POLITECNICO DI TORINO
Repository ISTITUZIONALE

Comparisons of Concordance in Additive Models

Original
Comparisons of Concordance in Additive Models / Pellerey, F., M., S., S., Y.S.. - In: STATISTICS & PROBABILITY
LETTERS. - ISSN 0167-7152. - STAMPA. - 82:(2012), pp. 2059-2067. [10.1016/j.spl.2012.06.031]

Availability:
This version is available at: 11583/2497961 since:

Publisher:
ELSEVIER

Published
DOI:10.1016/j.spl.2012.06.031

Terms of use:

This article is made available under terms and conditions as specified in the corresponding bibliographic description in
the repository

Publisher copyright

(Article begins on next page)

22 June 2026



Comparisons of Concordance in Additive Models

Franco Pellerey Moshe Shaked
Dipartimento di Matematica Department of Mathematics
Politecnico di Torino University of Arizona

Torino, ITALY Tucson, Arizona, USA

Salimeh Yasaei Sekeh
Department of Statistics
Ferdowsi University of Mashhad
Mashhad, IRAN

Author’s version.
Published in: Statistics and Probability Letters 82 (2012), pp. 2059-2067
doi:10.1016/j.spl.2012.06.031,
URL:www.sciencedirect.com /science/article/pii/S0167715212002659.



Abstract

In this note we compare bivariate additive models with respect to their Pearson correlation
coefficients, Kendall’s 7 concordance coefficients, and Blomqvist § medial correlation coef-
ficients. The conditions that enable the comparisons involve variability stochastic orders
such as the dispersive and the peakedness orders. Specifically we show that we can compare
the Kendall’s 7 concordance coefficients of Cheriyan and Ramabhadran’s bivariate gamma
distributions, in spite of the fact that it is hard (and not necessary) to compute them.

Math. Subject Classification: 60E15, 62H20.

Key words and phrases: Pearson correlation coefficient, Kendall’s concordance coefficient,
Blomqvist medial correlation coefficient, dispersive order, peakedness order, Cheriyan and
Ramabhadran’s bivariate gamma distribution.



1 Introduction

Let Z; and Z5 be two random variables that a probabilist uses to approximately describe some
real world situation. It is often desired that Z; and Z,, on one hand not be independent, and
on the other hand not be totally dependent. A common way of doing this sort of modelling
is to introduce three independent random variables, X7, X5, and Y, and then model Z; and
Z2 by

7y =9(X1,Y) and Zy = g(Xy,Y), (1.1)
where g is some bivariate function. In the setup (1.1), X; and X5 indicate the “individuality”
that is associated with Z; and Zs, whereas Y indicates the factors that give rise to the partial
dependence between Z; and Z,.

In the setup (1.1), it is sometimes of importance to figure out the influence of Y on the
strength of positive dependence between Z; and Z,. That is, suppose that the dependence
between the two random variables in (1.1) can be chosen to be modelled using Y yielding
(Z1, Z5) as in (1.1), or that it can be chosen to be modelled using Y vielding (7, Zo) as

follows B B B B
Zy=9(X1,Y) and Zy = g(Xs,Y).

The question that arises then is what conditions on Y and Y imply that (Z;,Z3) is “less
positively dependent” than (77, Zs).

For example, Li and Pellerey (2011) considered, among other things, the comparison of
(Z1, Z5) = (min{ X1, Y}, min{ X5, Y'})
and
(Z1,Z5) = (min{ X, Y}, min{X,,Y}).

They showed that if Y is larger than Y in the ordinary stochastic order, then (Z, Zg) is
more positively dependent than (Z;, Z5) in the sense of the concordance order, that is, the
copula of (21, Zg) is greater than, or equal to, the copula of (Z;, Z;) over the whole unit
square; see, for example, Nelsen (2006). Fang and Li (2011) considered the comparison of

(Zl, Zg) = (maX{Xl, Y}, maX{Xg, Y})
and
(Z1, Z5) = (max{X,,Y}, max{X,,Y}).

They showed that if Y is smaller than Y in the ordinary stochastic order, then (Zl, Zg) is
more positively dependent than (Z;, Z3) in the same sense that was described above.

The purpose of this note is to compare



and
(Z1,25) = (X1 + Y, X, +7) (1.3)

in a sense of positive dependence. More explicitly, we find conditions on ¥ and Y that yield
a stronger positive dependence between Z; and Z,, than between Z; and Zj.

