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Transient simulation of complex high-speed
channels via Waveform Relaxation

Vittorio Loggia, Stefano Grivet-Talociggenior Member, IEEEHaisheng Hu

Abstract—This paper presents a class of numerical schemes using standard FFT approaches and enables linear coromluti
for fast transient simulation of electrically long and comgex pased simulation [1], [2], [3], [4]. Although global metsic
linear channels terminated by linear or nonlinear networks The such as eye diagram opening and Bit Error Rate (BER)

common denominator of all schemes is Waveform Relaxation. tatisti b ted fast th tof i
Domain decomposition approaches based on Longitudinal and stausucs can be computed very 1ast, the amount of Inacgura

Transverse Partitioning are pursued, leading to various ierative  introduced by the linearity assumption is sometimes dilficu
methods characterized by different properties and numerial to assess, thus possibly compromising the reliability dred t
efficiency. For each scheme, we present a detailed convergen representativeness of the results.

analysis and a set of numerical results obtained on industai We concentrate here on circuit-based solution methods,

benchmarks. The main contribution of this work is a novel the hich tivel I the direct inclusi f i i
oretical framework based on a combination of Longitudinal and which natively allow the dairect Inciusion ol noniinear ter-

Transverse Relaxation, leading to particularly efficient $mula- Minations. Time-domain conversion of the channel scaigeri
tions when combined with compact channel representationsased samples is here performed using a suitable macromodeling
on Delay-Rational Macromodels. Our prototypal implementaion  approach. Due to the electrical length, standard ratiomaro:
outperforms SPICE solvers, with speedup of up to two orders b modeling is ruled out for obvious complexity reasons [5RH[1
magnitude. Standard macromodels based on the Mutliconductor Transmis
Index Terms—Macromodeling, Rational Approximations, De- sjon Line (MTL) topology [13]-[19] are also not adequate,
lay Extraction, Scattering Parameters, T(ansmission Line, p—!igh- since chip-to-chip links include several discontinuit@s,
Speed Interconnects, Waveform Relaxation, Transverse P#tion- . . L
ing, Longitudinal Partitioning connectors, irregular rou'u_ng) that do not fit in the MTL
structure. Therefore, we will adopt the more general Dalaye
Rational Macromodel (DRM) form [20]-[25].
|. INTRODUCTION The port-to-port transfer functions of the channel areeepr
sented in DRM’s as linear combinations of rational funcsion
The electrical verification of chip-to-chip communicatiom,veighted by suitable time-delay operators. The former aim a
links requires extensive transient simulations [1], [2hiST representing attenuation and dispersion effects, whildatter
kind of analysis is quite demanding, due to several reasoBge responsible for a physics-consistent representafidheo
FiI’St, the electrical |ength of such structures is Usua&yyv finite propagation Speed aiong the path' inciuding the &ffec
large. The impulse responses of the channel exploit logg multiple discontinuities causing signal reflections. @R
memory effects due to the finite propagation speed aloggn pe efficiently identified using black-box fitting algbrits
the channel path, associated to spurious signal reflectigism tabulated frequency samples, and several methods are
from Various diSCOﬂtinuitieS a.nd tel’minations. Second?, tl&vaiiabie for Checking and enforcing their passivity [qap]
number of coupled ports that need to be considered is largeextensive application of DRM's for channel qualification
as well, since all possible signal degradation effects rteednas peen documented in [30], [31], where the transient sim-
be taken into account. Third, typical drivers and receive(gation was performed using standard solvers of the SPICE
for high-speed signaling are nonlinear and dynamic in ®atu|ass. However, there is still a significant margin for impng
and almost invariably include sophisticated pre-emphasts numerical efficiency. In fact, it can be observed that direct
equalization features. Accurate and efficient transieatysis  SP|CE realizations of interconnect models do not scale well
of electrically large multiport channels with nonlinearrte- \yith the number of coupled ports. This is true for wide MTL
nations poses significant challenges, which we want to addretryctures, as documented in [32], [33], [34], but also for
in this work. more general multiport channels. They are both charaetgriz
The native characterization of linear multiport channels py a set of small and weakly coupled subsystems, consisting
usually available as a table of frequency-domain scatieriaf single interconnects providing direct electrical coctizn
samples. Thus, some form of frequency- to time-domaketween few (two) ports. This topology calls for Waveform
conversion is required. Leading approaches perform drasfielaxation (WR) approaches [1], [17], [32]-[51], which firs
simplifications by assuming linear models for drivers angolve each subsystem independently and then update the
receivers. This approach enables a time-domain conversiglution by iteratively correcting the estimates of the gling
terms.
Manuscript received ; revised. _ _ _ This work presents several Waveform Relaxation ap-
Vittorio Loggia, Stefano Grivet-Talocia and Haisheng Huwe awith the . . . .
Department of Electronics, Politecnico di Torino, Torin@l29, Italy (e-mail: proaCheS for the transient simulation of hlgh-speed channe
vittorio.loggia@polito.it, stefano.grivet@polito.ihaisheng.hu@polito.it). characterized as DRM’s and terminated by nonlinear ciscuit
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TABLE |
MAIN PARAMETERS OF THE TEST CASES

L5 H F
Case | Ports | Samples| Bandwidth
] 18 4096 20 GHz
F3 F. I 18 1024 20 GHz

I} 18 2043 10 GHz
\Y 18 1024 20 GHz

is

Fig. 1. System topology.

problem formulation
Transverse partitioning [32], [33], [34] is applied to depte b(t) = h(t) * a(t)
individual channels, and longitudinal partitioning [41#2] { F, (aq(t): by(t); i) 0, q=1 P 1)
is applied to decouple the individual channels from their TGN TANED T dt ’ R
terminations. These two approaches have been extensiwgliere the first row represents the convolution between tran-
studied and applied in the context of MTL's. In this workgient scattering waves entering the channel and the channel
we propose a combination of the two partitioning schem#&®pulse response matrix(¢), and the second row collects all
into a two-level Waveform Relaxation scheme, which provg®ssibly nonlinear and dynamic equations representing i
particularly efficient when applied to channel models in DRMNnNd receivers. Both channel and termination equationsbaill
form. The numerical results show that the proposed schenassumed to be explicit in their respective reflected seager
outperform SPICE by up to two orders of magnitude iwaves. The proposed WR schemes will thus be presented with
simulation speed. This work provides a complete theorketidhe more abstract notation
framework supporting the preliminary results of [51]. b=Ha,

