly corrected
(i.e., xq syst and Xy 5yse tend to 0). Accidental variations, (e.g., due to the geometry of specimens,
to residual stresses, to the orientation of the specimen) are instead taken into account with the
scale parameters, g, and g,,.

As a general result, if model (10) applies and the experimenter correctly considers the uncertainty
in the applied stress, then it is possible to determine the true fatigue design curves (i.e., fatigue
curves corresponding to different survival probabilities) corresponding to Fy,__ ; otherwise, if the
experimenter totally neglects the uncertainty and the systematic errors in the applied stresses,
then it is only possible to determine the fatigue design curves corresponding to Fy with

Ua = Xqdes T Xasyst AN Uy = X ges + X syse- Therefore, let Y, ¢ denote the random fatigue



life affected by a neglected uncertainty in the applied stresses. Then, if model (10) applies, the cdf
Fyaff of Yy is given by:

FYaff (y; xa,des: xa,syst: Oq, xm,des: xm,syst' Om. ﬂtrue) =

_ (*m 1 xm_(xm,des+xm,syst) Xg 1 xa_(xa,des+xa,syst) .
- fx_m agxm ( om fﬂ O'_a Xq oa : FYtrue (YJ Xa xmﬂtrue)dxa dxm- (11

To the authors’ best knowledge, in most cases the uncertainty in the applied stresses is totally
neglected, thus model (11) should be adopted.

)
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3. Reliability in service

In order to evaluate the reliability in service, it is necessary to make some assumptions on the
applied service stress. In the following, the hypotheses assumed for model (11) are still considered
valid. It is worth noting that, from the point of view of the designer, the fatigue design curves
obtained by the experimenter represent the specimen strength distributions which have to be
compared with the applied service stress in order to obtain the reliability in service.

3.1. Deterministic service load

As a first simplistic hypothesis the applied service stress can be considered as a deterministic
variable. In particular, if the applied service mean stress is equal to x,, s, and the applied service
alternating stress is equal to x, s.,y, then the true reliability in service corresponding to a specific
service fatigue life y, Rtme,sm,y, can be obtained [4] from Fy,__ , by setting X, = Xy gerp and

Xgq = Xgserp- IN particular, since Rtme,semy is the complementary cdf of the true fatigue life in

service, then:
Rtrue,servy (y; xa,serv' xm,serv' 191:7"ue) =1- FYtrue (y; xa,serv' xm,serw 19true)- (12)

It must be pointed out that Rtme,ser,,y can be determined only if the true values of the applied

stresses during fatigue testing are known. As already explained in Section 2, this is not really
feasible, since the uncertainty in the applied stress prevents from knowing the true values.
Therefore, the designer can only know fatigue design curves affected by the uncertainty in the
applied stresses. In this respect, if the experimenter totally neglects the uncertainty in the applied
stress, then the designer considers as true fatigue design curves those obtainable from model (11)
and he or she is induced to consider the desired applied stresses x, gos and Xx;, ges as the true
applied stresses x, and x,, and, thus, to set X, gos = Xq sery aNd Xy gos = X serv- IN particular,
the reliability in service evaluated at a specific service fatigue life y but affected by the uncertainty
in the applied stress during testing, Raff,servy, can be obtained from Fyaff by setting

Xmdes = Xmsery aNd Xg ges = Xg sery, and is therefore equal to:

Raff,servy(y; Xa,serv: Xa,syst) Oar Xm serv) Xm,syst» Oms 19true) =

=1- FYaff (y; Xa,servy Xa,sistr Oar Xm,serv) Xm,syst» Om» 19true)- (13)

Therefore, for the same applied service stresses two different values of the reliability in service
can be computed. Usually, the uncertainty in the applied stress during fatigue testing is not taken
into account and the scatter in the experimental data is totally assigned to the material
heterogeneity. In this respect, the true reliability in service is usually underestimated, since it is
calculated through Equation (13) rather than through Equation (12). In particular, the larger the
uncertainty in the applied service stresses, the larger the underestimation of the reliability in
service. Underestimation gives raise to conservative results and for this reason is commonly
accepted; nevertheless, if it is too much large, it may lead to inacceptable oversized designs.

