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1 Introduction

N = 8 supergravity [1] is undoubtedly a highly distinguished field theory due to its high
degree of symmetry and the remarkable structure of its amplitudes that has emerged in
recent work, see e.g. [2, 3]. The continuous Er(;) symmetry underlying the classical field
equations has important consequences for the structure of the counterterms [4-8]. The

field content of maximal supergravity is the unique N = 8 supermultiplet

helicity -2 -3 -1 -1 0 +1] +1 +3 +2
dof. 1 8 28 5 70 56 28 8 1 (1.1)

On the other hand, the mutual couplings of the various fields are not uniquely determined,
as supersymmetry allows for the introduction of particular (non-)abelian charges and the
realization of different (non-)abelian gauge groups. After the original version of the theory
with abelian gauge fields [1] the first maximal gauged supergravity was constructed in [9]
with the 28 vector fields gauging a compact SO(8) subgroup of E7(7y. Non-compact versions
of this theory have been constructed and classified in [10-13] and later been extended to
other non-semisimple gauge groups in [14, 15]. A general formalism for describing the
gauging of subgroups in terms of an ‘embedding tensor’ has been established in [16, 17].
This constant tensor describes the embedding of the gauge group into the global Er
symmetry of the ungauged theory, and parametrizes all the couplings of the gauged theory.

The aim of this paper is the construction of all possible gaugings (and thus all possible
couplings) of N = 8 supergravity, which in particular include a gauging of the global scaling
symmetry of the theory. Their gauge groups are embedded in the product E;7) x R of
the Cremmer-Julia group Er7) with the one-parameter scaling symmetry of the theory
that generalizes the Weyl rescaling of general relativity and has been dubbed a ‘trombone’
symmetry of supergravity [18]. Supergravity theories that include a gauging of their scaling
symmetry have first been constructed in ten dimensions by a generalized Scherk-Schwarz
reduction from eleven dimensions [19, 20]. Lower dimensional examples of such theories
include [21] and [22, 23]. As a generic feature, these theories are invariant under local
rescaling of the fields (including the metric) with appropriate weights upon a compensating
gauge transformation on the matter fields. They do not possess an action (since they result
from the gauging of an on-shell symmetry) and typically support de Sitter geometries rather
than Minkowski or AdS vacua. A systematic account to the construction of these theories
has been put forward in [24]. Based on the algebraic structure of the duality groups of the
ungauged theories, the representation content and the algebraic consistency constraints for
the corresponding embedding tensor have been determined for the maximal supergravities.
In [25, 26], these structures have been shown to be naturally embedded in the framework
of the very-extended infinite-dimensional Kac-Moody algebra Ej; [27, 28].

The general analysis reveals that four-dimensional N = 8 supergravity admits an
embedding tensor transforming in the representation 56 + 912 of E7(7), subject to a set
of bilinear algebraic consistency constraints. Gaugings defined by an embedding tensor in
the irreducible 912 representation describe gauge groups that entirely reside within Ey
and have been constructed in [16, 17]. Additional non-vanishing components in the 56



representation on the other hand define gaugings that include the trombone generator, i.e.
theories in which local scaling invariance is part of the gauge group. These are the theories
to be constructed in this paper. While the analysis of [24] has been purely algebraic and
based on the structure of non-abelian deformations of the underlying tensor gauge algebras,
it is the aim of this paper to explicitly realize these theories by constructing the full set
of supersymmetric field equations. Thereby we derive the most general couplings that are
compatible with N = 8 supersymmetry in four dimensions. In particular, we confirm that
the algebraic consistency constraints derived in [24] for the embedding tensor are indeed
sufficient to ensure supersymmetry of the field equations.

This paper is organized as follows. In section 2, we analyze the general structure of
the gauge groups induced by an embedding tensor in the 56 + 912 representation. We ex-
plicitly construct the gauge group generators in terms of the embedding tensor and discuss
the system of bilinear algebraic consistency constraints that the embedding tensor must
satisfy. In case the gauge group includes the trombone generator, this system of constraints
drastically reduces upon decomposing the embedding tensor into its Eg) irreducible com-
ponents, and we present a number of explicit solutions. We compute the Cartan-Killing
metric of the gauge group and show that gaugings involving the local scaling symmetry
are generically dyonic, i.e. genuinely involve electric and magnetic vector fields.

In section 3, we review the structure of the scalar target space Er(7)/SU(8) and de-
fine the T tensor in terms of which the couplings of the gauged theory are expressed.
Subsequently, in section 4, we determine the modified supersymmetry transformations by
verifying the closure of their algebra on the bosonic fields of the theory. Based on these
results, in section 5, we obtain the modified field equations of the gauged N = 8 super-
gravity by starting from an ansatz for the fermionic field equations and calculating their
transformation under supersymmetry. This allows to uniquely determine the full set of
field equations in lowest order of the fermions. As a particular feature of these theories,
we find that gauging of the trombone generator leads to an additional positive contribu-
tion to the effective cosmological constant. In section 5.4, we determine the conditions for
extremality, i.e. for solutions of the field equations with constant scalar and gauge fields
and give explicit formulas for the mass matrices by linearizing the field equations around
these solutions. Finally, in section 6, we present a simple example of a theory with local
scaling symmetry that has its higher-dimensional origin as a generalized Scherk-Schwarz
reduction from five dimensions upon twisting the field with a linear combination of an
Eg6) generator and the five-dimensional trombone symmetry. We show that this theory
admits a de Sitter solution with constant scalar fields and determine its mass spectrum
which seems to indicate that the solution is not stable. We conclude with an outlook on
the role and the applications of these theories.

2 Structure of gauge groups

Before explicitly constructing the full supersymmetric field equations, in this section we
will present and analyze the structure of the possible gauge algebras that can be realized

as local symmetry in maximally supersymmetric supergravity in four dimensions. Recall,



that the global symmetry group of the ungauged maximally supersymmetric theory is given
by [1]

G = E7(7) X R, (21)
where the second factor corresponds to the scaling (or trombone) symmetry of the equations
of motion, under which the fields transform as

5guu = 2guu ) 5-’4‘34 = AM ) 5¢Z = 07

51/)“:;1/)“, ox = —%X- (2.2)
Here, the first line refers to the bosonic fields of spin 2, 1, and 0, while the second line
gives the transformations of the spin 3/2 gravitinos and the spin 1/2 matter fermions,

respectively. The E;(7) factor in (2.1) in contrast only acts on vector and scalar fields, with

its generators ¢, closing into the algebra

[tasts] = fap” ty - (2:3)

The 28 electric vector fields Aﬁ combine with their magnetic duals A, A into the funda-
mental 56-dimensional representation Aﬂ/f of E7(7y while the 70 scalar fields transform in
a non-linear representation parametrizing the coset space Eq(7) /SU(8) . General gaugings
will also require the introduction of two-form tensor fields B,,, o transforming in the adjoint
133-dimensional representation of E77).

2.1 Gauge group generators

In this paper, we will construct the most general supersymmetric theories in which a
subgroup of (2.1) is gauged. Extending previous work [17], we will consider those theories
in which the gauge groups include the scaling symmetry, i.e. the second factor in (2.1).