Random vectors of the form (1.2) have been used in the literature to model a variety of
applications. Here is a sample of such usages:

e Reliability theory: The random vector in (1.2) can represent a replacement model
similar to a model in Marshall and Shaked (1982, page 263). Specifically, in a reliability
system that performs two tasks, Y is the lifetime of the original device that performs
both tasks, and upon its failure, it is replaced by two devices with lifetimes X; and
Xs, each of which performs only one of the tasks. Then (Z;, Z3) is the vector of the
time periods of the performance of the two tasks.

e Risk analysis: Bauerle and Muller (1998, page 66) studied models of pairs of n-
dimensional risky portfolios. In the case when n = 1, their model for (dependent)
risks, that belong to a certain group, is (¢(X1,Y), g(X2,Y)), for some bivariate func-
tion g, where X; and X, are the individual risk factors, and Y is the group-specific
risk factor. Specifically, when g(z,y) = x + y, the model of Bauerle and Muller (1998)
reduces to (1.2).

e Combat target detection: Youngren (1991) considered modelling the detection of an
enemy unit that has some target elements such as a tank or a truck. When the unit
has two elements, Youngren (1991, page 574) modelled the times to the detection
of the elements by (1.2), where the random quantity Y captures the contribution of
the common environmental factors on the time for detection of both elements, and
the random quantity X; captures the contribution of the other factors to the time of
detection of element 7, i = 1, 2.

Remark 1.1. At the first glance it may not be clear what we may assume about ¥ and Y
in (1.2) and (1.3) in order for Z; and Z, to be “more positively dependent” than Z; and
Z5. However, upon some reflection we may guess that if Y is “more variable” (or “more
dispersed”) than Y, then we may expect Zl and ZQ to be “more positively dependent”
than Z; and Z5. The intuitive reason behind this is that the role of Y is to introduce the
dependence between Z; and Z5, and it does that by adding the same random quantity to
both X; and X,. Thus, the “more variable” Y is, the more it “forces” the sums X; +Y and
X5+ Y to vary, but to do it “together” and hence “be like each other”, and as a result the
“more dependent” Z; and Zs should be. Note that in the extreme case when Y is degenerate
(that is, Y is “as small in variability as possible”), then Z; and Z, are independent. <

Verifying the intuition that is described in Remark 1.1, some of the results in this note
are of the following form: If Y is smaller than Y in some variability sense, then (73, Z3) of

(1.2) is smaller than (Zy, Z3) of (1.3) with respect to some positive dependence sense.



Technically, we found the models in (1.2) and (1.3) to be quite complex for the purpose of
comparing the copulas that are associated with (Z, Z,) and with (Z;, Z»). Thus our present
study is more humble in the sense that we compare the Pearson product-moment corre-

lation coefficients, the Kendall’s 7 concordance coefficients, and the Blomqvist’s 3 medial
correlation coefficients of (71, Z2) and (Z1, Z5) in (1.2) and (1.3).

It is worthwhile to mention that a comparison of the strength of dependence in the sense
of SI (stochastic increasingness) of models that are similar to the ones in (1.2) and (1.3), but
still quite different than these, is given in Proposition 3.1 of Khaledi and Kochar (2005).

In the next section we obtain results that compare (Zy, Zs) and (Zy, Zo) with respect
to their Pearson product-moment correlation coefficients. These results are quite straight-
forward, but their importance is that they make up our first formalization of the intuition
that is described in Remark 1.1. Our second formalization of that intuition is given in Sec-
tion 3, where we develop comparisons of (71, Zs) and (Z, Z3) with respect to their Kendall’s
7 concordance coefficients. A third formulation of the above intuition is described in Sec-
tion 4, where we compare (71, Zy) and (Z1, Z3) with respect to their Blomqvist’s 5 medial
correlation coefficients. Further comments, including some remarks about the relationship
between the dispersive variability order and our conditions for the comparisons of the various
concordant coefficients, are given in Section 5.

In the sequel, ‘increasing’ stands for ‘nondecreasing’” and ‘decreasing’ stands for ‘nonin-
creasing’. For every random variable X, and an event A, we denote by [X ‘A] a random
variable that is distributed according to the conditional distribution of X given A.

