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ABSTRACT. We study left-invariant almost Hermitian structures on homogeneous spaces having either
flat Chern connection or flat Ricci-Chern form. Many examples are carefully described and a classifica-
tion is given in low dimensions.

1. INTRODUCTION

The Chern connection is a classical object in almost Hermitian and almost Kéahler geometry. It is
defined as the unique Hermitian connection whose torsion has vanishing (1, 1)-component, and it was
firstly introduced by Ehresmann and Libermann in [12]. In the complex case it coincides with the
connection used by Chern in [7] to compute representatives of characteristic classes (hence the name).
In the nearly Kéhler case this connection has parallel and skew-symmetric torsion (see e.g. [14]), while
in the quasi-Kahler (or (1,2)-symplectic) case it coincides with the so called second canonical Hermitian
connection (see [15]).

Let (M, g, J) be an almost Hermitian manifold and let V be its Chern connection and R the curvature
tensor corresponding to V. Let Ric(J) := 3tr,R(X,Y,-,-) be the Ricci form of the Chern connection,
where w is the fundamental form associated to (g, .J).

Definition 1.1. For the purpose of this article, the almost Hermitian structure (g, J) is called
e Ricci-flat if Ric(J) = 0;
e Chern-flat if R = 0.

The starting point of this paper was the problem of determining all the invariant Ricci-flat and
Chern-flat almost complex structures on the Iwasawa manifold. The latter is a classical example of
a 6-dimensional compact manifold admitting both complex structures and symplectic structures but no
Kahler structure. It is defined as a compact quotient of the complex Heisenberg group and the geometry
of its almost complex structures was thoroughly investigated in [2]. Let (M, g) be the Iwasawa manifold
equipped with the standard metric and denote by Z, the space of left-invariant almost complex structures
compatible with g and a fixed orientation. Then Z, is canonically identified with CP? and has the four
distinguished points Jy, J1, Jo, J3 which correspond to vertices of a tetrahedron [3, p.155] and [21]. We
will show that Jy and Js are the only Chern-flat structures and that all J € Z, are Ricci-flat.

In [10] the authors proved that the holonomy group of the Chern connection of a quasi-Kéhler structure
on a compact manifold M is trivial if and only if M is a 2-step nilmanifold whose associated Lie algebra
satisfies some relations. One of these relations is the following

] (1) [JX,JY] = —[X,Y]

for all X,Y in the Lie algebra associated to M. In the present paper we call an invariant almost complex
structure satisfying (1.1) an anti-abelian almost complex structure. One of the goals of this paper is
to show that for a nilmanifold the vanishing of the curvature tensor of the Chern connection implies
that the holonomy group of the Chern connection is trivial, i.e. the induced representation of the first
fundamental group is trivial. Indeed this is a corollary of the following result
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Theorem 1.2. Let M be manifold whose universal covering is a Lie group G and let m: G — M be the
covering map. Let (g,J) be an almost Hermitian structure on M such that n*g,7*J are left-invariant.

(i) If 7*J is anti-abelian then J is Chern-flat.
(ii) If G is nilpotent, then w*J is anti-abelian if and only if J is Chern-flat.
(iil) There exists a compact solvmanifold (M, g, J) such that J is Chern-flat but 7*J is not anti-abelian.
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Corollary 1.3. Let (M =T\G, J,g) be a nilmanifold with a left-invariant almost Hermitian structure.
The following facts are equivalent:

(i) J is anti-abelian;
(ii) the holonomy group of the Chern connection associated to (g,J) is trivial;
(iii) (g,J) is Chern-flat.

The anti-abelian condition (1.1) is “opposite” to the more familiar abelian condition [JX, JY] = [X,Y].
Abelian complex structures were introduced in [5] and were intensely studied in [4, 6, 11, 8, 19]. Observe
that J is anti-abelian and integrable if and only if it is bi-invariant, i.e. J[X,Y] = [JX,Y]. It follows from
Corollary 1.3 that studying Chern-flat structures on nilmanifolds is equivalent to studying anti-abelian
almost complex structures on nilpotent Lie algebras (nilalgebras).

According to published classifications, there are just 3 isomorphism classes of 4-dimensional nilalgebras
and there are 34 isomorphism classes of 6-dimensional nilpotent Lie algebra [20, 16]. These isomorphism
classes can be described by using an adequate choice of the basis as in [22] (see Table 1).

Let g be a nilpotent Lie algebra of dimension 4 or 6 and let {e1,eq, - ,e,} be a basis as in Table
1. Declaring the vectors e; to be orthonormal determines an invariant Riemannian metric g and an
orientation o = e; A--- Ae,. We denote by Z, the set of invariant positively-oriented orthogonal almost
complex structures (OACS’s).

For low dimensions we have the following result.

Theorem 1.4. If a 4-dimensional Lie algebra g admits an anti-abelian almost complex structure J then
g is either an abelian Lie algebra or g is the complezification of a 2-dimensional solvable Lie algebra.
In dimension 6 the nilalgebras admitting an anti-abelian OACS are given by the table

g | Structure equations Anti-abelian structures in 2,

g27 | 0,0,0,0,13 + 42,14 + 23 Jo, Js

g2s | 0,0,0,0,12,14 4+ 23 g4, J4

929 07070707()’ 12—"_34 J(l) 7J§

934 Oa0707070a0 Zg

where Jo, J3,Jf, J5 are the OACS’s given by the forms

wo = €24 B0 g = —el2 — B 56
Wh=eld p e 450 = el 2 | 56

In the above list: go7 and gog are the unique 6-dimensional irreducible nilalgebras having first
Betti number equal to 4; go7 is the Lie algebra associated to the 3-dimensional complex Heisenberg
group (and to the Iwasawa manifold); gog is reducible and is the direct sum of R with the Lie algebra
g = (0,0,0,0,12 + 34) associated to the 5-dimensional real Heisenberg group; gss4 is merely the
6-dimensional abelian Lie algebra.

For Ricci-flat almost Hermitian structures, we obtain the following results in dimension 4 and 6.