11



If a desired value of the reliability in service R, is given, two different values of the service
fatigue life can be calculated by considering either the distribution of ¥, ¢ or the distribution of
Yirue- In particular, if Yaffp denotes the (1 — Rg,)-th quantile of the distribution of Y, s and

serv

Yirueg,,,, denotes the (1 — R,,,,)-th quantile of the distribution of Y;,,., then a service fatigue

life percent error, yg_ o, Can be computed as:

(yaffl—RserV_yaffRserV)_(ytruel—Rserv_ytrueRserv)

Ytrue1—Rgery  YtrueRgery

y Rserp,%e —

100, (14)

where Yaff,_p

numerator of Equation (14) corresponds to the difference between the spans of the

and Ytruei_g,,,, '€ the Rgerp-th quantile of Y, r¢ and Y, respectively. The

serv

(2Rgery — 1)% bilateral confidence intervals of the true and affected fatigue lives.
3.2. Random service load

In most real cases, the applied service load is not a deterministic value, but it may vary randomly.
Therefore, the applied service mean stress, X, ¢¢r1,, and the applied service alternating stress,
Xaserv, AN be more generally considered as random variables with pdf’s equal to me’serv and
fXaserys rESPECtiVElY. In this respect, ¥, and Y;,, must be considered as the conditional service
fatigue lives given that X, sery = X4 serv aNd Xy sory = Xim sery @and they must be more properly
denoted as Yaff|(Xa,Ser,,, ijserv) and Ytruel(Xa,serv:Xm,serv)r respectively; similarly, the

corresponding cdf’s, Fyaff and Fy,__ ., must be more properly denoted as F d

Yaffl(Xa,seerm,serv) an
) respectively.

Ytrue | (Xa,serv'Xm,serv

If, according to the assumptions made for X, and X, in Section 2, X, ¢y and X, oy are
supposed to be independent location-scale random variables or jointly Normal random variables,
then the cdf's of Y, s and Y., can be easily calculated as:

Fyaff (y' .ua,serw aa,serv' xa,syst; O-a' .um,servr O-m,serw xm,S:VSt’ Gm' 191'7'1(6) =

fx m,serv fx a,serv

Xaserv fXa,sen; : FYaff|(Xaiserv,xm,serv)dxa,serv dxm,serv (15)

me,serv
and

Fytrue (y' .ua,serw aa,serv' .um,serv' O-m,servr 191'7'1(6) =

_ ([*mserv fxa,serv 1
S 7 me,serv Xaserv fXa‘serv FYtrue|(Xa,serv,ijseﬁ,)dxa,serv dxm,servr (16)

where X g0y and X g0y are the minimum and the maximum values of X, sory, X sery and

Xm servy are the minimum and the maximum values of X, sory, Ug servy @Nd 0 ger, are the location

and scale parameters of X, ey, U, sery @Nd Oy, serpy, are the location and scale parameters of

Xm,serv N

12



It must be noticed that, if the applied service stresses are deterministic values, then both Fyaff

and Fy,_  are functions of the true applied service stresses, X, sery and X sory; While, if the
applied service stresses are random variables, then both Fyaff and Fy, ., result to be functions of

the location and scale parameters of X, ;¢,,,, and of the location and scale parameters of X, so;-p,.