2 Comparisons via Pearson correlation coefficients

Let X4, X5, and Y be independent random variables. In this section we assume that the
second moments of these three random variables are finite, and we denote their variances
by 0%,, 0%,, and oy. Define (Z;,Z) by (1.2). A straightforward computation yields the
Pearson product-moment correlation coefficient of Z; and Z, as

2
Corr(Zy, Zs) = 24 . (2.1)
ok ot ok, + ot

It is easy to verify that the partial derivative of (2.1) with respect to 0% is nonnegative,
no matter what 0%, and o%, are. That is, for fixed 0%, and 0%, the correlation coefficient
Corr(Zy, Zs) is increasing in o3-. This observation yields the following result. In this result

we assume not only that X;, X5, and Y have finite second moments, but also that Y has
this property.

Proposition 2.1. Let (Z1, Zy) and (Zy, Z,) be as defined in (1.2) and (1.3). If
Var(Y) < Var(Y) (2.2)

then L
COI‘I‘(Zl, ZQ) S COI'I'(Zl, ZQ)



Note that if Y is smaller than Y with respect to any common variability order (some of
these will be defined or mentioned in the sequel), then (2.2) holds. In this sense Proposi-
tion 2.1 is quite strong because the assumption (2.2) can be considered to be quite a weak
variability order.

Noting that (2.1) is a decreasing function of 0%, and of o%,, Proposition 2.1 can be
strengthened as follows.

Theorem 2.2. Let Xq, X5, Y, )?1, )?2, and Y be independent random variables. Define

(Zh ZQ) - (X1 + Y, X2 + Y)

and
(21, Zg) = (5(:1 + }7,5(;2 + }7)
If ~ ~ _
Var(X,) > Var(X;), Var(Xs) > Var(Xs), and Var(Y) < Var(Y), (2.3)
then

Corr(Zy, Zy) < Corr(Zl, 22)

3 Comparisons via Kendall’s concordance coefficients

First we recall the definition of the Kendall’s 7 concordance coefficient; more details about
this coeflicient can be found, for instance, in Drouet Mari and Kotz (2001). Let (X,Y) be a
random vector. In order to define the Kendall’s 7(X,Y"), consider also a copy (X', Y”) that
is independent of (X,Y); that is, (X', Y”) =4 (X,Y). Then 7(X,Y") is defined as follows:

7(X,Y) = 2P{(X — X')(Y —=Y") > 0} — 1.

We will use below the ordinary stochastic order that is defined as follows: Let X and
Y be two random variables with respective distribution functions F' and G, and respective
survival functions F =1—F and G = 1—G. If F(z) < G(x) for all 7 € R then X is said to
be smaller than Y in the ordinary stochastic order, and we denote is as X <y Y. A useful
property of the ordinary stochastic order is the following: If X <, Y then

E[p(X)] < El¢(Y)] (3.1)

for all increasing functions for which the above expectations are well defined; see Miiller and
Stoyan (2002) or Shaked and Shanthikumar (2007) for further properties of the ordinary
stochastic order.

Proceeding to the comparison of random vectors, we start with a special case of the setup
of (1.2) and (1.3) where X; and X, are identically distributed.



Proposition 3.1. Let Xy, X5, Y and Y be independent random variables such that X and
Xy are identically distributed. Let (Zy,Zs) and (Z1,Z) be as defined in (1.2) and (1.3).
FurthermoreL let Y’ be an independent copy of the Y in (1.2), and let Y' be an independent
copy of the Y in (1.3). If

Y —Y'| <4 |V = Y| (3.2)
then L

T(Zl, Zg) S T(Zl, ZQ)
Proof. First let us derive a useful expression for

T(Zl,ZQ) = T(X1 —f—Y,XQ + Y)

Let (X1, X5,Y") be a copy of (X1, X5, Y) [that is, (X], X5, Y’) =« (X1, X, Y)] that is inde-
pendent of (X7, X5,Y). Denote W7 = X; — X, Wo = Xy — X)), and W3 =Y — Y’ and let
F; be the distribution of W, i = 1,2,3. Note that W;, W5, and W3 are independent, and
that F; is a distribution that is symmetric about 0, i = 1,2,3. We have

T(Xi+Y, Xo+Y)=2P{[(Xi+Y)— (X]+Y)] - [(Xa+Y)— (X;+Y")] >0} -1
= 2P{(W + W3)(Wa + W3) > 0} — 1.