This work is organized as follows. Section Il states the { a=F(b), @)

main problem, sets the notation, and presents the benchmahk he li he ch | and wh
structures that will be used for the numerical tests. Sedtio WNere the linear operatGt represents the channel, and where

overviews DRM's in their frequency and time-domain repret-Ee terrr‘n|nat|_onb;aquatlon;?h$¥e lbeen_w(r:ilﬁten |n|e_xpl|cm’|for
sentation and presents the main recursive convqutiomeng‘ rough a suitable operatgr. The latter is diagonal (it couples

forming the computational core of all schemes. Section IQ/“y impinging and reflected waves at a single port) but can be

presents a Waveform Relaxation scheme based on Lor{%ﬁ)_nlinear, dynamic and possibly includes time-varyingreeu

tudinal Partitioning (WR-LP), which decouples the chann rmsas in the case of dnv_ers. .
from its termination networks. Section V introduces anothe _leferent vector an_d matn_x norms will be use_d throughout
Waveform Relaxation scheme based on Transverse Pam]ig'onﬁh'S paper. The notatioff| V;”IJ /thand for the euchdean_ nhorm
(WR-TP), aimed at decoupling individual channels througlf Vectorslizll = (32, |zx[*)'/* and the corres%ondlrngm-
the introduction of suitable relaxation sources. Section \guced (specf[ral) norm f(_)r matnc_:ﬁAH = (/\max_{A A}_) 2,
combines the WR-LP and WR-TP algorithms into a twovhere Amax is the maximum e|g_envalu_e of its matrix argu-
level Waveform Relaxation scheme, which we denote as whent. Convergence of WR iterations will be assessed through
LPTP. Convergence of all schemes is analyzed, and sevéf Norm|[[dljoc = max; . [3x(t)|, wherek denotes thek-th
transient results demonstrate the accuracy and e1‘ficieﬁcyc8mponent and is the discrete time variable.
our implementations.

A. Benchmark channels

The numerical simulation schemes will be tested and ana-
Il. PROBLEM STATEMENT lyzed using a number of industrial benchmark cases (courtes

. . . . of IBM). These benchmarks are depicted in Fig. 2. Case | is
This section states the main simulation problem that we

aracterized by various topologies and electrical lengtie
evant parameters of the raw specification of each channel
andwidth, number of ports, and number of available fre-

coupledP-port channel terminated by single-ended drivers aqgl
receivers. Figure 1 depicts this structure for the cBse 4, %b

corresponding to two coupled channels only (all benchmar ﬁency samples for each element of the scattering matré) ar
that will be analyz_ed havé® = 18 ports, see Sec. II-A)._We summarized in Table I. A detailed description of the model
make the assumption that the only coupling between dlﬂere(g(traction and characterization for these channels ippasd
nets occurs within the channel, with no explicit couplingo Sec. III.
between individual drivers and receivers. This case isequit
common in practical applications. The single terminatioas
be nonlinear and/or dynamic. B. Termination schemes

Throughout this work, we will denote with(¢) and b(t) We will consider various channel termination schemes,
the transient scattering wave vectors that are incidenntb asummarized in Table Il. Terminations TC-A and TC-C consist

reflected by the channel, respectively. We have the follgwirof linear Thevenin voltage drivers with a series resistalige
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Case I: simple channel (tlines with dlscorlt;\rlwumes) in terms of riseffall timeT; ¢, bit time 73,;;, and voltage swing

DRV
i O Vmax .

transmission line

transmission line IIl. DELAYED RATIONAL MACROMODELS AND RECURSIVE
CONVOLUTIONS

via

Case II: node to 10 card channel A. Delayed rational macromodels

Each channel structure is known via its sampled scattering
matrix H; € CP*P at the discrete frequencies;, | =
1,..., L. A Delay-Rational Macromodel (DRM) [20]-[25] is
given by the closed-form scattering matiik(s), with entries

M
HYi(s) = Y Qi (s)e > + D" (3)
m=0
wheres is the Laplace variable, j denote output and input
port, respectively, corresponding to the selected sdagter
responser’J are delays corresponding to the various arrival
times of the signal reflections induced by an input unit pulse

and N
NI .
Qul(s) =y  —ro- 4
n=1 $ — Pnin

are rational coefficients representing other effects sugh a

attenuation and dispersion. The cdg¢é’/ = 1, ;" = 0 corre-

sponds to a standard (delayless) purely rational macromode
The identification of (3) from the sampld&4;, i.e., solving

min || H(jw;) — Hy|, %)

where the minimum is taken over the unknown delgysand
matrix rational functionsQ?/(s) is a very challenging task.
However, good solutions via Delayed Vector Fitting (DVF) or
Delayed Sanathanan-Koerner (DSK) iterations are availabl

Fig. 2. Graphical illustration of the channel benchmarks. see [23]. These technigques are based on a two-step algorithm
The first stage consists in the identification of the delayss T
TABLE I task is accomplished by using a time-frequency decompositi
TERMINATION SCHEMES of the sampled scattering matrix, which reveals the locatio
Rs | CL Tt T | Veno of dominant unknown delays’/. Once they are known, a
TC-A | 40Q | IpF | 66ps | 500ps | 1.1V linearized least-squares problem is used for the identifica

TC-B - 1pF 200ps | 400ps | 1.8V

TC-C | 100 | 10pF | 66ps | 500ps | 1.1V of poles and residues of the rational transfer functi@fs(s).

This second step is a direct generalization of the standard
Vector Fitting (VF) algorithm used for lumped models.
Delay-rational curve fitting is not able to preserve the
\é\ssivity of the raw data per se. This fundamental physical
. . . g " Property requires that no energy can be generated by the
tion TC-B uses for all drivers suitable nonlinear behavior acromodel under any circumstance. It is well known that

mtz_;\cromocli)els of _tlhe qugtﬁlass [52]. ;I'fhe drl\ller Ch;ragéer'non—passive macromodels may lead to unstable results when
istics can be easily cast in the compact form (1) or (2), COllsed in transient simulations, even when their terminatane

rowézA detgne(f:i descrlptlﬁn Of_ tht;:‘;e macrolinct)]delsh(.:anhbe.do? assive [53], [54]. Therefore, the model must be checked for
in [52] and references therein. We remark that this choice assivity and, if passivity is violated within some freqagn

nonl_lne?[rbterm(ljnatlons IS tn(t)'t restnctl\l/)e, anddother biésres bands, a suitable passivity enforcement process must be ap-
or circuit-based representations can be Used. plied. In case all poles of all rational coefficiers’ (s) have

In all transient simulations, we will excite the victim chaal a strictly negative real part (this condition is easily e by

(driver at port 9, receiver at port 10) with a pseudo-randdim by, sandard rational identification scheme such as VF, DVF,
sequence (PRBS). Synchronous clock aggressor signals wjl SK), and if Q%7 (s) is strictly proper, it can be shown [26]
instead be applied to the near-end (odd-numbered portPEXGR 4t the model (3%5 passive if and only if

port 9) in order to maximize the induced crosstalk at theivict
receiver. Table Il lists the main features of the above dgna (I-HY(jwH(w)) >0, Yw (6)

placed at the near-end (odd-numbered) ports, and capacit]
receiversCy, at the far-end (even-numbered) ports. Termin
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Case | Case ll

! ! C. Recursive convolution

o3 We assume a uniform time discretization st&pso that

. all input and output signals are represented and computed
over a discrete set of time pointg = k6, k = 0,1,....