Finally, the definitions of Rtme,servy, Raff’servy and yg .. e 8iven in Equations (12)-(14) remain

valid if both the applied mean stress and the applied alternating stress are random variables.
4. Special Normal case

Suppose that the applied mean stress is set equal to x,,, and is kept constant for all the tested
specimens, that a simple linear model with constant scatter is considered (the well-known Wohler
model [1,25]) for Y, and that X, and Y}, are Normal random variables [4,5], then Equation
(11) reduces to:

xa_(xa,des+xa,syst)) d (3"(50"‘[”195(1)) dxa, (17)

1 +0o
FYaff (y; Xa,des) Xa,systr Oa Bo, B1, Gtrue) = U_a fO ¢ ( o

Otrue

where [, and 3; are constant parameters, and ¢ and ® denote the standardized Normal pdf and
cdf, respectively. It can be easily demonstrated (see Appendix A) that, in this particular case, Y, ¢

is distributed as a Normal random variable with mean S, + Bl(xa,des + xa,syst) and standard

deviation g, =/ 0fye + Bi0G. Therefore, Fy, . is given by:

y- (30 +B1 (xa,des +xa,syst))

FYaff (y; Xa,desr Xa,syst) Oas Bo, b1, Utrue) =0 " P
1/Utrue*'ﬁlaa

4.1. Deterministic service load

. (18)

According to what stated in Section 3.1, if the applied service alternating stress is deterministic
and equal to x, seryy, then Equation (13) becomes:

y—- (.80 +61 (xa,serv+xa,syst))

Raff,serv (y; Xa,servs xa,syst' Oq, ﬁO' .81' Utrue) =1-0 ’
y ’02 +p2c2
true 1%a

and Equation (12) reduces to:

y— (:80 + ﬁlxa,serv))

Jtrue

Rtrue,servy(y; xa,serv' :80' ﬁl' atrue) =1- <

Since both Y, ¢ and Y;,,. are Normal distributed, then the (1 — Ry, )-th quantile of the
distributions of Y, r¢ and Y., can be respectively computed as:

yaffRServ - BO + Bl (xa,serv + xa,syst) - ZRserv\/ml (19)

13



being zg_,  the Rpy-th quantile of the standardized Normal distribution, and

Ytruep,, ., = Bo + BiXaserv — ZRgeryOtrue- (20)

By changing the sign of zg___ in Equations (19) and (20), the R,,,-th quantile of the distributions

of Yy and Yy, e can be easily computed.

By considering Equations (19) and (20) and by taking into account Equation (14), the service
fatigue life percent error, with easy passages, reduces to:

2
rie = 1001+ (L) 07 -1),

4.2. Random service load

Consider the case of an applied service alternating stress, X, ¢y, Which is a random variable.
Moreover, suppose that X, ., is @ Normal random variable, then the cdf’s of ¥, s¢ and Y can
be obtained from Equations (15) and (16) and are equal to:

FYaff (y; Ha,servr Og servs Xa,syst) Oas ,801 ﬁl' Utrue) =

1 +°°¢(xa,serv_#a,serv)q) y_(.B0+ﬁ1(xa,serv+xa,syst))

0
2 2,2
1,"-trwa"':gl Oq

dxa,serv (2 1)

Oa,serv Oq,serv

and

FYtTue (y; .ua,serw aa,serv' .80; ﬂl; Gtrue) =
— 1 f+°° q) <xa,serv_ﬂa,serv) D (y_(30+ﬁ1xa,serv)) dxa,servr (22)

Oa,serv 0 Oa,serv Otrue

respectively. It can be demonstrated (see Appendix A) that Y, ¢ is distributed as a Normal random

variable with mean 8, + f; (,ua,sem, + xa,sist) and standard deviation \/atzrue + B2 (ag + ag,sm,),

and Y., is distributed as a Normal random variable with mean B + B4 sery and scale

parameter \/atzme + B£0Z sery- Therefore, Raff,sm,y and Rerue,serv,, become:

y- (.80 +p1 (lf‘a,serv"'xa,syst))

(23)

Raff,servy(y; :ua,servr O-a,serv' xa,systr Oga, ﬁo' Blf O-true) =1-® > 20 2. 2
\/Utrue+ﬁ1 (Ua+°'a,serv)

and

y_(ﬁo"'ﬁlﬂa,serv)

Rtrue,servy (y’ Ma,serv' 0 a,serv’ 160' ﬁll 0 true) 1 I
,02 +[§’202
true 1%a,serv

, (24)
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respectively.