Now,

= /OO [P{W) > —w}P{W, > —w} + P{W; < —w}P{W, < —w}]dF3(w)

_ /_ [Fi(—u)Fa(~w) + Fi(~w) Fo(—w) | dFs(w)

[e.9]

; / " [Ficw)Fa(-w) + F(-w) By ) dFy ().

By changing —w to w in the first integral, and using the symmetry property of F3, Fi, and
F5, we get that

0
From the symmetry of Wy = Y — Y’ we see that |Y — Y'| = [W3|W3 > 0]. Denote by

Fiw,jwy>o) the distribution of [W3|Ws > 0], and note that Fjyy,w,>o(w) = 2F3(w) — 1 for
w > 0. Thus we have

T(Zl, Zz) = 4/000 [Fl(w)Fg(QU) +F1(w)72(w)} ng(U}) -1

4 /0 h [F2(w) + F (w)] dFy(w) — 1 (3.4)

2 [ [FRw) + P dPus s 0) ~ 1



where the second equality follows from the assumption that X; and X, are identically dis-
tributed. Letting h(w) = F£(w) + F?(w), w > 0, we can write

7(Zy, Zo) = 2E[h(W3)|W3 > 0] — 1. (3.5)
Similarly, consider an independent copy Y’ of 17, that is independent of X, X/, X5, and
X}, and denote Wy =Y — Y. Again, note that |Y — Y| = [W3|W3 > 0} . As above we can

write

(71, Zs) = 2B [h(Ws)| W5 > 0] — 1. (3.6)

Next, express h as h(w) = Ff(w)%—??(w) = g(Fi(w)) for w > 0, where g(p) = 1—2p+2p*.
It is easy to see that g(p) is increasing in p € [1/2,1]. Now, for w > 0, we have that Fy(w) > 3,
and F} is increasing. Hence h is increasing on [0, 00).

From the equalities |Y — Y| = [W3|W; > 0], |Y — Y| =4 [Wg‘Wg > O], and (3.2), it
follows that [W3|W3 > 0] <q [Wg\Wg > O} Thus the increasingness of h, the expressions
(3.5) and (3.6), and the inequality (3.1), yield 7(Z1, Zs) < 7(Z1, Zs). O

In the next result we compare the random vector from (1.2), that is,
(Z1,25) = (X1 +Y, X0 +Y), (3.7)
with
(Z1,2,) = (X, + Y, Xo +Y), (3.8)

where X7, Xo, Xl, X2, and Y are all independent, and X; =4 X5 and X1 =g X2

Proposition 3.2. Let X;, Xy, Xl, Xg, and Y be independent random variables such that
X; =g Xo and X1 « X, and let (Zy,75) and (Zl,ZQ) be as defined in (3.7) and (3.8).
Also, let X| and X’ be independent copies of Xy and Xl, respectively. If

X1 — Xi| >a | X1 — X, (3.9)

then L
T(Zl, ZQ) S T(Zl, ZQ)

Proof. Let Fy be the distribution function of X; — X7, and let F3 be the distribution function
of Y =Y’ where Y’ is an independent copy of Y. Then, from (3.4) we have

(24, Zs) = 4/00o [F2(w) + Fy (w)] dFy(w) — 1

= 4/000 [1—2F(w)(1 — Fi(w))]dF3(w) — 1. (3.10)



Similarly, if we denote the distribution function of X 1— X 1 by ﬁl, then
(21, Z5) = 4/ [1 - 2F) (w)(1 — Fy(w))]dFs(w) — 1. (3.11)
0

From the symmetry of F; and F} it follows that Fi(w) > 1/2 and that Fj(w) > 1/2 for
w > 0. From (3.9) it follows that Fj(w) > Fi(w) > 1/2 for all w > 0. Since the function
p(1—p) is decreasing in p € [1/2, 1], it follows that the integrands in (3.10) and (3.11) satisfy

[1—2F (w)(1 = Fy(w))] > [1 = 2F,(w)(1 = Fi(w))], for all w > 0.
This, together with (3.10) and (3.11), yields 7(Z1, Z3) < 7(Z1, Zs). O

Combination of Propositions 3.1 and 3.2 gives the following main result of this section.