Let us denote by tg the generator of the scaling symmetry R, and by A, = 9 MA{)/[
the linear combination of vector fields that will be used to gauge this symmetry upon
introduction of covariant derivatives. As this symmetry also acts in the gravitational
sector by scaling the metric, its gauging necessitates a modification of the spin connection
w,® and the Riemann tensor R,,,*° according to [24]

@“ab _ w“ab n 26“[61 MrA,
Ruw™ = 200, 0™ +20,% &,
= R — 4¢), "V (W), AY + 4,04, A — 2¢,%,,P A AN (2.4)
which are invariant under the joint transformation
Oguw = 2Mx) g 0A, = Ou)(x) . (2.5)
Besides, they satisfy the generalized Bianchi identities

Riuwp)" = Fluw €g)® - (2.6)



The most general gauging combines this symmetry with some subgroup of the Er
factor of (2.1). As shown in [16, 17] and [24] for the cases without and with the trombone
factor, respectively, the parametrization of the general gauge group generators Xj; allows
for 56 + 912 parameters spanning the ‘embedding tensor’ ¥5; and ©,,%, according to

Xy =9%uto+ (@Ma + &8I N (ta)MN) ta , (2.7)

with covariant derivatives given by D, = 0, — Aﬁ/[X a b Here, (to)a are the E7ny

«

generators (2.3) in the fundamental representation,? and the matrix ©,,% is constrained

by the relations
Outa)n™ =0, O~ = 2tst") " ON°, (2.8)

i.e. transforms in the 912 representation of Eg(7). In absence of ¥y, it describes the
gaugings whose gauge group entirely resides within the F7 (7). The relative factors in (2.7)
are chosen such that the tensor Z% y;n = (X ( M) N)K factors according to

Z5un = (Xonn™ = — sta)un (0F* =16(t*) 9L) = (ta)un 25, (2.9)

and thus projects onto the 133 representation in its indices (M N). This will be a central
identity in the construction. For convenience, we also define the projection of the gauge
group generators onto the Er(7) factor of (2.1) as

Xy = (Om® +89n (t)u™) ta (2.10)
The gauged theory is invariant under the local symmetry

0 =A"Xy ¢ = (Om® + 89 (1)) Kal(0)
AN = DAY = 9 AM + AR (X )N M AN (2.11)

where I?a(¢) represent the E7(7) Killing vector fields on the scalar target space, and the
gauge group generators are given by evaluating (2.7) in the appropriate representation, i.e.

(Xr)NM = —0goN + (O™ + 891 (%)) (ta)n™ . (2.12)
Finally, covariant field strengths are defined by

Moy = 20,40 + (Xn)pM ADAL + ZM Byo (2.13)

with a Stiickelberg-type coupling to the two-forms By, o and the (constant) intertwining

tensor ZM® defined in (2.9). They transform covariantly under the gauge transforma-
tions (2.11) provided the two-forms transform as

oA Bura = —2tary (AMHD, — AN SAY) (2.14)

!For transparency we have suppressed explicit coupling constants, which can at any stage be reintroduced
by rescaling Y — gOnm, O — gOM~ .
We raise and lower adjoint indices with the invariant metric ko = Tr[tats]. Fundamental indices

Q]MN

are raised and lowered with the symplectic matrix using north-west south-east conventions: XM =

QMNXN, etc.



Moreover, the covariant field strengths (2.13) are invariant under the tensor gauge trans-

formations®

- M N
5EBMV()¢ - QD[;L':u]a + 2(tOé)MN A[p 5"41/} ’

sz AN = —ZMoE,, . (2.15)
The covariant field strengths (2.13) satisfy the generalized Bianchi identities
M 1M
D[uHup} = 3Z aHuupaa (216)
with the covariant non-abelian field strength H,,,+ of the two-form tensor fields, given by:
1
P R
H,ul/pa = 3D[,uBz/p}a +6tapg A[ﬂ (6,,/13 + 3 XRSQ Au Ap}) , (2.17)
where
P
D[uBup]a = 8[,uB1/p]a + 2to¢PQZQﬁA[ﬂByp}ﬁ . (218)

2.2 Consistency constraints

The previous construction leads to a consistent (closed) gauge algebra, if the irreducible
components ¥y, O satisfy the following system of quadratic constraints [24]

9rr OMO = 16 (1 YMN 9, 0y | (2.19)
(t)ar” Ony 9P = 0, (2.20)
O OMB = 89y Ol tIIMN _ g paB g, oMY (2.21)

transforming in the 133, the 1539 and the 133 + 8645, of Ey(7), respectively. For Jy =0
they consistently reduce to the quadratic conditions of [17]. As we will show in the following,
any solution to the constraints (2.19)—(2.21), will define a viable maximally supersymmetric
gauged supergravity.

It is straightforward to show that (2.19)—(2.21) imply several direct consequences for
the gauge group generators, such as the closure of the gauge algebra according to

[Xar, Xn) = —Xun™ Xie (2.22)
and orthogonality between gauge group generators and the intertwining tensor Z
Xun®zMe = 0 = 9y ZzM> (2.23)

The reason for the fact that the gauge transformations consistently close into an algebra
when properly extended to the two-form tensor fields even in presence of the gauging of the
scaling symmetry is the underlying structure of a hierarchy of non-abelian tensor gauge
transformations [29, 30] which is not based on the existence of an action. The relative
factors in (2.7) and the identity (2.9) are central in this construction. What we will show
explicitly in this paper is that the non-abelian deformations defined in the previous section
are precisely the ones that are moreover compatible with maximal supersymmetry of the
field equations.

3W r.t. reference [17] we have rescaled the two-form fields and associated tensors as Buva — —Buva,
E,u,a — 75#0‘7 Z]\Ja N 721V1a.



2.3 Solution to the quadratic constraints

In general, it is a hard task to construct solutions to the quadratic constraints of gauged
supergravity. However, it turns out that in presence of the trombone (i.e. non-vanishing
Yr), the system (2.19)—(2.21) can be reduced to a much simpler one in terms of a reduced
number of components. The strategy for solving the quadratic constraints follows the case
of pure trombone gaugings [24] by decomposing all objects with respect to the Ege) <
SO(1,1) subgroup of E7 (7). Explicitly, this means that the adjoint representation branches
as

to — (tm ta, tm, tm) )
according to 133 — 104780 + 2772 4 2772 (2.24)

while the fundamental representation breaks into

Iy — (Vay Uiy 0, 0°)
according to 56 — 113 27+t 277t 4173 (2.25)

and the embedding tensor © /% decomposes into

O — (gia Ems €5 Emny €7 é-a_) ’
according to 912 — 7873 4271 43517 435171 4271 4 7873 | (2.26)

with its explicit (56 x 133) matrix form given in (B.2) in the appendix. We use indices
a,b,--- =1,...,78 and m,n,--- = 1,...,27 to label the adjoint and the fundamental
representation of Egg), respectively.

In appendix B we derive an important result: for non-vanishing ¥y and up to E;(p)
rotations, the general solution to the system (2.19)—(2.21) is parametrized by a real constant

K, an Egg) matrix =, = E%(t,)," and two real tensors ¢, ¢ [mn] ~as follows
(0.719n719n719.) (’%7 07 ’%Cn70) 9
(gia Ems gmn, Emns gm’ gg) = (Ea,oa Cmn’E[mkdn}lela _gligma 0) ) (227)

where dim, denotes the totally symmetric Egg) invariant tensor. The tensors (™, ¢ [rmn]
must be real eigenvectors under the action of = according to

!
0=C" = -Z,""(" = gng“m,
!
d=¢m = 23, Im¢nk = 2emn (2.28)

which furthermore must satisfy the following set of polynomial constraints:

= 0, (2.29)

M = 0 (2.30)

¢cteemnl = ¢ (2.31)

(ta- B+ 4KD) - (2= 26D))™ C" = = LC™ Mgy ta)a? - (2.32)



As we show in appendix B, this system of equations is equivalent to the original system
of constraints (2.19)—(2.21). In contrast to the original system, solutions to (2.28)—(2.32)
may easily be constructed.

A simple solution to the system (2.28)—(2.32) is given by setting (" = 0 = ™" . This
leaves a non-trivial embedding tensor (2.27) parametrized by x and an FEgg) generator =.
This solution satisfies a stronger version of the quadratic constraints: left and right hand
sides of equations (2.19)—(2.21) vanish separately. In the limit x — 0 in which 9, vanishes,
this solution corresponds to the known gaugings induced by a Scherk-Schwarz reduction [31]
from five dimensions parametrized by the choice of an FEg) generator [14]. For non-
vanishing k, the higher-dimensional origin of these theories is a generalized Scherk-Schwarz
reduction from five dimensions in which the fields are twisted by a linear combination
of the Eg) generator E and the five-dimensional trombone symmetry. The form of the
generators (2.7) shows that even for vanishing = = 0, switching on k corresponds to gauging
a linear combination of the four-dimensional trombone generator to and a subset of Er
generators. More complicated solutions of the constraints involve non-vanishing zero-modes
¢"™, ¢"™". While we defer the complete solution of the constraint system (2.28)-(2.32) to a
separate publication, a typical example of such a solution will be discussed in section 2.5.