Since both Y, ¢ and Yy, are Normal distributed, then the (1 — Rg,,,)-th quantile of the

distributions of Y, s and Y., can be easily computed as:

yaffRserv = :80 + ﬁl (.ua,serv + xa,syst) - ZRserv\/Uirzrue + ﬁlz (O_c% + O-(%,serv) (25)

and

— 2 2
ytrueRserv - BO + .Bl.ua,serv - ZRSEW\/O-true + .31 O—g,serv- (26)

Again, by changing the sign of zz_, in Equations (25) and (26), the Rg,-th quantile of the

distributions of Y, r¢ and Y, can be easily computed.

By considering Equations (25) and (26) and by taking into account Equation (14), the service
fatigue life percent error can be obtained with easy passages and is given by:

2

Vr %o = 100 1+ (Utrue/ﬁl) - — 1 (27)
serv, Jda,serv )
Otrue/B1

In Equation (27), the coefficient g, /|B1| corresponds to the standard deviation of the true
fatigue strength [4,6,26] of the material, g 4. Similarly, the standard deviation of the affected
fatigue strength of the material, 6, ¢, can be defined as 0, 455 = 04¢f/|B1|. Since agrf =

VOPye + P22, it can be shown that:
O-c%,true = (Otrue/B1)? = c%,aff —ag. (28)

By taking into account Equation (28), Equation (27) can be finally rearranged as:

1
Veserste = 100 <\/ T (0aarr/0a) +(Gaserv/oa) =1 1>' (29)
The uncertainty in the applied alternating service stress is quantified by g, sy, in Equation (29). In
practical applications, g, ey is generally larger than o, and, consequently, 0, ey /0 is generally
larger than 1. On the other end, if the applied alternating service stress is characterized by a too
large standard deviation, reliability predictions should be made by adopting proper methods
devoted to deal with variable amplitude loadings (i.e., damage accumulation rules must be
considered in these cases). In fact, the approach proposed in the paper does not take into account
any damage accumulation rule and is therefore correctly applicable only if the applied alternating
service stress can be considered as constant. In this respect, it can be assumed that an applied
alternating stress with standard deviation smaller than the true standard deviation of the material
can be considered as constant and, as a consequence, for a correct application of Equation (29),
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Og,sery Must be considered upper limited by 0, ¢1,e. In particular, according to Equation (28), if

2 2 2 ; .
Ogserv < Ogtrue then 04 sery < Oqaff — 04 OF, equivalently:
2 2 2
aa,aff = 04 serv + Oq- (30)

By taking into account Equation (29), Equation (30) finally yields:

Z(O'a,serv/o'a)z

Viewvpe < 100 (\/1 bt 1), (31)

where the maximum value of ue 1S equal to 22.5% and is achieved for o, =ag,.
Rserv,%e a,serv a

Figure 1 depicts, for different values of the ratio aa’aff/aa (ranging from 1.5 to 10), the variation
of yr.,...we With respect to the ratio g ser/04. As shown in Figure 1, for values of 6, 457/ 0,
larger than 3.1, yr_ o is always smaller than 5%, while for values of g, /0, smaller than 1.8,

YRsorp Y€ 1S always larger than 10%.

=
N -

w

N
o H]-
o H

~ H-

oo H-'-1_-

Figure 1: Plot of the service fatigue life percent error with respect to the ratio 0, s¢r, /0, for
different values of the ratio g, 45/ 0,. The thick line limits the region of error evaluation.

Indeed, if the ratio aa,aff/aa is small enough then the uncertainty in the applied alternating stress
significantly contributes to the scatter of the test results. In particular, if aa_aff/aa approaches 1
then the scatter in test results is totally due to the uncertainty in the applied alternating stress and
does not depends on the material variability. As depicted in Figure 1, in the domain of application
of Equation (29) (i.e., in the area below the thick line representing Equation (31)), the percent
error Y . e is monotone decreasing with Ogserv/ 04 and the variation increases for decreasing
values of the ratio 0, 47/ 0.
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It is worth noting that, following Equation (29), yg_ . o does not depend on the systematic errors
in the applied load during testing. Indeed, yg_, . is directly related to accidental effects (e.g.,
specimen geometry and orientation) that cannot be corrected and it thus corresponds to the
minimum error occurring after elimination or correction of every systematic contributions.