Theorem 1.5. For 4-dimensional nilagebras we have the table

g Structure equations Ricci-Flat structures AK Ricci-flat structures
R* 10,0,0,0 Z, Z,

bg@R 0,0,1270 Zg J€3 € <61,62>
1y 0,0,12,23 JeZ, 1 Jez € (er,es,eq) +(e!? + )

where AK means that (g,J) is almost Kdhler (i.e. the fundamental form of (g,J) is closed).
Let g be a 6-dimensional nilalgebra having by > 4. Then

1. g belongs to the list
(0,0,0,0,12,14+23), (0,0,0,0,12,34), (0,0,0,0,13 + 42,14 + 23)
(0,0,0,0,0,12+34), (0,0,0,0,12,13), (0,0,0,0,0,12), (0,0,0,0,0,0),
and any J € Z4 is Ricci-flat.
2. g is one of the Lie algebras
(0,0,0,0,12,15+ 34), (0,0,0,0,12,15), (0,0,0,0,12,14 + 25)
then J € Z, is Ricci-flat if and only if [Jes, e5] = 0 and one of the following two conditions holds:
i. [es, Jes] =0;

ii. J{es,eq) is contained in {(e1,ea,e3,€4) .
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In the above list h3 @ R is the Lie algebra associated to the so called Kodaira-Thurston manifold
(see e.g. [3, 25]). Moreover, we remark that almost Kéhler Ricci-flat structures can be seen as special
Hermitian-symplectic structures (see [18, 23, 26]).

As a consequence of Theorem 1.5 we have the following

Corollary 1.6. Let (M,g) be the Iwasawa manifold with its standard metric. Then any J € Z, is
Ricci-flat. Moreover J € Z4 is Chern-flat if and only if J = Jo or J = Js.

The paper is organized as follows:
In § 2 we recall some basic facts about almost complex structures and the Chern connection. In § 3 we
prove theorems 1.2 and 1.4. In § 4 we study left-invariant Ricci-flat almost Hermitian structures on some
4-dimensional and 6-dimensional nilmanifolds proving Theorem 1.5.

2. PRELIMINARIES

Let M?" be a 2n-dimensional smooth manifold. An almost Hermitian structure on M is a pair (g, J),
where J is an almost complex structure (J € End(TM), J2 = —1I) and g is a Riemannian metric such
that g(J-,J-) = g(-,-). Any almost Hermitian structure induces the so-called fundamental form (or
Kahler form) w(-,-) = g(J-,-). Moreover, the almost complex structure J allows us to decompose the
complexified tangent bundle in

TM®C=T"aT1%
where
TH=heT,M®C : Jv=iv};
' ={veT,M®C : Jvo=—iv};
and, consequently, the vector bundle Az M of complex r-forms on M splits as
ALM = @ Are.
ptg=r
An almost complex structure is called integrable (or a complex structure) if the associated Nijenhuis
tensor
N;(X,Y)=[JX,JY]| - JJX, Y] - JX,JY] - [X,Y]
vanishes everywhere. Given an almost Hermitian structure (g, J) we denote by D the Levi-Civita con-
nection of g.
An almost Hermitian structure (g, J) is called
e almost Kdhler if dw = 0;
e nearly Kahler if DJ is a skew-symmetric tensor;
e Kahler if Ny =0 and dw = 0 or, equivalently, if DJ = 0.
Given an almost Hermitian manifold (M?", g, J) there exists a unique connection V on M satisfying

Vg=VJ=0, Tor(V)" =0,

where Tor(V)"! denotes the (1,1)-part of the torsion of V. Condition Tor(V)"! = 0 means that
Tor(V)(Zy,Z2) = 0 for any pair Z;, Zy of vector fields of type (1,0). V is usually called the Chern
connection. In terms of the Levi-Civita connection D of g, V is described by the following formula

1 1
(2.1) 9(Vx2.Y) =g(Dx 2.Y) + 79((DyyJ + JDyJ)X, Z) = 19(DyzJ + D7) X,Y).
Let R be the curvature tensor of V. Then it is defined the Ricci form of V

R‘IC(J) (Xv Y) = Z R(Xv Y, Zia Z{) )
i=1
where {Z1,...,Z,} is an arbitrary unitary frame. Ric(J) is a closed 2-form and 3-Ric(J) represents the
first Chern class of J. Moreover, we can locally write Ric(J) = df, where 6 is the 1-form

n
0(X) =Y 9(VxZ:, %),
i=1
{Z1,...,Z,} being a locally defined unitary frame (see the appendix at the end of the paper for a proof
of this well-known result). An almost Hermitian structure is called Ricci-flat if Ric(J) vanishes.
In the last part of the paper we study Ricci-flat structures on Lie algebras. Let g be a Lie algebra.
An almost Hermitian structure on g is a pair (g, J), where J is an isomorphism of g such that J? = —1Id
and g is a J-compatible inner product. If we have a Lie group G (or more generally a quotient of a Lie
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group by a lattice), then giving a left-invariant almost Hermitian structure is equivalent to assigning an
almost Hermitian structure on the Lie algebra of G. Hence the study of left-invariant almost Hermitian
structures reduces to the study of almost Hermitian structure on Lie algebras.

Now we describe the notation we will use for Lie algebras:
Let g be a Lie algebra; then g can be described in terms of the so-called structures equations. Indeed, g is
completely determined by the exterior derivatives of an arbitrary coframe and this allows us to describe
g by using a list of numbers. For example, if we write

g=1(0,0,0,0,13 + 42,14 + 23),
we mean that there exists a coframe {e!,...,e5} of g satisfying the following equations

de! =de? =ded =de* =0,
ded = 13 4 42

deb = el + 23

where e?1#r := ¥ A... Ae’r . Notice that different structure equations could define the same Lie algebra.
Moreover, if some structure equations are fixed, then any associated coframe E := {e!,... e"}, induces
the metric g = Y. e @ e'. If £, E' are two frames associated to the same structure equations, then the
induced metric are isometric, this means that there exists an isomorphism of Lie algebras L: g — g such
that L*(¢') = g. Thus if some structure equations on a Lie algebra g are fixed, then we have a metric g
on g which is unique up to isomorphisms of g.

3. CHERN-FLAT STRUCTURES

In this section we study left-invariant Chern-flat almost complex structures and we prove Theorem 1.2
and Theorem 1.4.

3.1. Left-invariant flat connections. Let G be a simply-connected Lie group endowed with a left-
invariant flat connection V (i.e. RY = 0). Fix a left-invariant frame E := {ey,...,e,}, where n =
dimg(G), and let X = {X;,...,X,} be a V-parallel frame such that e;(e) = X;(e) for i = 1,...,n,
where e denotes the identity of G. Then there exists a map p: G — GL(n), p(g) = (p(9)4;):
p11(g) - pin(g)
Xg= (X1 Xn) = (e1---en) : : : = Egp(9) .
pn1(g) -+ pan(9)
Note that p(e) = Id. Let Lj, : G — G be a left multiplication by h € G. Then L, X = (L X7 -+ LpX,,) is
also a V-parallel frame, where (Ly(X))y = dLy(X),-1,), since V is a left-invariant connection. So there
exists a matrix M (h) € GL(n) such that
LnX = (LpXy - LypX,) = X M(h).