2.4 Invariants of the trombone

We can classify the inequivalent gaugings according to the Er)-invariants constructed
out of the embedding tensor. In particular, the quadratic constraints can be regarded as
conditions on the Eq(7)-orbits of the embedding tensor. In terms of 5 and ©,,%, several
E7(7)-invariants can be constructed of which the simplest is the quartic invariant (1))
depending only on the trombone component 1,; according to

L(9) = =2 (ta)MN ()P 9 On 9p Vg

= — (0 0° + U0 0"™)? + 10y A0, 05 9" 0P
— 2090 A, 0,0+ 2 D iy 0TI (2.33)

The different orbits of the 56-dimensional fundamental representation of E7 7y are charac-
terized via this invariant as [32]:

: . TG
(1) I4(¥) > 0: the orbit is Eogs)

(73) I4(0¥) < 0: the orbit is E;Eg ;

0I4(9 o . E
(791) I4(0) =0, 83&1) # 0: the orbit is F4(4:i)T26 ;

: ALy (0 o E
(v) I4(9) =0, 8?95»1) =0, to N9 9N £ 0: the orbit is 80(6,5);(&)3%%) ;

M 9N _ (. TR ()
(v) topnO™ ¥ = 0: the orbit is Eo(e) ¥ Ta7 °

Inserting the solution (2.27) obtained in the previous section into (2.33), we find
2

1,(9) 3

K Ay CCCP (2.34)



From (2.29) it follows that I4(¥) = 0 = 8(9[3&13). Since tq prn9™ 9N has a non-vanishing
component (t™)*, 949" o< k?(™, we conclude that 1, belongs to the orbit (iv) of the
above classification if ¢* is non-vanishing, and otherwise to the orbit (v).

In both cases the gauge group G, will then be a subgroup of the stability group of the

corresponding orbit inside Rt x E7(7). In case (iv), for instance, we should have
Gy C [RT xS0(6,5)] x (T3 x T1), (2.35)

where RY is a suitable combination of the trombone symmetry and the O(1,1)7 symmetry
inside Er(7).

2.5 An explicit example

Here we present an example of a solution of the constraints (2.28)—(2.32). The quadratic
condition (2.29) on (™:

dmnp Cn Cp =0, (2'36)

can be viewed as a kind of “Egg)-pure spinor” constraint. It defines an orbit of the 27 with
stability group SO(5,5) x Tig (see [32]). This means that there exists an SO(5,5) C Egg)
with respect to which ("™ is a singlet. If we decompose the adjoint and the fundamental
representations of Eg(g) with respect to O(1,1) x SO(5,5) C Eg(g) we find:

78 — 10 +45° 1163 + 163,
27 - 171410 4161, (2.37)

The stabilizer of (™ is thus generated by the 45° + 163, while ("™ corresponds to the 174,
We denote by h the O(1,1) generator, such that §, (" = —4 (™. Egs. (2.28), on the other
hand, imply that o=(™ = —=," (" = éﬂ;{m. Since (" is a simultaneous eigenvector of
both = and h, we must have |z ) (" = 0, namely that = cannot have a component along

the 1613:
Ze1%4+45° +16;3. (2.38)

We conclude that = consists of a component proportional to h plus an element Zg in the
algebra of the little group of (":

[1]

1
= —,kh+Z.  dz,("=0. (2.39)

Let us consider the case in which Zg is a semisimple element of so(5,5) and thus can be
taken as an element of its Cartan subalgebra. One can show that in this case, taking
¢mn = C[mn"}, with 7™ in the 16!, all the constraints are satisfied. In particular the two
sides of eq. (2.32) are separately zero. As we shall show in appendix B.2, this equation
in particular implies that Z¢ should commute with an SO(4,4) subgroup of SO(5,5). The

resulting gauge algebra g, is 21-dimensional and of the form:
gy = 0(1,1) ®s0(2,1) @ 1) @ (49 |
dim(1%%)) = 16,  dim(1(4%)) =1, (2.40)



the gradings referring to the O(1,1)-generator. We can understand the embedding of
the gauge group into the stability group [RT x SO(6,5)] x (T2 x T1) of the ¥p-orbit by
decomposing SO(6,5) with respect to SO(2,1) x SO(4,4). Then the generators of RT x
SO(2,1) provide the zero-grading part of the gauge algebra (2.40). The gauge generators
can be written in a manifestly SO(2,1) x SO(4, 4)-covariant way. Let A, B = 1,2 denote
the SO(2,1)-doublet indices while I,J = 1,...,8 label the 8, of SO(4,4). Then let T,
x =0,1,2,3, be the o(1,1) + s0(2,1) generators, (2r) — Span(7T'47) and ((4r) — Span(T).
The relevant commutation relations between the gauge generators are:

[Ty, Tas) = —(Tw) 4 Ty , (T'ar, Tyl = eapCry T, (2.41)

where C7 is the symmetric invariant matrix in the product 84 x 8. In other words, with
respect to SO(1,1) x SO(2,1) x SO(4,4) the generators {T}} are in the (3,1)°, {T4;} in
the (2,84)*" while {T'} is in the (1,1)*". In terms of the E7(7)-branching with respect to
the Eg(g)-subgroup, the T4 consists of 8 generators from the 27 and 8 from the 78, while
T originates from the 27. This structure does not change either in the limit (""" — 0, or
in the limit ("™ — 0. In the latter case the gl(2) algebra of SO(1,1) x SO(2,1) contracts
to a non-semisimple algebra of the form o(1,1) + Hs, where Hj is a three-dimensional
Heisenberg algebra spanned by nilpotent generators. Only if both the zero-modes vanish
("™ — 0, ¢™ — 0) the Ty; generators which do not vanish become abelian, the last
commutator in (2.41) becomes trivial and we retrieve the first example mentioned at the
end of section 2.3, which will be discussed in section 6.

2.6 Cartan-Killing metric of the gauge group

In the previous sections we have been discussing the general solution to the quadratic
constraints and worked out the corresponding gauge groups in certain examples. With
the general solution given in section 2.3, the gauge group generators may be reconstructed
from (2.12), putting together (B.1), (B.2) and (2.27). The explicit form of the generators
{Xum} ={Xe, Xin, X, X*} in terms of the parameters x, 2%, (", and (""" is given in (C.1)
in the appendix. Via (2.22) these generators also encode the structure constants of the
gauge algebra. We can compute the Cartan-Killing metric of the gauge group as guyny =
Tr(X s Xn). Its non-vanishing components are

Goe = 64K% + 2292, ,
g™ = (96K — 2B°Z,) (",
Gom = —6 Elndnmkckl )
g™ = (6457 + 25°5,) (¢
9mn = —6 Cklcpqdmkpdnlq
+;21, (80’{2 - EaEa) drmnk Ck +24 dkl(m (EQ)n)kCI : (2'42)

For (" = 0 = (™" this shows that the semisimple part of the gauge algebra is one-
dimensional in accordance with its origin as a Scherk-Schwarz reduction from five dimen-
sions. If (™" = 0 but (™ is non-vanishing, a contraction of equation (2.32) implies that

,10,



%2, = 32k%, and the Cartan-Killing form accordingly reduces to

Goo = 1287,

g.m = 32’%2 Cm Y

gmn _ 128/@2 Can ’

Gmn = — 267 dyi CF + 24 iy, ()¢ (2.43)

2.7 Electric/magnetic gaugings

So far, we have discussed the structure of the gauge algebra by studying deformations that
involve vector fields from the entire 56-dimensional fundamental representation of E7(7). It
is well known [1], that only half of these vector fields are dynamical electric vector fields
while the other half is given by their magnetic duals. Accordingly, only the former half
appears in the action of the ungauged theory. Nevertheless, the connections of a general
gauging may contain magnetic vector fields that are related by their first order duality
equations to the electric fields of the theory. In [33] it has been shown how to elevate this
construction to the level of an action by introducing additional auxiliary two-form tensor
fields (which in turn are the magnetic duals to the scalar fields of the theory). The magnetic
vector fields then do not possess a standard kinetic term but rather couple via a topological
BF term to the two-form tensor fields. On the other hand, all standard gaugings of the
theory [17] satisfy a symplectic locality condition that ensures the existence of a symplectic
frame in which all the vector fields involved in the gauging live in the electric sector. In
this sense even in presence of magnetic charges these theories remain electric gaugings in
disguise which is in accordance with general results on the gauging of electric/magnetic
duality [34, 35]. We shall see that this is no longer the case for the gaugings considered in
this paper, related to the fact that these theories do no longer admit an action.