5. Example

In [17,18], axial fatigue tests were performed by six laboratories according to [16], with stress ratio
equal to .1, at three different nominal maximum stress levels, namely 460 MPa, 430 MPa and
400 MPa, with four specimens at each stress level, at a test frequency between 10 and 30 Hz,
with a run-out limit at 5 - 10° cycles and in a normal laboratory climate. Specimens were cut from
SS 1650 steel plates with thickness equal to 6 mm and width equal to 26 mm.

As explained in Section 2, the applied stress levels may be different from the nominal ones, since
they are generally affected by a number of experimental uncertainties.

For sake of simplicity, the minimum applied stress level is supposed to be a deterministic value
equal to the desired nominal minimum stress level: e.g., if a test is run at a nominal maximum
stress level equal to 460 MPa, then the minimum applied stress level is exactly equal to 46 MPa.
The maximum applied stress level, X, 4x, is instead supposed to be affected by the experimental
uncertainties cited in [16]. In particular, according to [16], “The varying stress amplitude [...] should
be maintained at all times within 2% of the desired test value.” (i.e., X4y = (1 £ 1%)x405, Where
Xy 1S the applied axial stress and x4, is the desired axial stress level), and “The bending stresses
[...] should be limited to less than 5% of the greater of the range, maximum or minimum stresses
[...]” (i.e., by assuming that the bending stresses, X;,,,4, can be equally subdivided in a systematic
effect due to the machine misalignment and in an accidental effect due to the specimen
orientation, Xp,,q = (2.5% + 2.5%) X 4¢)-

By taking into account the recommendations given in [16] and by applying the procedure specified
in [19], it is possible to compute the uncertainty of the maximum applied stress level, as shown in
Table 1.
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Table 1: Computation of X,,4x uncertainty according to [19].

— 2 2
Uxmax = w'uxaxl + qund

. . Sensitivity
P |
Source Symbol Type Value Range .rot?ablllty Divisor coefficient i (Kogax) = ¢ A,/
X; X; 4 distribution d; ¢ = 0y ar/O%;
L L
Axial Xaes £ 1% Xges =
stress Xaxi B = (460 + 4.6) MPa 0 ) ) 1 0
.025
Bending 2.5% Xxg4es = +2.5% X g5 = —— Xges =
stress Xbma B = 11.5 MPa = +11.5 MPa Normal 3 1 =33 8 MPa
Combined Standard Uncertainty
XMAX = Xaxl + and XMAX = 466.9 MPa Normal 3.8 MPa

Note: Computations are made by assuming x;.; = 460 MPa and the mean value of X,,; equal to X4.s — 1% X 4.5.
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Computation is carried out by optimistically assuming that the uncertainty due to X,,; is entirely
attributable to the testing machine (i.e., X,,; contributes systematically to the uncertainty of
Xumax) and that the systematic effect due to X,,; compensates the systematic effect due to X, 4.

Therefore, according to Table 1 and by considering as an example x4.; = 460 MPa, X4 is finally
supposed to be Normal distributed with mean equal to 467 MPa (i.e., u, = 467 MPa) and
standard deviation equal to 3.8 MPa (i.e., 6, = 3.8 MPa).

Failure data obtained during the fatigue test inter-laboratory comparison are depicted in Figure 2.

470

460

450

des
[MPa]
& 2
o o

Maximum stress, x
S
N
o

410

400 .'L,T;ﬂ@———frfffefﬁ

390

Number of cycles to failure, 10”

Figure 2: Semi-logarithmic plot of experimental data taken from [17] and estimated linear fits.