On the other side, since (Lj(X))y = dLp(Xy-1,), we have that L,X = Ep(h~'g). Then we get

Ly X = X M(h) = E p(g) M(h) = Ep(h~—'g) which implies
p(g)M(h) = p(h~'g) .

Evaluation at g = e gives M(h) = p(h™!) and this shows that p’ is a representation of G, where p’
denotes the transpose of p.

Proposition 3.1. Let G be an n-dimensional simply-connected Lie group. There is a correspondence
between flat left-invariant connections on G and representations of G on R™.

Assume now that (g, J) is a left-invariant almost Hermitian structure on G and that V is a left-invariant
flat connection such that
Vg=0
VJ=0.

Let X = (X1JX; XoJXs -+ X, JX,), 2m = n, be a V-parallel unitary frame and let E :=
(e1Jer ex Jea -+ ey Jen,) be the left-invariant unitary frame such that X (e) = E(e). Then the above
map p takes values in the unitary group U(m), i.e. p : G — U(m) C GL(n). Let Z; = % be
the (1,0) V-parallel section of T19G induced by Xy for k = 1,--- ,m. Then Z = (Z1 Za++ Zp,) is a
V-parallel unitary (1,0)-frame. Similarly, the real left-invariant frame E produces a (1,0) left-invariant

e1—iJey em—iJem

unitary frame S := ( N Y ). Then
Z = 5p(9)
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where p(g) € U(m) is a m x m matrix with complex entries.

3.2. Flat left-invariant almost Hermitian structures on nilpotent Lie Groups. We have the
following

Proposition 3.2. Let (g,J) be a left-invariant almost Hermitian structure on a 2m-dimensional nilpo-
tent simply-connected Lie group G. Then the Chern connection associated to (g,J) is flat if and only if
the almost complex Lie algebra (g,J) is anti-abelian, i.e. [J-,J] = —[,].

Proof. Let V be the Chern connection associated to (g, J) and assume that the curvature of V vanishes.
Then there exists a parallel global unitary (1, 0)-frame Z = (Z; - - - Z,,,) on G. Fix a left-invariant complex
unitary (1,0)-frame S = (wy - - - wy,) satisfying S(e) = Z(e). As explained in the previous subsection,
there exists a representation p’ : G — U(m) satisfying

Since G is nilpotent and U(m) is compact, it follows that p(G) is completely reducible and abelian;
hence we can assume, by a change of frames, that p(g) is diagonal. Namely, there exist smooth maps
X1, ", Xm : G — U(1) satisfying

Z1(9) = xa(g)w1(g),

Zm(9) = Xm(9)wm(g) -

Now using Tor(V)*! =0 we get

0 =12, Z;] = [xiwi, X;W05] = xi(X;)iW; — E(Xi);wi + XiX;[wi, Wy] -

So the assumption that V is Chern-flat implies

Xi X

Since G is nilpotent, there exists an integer & > 0 such that

0= wy, [+ , [wy, [wi, w5]) = (52w, @),
(x3)7

o) [wi, W]

0=[wj,[ -, [w), [w,w;]] = (

which implies [w;, ;] = 0 for 1 <4, j, < m. This shows that g is anti-abelian.
On the other side assume that the Lie algebra g of G is anti-abelian and let V the unique connection
on G whose parallel vector fields are left-invariant vector fields. Since

(Z,W] =0

for any Z ,W € g'%, then the torsion of V has vanishing (1, 1)-component. Clearly, Vg = V.J = 0, hence,
by uniqueness, V is the Chern connection. O

Remark 3.3. Note that for the “if part” of the above proof we don’t use that G is nilpotent and simply-
connected.

Notice that a Lie algebra g is anti-abelian, i.e. [Jv, Jw] = —[v, w], if and only if for all v
[Jv,v] =0 .
Indeed, [Jv, Jw] = —[v,w] is equivalent to [Jv,w] = [v, Jw] which is the bilinear form associated by

polarization to the quadratic form [Jv,v]. Moreover, if J is anti-abelian, then it preserves the center of
g. This implies that if a Lie algebra admits an anti-abelian structure, then its center has even dimension.
Observe also that an anti-abelian almost complex structure J on g is integrable if and only if g is complex
Lie algebra, i.e [JX,Y] = J[X,Y].
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3.3. Proof of Theorem 1.2. Now are ready to prove Theorem 1.2

Proof. Claim (i) follows from Proposition 3.2 and Remark 3.3. For (i7) let (M,g,J) be an infra-
nilmanifold (i.e. a Riemannian manifold whose universal covering is a nilpotent Lie group ) endowed
with an almost Hermitian structure such that n*g, 7#*J are left-invariant. Assume that the curvature
tensor of the Chern connection associated to (g,J) vanishes. Then the universal covering of M is a
simply-connected nilpotent Lie group N with an almost Hermitian Chern-flat left-invariant structure. So
the claim follows from Proposition 3.2. For (ii7) we observe that a flat Kahler torus can be presented as
a compact quotient of a solvable Lie group with a non anti-abelian OACS. Indeed, let s = {e1, e3, €3, €4)
be the solvable Lie algebra whose Lie bracket is given by the relation

[61,62] = —€3 [61763] =€2.

In terms of structure equations we can write s = (0, —13,12,0). Here is a representation of s:

0 1 00 0010 00 00 0000
.| 1000 w0000 _fo0oo010 0000
! 0 00 0] ™2 0000/ 0000 ™ 0000

0 0 0 0 0000 0000 00 0 1

Let S be a Lie group whose Lie algebra is s. Consider on S the left-invariant almost Hermitian structure
defined by (g, J), where J is the almost complex structure determined by the relations

J€1:€47 J62:€3

and g = 2?21 et @ el, {el,...,e*} being the dual frame to {e1,...,es}. The only non-zero covariant
derivatives with respect to the Levi-Civita connection are:

Deleg = —e€3 , D61€3 = €2 .

So s splits s = (eq, e4) @ {(ea, e3) where the factors are D-parallel distributions. This implies that (5, g, J)
is a flat Kéhler manifold and so the Chern connection of (S, g, J) is flat. On the other hand (s, J) is not
anti-abelian since

[Je1, Jeo] = [eq, €3] = 0 # —[e1, €] = e3.
The Lie algebra s = (eq, ez, €3, e4) can be identified with the Lie algebra of the group S := Iso(R?) x S!

where Iso(R?) = SO(2) x R? is the group of (orientation preserving) isometries of the Euclidean plane
R2. d

Now we are ready to prove Corollary 1.3.