The inputse(t) will be represented as piecewise linear signals
o 02 interpolating their samples;, = x(kd) according to

2 0.7

9
Max singular value
o o o o

b

k<l
= 03]

10 10 15
Frequency [GHz] Frequency [GHz] t

—lp—1 by —
. Case lll . Case IV m(t) = Tg

t
BT
00 o0 and similarly for the outputg/(¢).
For simplicity, we present the main idea through a scalar
impulse response with a single-polg{(p} < 0) and a single-
o o delay
o o2 h(t) = Pyt — 1), (11)

10 15
Frequency [GHZ]

YVt € [tkfl,tk] , (10)

S

o o o
>

o o o o
a_o

Max singular value
2

Max singular value

10
Frequency [GHz]

and we will drop all superscripts’ and subscripts, ,,. The
convolution of this impulse response with an arbitrary inpu

Fig. 3. Maximum singular value plotted versus frequency dbrchannel signal:v(t), evaluated at = ¢, reads

models.

tpe—T
vt ==t =) [ T Oa(0) 0. (12)
or, equivalently, when all the singular valuesSifjw) do not 0
exceed one at any frequency. If this condition is violate@®estricting our analysis to the casg > 7 (if ¢, < 7, the
passivity enforcement is mandatory. Several approactes @@rresponding outpuy, vanishes), it is straightforward to
available [26]-[29] for perturbing the model coefficients i prove that
order to enforce the condition (6). All DRM'’s that are used in th—T
this work have been checked (see Fig. 3) and are guaranteed yp = ey —i—/ ePt=T=0) () db. (13)
passive. fe—1 =T
The integral in (13) provides the update to the solution aue t
the input contribution in the time intervgd,_, — 7, ¢, — 7].

In case the delay is an integer multiple of the discretization
One of the key ingredients of the proposed WR schemessiep d, the evaluation of (13) is trivial. If instead the delay
the efficient application of the DRM operator (3) to arbiyraris arbitrary, special care is needed. To cover both cases, we

time-domain signals. It turns out that this operator has decompose the delay as

closed-form representation in time-domain. In generag th
application of a DRM operator model to a generic inpit)
leads to a time-domain convolution

B. Time-domain DRM representation

T =k +7., where k= {%J (14)

denotes the integral part of the delay and where the remainde
B . £t . is such that. < ¢. Depending on the presence of a remainder
Y(s) = Hs)- X(s) = y(t) =h(t) x2(1), (7) 7. > 0, the evaluation of (13) may require the valuesr¢f)
where £~! is the inverse Laplace operator. If we consider &lS0 in the intervalt,_;_,, t;_j_,] in addition to the interval
single component(t) of the corresponding output, we getltci—z—1, te—z)- Using the linear interpolation scheme in (10),

the linear superposition we obtain the following recurrence expression
. Pt ) Yk = aoyk—1 + Box(ty_g) + Bro(t_1_g) + B2z (ty_o_i)
v =3 [ nie- o) 0)as @ (15)
j=00 corresponding to a first-order IR filter with three input sap
and weights

where

M7 N;n] @ = e w—q 1

i) — 0§ o (t=Th7) o ig i _ g-wte -

m=0 n=1 =gt we” —qe” +1—2e""9 e (16)
is the inverse Laplace transform of (3). Due to the expoaénti br = wp
nature of the individual terms in (9), the numerical evahrat 5, = ge® +evT9 —ev
of (8) can be formulated as a recursive expression, which can "2 — wp
be computed significantly faster than a direct implemeaoati where

of the integral. As we will show below, this fast evaluation

is equivalent to casting (8) as an Infinite Impulse Response
(IIR) filter, provided that a uniform sampling of the time axi  If the remainder. = 0, we have tha = 0, 83 = 0, and the
is performed [55], [56]. other coefficients match the results of [9], see also [56lsTh

w=pd and ¢q=7Tp a7
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any iteration

Fi Fa b,=Ha,_ s
H { a, =F (b)) . (19)
F3 Fa In this system, the unknowns, andb, denote the complete

time evolution of the incident and reflected waves at iterati
Fig. 4. Graphical illustration of WR-LP partitioning schemGray boxes Y- Th_anks to the deco_uplmg and relaxation process, each
denote relaxation/decoupling sources. equation can be solved independently for the entire time spa
of the simulation. The iterative process starts with zeitiain
i conditions,ag = 0 and stops when the approximation error

i i Bo Ro
A PR ¥ . b 1 estimate
% % < E E 61/ =a, —ay—1 (20)
o— ———o

is below a prescribed threshold.

The scheme is effective when the evaluation of the operators
‘H and F is achieved very fast, and when few iterations are
required for convergence. This latter issue is addressed in

) , Section IV-A, whereas the efficient application of the opars
we see that (16)-(17) generalize standard recurrenceoresat in time-domain is guaranteed by the derivations in Sec. lll,

to the case with delays that are not multiples of the timgyin show that these operators can be cast as recursive

discretization step. convolutions (channel) or recursive and possibly nonlinea
filters (terminations). We further remark that the compotat
IV. WR-LP: WAVEFORM RELAXATION VIA pf a, using the_sec_ond row i_n (29) corresponds_to solvir_wg each
LONGITUDINAL PARTITIONING individual termination circuit connected to a linear réses
Thevenin load, as depicted in Fig. 5, with an internal source
In this section, we present a Waveform Relaxation vigeing known from previous iteration. The pseudocode of the
Longitudinal Partitioning (WR-LP) scheme [41], [42] foreth WR-LP scheme is outlined in algorithm 1.
solution of problem (2). A direct solution in time domain
would require to solve a fully coupled and possibly nonine Algorithm 1 Pseudocode of WR-LP algorithm
system at any time step for both unknown vectard. In 1. Set initial conditionsiag = 0
order to avoid this operation, we perform a cut at all channep. for » = 1 to vy, do
ports in order to separate the channel from its terminationss: ~ Apply channel operato, = H a,_;
and we connect to each pair of terminals of both channel angg  Solve terminationsa, = F (b))
terminations a suitable decoupling source. Figure 4 pewid 5. jf l|ay, — a,_1||s < € then
a graphical illustration of the partitioning scheme. 6: Break
The decoupling sources must be such that the resulting end if
system is fully equivalent to the original one. Consideragh 8. end for
port individually, the corresponding decoupling sourcestu
“connect” the channel to the corresponding terminatioousir
by making sure that both incident and reflected scatterirAg

waves match at both terminals (Fig. 5, left panel). Using the Con.vergen.ce Analysis )
definition In this section, we analyze the convergence properties of