For the solution of the consistency constraints of the embedding tensor discussed at the
end of section 2.3, the left and right hand sides of equations (2.19)—(2.21) vanish separately.
The gauge group generators thus satisfy the symplectic locality condition QMY X, X = 0.
Le. as for the standard gaugings we can choose a symplectic frame { XM} — {X* X} such
that all X are identically zero. Indeed, in this case the explicit form of the generators (C.1)
shows that X, = 0 = X*. Accordingly, the gauging only involves electric vector fields
{Aﬁ} = {A.. ,Aﬁ}. On the other hand, in the generic case the components (™, ™" in
the embedding tensor are non-vanishing, such as in the example worked out in section 2.5.
Then, equation (2.21) implies that QMY X3, X # 0, i.e. there is no symplectic frame
in which the gauging involves only electric vector fields. We conclude that the general
gaugings including the trombone generator are necessarily and genuinely dyonic!

3 Scalar coset space and the T-tensor

In this section, we discuss the structure of the scalar sector of the theory, discuss its inter-
play with the gauging defined in the previous section, and define the relevant scalar field
dependent tensors (T-tensors) that enter in the field equations of the gauged supergravity.
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3.1 Coset space E7(7)/SU(8)

The scalar fields of N = 8 supergravity can be parametrized in terms of the 56-dimensional
complex vectors Vys¥ = (Vo¥,V¥¥) and their complex conjugate Vmij = (VAZ-j,VEij),
which together constitute a 56 x 56 matrix V,

VAY Vaw

V' = (VMij,VMkl) = : (3.1)
VEij Vzkl
Indices M, N,--- = 1,...,56, label the fundamental representation of Er(), indices
i,4,---=1,...,8 denote the fundamental complex 8 of SU(8).4
The underlined indices M, N,--- = 1,...,56, are a collective label for the 28 + 28

of SU(8). The matrix Vj/V transforms under rigid Er(7y from the left and under local
SU(8) from the right. Strictly speaking, it does not constitute an element of Ey(7), but
it is equal to a constant matrix (to account for the different bases adopted on both sides)
times a space-time dependent element of (7). We refer to [9, 17] for further details. In
particular, the scalar matrix satisfies the properties

Vu'? Vnij —Vmij VnY = 1iQun,
QN VI VN =169,

QMN py iy =0, (3.2)

reflecting the fact that E;(7) is embedded into Sp(56). The covariant scalar currents Qi
and Pﬂij kL are defined by

0,V — AL XpaN Un'T = = Q" Vi + P Vg (3.3)
with gauge group generators from (2.12), and satisfy
Q (A —Q K Q 4 0 P ikl _ 1 &,ijklmnpqu (3 4)
j ni o i ) 1 24 pmnpq :

as a consequence of V¥ being related to an E7(7y element by multiplication with a constant
matrix. The integrability conditions of (3.3) yield the Cartan-Maurer equations,

f(Q);u/ ij = Qa[ugu}ij + Q[uzk Qu]kj - g P[ujklm Pu}iklm - :2517{% (XM)PQ VPikVij
Dy, Py = —LiHN (Xar) PR VpI Ve, (3.5)

with the SU(8) covariant derivative D, and the covariant field strength 'H% from (2.13).
Note that its part carrying the two-forms B,,, o drops from (3.5) due to the orthogonality
relation (2.23).

4Earlier, in section 2.3 we have used indices m,n, ... in a different context labeling the 27 dimensional
fundamental representation of Eg). We hope that this does not lead to extra confusion.
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3.2 The T-tensor

Following [9, 17] we define the T-tensor as the gauge group generator (2.12) dressed
with the scalar vielbein

(Tij)klmn = ; (Vﬁl)ijM(Vil)klN (XM)NK Vi R etc. . (3.6)

The various components of this tensor will show up in the modified field equations of the
gauged theory and parametrize the new couplings. The linear constraints (2.8) satisfied
by the embedding tensor can be made explicit by parametrizing the T-tensor in terms of
the irreducible SU(8) tensors AY, A; 7% B  transforming in the 36, 420, and the 28,
respectively,® according to

(Tig)w™ = 3000 A" i+ O Ay — § (8070 By + 0™ Biy) — Lopi" By ,

(T5)"pg = —é‘S[L;AS]quj — OfiipAgy) + 6 (8 (i

TS 1 grs
[ilp fitp Bals) + 0pg Bii) — 2054 Bii

~ 2%pg
(T) _ 1 € 57’A'Stu+ 1 € . Btu
ij )kl pq 24 Cklpgrstu i 7] 12 Cklpqijtu )

(i)™ ™™ = 87 Al + 20 Bl (3.7)
The tensors A%, A;7%! together with their complex conjugates fill the 912 representa-
tion Oy of the embedding tensor and carry the structure of the standard gaugings. The
tensor BY is related to the new components ¥5; of the embedding tensor according to

I =V Bij + V3B (3.8)

and contains all the new contributions due to the gauging of the trombone generator.
Together, the tensors A and B will describe the scalar couplings of the gauged theory.
From their definition (3.7) and (3.6) one derives the differential relations

DMAU = éA(iklmlpuj)klm ) (39)
DA = 24;, PR gp, mlik Al mrrligk AL (3.10)
D,Bij = —Pu B, (3.11)

where again D,, refers to the SU(8) covariant derivative with the composite connection
Q. from (3.3).

For the supersymmetry algebra it will also be useful to compute the tensor ZM g
upon dressing with (V1) X (V—1)4L:

. 3 . . 3 . .
ZMijj — _Q(VflmMAnk _{_VflklMAm) + 4(V71mnMAzkmn _{_VflmnMAklmn)
. . 1.
VT B+ VM BY) 4 6 (VT Y By + VT M BT L (312)

Dressing the quadratic constraints (2.19)—(2.21) (or alternatively (2.22)) with the scalar
vielbein (3.1) induces a plethora of relations bilinear in the tensors A, B. In appendix D,

SLe. AV = AGD Ak = A0k A kU — o B = Bl and complex conjugates (A¥)* = Ajj, etc.
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we have collected a number of such identities which are important in the subsequent cal-
culations. Here, we only give two examples of such identities. A linear combination of
the constraints (D.1) transforming in the 63 of SU(8) shows that the traceless part of the
hermitean tensor defined by

I = 6A" Ajp — 3 A" A7 + 5 (A" B, + A jyun B™) — 256 B By,
vanishes
Il = Lot T0%y . (3.13)
Another useful identity is given by the self-duality equation

1
Hijkl = 94 Cijklmnpq el )

for Iju = A™ikAgm — 3A™ i A kijm + 2A™ (136 Bym — 8Byi; By (3.14)

which is obtained as a linear combination of the constraints (D.3) transforming in the
70 of SU(8).