Proof of Corollary 1.3. (i) = (i) is a direct consequence of Theorem 1.2, since left-invariant vector
fields on G can be pushed-down to the quotient M = I'\G.

(#9) = (#i1) it is obvious.

(#91) = (i) comes from the item (i7) of Theorem 1.2. O

Remark 3.4. We do not know if Corollary 1.3 is true when G is not nilpotent, e.g. for solvmanifolds.
Since there exist flat compact Kéhler manifolds with non trivial holonomy group (see [9]) it follows
that (i44) — (ié) of Corollary 1.3 does not hold for infra-nilmanifolds, i.e. Riemannian manifolds whose
universal covering is a nilpotent Lie group .

3.4. Proof of Theorem 1.4. Now we are going to prove Theorem 1.4.

Assume that g is 4-dimensional and let g¢ its complexification. Let J be an anti-abelian structure.
Then split gc = g}c’o@ g%l as usual and note that the anti-abelian condition is equivalent to [g(lc’o, g%l] =0.
Let Z1, Z5 be a base of g(lc’o and assume [Z1, Zo| = aZy + bZs + cZ1+dZ, # 0. Then from the Jacobi
identity we get

0=[21,25),Z1] = d[Z2, Z)]
0 = [[Zh Z2]772} = C[Zh?g] .

Sod = ¢ = 0 and then gé’o is a Lie algebra, i.e [gé’o,g(lc’o] C gé’o. Now is clear that g is the

complexification of the 2-dimensional solvable Lie algebra.

For the dimension 6 case we need the classification of of 6-dimensional nilpotent Lie algebras showed
in table 1.

A first obstruction to the existence of an anti-abelian almost complex structure on a Lie algebra is
given to the dimension of its center; namely,
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TABLE 1. Six dimensional nilpotent Lie algebras

Structure equations Dimension of the center
gl (0,0,12,13,14 + 23,34 + 52) 1
= (0,0,12,13,14,34 + 52) 1
93 (0,0,12,13,14,15) 1
g4 = (0,0,12,13,14,23 + 15) 1
g5 = (0,0,0,12, 14, 24) 1
g6 = (0,0,12,13,23,14 + 25) 1
g7 = (0,0,12,13,23,14 — 25) 1
gs = (0,0,12,13,14 4 23,24 + 15) 1
go = (0,0,0,12,14,15 + 23) 1
g10 = (0,0,0,12,14 — 23,15 + 34) 1
g11 = (0,0,0,12,23,14 + 35) 1
g12 = (0,0,0,12,23,14 — 35) 1
g13 = (0,0,0,12,13,14 + 35), 1
g14 = (0,0,0,12,14, 15 + 23 + 24) 1
g15 = (0,0,0,0,12,15 + 34) 1
g16 = (0,0,0,12,13 4+ 42,14 + 23) 2
g17 = (0,0,0,12,14,13 + 42) 2
g1s = (0,0,0,12,13 + 14,24) 2
g19 = (0,0,0,12,13,14) 2
g20 = (0,0,12,13,23,14) 2
g21 = (0,0,0,12,14, 15) 2
go2 = (0,0,0,12,13,14 + 23) 2
gas = (0,0,0,12,13,24) 2
g24 = (0,0,0,12,14, 15 + 24) 2
g25 = (0,0,0,0,12,14 + 23) 2
g26 = (0,0,0,0,12,34) 2
go7r = (0,0,0,0,13 4+ 42,14 + 23) 2
gas = (0,0,0,0,12,14 + 25) 2
g20 = (0,0,0,0,0,12 + 34) 2
g30 = (0,0,0,12,13,23) 3
gs1 = (0,0,0,0,12,13) 3
gs2 = (0,0,0,0,12,15) 3
g33 = (0,0,0,0,0,12) 4
934 = (O 0>0707 Oa O) 6

Lemma 3.5. Let g be a 6-dimensional nilpotent Lie algebra admitting an anti-abelian structure, then the
dimension of the center of g is equal to 0, 2 or 6.

Proof. Assume that there exists an anti-abelian almost complex structure J on g. Since the center 3 of g
is J-invariant it is even-dimensional. It remains to prove that the dimension of the center of g cannot be
equal to 4. Since J preserves 3, there exists a J-invariant complement W = (wy,ws) of 3 in g. We can
write

J(w1) = Awy + Bwy,  J(w2) = A'wy + B'w, .
Now
[Jwi,wi]=0= B =0
which is a contradiction. 0

Corollary 3.6. The Lie algebras {g;}i=1,...14, 830, 931, 932, 933, do not admit any anti-abelian almost
complex structure.

Before the next result, we need an easy technical lemma:

Lemma 3.7. Let (V,J) be a complex vector space and let W C V be a J-invariant subspace. Let
v € VAW such that Jv € (v) @ W. Then v =0.
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Proof. Assume Jv = av + w, for some w € W. Then

—v=Jw=aJv+Juw=ad’v+w+Jw.
This readily implies v = 0, as required. O
Lemma 3.8. Let g be a 6-dimensional nilpotent Lie algebra with the center of dimension 2. Assume

that there exists v € g such that, if V := (v), then dim[V,g] = 3. Then g does not admit any anti-abelian
structure.

Proof. Let J be an anti-abelian structure. Using [Jv,v] = 0, we immediately get that Jv € (v) @ 3. Since
J preserves 3, Lemma 3.7 gives a contradiction. O

Corollary 3.9. The Lie algebras g16, 817, 819 , 920 5 921 , 922 , @24 do not admit anti-abelian almost complex
structures.

It remains to prove that gis, gos, g25 and gog don’t have anti-abelian almost complex structures. Here
we work case by case.

Lemma 3.10. The Lie algebra gi15 = (0,0,0,12,13 + 14,24) does not admit any anti-abelian almost
complex structure.

Proof. Assume that there exists an anti-abelian almost complex structure J on goz. We can write
Jey = Aey + Beg + Ces + Dey + Fes + Feg,
Jeg =A'e; + B'eg +C'es+ D'ey + Eles + Fleg .

Then
[Je1,e1] =0 = Je; = Ae; + Ce3 — Ceq + Fes + Feg,
[Jea,e2] = 0= Jea = B'ea + C'es + E'es + Feg .
Moreover,
[Je1,Jes) = —AB'ey — CB'eg — AC ey .
Hence [Jey, Jea] = —[e1, e2] implies
AB' =1
CB' =0
AC' =0.

Applying Lemma 3.7, we get that the above system simples A = B’ = 0, AB’ = 0, which is a contradiction.
O

Lemma 3.11. The Lie algebra gos = (0,0,0,12,13,24) does not admit any anti-abelian almost complex
structure.