— v+ Ryi b—v— Rei (18) the WR-LP algorithm. The derivations will be performed in
a=v 0, =Y ot the frequency domain under the assumption of linear termina
tions. We will therefore adopt a different (boldface uppee)

of the (voltage) waves:, b in terms of port voltagev and _ ) _ )
currenti and interpreting these as Kirchhoff Voltage Lawsr,‘Otat'on’ since all matrices and vectors will be assumed to

leads to the two circuit branches depicted in the right pahel P& functions of the Laplace-domain variaklewhich will be
Fig. 5. If the decoupling resistandg, matches the reference®Mitted. The WR-LP system becomes
port impedance used in the definition of the scattering repre B,=HA,_,
sentation for both channel and terminations, then the isolut { A, =TB,+7T.

of all circuit partitions simply requires a forward evalicat where A — A(s), B — B(s) are, respectively, incident and

of channel and termlnatlpn operators: Indeed, each pqhses reflected scattering waves into the chanid#l= H(s) is the
perfectly matched, implying no reflections from the decogpl i . : .
: . : scattering matrix of the channdl, = T'(s) is the scattering
networks. We will use this strategy throughout this work. : . U
oo . : matrix of the linear terminations, arlf = Y (s) denotes the
Waveform Relaxation is now introduced by using the de-

. . . . Source vector embedded in the terminations.
coupling blocks as relaxation sources. Equivalently, winde The exact solution of system (21) can be computed as its
an iteration index» and we relax the instantaneous couplin

of the two equations in (2) by delaying one of the terms bﬂ}"ed point by setting, — co and reads

one iteration. We obtain the following system, to be solved a Acxact = (I — I‘H)_1 . (22)

| =+
| =+

Fig. 5. Definition of the decoupling source for a single ifagee port.

(21)
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Case | with TC-A Case Il with TC-A

This solution will be used to verify numerical consistencgla -
convergence of the WR-LP scheme. Aftériterations, we
otbain the following solution
-1
A7 =THA7 ,+Y =) (TH"T. (23)
v=0

= 01

Max absolute eigenvalue
Max absolute eigenvalue
2

As an error estimate for detecting convergence, we use 1
difference between two consecutive iterations PR Baemen - " R

Case il with TC-A Case IV with TC-A

Ar = Az— Az, (24) o o

= (H)* 'Y = TH)" ' (I-TH) Acxact - " "

We can also compute in closed-form the error at fath =
iteration with respect to the exact solution. This error is o of
gI = AI - Acxact - - (FH)I Acxact . (25) : :

The consistency of the WR-LP algorithm is easily analyze.' = = e T
by taking the limit of the solution fof — oo

=

Max absolute eigenvalue
Max absolute eigenvalue

20 25 30 20 25 30 3 40 45 50
Frequency [GHz] Frequency [GHz]

o Fig. 6. Spectral radius of operatbH plotted versus frequency for all cases
i ith TC-A terminations.
A=) (TH)'Y 26) "
i=0
which matches (22) when the spectral radius of the iteratic
operator is less than one at any frequency

Pmax{TH} = I?fixp‘i{r(jw)H(jW)}l <1, (27)

Case | with TC-C Case Il with TC-C
o

07]

where \;{-} denotes the-th eigenvalue value of its matrix
argument. Condition (27) is easy to check via a suitab .,
sampling process. Since any frequency sampling is not able b P
check all possible frequencies, a robust implementationlsh Lot o v
be based on some accuracy-controlled adaptive sampl .
scheme similar to [57]. The same condition (27) guarante -
convergence of the WR-LP scheme, since it implies that bo:
error £7 and error estimateAz tend to zero forZ — oc.
Furthermore, the error estimatk; has the same asymptotic :..
behavior as the exact err6r; and it is thus proven as a reliable
indicator for convergence to be used to stop WR-LP iteratiol

o o

(line 5 in Algorithm 1). Since T T

pmax{TH} < [[TH|| < [|T[| - [[H]], (28)

Max absolute eigenvalue
Max absolute eigenvalue

35 a0 45

35 a0 45

solute eigenvalue
Max absolute eigenvalue

Fig. 7. Spectral radius of operatbfH plotted versus frequency for all cases
a sufficient condition for convergence of WR-LP is that botHith TC-C terminations.
channel and terminations are strictly passive, i.e.,

[T <1 and |H||<1. (29) p{TH} for the linear termination cases TC-A and TC-C,
respectively. The various panels show that this norm is less

These conditions are verified if both channel and terminatioy, ,, o6 for g cases, thus implying convergence of WR-LP.
are characterized by some amount of dissipativity at any . .
We now illustrate the good convergence properties of the

frequency. However, this is not strictly neecessary for WR- osed WR-LP scheme. We simulated the Case Il channel

LP , since the sch if fjaPosed Wr )
convergence, since the scheme fmay converge even |1 Hl;ltgn terminations TC-A for a 25-bit long excitation. Figuge

terminations are not passive, provided that condition (29?_é the individual f btained at h WR iterati
holds. More details on convergence of WR-LP schemes 2LOWs the Individual wavetorms oblained at eac Ienatio

SO that the fast convergence can be appreciated. Figure 9
reports a validation of this solution with a reference SPICE
. simulation, no visible difference can be noted.

B. Numerical results The same simulation was repeated for all channels, with
We first investigate the spectral radius of the iteratiodifferent linear and nonlinear terminations. The results a
operators for each channel with different termination sth&® summarized in Table I, where simulation times and number

in order to assess the convergence of the WR-LP schemé&corresponding WR-LP iterations are reported. Analyzing
Figures 6-7 report the frequency-dependent spectral sadiesults, we can see that all cases converge in few iterations

applied to transmission lines can be found in [42].
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TABLE Il
TIME AND NUMBER ITERATIONS REACHED FOR EACH SIMULATION

WR-LP lteration #1

Channel | Terminations| Time, s | Iterations Error
s Case | TC-A 14.5 7 <10°©
> Case I TC-A 21.4 11 <106
Case llI TC-A 7.2 6 < 10-6
Case IV TC-A 13.1 11 < 10-6
Case | TC-B 33.0 8 < 10~6
Case I TC-B 41.1 11 < 10-6
Case llI TC-B 23.7 8 < 10~6
% Case IV TC-B 27.3 12 < 10-6

Case |

& [
(i casell

WR-LP lteration #2

Error

20

5
Iteration
Case IV

7
Iteration

Case Ill

tfs]

Error

Vio®

0 5 g 8
Iteration Iteration

6
t[s]
Fig. 10. WR-LP error estimaté, plotted vs iteration count for each case

WR-LP lteration #3 and for different termination schemes.

20

a maximum error less than the prescribed threshord’.