Linear regression allows to obtain the estimates of 8, 1, and of the standard deviation of the
experimental data. Since data are supposed to be affected by a neglected uncertainty in the
maximum applied stresses, the standard deviation obtained with linear regression is, indeed, an
estimate of g, 5, rather than of gy,

In particular, by setting the parameter values equal to the corresponding estimates (i.e.,
p1 = —0.014 and g, = .169), it is possible to obtain an estimate of o, 4 as follows:

Ogaff = Oarr/1B1l = 12.1 MPa.

In case of a Normal distributed applied service stress with mean p, ., = 460 MPa and standard
deviation g, sery €qual to g,, the maximum value of yg_ . can be computed (Equation (29)):

1
YRservoe = 100( /1 + 213872 1) = 4.9%.
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It can be approximately estimated through Figure 1 by conservatively considering the curve

corresponding to 0, 4¢f/0, = 3.0 and 0 sery/0q = 1. In case G serp = Ogtrue = ’ajaff — o2,

the minimum value of yg_ 4, can be computed (Equation (31)):

1
yRserv.%e =100 (\/1 + m - 1) = 28%

It can be approximately estimated also through Figure 1 by conservatively considering the
intersection between the curve corresponding to 0, 4¢r/0, = 3.0 and the thick line.

Through Equations (23) and (24) and according to the computation made in Table 1 (i.e., by setting
Xqsyst = 11.5 — 4.6 = 6.9 MPa), the values of Raff,ser,,y and Rtrue,ser,,y can be calculated. The

reliabilities in service are obtained for a fatigue life y equal to log,, 60000 and for an applied
service stress with p; ¢, = 460 MPa and with different values of oy, ¢, ranging from g, to

Ga,true .

Figure 3 shows the variation of Rafflser,,y (black line) and Rtrue,servy (grey line) with respect to

the value of the standard deviation of the applied service stress.

0.94 T } } } T } ) -13.0
| | | | | |
092 - g s : : b
| | | |
0.90 1 ‘ : : 1
Q | |
2 0.8 . + | .
2 | |
J € —
| |
| |
| |

\
AN
w
>
Percent Error

;13.8

Figure 3: Reliability in service corresponding to 60000 cycles to failure for different values of

Og,serv

In particular, Figure 3 shows that the affected reliability significantly suffers from the uncertainty
in the applied load during testing: the percent error in the evaluation of the reliability in service

(i.e., 100 (Raff,sm,y — Rtrue’seﬂ,y)/Rtrue,servy) is negative (i.e., predictions are conservative)

with absolute values larger than 13%.
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As a consequence, if recommendations of [16] are strictly followed and if it is optimistically
supposed that systematic errors due to the machine misalighment compensate calibration errors
of the testing equipment, computation of reliability in service suffers from large inaccuracy. These
errors cannot be neglected and slightly increase with o ¢or,.

Differently from what pointed out by Figure 3, the percent error yg_ . is smaller than 5%.
Therefore, according to yg_,  oe, it could be concluded that recommendations of [16] are
sufficient for accurate reliability predictions. However, it is worth to recall that, following Equation
(29), YR,y e does not depend on the systematic errors in the applied load during testing. Indeed,
YReorn e 1S directly related to accidental effects (e.g., specimen geometry and orientation) that
cannot be corrected and it thus corresponds to the minimum error occurring after elimination or
correction of every systematic contributions.

6. Conclusions

In fatigue data analysis, different sources of scatter should be taken into account: scatter related
to specimen manufacturing, to fatigue test conditions (e.g., test rig and clamping), to the material
itself, and to the applied stress. The latter scatter source has not been commonly considered in
the analysis, even if it can play a major role.

The paper showed the procedure that should be applied in order to evaluate the error on the
parameters usually adopted to determine in service reliability of structural components, due to
the uncertainty in the applied stress. An exact and an approximated simplified equation are
proposed.