Proof. Assume that there exists an anti-abelian almost complex structure J on gos. We can write
Jew = Aey + Beo + Ceg + Dey + Fes + Feg,
Jeg = A'el + B/EQ + 0/63 + D/€4 + E'e5 + F’eg .

Then
[Jei,e1] =0 = Je; = Aey + Dey + Ees + Feg,
[Jea,ea] =0 = Jea = B'ea + C'e3 + E'es + Fleg .
Moreover,
[Je1,Jes) = —AB'es + DB'eg — AC'e5 .
Hence [Jey, Jea] = —[e1, e2] implies
AB' =1
DB =0
AC'=0.
Applying again Lemma 3.7, we get A = B’ =0, AB’ = 0, which is a contradiction. O

Lemma 3.12. The Lie algebra gos = (0,0,0,0,12,14 + 23) does not admit any anti-abelian almost
complex structure.
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Proof. Assume that there exists an anti-abelian almost complex structure J on goy. We can write
Jeir = Aey + Bes + Ces + Dey + Fes + Feg,
Jeg =A'e; + B'eg +C'es + D'es + E'es + Fleg .

Then
[Je1,e1] =0 = Je; = Ae; + Ce3z + Fes + Feg,
[Jea,ea] = 0= Jes = B'es + D'es + E'es + Fleg .
Moreover,
[Je1, Jes) = —AB'es + CB'eg — ADeq .
Hence [Je1, Jea] = —[e1, ea] implies

AB' =0,
CB' —AD' =1.
Hence it has to be A =0 or B = 0. Assume A = 0, then
Jey = Cez + Ees + Feg,
1
Jeg = e +D'es+ E'es + Fleg.
Using J2 = —Id, we get

1
J = — — ) 6 .
es Ceg—l—v v E}

Hence
1 ,o 1 1
[Jea, Jes] = [562 + D'ey, “C e3] = o2 €6 -
Since [eq, e3] = —[Jea, Jes] and [eq, e3] = —eg, We get a contradiction.

Assume now B’ = (0. Then
J€1 :A61+C63+E65+F66,

1
Jeg = —264 +Eles+ Fleg.
Using J? = —1d, we get
Jes=Aes +w, weEj}.
Then
[J@l, J64] = [Ael + C€3, Aeg] = —A2€5 + CA66

and [Jeq, Jeq] = —[e1, e4] implies A = 0 which is a contradiction, again. O

Lemma 3.13. The Lie algebra gog = (0,0,0,0,12,34) does not admit any anti-abelian almost complex
structure.

Proof. The idea of the proof is to show that the matrix of an anti-abelian complex structure J must have
a real eigenvalue which is a contradiction.
Let J be a anti-abelian complex structure. Since J preserves the center 3 = (es5, eg) we have

Ju Jig Jiz Juu 0 0
Jo1 Jag Jog Jog O 0
J31 Jzo Jzz Jzg 00
Jun Jaz Jaz Juu 0O 0
Js1 Js2 Js3 Jsa Jss Jse
Je1 Je2 Je3 Jea Jos  Jes
Condition [Jep,e;] = 0 implies Jo; = 0. Analogously the other conditions [Je;, e;] = 0 implies
Jiog=Jy3=J34=0.

Hence J reduces to

Jyg Ji2 0 Jy O 0

Js1 Js2 Jsz Jsa Jss Jse
Jo1 Je2 Jez Jea Jos  Jes
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Now, relations

[Je1,es] = Jares,
le1, Jes] = —Jages
[Jei,eq] = —Jz1¢€6,
le1, Jeq] = —Jaqes
imply
J31=Ju =0.
Since J? = —Id it turns out that JZ, = —1, which is a contradiction. U

3.4.1. Anti-abelian structure in Z,. Now we end the proof of Theorem 1.4 classifying the anti-abelian
structures in Z,. We start form the Lie algebra go7 = (0,0,0,0,13+42, 144 23) associated to the Iwasawa
manifold.

Lemma 3.14. The only Chern-flat almost complex structures in Z4(ga7) are the structure Jy and Js
having as fundamental forms

wo =2 4P f B0 g = —el2 34 50

7

respectively.

Proof. Let J in Z4(go7) be a Chern-flat structure. Then Theorem 1.2 implies that (g, J) must be anti-
abelian, i.e. [Jv,w] = [v, Jw] for all v,w € g. In particular J preserves the center 3 = (e5, e5) of g and
its orthogonal complement 3' = (ey, €2, €3, €4). Then Jes = +eg. Now

Jeir = aeq + bes + ces + dey
and since
[Jel,el] =0
we get
0= [Je1,e1] = ale1,e1] + blea, e1] + cles, e1] + dleq, e1] = —ces + deg .
Then ¢ = d = 0 and we get Je; = te. In a similar way we get from [Jes,es] = 0 that Jez = tey. Let
now €y, €3, e5 € {1, —1} be such that

Jer = erez,

Jeg = ezeq,

Jes = eseq
and the product €;e3e5 = 1. Now

[Je1,es] = [e1, Jes]
and we get
[Je1,es] = e1]ea, e3] = €1e6 = [e1, Jes] = eser, es] = €3e6

which implies €¢; = e3 and e5 = 1. This show that J is either Jy or J3. O

Analogously we have that following lemma whose proof is omitted

Lemma 3.15. The only Chern-flat almost complex structures in Z4(gas) and in Z4(gag) are the structure
Jiy and J5 having as fundamental forms

w('):el?’+e24+e56, é— _el3 24 4 56
4. RICCI-FLAT STRUCTURES

In this section we prove Theorem 1.5.
Let (M,g,J) be an almost Hermitian manifold, D be the Levi-Civita connection of g and V be the

Chern connection. We recall the definition of the Ricci form:
n

1
Ric(J)(X,Y) = StroR(X, Y, ) = S R(X.Y, Zi, Z)
i=1
where {Z1,...,Z,} is an arbitrary unitary frame on M. Using equation (2.1), we obtain
n
1 1

0(X)=>" {g(DXZi, Z;) — ig(DZiX +iDgz JX, Z;) + ig(DZ;X —iDz JX, Zi)}

(4.1) -
=Y {9(DxZi, Z;) = (D2, X", Z;) + (D7 X0, Z,)}

=1
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or, in terms of brackets,
(4.2) 0(X) =Y {9(X"", 2], %) — g(IX"°, Z), Z0) } = 21 Y Im {g(IX*". Zi], Z;)}
i=1 i=1