The recursive convolution predicts that the overall simu-
° z ¢ S ° “’ 2 lation time should scale linearly with the number of time
1 steps being computed. In order to validate this conjectuee,
performed various simulations of Case Il with TC-A termina-
tions using different time step sizes and different numioérs
simulated bits. In order to stress the algorithm, the thoksh
e = 1072 was used to stop WR-LP iterations. The results,
collected in Table 1V, confirm this linear dependence.

Vio®

6
tls]

Fig. 8. Case Il (TC-A terminations) solution at the first thr&/R-LP
iterations (black dotted line) compared to the exact sotufred line). V. WR-TP: WAVEFORM RELAXATION VIA TRANSVERSE

PARTITIONING

In current technologies, high-speed channels for chip-to-
chip communication are almost invariably point-to-poiohe

07 T T T T T . . - . . .
. nections. A single driver is electrically connected to agin
oor v -~ - SPICE receiver. In case of several interconnects running paadla
05} E
_. o4} E
> TABLE IV
g 03r 7 SIMULATION TIME AND NUMBER OF WR-LP ITERATIONS REQUIRED FOR
> ool i DIFFERENT TIME-STEPS AND NUMBER OF SIMULATED BITS
0.1f E
J W VJ\,\’J Bits | 0, ps | Time, s | Iterations
0 1 25 131 10
01 s s s s s s 10 | 12 19.4 12
2 4 6 8 10 12 14 6 25 4 12
t
e} 25 | 661 2
) _ o _ 50 | 12 | 116.6 25
Fig. 9. Case Il with TC-A terminations. Comparison betwed?ICE and 6 218.9 26
WR-LP results for the voltage at the input of victim channgie maximum 75 99.7 22
deviation among all computed time samples and port voltiges x 1073, 100 12 211.7 25
6 486.9 26
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System (32) can be formally expressed at ghth iteration

. g=1....P2 (3

L E{E]
=

| bZ — Dy Fyq (bZ) =0,

where ¢ denotes each pair of ports corresponding to the
Fig. 11. Graphical illustration of WR-TP partitioning sche. Black boxes interface of each d.ecoupled Channm with its termmatla.nd’
denote relaxation/decoupling sources. where the relaxation sourc@’ , is known from previous
iteration. The inversion of this operator may be difficultase
of nonlinear terminations. However, we will assume through
close proximity, there is usually no direct electrical ceation out this chapter that this inversion, which correspondsio t
between adjacent channels, and inter-channel couplinglys osolution of terminated decoupled channels, can be perfdrme
due to near-field electromagnetic interaction. These ptigse exactly, in order to assess the convergence properties of WR
imply a particular block-structure in the scattering mawf TP. Section VI will describe our proposed strategy for the
the fully-coupled channel. Direct transmission and reitect numerical computation of this solution. Algorithm 2 higitis
coefficients are usually much larger than crosstalk coeffisi. the main steps of the WR-TP scheme.
The above considerations lead to the conclusion that the
electrical solution of the fully-coupled channel can be inAlgorithm 2 Pseudocode of WR-TP algorithm
terpreted as a perturbation of the solution computed on the Set initial conditions#, = 0
set of individual channels with all couplings removed. The2: for ;= 1 t0 fimax dO
amount of perturbation that is required to correct the dptami  3:  for ¢ =1,..., P/2 do
solution in order to retrieve the exact solution is expected: Solve g-th channelb? — D, F, (b%) = 07,
to be small. These are the main motivations for applyings: end for
a Transverse Partitioning in the framework of a Waveforms:  Update relaxation sourceg;, = Ca,,
Relaxation scheme, which will be denoted as WR-TP. 7. if [la, — au—1]le < € then
We proceed as in Sec. IV. We first devise a transverse: Break
partitioning scheme [32], [33], [34] in order to transforhet o:  end if
original problem as a set of separate subsystems, by recast-end for
ing the interactions between these subsystems as dedicated
coupling sources. Figure 11 provides a graphical illugtrat

of this partitioning. Equivalently, the channel operafgris _
decomposed as A. Convergence Analysis

H=D+C (30) In this section, we analyze the convergence propertiesof th

. . . . WR-TP scheme. As in Section IV-A, we will assume linear
whereD collects all transfer matrix entries representing d're%rminations in order to perform this analysis in frequency

transmission and reflection coefficients, and oper@wllects . .
domain. Therefore, we will denote all unknowns and opesgator

all crosstalks. Clearly, operat@r is block-diagonal with x 2 : ; . .
. . : through their frequency-domain representation using uppe
blocks after a suitable permutation depending on the port
o . . . : case and boldface fonts. The WR-TP system (32) becomes
numbering is applied. Our simulation problem (2) is thus

restated as B, =DA,+06,,
6 =Ca A, =TB,+7Y (34)
a =F(b), ’ .

o The exact solution of system (34) can be computed as its fixed
where arrayd collects the crosstalk contributions. If we sef i by settingu — oo and reads

6 = 0, all couplings are removed. Note that the termination

operatorF in the last row is diagonal. Acxact = I-T(D + C))_1 Y=(1- I‘H)_1 Y, (35
We are now ready to introduce an iterative scheme based. ) _ _

on Waveform Relaxation, using the coupling souréess which of course matches (22). Aft&r iterations, the solution

relaxation terms. Denoting as the iteration index, the WR- '€ads

TP scheme is constructed by delaying the computation of the Ac = (I-TD) ' (ICAx_+ ) (36)
relaxation sources by one iteration, K—1

b, =Da,+0, = Y PYI-TD)'Y

a, =F(by) (32) p=0

0, =Ca,. where operatoP is defined as
The system is solved with a suitable initial condition, g.g. P-(I-TD)'TC. 37)

6, = 0. The evaluation of both decoupled channel operator
D and relaxation source8 is performed via fast recursiveWe can compute an estimate of the approximation error
convolutions. by taking the difference of the solution at two consecutive
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Case | with TC-A Case Il with TC-A

iterations 0 °
Ax = Ax— Ak (38) _om
Plta-rp) 'Y

P’C_l (I - P) Aexact

04

0.1]

where (35) has been used. The error between the iterat
solution and the exact solution can also be computed a °
results e e T e

Case Ill with TC-A Case IV with TC-A

g/C = A/C - Acxact = _P/CACXaCt . (39) ° ©

As for the WR-LP scheme of Chapter IV, both error and errc
estimate have the same asymptotic behavior as a function;
the iteration countC, so that the error estimaiA« is a good

indicator of convergence. The above derivations show tbtit b
consistency and convergence of WR-TP are guaranteed if =
spectral radius of the iteration operator is less than one,

pmax{P} = max Ai{P(jw)} < 1. (40)

Max absolute eigenvalue
Max absolute eigenvalue

Max absolute eigenvalue
Max absolute eigenvalue
?