3.3 Vector fields

As mentioned above, only half of the 56 vector fields Aﬁ/f enter the Lagrangian of the
ungauged theory. This corresponds to selecting a symplectic frame, such that the vector
fields split according to {Ai‘[f }— {Aﬁ, A, A} into electric and magnetic fields. Accordingly,
we define the electric field strengths Hf}y via (2.13) as the curvature of .Aﬁ while their
magnetic duals are defined as functions of the electric vector fields according to

QZVA = Nax H:VZ + fermions , (3.15)

with the complex matrix May defined by V*% Myy, = —Va¥ , and where the superscript *
refers to the (anti-)selfdual part of the field strength. The fermionic part of (3.15) is
explicitly given in [1, 9, 17]. We define the full symplectic vector g{){ = (Hﬁy, GuvA) , which
will in particular enter the fermionic field equations and supersymmetry transformation
rules. By construction, it allows the decomposition
g% = (Vfl)ing:'V it (Vﬁl)ijMQ;jj + fermions , (3.16)
into its selfdual and anti-selfdual part. In contrast, we introduce the field strengths HL],,
and H,, ;; as the dressed version
o i o M
H;w - (V 1)2] HMVij + (V l)ij H;ZJ/ ’ (317)
of the covariant non-abelian field strengths introduced in (2.13), that combine electric and

magnetic vector fields. Note that Hﬁy = gﬁy is identically satisfied, whereas H,, A = G A
describes the first order duality relation between electric and magnetic vector fields.
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4 Supersymmetry algebra

Before deriving the full set of supersymmetric equations of motion, we establish the super-
symmetry transformation rules by verifying the supersymmetry algebra. Under supersym-
metry, the bosonic fields transform as

Seep® = E Py + &YP."
S VM = 2V2 V <€[inkl] + 214’5ijklmnpq ngnm) )
(LAfYI = i QMNyi <Ek Vu Xijk + 2V/2¢; Q,Z)Hj) + c.c.,
6cBua = 3V2(ta)"? (VeisVau e v XM +2V2Vp Vo™ @y’ + cc.)
+2(ta) MmN Af\j 5.»4,],V} . (4.1)

while the transformation of the fermions is given by

561% = 2D,€" + \Z Q;U’jwpgwﬂej + \/2A”7ﬂej — 2\/23”7H6j ,
y y 3 y -

Sk = —2\/273“2]“’)/”61 + 2QW[”7’“’6M — 24,1kl — 4Blid k] (4.2)
up to higher order fermion terms. Except for the respective last terms in the fermionic
transformation rules (carrying the tensor B;;), these supersymmetry transformations are
known from [9, 17]. The structure of the new terms follows from the SU(8) representation

content, their factors are determined from the closure of the supersymmetry algebra. This
algebra is given by

[6(e1),0(e2)] = f“ﬁu + 5Lor(Qab) + 5susy(€3) + 5SU(8) (Aij) + 5gaUge(AM) + 5gaUge(Eua) - (4.3)

The first term refers to a covariantized general coordinate transformation with diffeomor-
phism parameter

f“ =2 Egi’y“qi + 269 i’y“eli , (4.4)

and including terms of order g induced by the gauging. The last two terms refer to gauge
transformations (2.11), (2.14) and (2.15), with parameters

AN = —41'\/2 QNP (menégmeln —Vp mnégne?) ,

S = —5(ta) ' Vp Vo (&'u615 + Ejuer’) (4.5)

respectively. Up to the contributions from the new terms in the supersymmetry transfor-
mation rules, the supersymmetry algebra has been verified in [9, 17]. In presence of B;;,
B%, the commutator (4.3) evaluated on the vielbein acquires the additional terms

[Oeys 0] € = ... —4V2 (B™ &y mern + Binnéy'el) e, . (4.6)
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These precisely reproduce the action of a scaling gauge transformation with parameter (4.5)
on the vielbein

onen = MMyt -e,” (4.7)
== —42\/2 QMNﬁM(VNmn€2 m€ln — VN mnggbe?) e,ua

= —4\/2 (anEQ m€ln + an%nﬁ?) eua )

where we have used (3.2) and (3.8). Similarly, one may check that the terms carrying the
scalar tensors (3.7) in the supersymmetry commutator on the scalar fields combine into

VM 0Vt = L = 8V2 (T & ey T M e )
=+ VTTIMANX O VR et

and consistently reproduce the action of a gauge transformation with parameter (4.5). In
checking the supersymmetry algebra on the vielbein and the scalar fields, we have fixed all
the new factors in the supersymmetry transformation rules (4.2). As a consistency check,
one may further verify that the algebra also closes on the vector and the tensor gauge fields.

5 Equations of motion

5.1 Einstein equations

Having established the supersymmetry algebra, we can now determine the deformed equa-
tions of motion by requiring covariance under the new supersymmetry transformation rules.
As there is no longer an action underlying the gauged theory, we have to work directly on
the level of the equations of motion. This derivation of the supersymmetric field equations
is based on reference [36]. We will start from the gravitino equations of motion for which
we use the following ansatz

0 = (E) = —e " P79, Dytbyi — Y2V VXM Py s — Y26 P17 ey
+ 4G PRy oy Xk + V2A 0 + AT G
+ A \/QBij'Yﬂywuj + ¢ BF Ayt (5.1)

Except for the last two terms, these are the equations obtained from variation of the
Lagrangian [9, 17] of the gauged theory. While the SU(8) structure of these two additional
terms is fully determined by the representation content, we will in the following determine
their unknown coefficients A and ¢ by compatibility with supersymmetry.

E.g. vanishing of the D,e terms in the supersymmetry variation of (5.1) imposes

2V2 B;; (M — 6716“”’)‘7%0) Dy =0, (5.2)
from which we deduce A\ = —2. Vanishing of the terms linear in BG* e further determines
¢ = —5/3, but we will for the moment keep the parameters in the formulas so as to allow

for further consistency checks.
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Let us concentrate on the part of the supersymmetry variation of (5.1) which is bilinear
in the scalar tensors A, B which originate from variation of its last four terms. We obtain

. 1 ) ) )
{6AikAJk - 3A/flmAJklm +12A4;, B + 6B, A7* (5.3)
2 , 8 . 4¢
-, A B, — 2C AT BN + (12)\ + 3C> B, BIF — 3<5§BMB“} X yle; .

Only the (ij)-trace of the braced expression can be absorbed into a modification of the
Einstein equations. In particular its anti-hermitean part must vanish. Indeed, this follows
from the first of the bilinear constraint relations (D.1) provided that A = 2¢ + 2 3, Which
is satisfied for our above choice of constants. With this value for A, the expression (5.3)
reduces to its hermitean part

1 . . .

80¢

— (5 + QA" By + Ay BM) + (16 T3

. 4¢ .
) BZkBjk - 3C55BMBM} X ’y“ej .

Finally, we observe that with the above value ¢ = —5/3 all coefficients precisely reproduce
the linear combination appearing in the quadratic constraint (3.13), such that the full

expression reduces to its trace part
3 1 ; 4
{4AklAkl - 24AnjklAnjkl - 3Blekl} X e, (5.5)

which can be absorbed into the modified Einstein equations. Another important ingredient

in the calculation is the evaluation of the commutator
P Dy, Dp] P (1]:( Q)Vpl € — 17/€Vpab'7ab € — %ﬂM’HVNII’ 6i>
- (1 R R(ﬂ”)) Ywei + 9 (HM - 3H M) o e,

+ 3P F(Q)upiley (5.6)

with the modified Riemann tensor and the curvature of the SU(8) connection from (2.4)
and (3.5), respectively

Putting all this together, a somewhat lengthy calculation shows that the full super-
symmetry variation of the Rarita-Schwinger equation (5.1) eventually takes the form

56(5@0)“1‘ = (gEinstein)HV Y€ — 2\/2( vector) ij Ej ) (57)

where (Eginstein)"” and (Evector )i denote the modified Einstein and the vector field equa-
tions of motion, respectively. In bringing the supersymmetry variation into this form, we

have in particular made use of the equations

M (G —Hy) = 0 = du (G —Hp) - (5.8)
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For a purely electric gauging, these equations are identically satisfied. In presence of mag-
netic charges, these equations represent the first order duality equations between electric
and magnetic vector fields. The second order field equations obtained in (5.7) read

(EBinstein)" = Rm) — %gwﬁ + (1)‘ Pi(fklpy)ijkl - 1129W Pipjklpfijkl - g+ﬂ(ﬂjk‘ G eIk
+gH (iAszkl — g AT A — gBlekl> - (5.9)
and

(Evector)ij = DuGHHij + Poiju G~ M =} (A[i"klp“ jinki + 4B’“l7’“zjkl> . (5.10)
The modified Einstein equations show that the presence of the tensor B;; induces a positive
contribution to the effective cosmological constant. This is a typical feature of the theories
with trombone gauging [19-24, 37].
5.2 Scalar field equations
We start from the following ansatz for the equations of motion for the spin-1/2 fermion
fields x;jx

0 = (E)ijk = — 7" DuXiji — \?327V’Y“1/1ul77u ikl T VoV G i

2 l - 1 4l !
32 €ajbtmmnpa XTGP — L AL AL 240k T

_é7ﬂ¢u[kBij] + \3/62 6ijklmnqulmanq ) (511)
with the scalar tensor
Aijk,lmn = 14114 \/2 €ijkpgr(im An]pqr . (512)

Again, up to the last two terms whose structure is determined by SU(8), equations (5.11)
follow from varying the Lagrangian of [9, 17]. The new coefficients are fixed by compatibility
with supersymmetry and follow as in the last section by imposing the vanishing of the linear
terms of the form BDe and BPe in the supersymmetry variation of (5.11).