(see the appendix at the end of the paper for a proof of this last formula). Now we consider the homoge-
nous case. Let M = T'\G be a quotient of a simply-connected Lie group G by a lattice T and let g be a
fixed left-invariant metric on M. We denote by Z, the space of left-invariant almost complex structures
on M compatible to g and a fixed orientation. In this section we study the problem of classifying Ricci-flat
almost complex structures in Z;. This problem is purely algebraic and can be directly studied on the
Lie algebra g associated to G. So g can be regarded as a metric on g and Z; can be viewed as the space
of almost complex structures on g compatible to g and a fixed orientation. Note that for any J in Z,,
Ric(J) = db, where 0 is the 1-form on g globally defined as in (4.2). So J € kerd is Ricci-flat if and only
if 6 has no component on ker d.
The metric g induces the so-called musical isomorphims

fre—g", bigi—g,
where f(X)(Y) = g(X,Y) and b = =1, If A is a fixed subspace of g*, we denote by A” the vector space

of g corresponding to A by b. Finally, we denote by 3 the center of g. Moreover, for every X € g, we
denote by X! its orthogonal complement.

4.1. Some general results. Now we prove some general result. First of all we consider the following
Proposition 4.1. For any J € 2,4, we have that 3N J3 C ker 6.
Proof. If X € 3N J3, then X% and X1© belongs to 3 ® C and formula (4.2) implies the statement. [
The proposition above has the following easy-prove consequence
Corollary 4.2. Let J € Z; and assume that [(ker d)b]t is contained in 3 N J3, then Ric(J) = 0.
The following two results give a description of Z, when [(kerd)’]* C ;.
Proposition 4.3. Assume that dim(kerd)! = 1 and [(kerd)°]* C 3. Then any J € Z, is Ricci-flat.

Proof. Let e! be a fixed unitary generator of (kerd)’ and let J € Z,. Then we can write the fundamental

form of J as
n
w — Zequ Ae2k
k=1

where {€?,...,e?"} is a suitable frame of ker d. Let Zj, := %(62]@_1 —iegy); then we can write [e)', Z;] =

i)jer, for some A; € R. Notice that

1
0,1 . .
ey, Z7] = —=le1 —ieg,e1 +ieg] =0,
le1, Z4] 2\/5[ 1 — ey, e +ieg
i.e. A1 =0, and
[9,8] = (e1) -
Moreover . .
Oer) =21 > Im{g(e}", 2. Z) f =1 Y Im{g(hes, Z5)} = 0.

i=1 i=2

Hence 6 has no components on (ker d)?. Consequently df = 0, which is equivalent to Ric(J) = 0. 0

Proposition 4.4. Let (M =T\G, g) be a nilmanifold equipped with a left-invariant metric. Assume that
dim(kerd)! = 2 and [(kerd)’]* = 3. Then any J € 2, is Ricci-flat.

Proof. Let {e',e*} be a fixed oriented orthonormal frame of (kerd)’ and let J € Z,. Then the funda-
mental form w associated to J can be written as

(4.3) w=-e'A(ae® +bf') + (aft —be?) A f2 + Zf%_l A2
i=2
where {f!,..., f?"} is a suitable frame of (kerd)! and a® + b*> =1 (see [3]). Notice that
1. 3= <61,€2>;
2. [fi, fil €35

3. J(@l) = aeg + bfl , J(eg) = —ae; — bfg,
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4. [g,9] = (e1,e2) .
Let {Z1,...,Z,} be the unitary frame
1 1

Zy=—(e1 —ider), Z;=—(f2j—1+if2;),7=2,...,n.
1 \@( 1 1) J \/i(fzg 1 f25) 7
Then
6er) =21 Im{g(le}", 21, Z7) } = 2i0m { (e 1], 1) + 9[22, Z5) |
i=1
.~ 0,1 .~ . .
=2iJm {g([el , Za], Zg)} =iJm{g([ibf1,—1f2],—be2)} =0
and
o ~ 0,1 o~ 0,1 0,1
O(cz) =21 Im{g(le§", 2], Z7) | = 29m { g, 1], 1) + g[8, 22, Z5) |
i=1
1.
= §1Jm{b29([f17f2]761)} =0
imply that 6 is closed and that J is Ricci-flat, as required. 0

4.2. The 4-dimensional case. In this section we take into account 4-dimensional Lie algebras and we
prove the first part of Theorem 1.5.

Let (g, [, ], g) be a 4-dimensional Lie algebra with a fixed metric and an orientation. In order to prove
Theorem 1.5, we have to parameterize almost complex structure in Z;. This can be done as follows:
Let V be a fixed 2-dimensional subspace of g* and let {e3,e*} be an oriented orthonormal frame of V;
then the fundamental form of an arbitrary J € Z, can be written in terms of {e®, e} as
(4.4) w=e*A(ae* +bf) + (be* —af') A f2,
where {f1, f2} is a suitable frame of the orthogonal complement of V. Let {f1, fa, f3, fa} be the dual
basis to {f1, 2, €3, e*}; the the two vectors

1 . 1 .
(4.5) Z1 = ﬁ(eg—l(aezlﬁ-bf])), 22:—2(664—af1—1f2)

defines an unitary frame with respect to (g, J).

Here we write down the 4-dimensional Lie algebras which will take into account:
e R*=(0,0,0,0);
e h3(R)®R =(0,0,12,0);
e ny = (0,0,12,23);
e aff(R) ®R? = (12,0,0,0);
e sols ®R = (0,0,13,—14).

4.2.1. Ricci-flat structure on R*. This case is trivial: any J € Z, is almost Kéhler and Chern flat.

4.2.2. Ricci-flat structure on h3(R) @ R. This is the Lie algebra associated to the Kodaira-Thurston
manifold (see [24, 1] for a detailed description). In this case we have kerd = (e!, e?, e*) and (ker d)! = (e?).
Moreover the center of g is spanned by es,es and [(kerd)’]* C 3. Hence Proposition 4.3 implies the
following

Proposition 4.5. Any J € Z,(h3(R) & R) is Ricci-flat.
We remark that from [25] it follows that the standard symplectic structure on h3(R) @ R is Ricci-flat.