Theorem 3.3. Let )?1, )?2, X1, X0, Y, and Y be independent random variables such that
X1 =g Xo and X, =4 Xo. Define

(Zy,Z2) = (X1 + Y, Xo +Y)
and
(Z1,25) = (X1 + Y, Xa + 7).
Let )A({, X1, Y, and Y’ be independent copies of )A(l, X1, Y, and }7, respectively. If
X =X/ >a [ X1 —X!|  and Y =Y/|<4|Y =Y (3.12)

then o L
T(Zl,ZQ) S T(Zl,ZQ).

Remark 3.4. Note that the conditions in (2.3) are weaker than than the conditions in (3.12)
(see the argument that follows (5.1) in Section 5 below). However, the conditions in (2.3)
require the finiteness of the second moments. Thus, when the second moments do not exist,
Theorem 3.3 becomes useful because it does not require the finiteness of second moments. <

4 Comparisons via Blomqvist’s medial correlation co-
efficients
In this section we consider only random variables that have symmetric distributions about

their medians. For such random variables X and Y, with medians mx and my, respectively,
the Blomqvist’s § is defined as follows:

ﬁ(X, Y) = P{(X — mx)(Y —my) > O} — P{(X — mX)(Y — my) < 0}
IQP{(X—mx)(Y—my) >0}—17 (41)

see Blomqvist (1950).

Proceeding to the comparison of random vectors, we start with a special case of the setup
of (1.2) and (1.3) where X; and X, are identically distributed.

7



Proposition 4.1. Let X1, X5, Y and Y be independent random variables such that X, and
X5 are identically distributed. Assume that all these random variables have distributions that
are symmetric about their respective medians. Let (Zy, Zs) and (Zy, Zs) be as defined in (1.2)
and (1.3). If

Y = my| <y [V = my] (4.2

then o
B(Zv, Zs) < B(Z4, Zs).

Proof. From (4.1) we can write
ﬂ(Xl +Y, X +Y) = 2P{(X1 +Y — mlg)(XQ +Y — m23) > 0} —1,

where mq3 and mog3 are the medians of X;+Y and X5+Y, respectively. Denote the (common)
median of X; and X5 by myx. Consider W; = X1 —mx, Wo = Xo —myx, and W3 =Y —my.
We have

P{(Xl +Y — mlg)(XQ +Y — m23) > 0}
= P{(Wl + W3 +mx + my —mlg)(WQ + W3 +mx + my —mgg) > 0}

Note that W;, 7 = 1,2, 3 are independent, have distributions that are symmetric about zero,
and
my + my — M1z = Mo + My — Meg = 0.

Thus we get that
P{(Xl +Y — mlg)(XQ +Y — m23) > 0} = P{(Wl + W3)(W2 + Wg) > 0}

Denote the distribution function of W; by F;, i = 1,2, 3, and note that, with this notation,
the expression (3.3) holds for P{(W; + W;)(W5 + W3) > 0}. Following the argument in the
proof of Proposition 3.1, that leads from (3.3) to (3.5), we see that

B(Zy, Zs) = 2E[R(Ws)|W3 > 0] — 1, (4.3)
where h(w) = FZ(w) —i—F?(w), w > 0. Similarly, if we let W5 =Y — my, then
B(Zy, Zs) = 2B [h(W3)|[Ws > 0] — 1. (4.4)

From the equalities [V — my| =g [Ws|Ws > 0], |¥ — my| =g [W3|W3 > 0], and (4.2), it

follows that [W3|W3 > 0] <y [W3|W3 > 0]. Thus the increasingness of h (argued in the

proof of Proposition 3.1), the expressions (4.3) and (4.4), and the inequality (3.1), yield
B(Zy, Zo) < B(Z1, Zs). O

In the next result we compare the random vectors (7, Zs) and (2\1, 22) of the form given
n (3.7) and (3.8).



Proposition 4.2. Let X;, Xo, Xl, Xg, and Y be independent random variables such that
X =« X5 and X1 st X2 Assume that all these random variables have distributions that
are symmetric about their respective medians. Let (Zy, Zs) and (Zy, Zs) be as defined in (3.7)
and (3.8). If R

K0 mg | 2 X1 — | (4.5)

then L
B(Z1, Zs) < B(Z4, Zs).