Again we first focus on the part of the supersymmetry variation of (&,);;x which is
bilinear in the scalar tensors A, B and find

V2 L
~ {2ArijkAlr +4A" kB + 4B Apy — 8B By — 9€ijklrmnpAqrmanq
1 1
+ 126ijkrmnqulpqs (Asrmn + §5gan) + 36ijklmnqumanq} x . (5.13)

Upon adding a proper linear combination of the two quadratic constraints (D.4) in the
378, this expression reduces to

V2 , r

1
+ g Cirhtmnpg (41" A 4 1 BT BPY) } x e, (5.14)
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which is manifestly antisymmetric in [ijkl]. Finally, the combination of quadratic con-
straints (3.14) can be used to simplify this expression to the manifestly self-dual expression

V2

3 {Cijkl + Qaeijklmnpqcmnpq} x € , (5.15)

with the tensor
Cijit = A™ ik Anm + 5 A™ i A ki + 247 [k By, - (5.16)

This expression will be part of the modified scalar field equations. After some more calcu-
lation, and using the first order field equations (5.8), the full supersymmetry variation of
the fermionic field equation (&, );;, eventually takes the form

5e(gx)ijk = \?52 (gscalars)ijkl el — Tu (gvector)u[ij ek] . (517)
with the vector field equations from (5.10) and the full scalar field equations given by

_ 3+ o+ 1 - -
(gscalars)ijkl = DM,P,uijkl - 29}“’ [Ug Mylcl] - 166ijklpqrsg mrig Myrs

—Cijki — oy Eijhipgrs CPT . (5.18)

We note that the term bilinear in the tensor Bj;; has dropped out from the scalar field
equations. Also this is a characteristic feature for theories with trombone gauging.® As
a consequence, for pure trombone gaugings (©/“ = 0, implying that A;; = 0 = AR
a simple solution to the bosonic field equations is given by a de Sitter geometry with all
scalar and vector fields vanishing. We shall discuss this solution in more detail below.
Let us finally note, that due to the presence of the mixed term A™ ;. By),,, the scalar field
equations (5.18) cannot be integrated up to a scalar potential.

5.3 Yang-Mills equations

The vector field equations of motion (5.10) can be rewritten equivalently as
Var'? Dy Gy ™ = = eeyumpo { AlpP7 I 1 4B P} (5.19)
or
D Gon™ = seeuvpo ZM (ta) VKTV P i (5.20)

with the tensor ZM® from (2.9). Since in the derivation of the field equations we have
also come across the first order duality equations (5.8) for the vector fields, an immediate
question is the compatibility of these equations with the second order field equations. Upon
contracting equation (5.20) with J5; or Xjy, its r.h.s. vanishes by virtue of (2.23) while
on the Lh.s. the first order duality equations (5.8) allow to replace Q% by the covariant
field strength H%. Then also the Lh.s. vanishes by virtue of the Bianchi identity (2.16)

Let us correct a misprint in reference [24]: the last term in equation (4.44) of that reference is in fact
absent in accordance with the equation obtained by dimensional reduction of (5.18).
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and (2.23). Both sets of equations are thus compatible. As another consistency check, we
observe that upon applying the operator e**?" D, the Lh.s. of (5.20) reduces to

. %guupﬂ— gﬁg[ﬁ_ XKLM _ _ZMa (ta)KL (g;rngJr,ul/ L + g;ngf;w L) , (5.21)

whereas the r.h.s. contains the scalar field equation (5.18). This provides a number of
important non-trivial consistency checks on the set of bosonic field equations that we have
obtained from supersymmetry variation, but not derived from an action.

5.4 Maximally symmetric solutions and mass matrices

According to (5.18), a solution to the field equations with constant scalar and vanishing
vector fields requires the anti-selfduality condition

Cijkl + 2145ijklpqrs CPI™ =0 ) (522)

for the scalar field dependent tensor Cjjj; from (5.16). For the standard gaugings, this is
precisely the condition for an extremal point of the scalar potential [9]. In presence of the
local scaling symmetry, however, we recall that the scalar field equations can in general
not be integrated up to a scalar potential. Any solution to (5.22) yields a solution to the
field equations with maximally symmetric four-dimensional spacetime and cosmological
constant

A= =3 AuAR + AR Ay + BB (5.23)

The spectrum of the theory around this solution can be obtained by linearizing the field
equations. Using (D.2), linearization of the scalar field equations (5.18) around a solution
of (5.22) yields to lowest order

O Gijrr = Mija™™ Gmnpg + O(¢%) , (5.24)

with self-dual scalar fields ¢ = 2145ijklpqrs @PI" and the scalar mass matrix M;y,""P4

whose symmetric part is given by

ijkl ijk Al 1 ikl At ikl k il
Mgt § T Gy = 6 (A ALy = LA AL =A™ iy = AF i B ) 677511

9n gmn
(3 A AT — LAGAT) 0
—?,’ AijklAmnpq ¢mpq¢jklm ) (5'25)

while its antisymmetric part reads
ijkl ijkl
Mijklmnpq (ﬁﬁ ¢2] mnpq g (BTSAirsm B BrsAmTS[i) (ﬁﬁ ¢2] myjkl
igkl
—4 (A" Bj, — A™ i1 B™) $1" Doy it (5.26)

The calculation of (5.25), (5.26) makes use of identities for self-dual tensors, such as those

given in [38] as well as of the quadratic constraints derived in appendix D. For BY = 0,
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the mass matrix consistently reduces to the expression given in [39] and its antisymmetric
part vanishes.
For the vector field equations (5.10) we find the linearized form

0 Myuiy = 3 (Ag™ =400 BM) (1) st Ay + 3 (A5 = 403 BM ) () s ALY

from which using (3.6), (3.7) we read off the vector mass matrix

M M,k
Mvec - Y Y 5 5.27
(Mzgkl M”kl ( )

with

npq slk k n
Mijkl = _(liA[z‘ pq5][‘] A”npq + ;A[ipq[kAl]j]pq + %5%1 Aj]l]qupq - %A[i leﬂn

k l
405 Ay BY - AN B — S08 BB, — S BN By + BBy,

mns pqr gmn

1

— 18 €ktmnpar(iAj]
1 T RMN 2 mn

+96iqurmn[kAl}pq B - geijklmnqu BPY (528)

_ 1 r
Mijrt = 56 A" €jpgrmns (kA

Finally, the gravitino and fermion mass matrices are directly read off from (5.1)
and (5.11), respectively and take the form

sz‘j = /2 (Aij _ QBij) ,
Myidkimn _ 1. /o <Eijkpqr[lm A"+ 2€TRITIPG qu) , (5.29)

where the first matrix carries the information about the breaking of supersymmetry and
the latter matrix has to be evaluated after projecting out the fermions that are eaten by
the massive gravitinos.

6 Example: de Sitter geometry and mass spectrum

We have in the previous section derived the full set of fermionic and bosonic field equations
of the gauging in presence of the trombone generator and shown that they transform into
each other under supersymmetry. In absence of an action, these equations capture the
full dynamics of the theory. As a simple example and application of the construction,
in this section we analyze in more detail the gauging discussed at the end of section 2.3,
parametrized by x and Z%. In particular, we show that this theory admits a de Sitter
solution with constant scalar fields and work out its mass spectrum by linearizing the
equations of motion around the vacuum solution. In the absence of the trombone gauging,
i.e. for k = 0, the theory is characterized by an Eg(g) generator =% and corresponds to the
Scherk-Schwarz reduction from five dimensions first analyzed in [40, 41] and revisited in
the context of four-dimensional gaugings in [14].