4.2.3. Ricci-flat almost complex structures on ny. We recall the h3(R) @ R and ny are the unique 4-
dimensional non-abelian nilalgebras admitting almost Kéhler structures (see [13]). n4 has the following
properties:

f = <€4> ; [gag] = <€3a €4> :
Proposition 4.6. An almost complex structure J € Z4(n4) is Ricci-flat if and only if Jes € (e1, es, ea).
Proof. Let J € Z4(ng), V = (es,e4) and {f1, fo} be an oriented orthonormal frame of V' = (e, e2).
Then using (4.4) and (4.5), we have

0les) == —15bg(les, fol, 1)
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and
0es) ::% ia2bg(es, fi], ea) — %aQb i g(les, il ea) = 0.
So
Rie(J) = ~1 sbglles, fol, ) ¢
and J is Ricci-flat if and only if

bg([es, f2],es) = 0.
This last equation is satisfied if and only if [es, Jes] = 0 or, equivlently, if Jes € (eq, ez, e4). O

4.2.4. Ricci-flat almost complex structures on aff(R) ®R2. Now we consider the case of aff(R) ®R2. It is
well known that the simply-connected Lie group G associated to this algebra does not admit a compact
quotient. Notice that in this case

kerd = (€2, e, e?), (kerd)' = (e'), 3 = (e3,e4), [g,0] = (e1).
Moreover, the fundamental form of an arbitrary J € Z, can be written as
(4.6) w=¢c" A(ae® +bf) + (be® —af') A f2,
where {f!, 2} is a suitable frame of (3, e*). We have the following
Proposition 4.7. Let J € Z,(aff(R) ® R?). Then J is Ricci-flat if and only if J{e1,e2) C (es,e4)

Proof. Let J € Z, with associated fundamental form given by (4.6). Then we have
1. . . .
O(e1) :§1Jm{g([el +i(aes +bf1),e1 —i(aes +bf1)],e1 +i(aes + bf1))
+g(ler +i(aes +bf1), (be? —af') =i fo], (e — af?) +if2)}

:%ijm{g([el +iaeg,eq — iaeg],el)} =—iag([e1,es],e1) =ia.
Hence
Ric(J) = iae!?
and J is Ricci-flat if and only if @ = 0. Such a condition is equivalent to require
w=e' Afl+e2nf2.
O

4.2.5. The case of sol3 ®R. Now we consider the case of the 4-dimensional solvable Lie algebra sol3 @R =
(0,0,13,—14). We have the following relations

§={e2), [g,9]={(es eq),
Proposition 4.8. An almost complex structure J in Z4(sols3 & R) is Ricci-flat if and only if Jes = *eq.
Proof. Let J € Z,4(sol3 & R) be arbitrary. Then the fundamental form of J can be written as
w=e>A(ae* +bf') + (be* —af') A f?,

where {f!, 2} is a suitable frame of (e!, e?). Moreover a direct computation gives

Oes) == ibg(les, fil es) + 5 1bg([fu,edl )

and

. 3.
0(ea) = —1bg([f2, €3], e3) — ) ibg([fa,ea],e4).
So J is Ricci-flat if and only if

2bg([f1,es],e3) +bg([f1,ea],e4) =0,
209([f2,e3],e3) + 3bg([f2,e4],€4) =0,

and these equations can be solved if and only if b = 0. 0
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4.2.6. Ricci-flat almost Kdhler structures in the previous ezamples. It is interesting to understand in the
above examples the Ricci-flat almost Kéhler structures.
e In the case of the Kodaira- Thurston manifold we have de! = de? = 0, df*, df* € (e!,e?). A direct
computation gives that in this case J is almost Kéhler and Ricci-flat if and only of Jes € (e, ea)
o In the second example g = (0,0, 12, 34) the unique Ricci-flat almost Kéhler structures in Z, are
the ones with associated fundamental form w/, = e'3 + 24, W’ =e!3 — 2
e Also in the case g = (12,0,0,0) there are no almost Kéahler Ricci-flat structures in Z,.
e In the the case g = (0,0,13,—14) the unique almost Kéhler Ricci-flat structures in Z, are
wy =e? +e3and w_ = —e!? -3,

4.3. The 6-dimensional case. Let (g,g) be a 6-dimensional Lie algebra with a fixed metric and an

orientation. Let {e1,...,es} be an oriented orthonormal basis of g. Then the fundamental form of an
arbitrary J € Z, can be written as
(4.7) w=1¢€"A(ae® +bf') + (af' —be®) A f2 + 24,

where a? + 0% = 1 and {f!, f2, f4, f*} is a suitable frame of (e1, e, e3,e4)%. Then in this case the three
vectors

Z = %(65 —i(aes +0f1)), Zz= \%(ah —bes —ifa), Z3= %(fs —ify)

define an unitary frame.
The aim of this subsection is to study Z, on 6-dimensional nilpotent Lie algebras having b; > 4. It is
well known that 6-dimensional nilpotent Lie algebras having b; > 4 are classified by the following list

(0,0,0,0,12,15 +34), (0,0,0,0,12,15), (0,0,0,0,12, 14 + 25)
(0,0,0,0,12,14 +23), (0,0,0,0,12,34), (0,0,0,0,13 + 42,14 + 23)
(0,0,0,0,0,12+34),  (0,0,0,0,12,13), (0,0,0,0,0,12), (0,0,0,0,0,0).

4.3.1. Two cases where Proposition 4.3 can be applied. First of all we consider the following Lie algebras:
(0,0,0,0,0,12), (0,0,0,0,0,12 4 34). This two algebras are associated to the groups

R? x H3(R), R!x H(R),

where H™(R) is the n-dimensional Heisenberg group. In this two cases Proposition 4.3 can be applied
and any J € Z, is Ricci flat.

4.3.2. Some cases where Proposition 4.4 can be applied. Proposition 4.4 can be applied to the following
Lie algebras:

(0,0,0,0,12,13), (0,0,0,0,12,14 + 23), (0,0,0,0,12,34), (0,0,0,0,13 + 42,14 + 23) .

So in these cases any J € Z, is Ricci-flat.
The Ricci-flatness of the standard complex structure of (0, 0,0, 0,13 442,14+ 23) can be also deduced
using Theorem 4 of [17].

4.3.3. The final cases. It remains to consider the following three cases:
(0,0,0,0,12,15+34), (0,0,0,0,12,14 +25), (0,0,0,0,12,15).
We have the following

Proposition 4.9. In the above cases an almost complex structure J € Z4 is Ricci-flat of and only if
les, Jeg) = 0 and one of the following two conditions is satisfied

1. [es, Jes] =0;
2. J{es,eq) is contained in (e1,e2,e3,€4) .
Proof. Let J € Z,;. Then the we can write the fundamental form of J as
w=2e"A(ae® +bf') + (aft —be®) A f2 4+ 34,

where {f1, f2, f3, f4} is a suitable frame of (e!,e?, e?,e*). A direct computation gives

O(es) = — %ibg([%, f2l, e6)

and
0(e¢) = —iabg([es, f1], eq) -
Hence

Ric(J) = —%ibg([€5,f2],€6) de® —iab*g([es, f1], e6) de®.
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Since de®, de® are linear independent, Ric(.JJ) = 0 if and only if one of the following conditions holds:
e b=0;
e a=0, [e5, fo] =0;
o [es, f2] = es, f1] = 0.
Now,
les, Jes] =bles, f1],  [es, Jes] = —bles, fo]

and a = 0 is equivalent to require J(es,eg) C (e, €2, €3,€3) . O
4.3.4. 6-dimensional Ricci-flat almost Kdhler structures. It is interesting to understand in the above

examples the Ricci-flat almost Kahler structures in Z,. Here as usual we write the fundamental form of
JeZ, as

w=e"A(ae® +bf") + (af' —beS) A f2 4 3.