Proof. As in the proof of Proposition 4.1, let F; be the distribution function of W; =
X1 — myx,, and let F3 be the distribution function of W5 = Y — my. Again, as in the
proof of Proposition 4.1, with this notation of W; and W3, the expression (3.3) holds for
P{(Wy + W3)(Wy + W3) > 0}. As a result, the expression (3.4) holds for 5(Z;, Z;). Thus,
also the expression (3.10) holds for (7, Zs); that is,

B(Z,, Zy) = 4/ [1—2F(w)(1 — Fi(w))]dF3(w) — 1. (4.6)
0
Similarly, if we denote the distribution function of Xi—m %, by F 1, then

B(Zy, Z) = 4/000 [1— 2F) (w)(1 — Fy(w))]dFs(w) — 1. (4.7)

Following the argument at the end of the proof of Proposition 3.2, it is seen that (4.6) and
(4.7) yield B(Z1, Z2) < B(Z1, Z2). 0

Combination of Propositions 4.1 and 4.2 gives the following main result of this section.

Theorem 4.3. Let )Afl, )?2, X1, X0, Y, and Y be independent random variables such that
X1 =« X9 and X| = Xo. Assume that all these random variables have distributions that
are symmetric about their respective medians. Define

(Z1,2) = (X1 +Y, X +Y)
and
(Z1,25) = (X1 + Y, X, +Y).
Let )?{, X1, Y, and Y’ be independent copies of )/51, X1, Y, and }N/, respectively. If
X —mg| > | X1 —mx,|  and Y —my| <4 |V —my] (4.8)

then L o
B(Z1, Zy) < B(Zy, Zs).



5 Further comments

Recall the dispersive stochastic order that is defined as follows. Let X and Y be random
variables with the corresponding distribution functions ' and G. Denote by F~! and G~*
the respective right continuous inverses. If F71(8) — F~!(a) < G7Y(B) — G7!(a) for all
0 < a < f <1 then X is said to be smaller than Y in the dispersive order, and we denote
it as X <aisp Y. See Miiller and Stoyan (2002) or Shaked and Shanthikumar (2007) for
thorough studies of the dispersive order.

The following result, which is Theorem 3.B.42 in Shaked and Shanthikumar (2007), states
a useful relationship between the dispersive and the ordinary stochastic orders.

Theorem 5.1. Let X and X' be two independent and identically distributed random variables
and letY andY' be two other independent and identically distributed random variables. Then

X <qip Y = [ X = X| <o [V =Y.

Recall also the peakedness order that is defined as follows. Let X and Y be random
variables with distribution functions that are symmetric about their medians myx and my-.
If | X —mx| < |Y —my]| then X is said to be smaller than Y in the peakedness order, and
we denote it as X <pe.x Y see Section 3.D in Shaked and Shanthikumar (2007). That is,

X <peak Y — ]X—mx\ <st \Y—my\.

Thus, (4.2), (4.5), and (4.8) are all conditions of ordering random variables in the peakedness
stochastic order.

The orders <gisp and <,e.x are variability orders in the intuitive sense that if X <y, ¥
or X <peak Y, then we expect Y to be “more variable” than X. Even the condition

|IX - X'| < [V =Y, (5.1)

where X, X', Y, and Y’ are as in Theorem 5.1, can stand for some kind of variability
order. For example, note that if |[X — X'| <y [V — Y|, then Var(X) = 1 E(X — X')? <
TE(Y —Y’)? = Var(Y).

Now note that the inequalities (2.2), (3.2), (3.9), (4.2), and (4.5), or more generally, (2.3),
(3.12), and (4.8), all compare random variables in some sense of variability or dispersion. In
fact, (3.2) and (4.2) compare the variability of the common parts (the Y's) of the compared
random vectors, whereas (3.9) and (4.5) compare the variability of the non-common parts
(the X's) of the compared random vectors. The results show that if the common part (the
Y') of one vector is more variable than the common part of the second vector, and/or the
non-common parts (the Xs) of one vector are less variable than the non-common parts
of the second vector, then the first vector is “less positively dependent” than the second
vector. These informal explanations of the results of this paper go along with the intuition.
We were able to notice these intuitive explanations only after we proved the inequalities in
Sections 2-4.

Note that if [V —Y”| <y |[Y —Y”| (this is (3.2)), where Y’ be an independent copy of Y and
Y’ is an independent copy of Y, then, as argued above, Var(Y') < Var(Y) (which is (2.2)).

10



That is, the condition of Proposition 3.1 is stronger than the condition of Proposition 2.1; a
similar observation was given in Remark 3.4. As we can see from Theorem 5.1, a condition
that is even stronger than (3.2) is Y <gs, Y. This is useful because plenty of examples of
random variables that satisfy Y <gigp Y can be found in the literature (for instance, see
Example 5.2 below). Also, plenty of examples of random variables that satisfy ¥ <.k Y
can be found in the literature.