5 10 15 3 40 45

0 35 40 45 50 0 5 10 15
2]

20 25 3 20 25 30
Frequency [GHz] Frequency [GHz]

. " . . . Fig. 12.  Spectral radius of WR-TP iteration operai®r plotted versus
This condition is easily checked by a suitable frequen%éqO|uency forpa” cases with TC-A terminations. P P

sampling process. It should be noted that the passivity of

both channel and terminations are necessary but not safficii casetwinTe-c case T ¢

conditions for convergence, since condition (40) is mor ..

restrictive.
Figures 12-13 depicts the spectral radius of the iteratic:™

§
)

operator versus frequency for all cases and for two differe: |
termination schemes. These results show that converge ;..
is expected for both termination schemes on all cases. /
though (40) does not necessarily hold in general, this ¢mmdi  **

Bty o ]

was verified on all our benchmarks. These good converger.__ Py o]

properties are due to the fact that the cumulative couplir ° °
of electromagnetic energy between adjacent channels msme ]
weak when compared to the energy that is traveling on eas= o
channel, so that the coupling opera€iis much smaller than o
the diagonal operatdD.

No numerical results are presented in this section, sin= - o2
the WR-TP scheme assumes that the exact solution of (% o o
is available. The WR-TP scheme is only instrumental fc

0 5 10 15 20 2 3 3 40 45 50 0 s 10 15 20 25 30 35 40 45 50

the derivation of the two-level WR-LPTP algorithm, to be e e
presented next.

Max absolute eigenvalue

5 10 15

15

&

0 35 40 45 0
2] 2]

jax absolute eigenval
Max absolute eigenvalue

Fig. 13.  Spectral radius of WR-TP iteration operaBr plotted versus
frequency for all cases with TC-C terminations.

VI. WR-LPTP: TwWO-LEVEL WAVEFORM RELAXATION

The WR-LP and WR-TP algorithms presented in Sec. IV
and V present both advantages and disadvantages. The VBRetion V requires the exact solution of individual chasnel
LP scheme decouples the channel from its terminations, thuBich is obviously impossible in general.
avoiding the requirement of a simultaneous solution of theIn order to combine the advantages of both WR-LP and
linear interconnect with its possibly nonlinear loads. leer, WR-TP schemes, we propose in this section a two-level
this scheme does not exploit the particular structure of théaveform Relaxation algorithm, denoted as WR-LPTP. The
channel and is not aware of the presence of small couplingtarting point is the WR-TP scheme arising from a transverse
Therefore, the WR-LP is not expected to scale favorabpartitioning. This scheme will form an outer relaxation poo
when increasing the number of coupled channels. The Wihich is basically identical to (32). A further longitudi-
TP scheme is instead well-suited for the analysis of mamal relaxation loop is introduced, according to the WR-LP
coupled channels, since the transverse partitioning afedg scheme, in order to solve individual (decoupled) channels.
separates the dominant responses from the small couplinfsis relaxation will be denoted as inner loop, since it will
Thus, this scheme has the potential for very good scahabilibe performed at each step of the transverse relaxationrfoute
Furthermore, its basic steps are independent one of eaeh otloop. A graphical interpretation of the proposed decouplin
showing good promise for parallelization on a suitable multand relaxation process is provided by Fig. 14, where both
core hardware. Unfortunately, the WR-TP as presented ifmer and outer relaxation sources are highlighted in cifie
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Algorithm 3 Pseudocode of WR-LPTP algorithm.

1 Set initial conditions, = a1 — 0

2: for u =110 pyax do

A L= D B ] [ A 3. for v =110 Vmayx dO

4 forg=1,...,P/2 do
Fig. 14. Graphical illustration of WR-LPTP partitioningreme. Dark (light) 5 Apply channel operatoly, , = D, aZ_’l,,l —|—92,1
gray boxes denote outer (inner) relaxation sources, régelgc 6: Solve terminationsag_’l, — ]:q (bz,u)

7 end for

8 if |lau,, —au,—1l|l < €then
shades of gray. 9 7, = v, Break

For consistency, we will use the same notation that wag. end if
introduced for the WR-LP and WR-TP schemes. In particulafz:  end for
the outer relaxation index will be denoted aswhereas the 1. Update outer relaxation source®; = C a,,
inner relaxation index will be denoted asAt any step of the 13- if lauz, — @u-17, ||« <€ then

outer loop, i.e., for fixed:, the inner loop can be formulated 14 Break
as 15.  end if
{ buv=DPayy-1+0,-1, (41) 1€ Update initial conditionsa,, 11,0 = a, z,
Qv = f(bu,u) ) 17: end for

where the outer relaxation sourags_; are known from pre-

vious outer iteration and are setfélg = 0 at the initialization .

stagep = 0. Since operato® is 2 x 2 block-diagonal and A. Convergence Analysis

operatorF is diagonal, system (41) can be further split into We now address the convergence of the WR-LPTP scheme.

individual channel contributions as As for WR-LP and WR-TP, we will work in the frequency do-
q q . main by assuming linear terminations. The frequency-damai
by =Dgay, 1 +0, 1, 42) formulation of the main WR-LPTP system (41) reads
i (42)
a’Z,U = ]:q (bu,u) ’

{ Bu,u = DA;L,V—I + eu—l ; (47)

A,,=TB,,+Y.

Let us consider théC-th iteration of the outer loop, and let
us assume that we perform a total@f iterations in the inner
loop. We have

A’C7Z)C = FDA;{,I,C_l =+ (F(")IC—I + T) . (48)

for g =1,...,P/2, whereq denotes the port pair pertaining
to theg-th channel, as in Section V. System (42) is solved
and forv =1,...,Z, with a suitable initial condition. A good
choice for this initial condition is the estimate of the daa
that is available at the end of previous outer iteration

a,o0=0au-17, 4 (43)
Following the same derivation that led to (23), we obtain
Once the inner loop has terminated, the outer relaxation

sources are updated according to A q — (I‘D)I’C Aco +IKZ_:1 (TD)” (TOx_1 + )
L s — .
6, =Ca,z, (44) v (49)

. . . . Using now the initial conditions (43) and the definition oéth
and the process is repeated until convergence is achieved. . . .