As a first step, we calculate for this theory the value of the tensors A;;, A% and BY at
the origin, i.e. for all scalar fields vanishing. Since at the origin, the group Ejg) is broken
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down to its maximally compact subgroup, the values of these tensors will be expressed
in terms of the USp(8) building blocks (k, &Y, €95, transforming in the 1, 36, and 42 of
USp(8), respectively, of which the latter two compose the FEg(6) generator =%, The indices
i,7,--- = 1,...8, here label the fundamental representation of USp(8). Explicitly, these
tensors satisfy the relations

gil — gii - giikl — S[ijkl] gkl — 0 (6.1)
with the USp(8)-invariant symplectic matrix w;;, and the reality properties
() = &5 = wipwac™ etc. (6.2)
At the origin, the scalar tensors A;;, A% and B take the form
Al = \}2527 . AJR = —\%wimgmuwkl] + Wi ™I B = \}meij . (6.3)

The condition for extremality (5.22) coming from the scalar field equations splits into the
equations

REIM = V2w My = 0. (6.4)

Obviously, even for non-vanishing parameter s these equations leave no other solution
than £9* = 0, i.e. induce a Scherk-Schwarz gauging with a compact generator of Eg) -
On the other hand this shows that choosing £¢7* = 0 suffices to guarantee that the scalar
field equations (5.18) are solved by setting all scalar fields to zero. For the cosmological
constant (5.23), we obtain

A= ggijkl&jkl 4 13652 _ 136H2 ’ (6.5)

i.e. the Einstein field equations (5.9) are solved by a Minkowski space for the standard
gaugings and by a de Sitter geometry for non-vanishing x.

The fermionic mass spectrum for this solution is obtained by linearizing the fermionic
field equations (5.1), (5.11) around the de Sitter background with the mass matrices given
by (5.29). For the eight gravitino masses we obtain

mgravzzt\/m?—i—ZMQ, i=1,...,4, (6.6)

where we have denoted by im; the eigenvalues of the anti-hermitean matrix &’ . For non-
vanishing x thus all supersymmetries are broken, as is required by the de Sitter geometry
and 8 Goldstinos are found among the spin-1/2 fermions. For vanishing x on the other
hand, supersymmetry is broken according to the number of non-vanishing eigenvalues of
&7, in accordance with the results of [40, 41].

The remaining fermion masses are given by

Mferm :I:\/m? +4rK? :I:\/(mZ +mytmy)?+46%, (i<j<k). (6.7)
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We find that the effect of the additional trombone gauging is a shift in all the fermion
masses. Likewise, we may calculate the scalar mass matrix (5.25), (5.26), with (6.3) and
obtain

Mg ™™ = Pas (€67 50" — 24€lm ;€75 0 + 32 7 Pay . (68)
where Pys refers to the projector onto the 42 scalars in the decomposition
70 — 1427 +42 (6.9)

of SU(8) under USp(8), i.e. all other scalars come with zero mass. In (6.8), the last term
lives entirely in the antisymmetric part of the mass matrix. In terms of the eigenvalues of
&, diagonalization of (6.8) leads to the following spectrum

0| 30 x
(m; £ mj)* + diklm; £my| || i < j
(m; +mj)? — dikm; £ my| || i < j
(m1 &+ my +ms +my)? + 4ik|my £ my £+ ms £ my| ||
(1 +ma +m3 +my)? — 4ik|my + my + mz £+ my| || , (6.10)

for the masses of the scalar fields. For vanishing x, we precisely reproduce the mass
spectrum of [40]. Upon switching on x, all non-vanishing mass-eigenvalues degenerate
according to m? — m? 4 4irxm . The fact that most of the mass eigenvalues come out to
be imaginary is due to the antisymmetric contributions to the mass matrix. Finally, the
vector mass matrix (5.27) takes the form
! k
Mgt = el e adieny) + andtel ) — Dl — §rPwyelt
M = &€y — wi€™y€in + swir€™ i — 2kwiply; + 26w;kEn
—gnzwijwkl — 196/£2w2~[kw”j . (6.11)

In terms of the eigenvalues of the matrix £, we find the following mass spectrum

0| 28 x
(m; £m;)* + dir|m; £my| — 32k || i < j
(m; £m;)* — dirm; £my| — 2k || i < j
—%2142 || 3 x
—2R? ] 1x . (6.12)

For non-vanishing x thus all 28 vector fields become massive. The associated massless
Goldstone bosons can be identified in the scalar spectrum (6.10) which provides a strong
consistency check of the result. The matrix (6.11) has half-maximal rank in accordance
with the fact that this gauging is purely electric and involves only 28 of the vector fields.

To summarize, we have shown that for the theory discussed at the end of section 2.3,
a de Sitter geometry with constant scalar and vector fields provides a solution to the full
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set of field equations. While the a non-vanishing « in the fermionic sector simply induces a
shift in all the fermion masses, we find that in the bosonic sector, most of the modes have
imaginary mass square eigenvalues. This is due to the fact that the equations of motion
do not descend from an action and may be a sign of an instability of this solution in de
Sitter space. Actually the imaginary shift in the mass squared of the bosonic fluctuations
reminds of the Breit-Wigner formula” for the propagator of an unstable particle, which has
a characteristic imaginary shift in the pole proportional to the particle decay width I':

1

. 6.13
p? —m? +imDl (6.13)

From this point of view our results seem to suggest that the bosonic fluctuations “die off” at
some characteristic time dt ~ mI'/E proportional to the trombone parameter x. It would
be interesting to understand the implications of this feature for the stability properties of
the background.

A particular limit of this theory is the case of a ‘pure trombone gauging’, i.e. £™, =0
with vanishing mass parameters m; . It follows from the above formulas, that in this case
all scalar fields remain massless while all vector fields appear with negative mass squared,
again a sign of an instability of the solution. It will be interesting to analyze in more
detail, if this instability is a generic feature of the theories with local scaling invariance or
if some classes of theories among the more complicated gaugings constructed in this paper
eventually admit stable vacuum solutions.

7 Conclusions

In this paper, we have derived the most general couplings of four-dimensional supergravity
with a maximal number of supercharges. With a gauge group embedded in the E77) x R
global symmetry group of the Cremmer-Julia theory, the gauge generators are parametrized
in terms of an embedding tensor, carrying 56 + 912 parameters, subject to a set of bilinear
algebraic consistency constraints. After suitable parametrization, we find that the lat-
ter reduces to the system (2.29)—(2.32) which allows to construct simple solutions. The
standard gaugings whose gauge group is a subgroup of Ey(7) correspond to an embedding
tensor in the irreducible 912 representation. Additional non-vanishing components in the
56 representation define theories in which local scaling invariance R (the so-called trombone
symmetry) is part of the gauge group.

We have determined the general form of the gauge groups and worked out the full
set of modified field equations of these gauged N = 8 supergravities. As a particular
feature of these theories, we have found that a gauging of the trombone generator leads
to an additional positive contribution to the effective cosmological constant. Moreover,
it turns out that gaugings with local scaling symmetry are generically dyonic, i.e. involve
simultaneously electric and magnetic vector fields. We have analyzed in detail the simplest
example of such a theory which has its higher-dimensional origin as a generalized Scherk-
Schwarz reduction from five dimensions. We have shown that this theory admits a de Sitter

"We are grateful to Riccardo D’Auria for pointing out this analogy.
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solution with constant scalar fields and determined its mass spectrum indicating that the
solution is not stable.

While in this paper we have analyzed only a single example within the new class
of theories, which describes a one-parameter deformation of the known Scherk-Schwarz
gaugings from five dimensions, it would be highly interesting to generalize this analysis
to other examples and to perform a systematic study of the possibilities of deformations
of the known gaugings. In particular, starting from a theory with supersymmetric AdS
vacuum, the additional positive contribution to the effective cosmological constant may
lift the space-time geometry to Minkowski or de Sitter upon inclusion of the trombone
generator. In this context it would be important to investigate if the instabilities that we
have found in the bosonic spectrum of our example are due to the simple structure of that
example or if they persist to more complex situations and represent a generic feature of
these theories.