If recommendations imposed by the ASTM standard E 466 [16] are taken into account for
determining the uncertainty on the applied stress during fatigue testing, computation of reliability
in service undergoes large errors, that can be significantly reduced only if systematic contributions
(e.g., calibration of load cell and testing machine misalignment) are properly eliminated or
corrected. If systematic contributions are taken into account, then computation of reliability in
service suffers uniquely from errors due to accidental contributions in the applied load during
testing (e.g., specimen geometry and orientation). In any case, errors in computation of reliability
in service reduce if scatter in the applied service increases. However, if the applied service stresses
are characterized by a too large coefficient of variation, reliability should be predicted by adopting
proper methods developed to deal with variable amplitude random fatigue.
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Appendix A.
Evaluation of the cdf’s given in the right-hand side of Equations (18), (23) and (24)

Let X be a Normal random variable with mean uy and standard deviation gy, then the pdf of X, fy,
is given by:

fo=20(55).

Let Y|X be a Normal random variable with mean piy|x and standard deviation oyx. Suppose that
Uy|x linearly depends on the value, x, assumed by the random variable X:

Uyix = Bo + B1x, (A.2)

where f§; and B, are two constant coefficients. As a consequence the cdf of Y|X, Fy|y, is given by:

Fy|X — CD (y_(BO-i_ﬁlx)). (A.3)

Oy|x

Since the Normal distribution is a location-scale distribution, both X and Y|X are linear
transformations of standard Normal random variables as follows:

X = ux +oxZy, (A.4)
and
YIX = (By + B1x) + oy ixZy|x, (A.5)

where Zy and Zy|x are two independent, standard Normal random variables and py|x has been
substituted by S, + B, x, according to Equation (A.2).

If, in Equation (A.5), the value x is replaced by the random variable X, then the random variable
Y|X is no more conditioned by the specific value assumed by X. In this respect, Y|X turns out to
be the marginal random variable Y, which can be expressed as:

Y = (Bo + B X) + Oy|xZy|x/ (A.6)

and the cdf of Y, Fy, corresponds to the marginal cdf of Y|X:

FY — if_"‘;o (I) (x_MX) 16} (y_(ﬁﬂ"'ﬁlx)) dx, (A7)

ox Oy|x

where fx and Fy|x are replaced by the expressions given in Equations (A.1) and (A.3).
By replacing Equation (A.4) in Equation (A.6), Y finally becomes:

Y = (Bo + Pilix) + P10xZx + oy \xZyix.  (A.8)
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Since Zx and Zy|x are two independent, standard Normal random variables, the linear
combination B10xZy + oy|xZy|x in Equation (A.8) is Normal distributed with mean equal to 0 and

standard deviation equal to \/(ﬁlax)z + ale. Therefore, Y can be expressed as:

Y =(Bo+ Brux) +Z ’,3120')% + U}ng' (A.9)

where Z is a standard Normal random variable. Since, according to Equation (A.9), Y is a linear
transformation of Z, it follows that Y is a Normal random variable with mean equal to 5, + S ux

and standard deviation equal to ’,8120)? + 07| Consequently, the cdf of Y, Fy, is finally given by:

F, = y—Bothirx) | (A.10)

2.2 2
[Biok+oyx

If, in Equations (A.7) and (A.10), uy is equal to (xa,des + xa’sist), gy is equal to g, and gy |y is equal
to O¢pe, then the cdf in Equation (18) follows. If, in Equations (A.7) and (A.10), uy is equal to

(,ualser,, + xa,sist), O is equal to g sery and oy |y is equal to V02 e + B20Z, then the cdf in the
right-hand side of Equation (23) follows. Finally, if, in Equations (A.7) and (A.10), uy is equal to
Ua,serv) Ox is €qual to 0 sery and gy x is equal to gy, then the cdf in the right-hand side of
Equation (24) follows. It is worth noting that, since the applied alternating stress cannot be
negative, in Equations (17), (21) and (22) the lower limit of integration is equal to 0 rather than to
—oo as in Equation (A.7). However, if the pdf of X is assumed to tend to 0 for negative values of X
(i.e., the probability of having negative values approaches 0), then setting the lower limit of
integration in Equation (A.7) equal to 0 gives raise to negligible approximations which do not
modify the obtained results.
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