) . ) uter relaxation sources (44), we obtain the expression
Some considerations on how to choose the appropriate number

of inner iterationsZ,, are postponed to Section VI-A. Axz. =Pr Ax 17, + Ez, (50)
Convergence of inner and outer loops is detected by mon-
itoring the respective residual norms with respect to a préhere
scribed threshold It
Pz, = (D)™ + ) (I'D)"TC (51)
gu,u = ||au,u - a;t,l/—l”oo (45) _ v=0
—
6u - ||au,ZH - au—l,ZH,l ||oo . (46) EI;C _ Z (FD)V T (52)
The norm¢, , measures the amount of correction that is v=0

applied to the solution by the-th inner iteration, whereas theThis expression provides an explicit update of the solution
normé,, measures the difference between two outer iteratiorsstween two consecutive outer iterations, taking into anto
computed at the end of the inner loop. The actual valuefof that a finite (and varying) number of inner iterations are
the outer iterations should be chosen according to the tdvelperformed. Applying recursively this expression until veach
accuracy that is required for the specific application. ®@#ht the first outer iteration, for which we have

strategies for stopping the inner iterations are preseimed -1

Section VI-A. A pseudocode of the proposed scheme is Az = Z (D)’ Y = Eq, , (53)

detailed in Algorithm 3. e
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we obtain condition||P|| < 1, as
K—1 /p—1 0 1
Az =Y (H pI,Ca)EIM, G4y Il < €<l < 3 ([P X-TD) " D¢
1=0 \a=0 =0 . (61)
where we define the product as 1 if the upper limit is less than = 1@ _IFD|)|P||FD|| ¢

the lower limit. This expression is awkward and difficult to
interpret, mainly due to the variable number of inner itersg, This expression shows that an arbitrarily small error can be
which makes the operati®z,. iteration-dependent. In order toachieved by choosing a suitable inner stopping threshold
simplify the discussion, we carry out the convergence aimly A similar derivation can be applied to the outer error
for the two modes in which the WR-LPTP scheme will b&stimate, obtaining
implemented and tested. These two modes are described and = _ ¢ _ ¢ (62)

. ) . . K K K—1
discussed in the following subsections. _ pPrlg-rD) T

1) WR-LPTP-mode 1First operation mode of WR-LPTP o
scheme runs the inner iterations until the inner error egém
reaches the convergence threshold, as described in Algo-

K—1
—> PP -DEc, +Ex,
rithm 3, line 8. Let us consider the inner error estimate at #=1

iterationy = 7, Taking K > K* so that the deterministic part can be consid-
ered negligible, we obtain the following estimate
B = Auz, —Auz, (55) I1- P .
(TD-1)Auz, 1+TO, 1+ 7. Akl < {1+ 1P| |(I-TD) "I'Dlle, (63)
lteration Z, will break the inner loop if this estimate isValid if ||P[| < 1. Under this condition, both errof, and
sufficiently small error estimateA ¢ are at most proportional te with suitable

(56) positive and bounded constants. _

2) WR-LPTP-mode 2:Second operation mode of WR-
If we explicit A, 7,1 from (55) and we apply the inner LPTP scheme performs a fixed numi@of inner iterations,
iteration once more, we obtain the solution estimate that 8gardless of the results of the inner convergence test Thi
available when the inner loop stops assumption leads to a significant simplification with respec
to the general derivation of (54), since

IH =7, V;L = PI;C =Pz, EI;C =Ez, VK (64)

Setting now = K and subtracting the exact solutiotexact,  Equation (54) thus becomes
we obtain the expression of the corresponding approximatio

1B, <e.

A,z,=PA, 17, , +(I1-TD) ' (Y -TDE,). (57)

K—-1

error, which after some straightforward algebraic mardpiah A+ — PAE 65
reads 'C’I_H;J L (65)
Ex = Axzc — Acxact (58) Substituting (64) into (51) we obtain an explicit expressod
) the iteration operator
= ) P*OI-TD)'Y I
=K P; = (ID)’+) (I'D)'TC
K-1 v=0
—1 =
=) P"(I-TD)"'IDEc-. = P+ (D)’ I-P) (66)
pn=0

. I o It is interesting to note that taking the limit far — oo leads
This error has two contributions, one deterministic, prepo;

tional to the forcing termY, and one stochastic, which .
involves all inner iteration residual€,,. If the following Jim Pz = (I-TD) (I'C) = P, (67)
conditions hold, lim By = (I-TD)'Y, (68)

I—o0

pmax{I'D} <1 and  prax{P} <1, (59) \which match the iteration operator and the forcing term ef th
the deterministic part can be made arbitrarily small, areteh WWR-TP scheme, see Section V-A. These results hold when

exists someC* such that forkC > * we have PmaxiTD} < 1 (69)

= " 1 = and confirm the consistency of the WR-LPTP scheme in case
€= Z P*(I-TID) TIDE,, (60)  the inner loop runs until convergence to its exact solution.
#=0 We can now provide explicit expressions for the error of

Whereéﬂ — _=x_,. An upper bound for the norm of thisthe iterative solution with respect to the exact solution

error is readily obtained under the slightly more restwiti Ex 1 =Ax 1 — Aexact = —P§Aexm (70)
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Case |, Mode 1 Case |, Mode 2 Case | with TC-A Case | with TC-C
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Fig. 15. Evolution of the inner (continuous line) and out@oté) loop errors
through iterations for all cases with TC-A terminations ftLganel refers to |«
WR-LPTP mode 1 (inner loop continues until its convergené&dyht panel

refers to WR-LPTP mode 2 (inner loops runs for a fixed nunibet 4 of ST e TR Ry T
|te rat|0|"| S) . . Case IV with TC-A Case IV with TC-C

and for the error estimate at each outer iteration

Axr=Axz— Ax 17 =PF 1 (I1-P1) Acuct - (71)

2

Max absolute eigenvalue
Max absolute eigenvalue

o2k, Sk

These expressions show that the condition for convergeince
the WR-LPTP—-mode 2 scheme is

pmax{PZ} < 17 (72)

; ; ; ; Fig. 16. Spectral radius of operat@®z for Z = 2,4, 00 plotted versus
which can be checked with a suitable frequency sampllng'frequency for all cases with terminations TC-A (left) and-TJright).

20 25 30 85 40 45 50 o 5 10 15 20 25 30
Frequency [GHz] Frequency [GHz]

B. Numerical results

In this Section, we report some numerical results suppprtigrror estimate (continuous line) and outer loop error estgm
the hypothesis that the fixed-iteration mode (Mode 2) pemfor (dots). A global iteration count is used in order to simplify
better. An intuitive justification of this conclusion is thevisualization and interpretation. In the left panels, th&&W
following: during outer iterations, the estimates of théein LPTP scheme is run in mode 1, i.e., waiting that the inner
channel couplings are affected by some approximation .errtgop reaches the convergence threshold before switching to
Therefore, the exact solution of the inner iteration willt nothe outer loop. For this analysis, the convergence threshol
coincide with the exact solution of the original problemeduwas set toe = 1075. In the right panels, the WR-LPTP
to the imperfect estimate of these couplings. Therefores it scheme is run in mode 2 by performing a fixed number of
not necessary to wait until the inner loop converges to &mner iterations, in this casé = 4. It can be seen that for
aggressive threshold, since its target solution is notecorr all cases this second mode requires less iterations to reach
anyway. It is sufficient to perform a few inner iterations s@lobal convergence. Figure 16 reports the frequency-cigyen
that any correction to the outer relaxation sources performspectral radius of operat® for all cases and for termination
by previous outer iteration is inherited by the solution loé t schemes TC-A (left panels) and TC-C (right panels). These
inner loop. When this condition is fulfilled, it is prefertab figures confirm that all cases are expected to converge.
to update the outer sources rather than refining an imperfecfable V shows the simulation time and the number of
solution. iterations required for each case in the two WR-LPTP modes.