Example 5.2. Let X;, X5, Y, and Y be independent gamma random variables with shape
parameters ax, ax, ay, and ay, respectively, and with the same scale parameter. Without
losing any generality we take the common scale parameter to be 1. Then both

(Z1, 7)) = (X1 + Y, Xo+Y) and  (Z1,2:) = (X1 +Y,Xo+7Y)

have Cheriyan and Ramabhadran’s bivariate gamma distributions; see Kotz, Balakrishnan,
and Johnson (2000, page 432). From Theorem 1 of Saunders and Moran (1978) we see that
if

ay > ay >0 (5.2)

then Y <gisp Y. Tt follows, from Theorem 5.1 and Proposition 3.1, that if (5.2) holds then
(21, Z2) < 7(Z1, Zs). (5.3)

Let, furthermore, X 1 and )A(g be independent gamma random variables with a common shape
parameter a g, and scale parameter 1. Then also

(Z,Zs) = (X, + Y, Xo +Y)
has a Cheriyan and Ramabhadran’s bivariate gamma distribution. If
ag >ax >0 (5.4)

then, as argued above, X <y X. Now it follows from Theorem 5.1 and Proposition 3.2,
that if (5.4) holds then

(21, 22) < 7(21, Za). (5.5)

Note that in this example, using our theoretical result, we obtain the inequalities (5. 3) and
(5.5) without having to explicitly compute the quantities 7(7Z, Zs), (Zl, Zg) and T(Zl, Zz)
for the Cheriyan and Ramabhadran’s bivariate gamma random vectors. In fact, the explicit
expressions for 7(Zy, Zs), 7(Z1, Zo), and 7(Z, Zs) are far from trivial, and as a result, directly
obtaining (5.3) and (5.5) is not easy, if at all possible. &

Looking at (1.2) and (1.3) one may get the impression that if Y >, Y then we would
expect Corr(Z,ZQ) > Corr(Zy, Zs) or T(Z,Zg) > 1(Z1, Z3), because Y seems to stochas-
tically pull both X; + Y and X, 4+ Y more strongly than Y would pull both X; + Y and
Xy + Y. However, as the following example shows, in general this is not the case. The
explanation is that the “pull” mentioned above is a change of location, and not an effect on
the concordance of the underlying random variables.
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Example 5.3. Let X;, X5 and Y be independent random variables, where X; and X,
have the uniform(0,1) distribution, and Y is a Bernoulli random variable with probability of
success p € (0,1). Asin (1.2), let (Z1,75) = (X1 +Y, X +Y).

Note that Var(X;) = Var(X,) = 1/12, and Var(Y') = p(1 — p). Thus, from (2.1) we see

that
1

p(1—p) i3
Corr(Z1, Z2) = p(l—p+5 ! p(l—p)+ 5
This expression is increasing in p € (0, 3) and decreasing in p € (3,1). Now, if Y is Bernoulli
with probability of success p € (0, 1), and p > p, then Y >, Y. But, as can be seen from
the computations above, if p > p > 0, then it is not true that Corr(zl, Zg) > Corr(Zy, Zs),
where (Zy, Z,) is defined in (1.3).
Now we compute 7(Z1,Zs) = 7(X1 + Y, Xo +Y). Let (X{, X}, Y’) be an independent
copy of (X1, Xs,Y), and define Wy = X; — X, Wy = Xy — X, and W3 =Y —Y’. Note that
W3 takes on only the values —1,0,1. Thus, applying (3.3) we have

7(Z1, Zs) = 2P{(Wy + W3)(Wa + W3) > 0} — 1
- 2{p(1 — p)P{(Wy = )(Wy — 1) > 0} + ((1 — p)> + p>) P{W1 W, > 0}
+p(1 = p)P{(Wy +1)(W5 +1) > 0} } — 1
=2{p(1 =p) + (1 —p)* +p*) (3 + 1) +p(1-p)} -1
=2p(1 —p).

1
’ 2 T
analysis above applies here too. That is, Y > Y does not necessarily imply that 7(Z, Z) >
T(Zl, ZQ) <>

This, like Corr(Z1,Zs), is increasing in p € (0,1) and decreasing in p € (3,1). So the
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