Then in each case, we have

g Almost Kéhler Ricci-flat structures in Z,
0,0,0,0,12,15 + 34 %)

0,0,0,0,12,15 %)

0,0,0,0,12,14 + 25 (%)

0,0,0,0,12,14 + 23 0]

0,0,0,0,12,34 <€16,626,656,635,645>tzg
0,0,0,0,13 +42,14+23 | eSAfl—eSAf2+f3* : deSAfl=ded A f?
0,0,0,0,0,12 4+ 34 %)

0,0,0,0,12,13 SAFL—ePNf2+ 3 eBAfl=e2Af
0,0,0,0,0,12 <e36,e46,e56>tzq

0,0,0,0,0,0 Z, ‘

4.4. Generalizations to higher dimensions. Using Proposition 4.3, we have the following result which
generalizes the cases of the h3(R) ® R and h3(C) = (0,0,0,0,13 + 42, 14 + 23).

Proposition 4.10. Let g = h,(R) ® R be the 2n-dimensional Lie algebra

0,...,0,124+34+---+ (2n — 2)(2n — 1),0)
obtained as the product of the Lie algebra associated to the 2n — 1-dimensional Heisenberg group H,(R)
times R. Then, we with respect to the standard metric g, any J € 24 is Ricci-flat.

Moreover, we have the following result which generalizes the case of the Iwasawa manifold.

Proposition 4.11. Let (h,(C), g) be the Lie algebra associated to the complex n-dimensional Heisenberg
group with the standard metric and the standard orientation. Then any J € Z,4 is Ricci-flat.

5. APPENDIX

5.1. The Ricci form of a complex connection. Let (M™,J) be an almost complex manifold. A
connection V on M is called complex if VJ = 0. Let V be a complex connection and let R be its
curvature tensor. Since VJ = 0, V induces a connection VT on the canonical bundle T = A’}’OM . Let o
be a local section of T. Since T has rank one, there exists a complex 1-form 6 such that

Vio=0(X)o,

for every complex vector field X.
Let RT(X,Y) be the curvature of V. Namely,

RY(X,Y)o := Vi Vyo - ViVyo — Vixyio
where ¢ is a local section. Then a simple computation gives
RY(X,Y)o=do(X,Y) o .

Let {Z1,Za,+++ ,Zy,} be alocal (1,0)-frame of TM ® C and let {¢?,...,("} be the associated coframe.
Then
VECACAAC)=VXCACA A+ + NG A AV
and then
ToT . _ 1A 2 n 152 n
VyVxo=VyVxC ACA A"+ -+ AN~ ANVxVy(
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Thus, taking into that we may assume [X,Y] = 0 because R and R are tensors and that some terms of
the above sum simplify, we get

RYyo =RXYV)CACA A+ 4+ AC A ARX, Y™
Taking into account that R(X,Y) is an endomorphism of 7%, we get
RT(X,Y)o = tr(R(X,Y))o

and then

tr(R(X,Y)) =di(X,Y).
Hence if g is a J-Hermitian metric (not necessarily Vg = 0) and {Z1,...,Z,} is an unitary frame, then
we get

> 9Rxy 2k, Z) = dO(X,Y).
j=1

5.1.1. A direct consequence. Let now (M, J, g) be a almost Hermitian manifold and let V be a Hermitian
connection (Vg = VJ = 0). Let us compute df(X,Y) directly. Keep in mind that we can assume
[X,Y] =0, since df is a tensor. Then

dO(X,Y) = XO(Y) — YO(X)

= "Y9(VxZr, Zr) — Xg(Vy Zr, Z7)

r=1

n
> 9(VyVxZe, Z5) + 9(Vx 20, Vy Z5) = ¢(Vy 20, Vx Zy) = ¢(V xVy Zy, Zr)

r=1
=Y 9RxyZe, Z0) + > 9(VxZ0, Vy Zr) = g(Vy 2,V x Zr)
r=1 r=1

and we get the following

Proposition 5.1. Let (M, J,g) be an almost Hermitian manifold and let V be an almost Hermitian
connection i.e. Vg=VJ =0. Then if {Z,...,Z.} is a local unitary frame, then

n n

> 9(VxZe,VyZs) = g(Vy Ze, VxZr).

r=1 r=1
5.2. Proof of formula (4.2). Now we show how to prove formula (4.2) starting from (2.1). The starting
point is

0(X)=> {9(DxZi, Z;) — 9(Dz, X", Z;) + g(Dz. X", Z;) }
=1

where {Z;} is a local unitary frame. Then using the Koszul formula

29(DxY, Z2) = Xg(Y, Z) + 29(X,Y) = Yg(Z, X) + 9([X, Y], Z2) + 9([Z, X],Y) — 9([Y, Z], X)
we have

29(DxZy, Zz) =X g(Zy, Z7) + Z79(X, Zr) — Zr9(Z7, X) + 9([X, Z,], Z7) + 9([Z7, X], Z;)

- 9(Zr, Z7], X)
=Zrg(X, Zr) = Zrg(Zr, X) + 9([X, Z0), Z7) + 9([Zr, X], Z7) = 9([Zr, Z7), X) -

Analogously

20(Dz, X™, Z5) =Zrg(Ze, X™1) + g([Ze, X, Z5) + 92, 2,), XO1) = (X, 25, Z,)
and

29(Dz. X', Z;) =Z:g(Ze, X1°) + 9((Z7, X101, Z0) + 9((2, 2], X1°) — 9([X1°, Z,), Z7) .

Hence a direct computation yields

n

20(X) =2 Z {9(DxZ., Zz) — g(Dz, X", Z) + (D7, X0, Z;)}

r=1

=3 {o(2X%1, 2.0, Z7) — g(2X10, 2], Z,)} = 413 {Smg(IX°1, Z,], Z7)}
r=1
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n

0(X) =21) {Smg(X"!, 2], Z)},

r=1

as required.
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