A comparison of the two WR-LPTP modes is provided byhis table confirms the better performance of mode 2 with
Fig. 15 for all cases with TC-A terminations (500 bits, timeespect to mode 1. A more detailed analysis for Case |
stepd = 25 ps). Each panel reports the evolution of inner loojg presented in Table VI, where WR-LPTP mode 1 and
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TABLE V
SIMULATION TIME AND NUMBER OF GLOBAL ITERATIONS (INNER AND
OUTER) REQUIRED BY WR-LPTPMODES 1 AND 2 FOR ALL CASES WITH
TC-A TERMINATIONS.

13

TABLE VII
COMPARISON OF SIMULATION TIMES(IN SECONDS REQUIRED BY SPICE,
WR-LP,AND WR-LPTP (MODE 1) WITH e = 10~4.

Case SPICE | WR-LP | WR-LPTP
Mode 1 Mode 2 Case | | 807 162.9 28.7
Time, s | lterations | Time, s | Iterations Case Il 743 142.1 38.0
Case | 55.8 26 31.4 17 Case Il 822 116.8 25.4
Case Il 76.5 40 44.6 26 Case IV | 456 96.7 19.6
Case lll 55.4 36 34.9 25
Case IV 46.2 45 25.9 29
lterationpy =1, v =1
2 T T T T
TABLE VI
CASEl WITH TC-A TERMINATIONS. SIMULATION TIME AND NUMBER OF L5F s Moo
ITERATIONS REQUIRED FOR DIFFERENT VALUES OF INNER ITERATIRSZ s
(MODE 2 ONLY) AND STOPPING THRESHOLx. THE GLOBAL NUMBER OF s Y
ITERATIONS IS PROVIDED TOGETHER WITH THE NUMBER OF OUTER > 05
ITERATIONS (WITHIN BRACKETS).
0
_ _ o 2 4 & s _ 10 12 14 1 1
€ Mode | Z | Time, s | Iterations t [ns]
10~4 1 - 28.7 14(3) ; _ _
10-4 5 N 952 15(5) ] lterationpy =1, v =4
10—4 2 4 20.3 12(3) ' ' : '
10-8 1 - 95.5 45(6) 15}
10-8 2 2 41.4 26(9) s
10-8 2 4 | 484 24(6) =
> 05
0

mode 2 are compared with different values of the convergence

0 2 4 6 8 10 12 14 16 18
t[ns]

thresholde and number of inner iteratioris(for mode 2 only).
The table shows that mode 2 with = 4 iterations provides
the best results. Using less inner iterations in mode 2 is not
effective and leads to a larger number of global iterations.
Figure 17 reports for all cases the dependence of totalmenti
on the number of inner iteratioris in the WR-LPTP mode 2
scheme. The minimum runtime is achieved in all cases for
7T = 4, which can thus be considered as optimal.

The detailed behavior of the solution at different innetéou
iterations is depicted in Figure 18 for Case Il with termioas
TC-B, i.e. with nonlinear driver models. These plots demon-
strate that the final solution is indeed achieved by applying
small iterative perturbations. This provides a postejjistifi-

cation for the Waveform Relaxation approach that we pursue > os}

in this work.
We conclude with a SPICE validation. Figure 19 compares

® V]

0

Fig. 18.
iterations (blue dashed line) compared to the exact solutied line).

lterationpy =2, v =1

2 4 6 8

t[ns]

10

12

lterationpy =3, v =1

14

16

0

2 4 6 8

t[ns]

10

12

14

16

Case Il with TC-B terminations. Solution at variow&R-TPLP

the transient voltage at the victim channel terminationasgC

Il with TC-A terminations) computed by SPICE and by our
WR-LPTP scheme. The waveforms are not distinguishable on
this scale. Table VII reports a comparison of the simulation
times reqired by SPICE and by WR-LPTP scheme for all
cases. A major speedup is observed, although a prototypal
implementation of WR-LPTP in Matlab has been used. This
speedup is justified by the special treatment of the weak-inte

channel couplings by WR-LPTP, while SPICE does not exploit

WR-LPTP (mode 2)
100 ‘ ‘ ‘ ‘
—&—Case |

s ——Case ll
Y ——Case lll
5 80 —o—Case IV||
8 —4
&

[}

£

€

2

=

5

[

Inner iterations
Fig. 17. Total runtime (seconds) required by WR-LPTP (mojlecheme

to simulate a 500-bit sequence, using different values érinterationsZ.

the particular structure of the channel model in its globalM
formulation. Table VII also reports the runtime for the WR-
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longitudinal partitioning, such terminations would be &

sk j‘éﬁ;‘f" independently from the channel at each WR iteration, thus
allowing direct application of transverse channel pamting

and relaxation, and therefore inheriting the main advagag

of the proposed two-level scheme.

Applicability of proposed WR schemes is subject to a
convergence condition, which is easy to check via frequency
sampling. We have verified that this condition is indeed
fulfilled for all benchmark cases we considered. This is due
to two fundamental facts. First, inter-channel couplings a
: 5 s 51 1w 1 1 = Usually much smaller than direct transmission and reflactio

tins] coefficients. This leads to practically a diagonal domireot
Fig. 19. Case Il with TC-A terminations. Comparison betw&®CE and the channel scattering matrices, which IS_ fun_ctlonal tOCtimB-
WR-LPTP results for input port of victim channel. The maximerror among  dition for convergence. Second, the terminations typyaadied
all computed time samples and all response.1d x 10~°. in high-speed signaling are always matched or nearly mdtche
to the channel, at least on one end of each interconnect. This
leads to small signal reflections from the terminations th®

LP scheme, which results competitive with respect to SPIcghannel and contributes positively to the global convecgen

but much less efficient than the proposed WR-LPTP two-leved the relaxation loops. . .
relaxation. Despite the above considerations, it is conceivable that

highly reactive ad hoc terminations can be found such thet th
proposed WR schemes do not converge. These terminations
will likely be far from application interest. However, the

This paper introduced three Waveform Relaxation (WRjevelopment of suitable countermeasures for ensuringerenv
schemes for transient simulation of complex multiport chagence in the general case, represents an interesting ticabre
nels with possibly nonlinear terminations. These schemes ahallenge. In addition, our present convergence analysisly
based on a longitudinal and/or transverse partitioninghef tvalid for linear terminations. Extension of these resuitshte
structure through suitable decoupling sources, which are more general nonlinear case is under way. Our future work wil
laxed through an iterative process. All schemes are c@mdist then be devoted to broaden the scope and the applicability of
A detailed linear convergence analysis has been performttk presented WR schemes in the direction pointed by [50],
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