Another interesting aspect for further study is the dyonic structure of the constructed
gaugings. Whereas the appearance of magnetic vector fields is not new and has shown up in
previously constructed gaugings in four dimensions [17, 33|, in the standard theories there
is always a symplectic frame in which all magnetic vector fields drop from the action and
the field equations. This frame can be reached in a systematic way by integrating out the
two-forms from the action. In contrast, we have found that for the gaugings constructed
in this paper there is in general no symplectic frame in which all gauge fields would be
electric. These gaugings are of genuinely dyonic nature. This does not contradict the no-go
results on the gauging of electric/magnetic dualities [34, 35], as the resulting theories do
no longer admit an action. It would be highly interesting to study the structure of such
dyonic theories in more detail.

It is certainly remarkable that maximal supersymmetry in four dimensions not only
admits the standard gaugings with gauge groups inside Er (7, described by an embedding
tensor in the 912 representation [9, 16, 17], but moreover allows for yet another non-trivial
deformation of the field equations described by 56 additional components of the embedding
tensor. On the other hand, this may be viewed as another sign of the underlying symmetry
structure of extended supergravity theories: upon dimensional reduction to two dimen-
sions, the global symmetry group of maximal ungauged supergravity is the affine group
Ey9) [42] while its gaugings are parametrized by an embedding tensor Os_g;y, transform-
ing in the basic representation of that group [43]. This infinite-dimensional highest-weight
representation thus captures all deformation parameters of the two-dimensional theory.
Decomposition w.r.t. the finite-dimensional subgroup E7(7) X SL(2) gives rise to its lowest
level components

+1 (1,2)
+2 (56,2)
Oy dim — +3 (133,2) + (1,2) , (7.1)

+4 (912,1) + (56,1) + (56,3)

from which the higher-dimensional origin of these theories may be inferred. E.g. the theories

,25,



described by parameters in the first two rows correspond to torus reductions from four to
two dimensions, in which the KK vector field and the two-dimensional vector fields acquire
non-vanishing flux components along the two-torus, with the corresponding deformation
parameters transforming in the (1,2) and the (56, 2), respectively. Parameters in the third
row describe Scherk-Schwarz reduction from four to two dimensions, including twists with
the four-dimensional trombone generator. The (912,1) in the fourth row corresponds to
theories obtained by dimensional reduction from the standard gaugings in four dimensions,
while the (56,1) describes the dimensional reduction of the theories with local scaling
symmetry constructed in this paper. This shows that after dimensional reduction both the
standard gaugings as well as trombone gaugings and combinations of the two are described
on equivalent footing by parameters residing within a single irreducible representation of
the affine global symmetry group. In this sense, the new gaugings constructed in this paper
may be viewed as obtained by Egg) rotation from the standard gaugings in four dimensions.
Moreover, the infinite tail of higher level parameters in (7.1) still advocates the tempting
possibility of discovering yet other maximally supersymmetric couplings in four dimensions
which must however be of genuinely different nature than the present constructions.
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A Some algebra

A.1 Useful E7 relations

We denote by (t4)a" the FE7(7) generators in the fundamental representation, i.e. the index
aruns over 1,...,133 and M, N =1,...,56. We raise and lower adjoint indices with the

invariant metric ko = Tr [totg], which is a rescaled Cartan-Killing metric. Fundamental

QMN

indices are raised and lowered with the symplectic matrix using north-west south-east

conventions: XM = QMN X etc.. We note the following two useful algebraic identities:
(t)r ™ (ta)n" = S4000K + HORON + (E)uw (Fa) ™ = 2 Qun QFF (A1)
and
(tVkrL(ta)un = 5N + CrLun (A.2)
with the quartic E7 invariant Crxryn = (ta)xn () ) -

A.2 Breaking E;7) to SU(8)

Upon breaking E7(7) to its maximal compact subgroup SU(8), the fundamental and the
adjoint representation break according to

56 —28+28, 133 —63+70, (A.3)
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respectively. We label the fundamental representation of SU(8) by indices i, j,--- = 1,...8.
Then, the E;(7) generators (tq) AN break according to

(tij)m”kl - fm 6%2 - 213((52] 5%n = _(tij)klmn )
(tijkl)mnpq - 214 €ijklmnpq > (tijkl)mnpq — 5;;:lpq ) (A4)

and the rescaled Cartan-Killing metric ko3 = Tr [totg] breaks into
Km”’ pq =3 (57%15]? - éé;ll’b(sg) ’ Rijkl,mnpqg = 112 €ijklmnpq - (A5)

A.3 Breaking E;(7) to Eg) x SO(1,1)

Upon breaking E7(7) to its maximal subgroup Eg X SO(1,1), its lowest dimensional repre-
sentations decompose according to

56 — 13+ 27t 427, +173
133 — 10+ 780 4 272 4 2717
912 — 7873 4 78 3 4+ 27t L 2771 4+ 35171 4 3511
1539 — 10+ 78° + 6500 + 272 + 27t 1 2772 L 277 1 35172 1 35172,
8645 — 2-78° + 650° 4 2925° + 272 4 2772 4 35172 4 351* - 3512 4 351"
+172872 417287 | (A.6)

with the superscript indicating the SO(1,1) charge. We use the explicit notation

56 : Xy — (Xe, X, X™, X°),
133 : X, — (Xo, Xo, Xy, X™), (A.7)

with indices m = 1,...,27 and a = 1,...,78 labeling the fundamental and the adjoint
representation of Fg ), respectively. The symplectic matrix 2p7y and the rescaled Cartan-
Killing metric k3 break according to

Qun — (=1, Q" =46, Q% =—-1, Q", = =4§") , (A.8)
and
Kag — (Koo = T2, Kab = 2Nap Kt =1257) . (A.9)

The E7(7) generators (tq) Y decompose as

(tO)O. =3 s (to)mn = 5& 5 (to)mn = _571;“ 5 (to).o =-3 s

(ta)mn = _(ta)nm )

()™ = —(tm)"s = 3T (E™)%0 = —(E™),* = =57

(tw)nk = Dk > ™)™k = 10dmF (A.10)
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and the decomposition of the structure constants f,37 can be read off from the algebra

[tmtm] =2t , [to,tm] = =2t" ,
[taatm] = _tamntn ; [taatm] = 750mm75n P
1
s "] = G o = 6(1)" (A.11)

Here, dpnr denotes the totally symmetric tensor of FEge), and t4,;," denotes the Fg)
generators in the adjoint representation. Adjoint indices are raised and lowered with the
rescaled Cartan-Killing metric 1., = Tr [tots] -

A.4 Useful Eg relations

We denote by dpni and d™F the totally symmetric tensors of Eg(6) in the fundamental 27
and 27, respectively. We choose a relative normalization such that

AP dyyg = 00 (A.12)

In the following, we give a list of useful algebraic relations that be be shown by various
contractions and/or by using an explicit realization of the Fy) generators:

dyrs APE iy dUT9 = 110 5(mn)(pQ) _ g Aoy P17
dps AT dypyy d"P° duguy A" = — 3 6,7,
(ta)mk(ta)nl = 118 517%551 + é(sinéfz - gdmnp dklp s
(ta)r? (te)s T d™ *drpg = — 30 MabOn' + 2 (Ealp))n™
(tats)r? A" dngs = 30 Mab0p' — & (tats)n™ + 1 (tota)n™

kl ym)gs kim ¢s s(kl sm
dpgrd?*lqmIes = L gktmgs L gs(klgm)

These play a key role in reducing the the E;(7) system of constraints (2.19)-(2.21) for the
embedding tensor to the system (2.29)-(2.32) for its Fg() components.

B Solution of the quadratic constraints

Our strategy for solving the quadratic constraints for the embedding tensor follows the
analysis of [24] for the pure trombone gaugings. We make use of the fact that under
breaking to Ejgg) the tensor ¥ps contains a singlet which (if invertible) allows to explicitly
solve all the quadratic equations. Decomposing under Egg) according to (A.6), we label
the components 9,7 and ©,% of the embedding tensor according to

Iy —  (Day Ty, O™, 0°) . (B.1)
and
1O 3 fi 1 fn 0
o - fm tamn§n+3tapqdrqm§pr dmnp§p+§mn _tamnga
Ou™ = | _ten G mer —sumadrome, * Ctgamer —samve, femn | (B2)
0 £ 0 &
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respectively, in terms of various Fg ) tensors. The relative coefficients among the various
terms within © ;% are determined by the fact that ©,,% is constrained to live in the 912
representation of Ey(7y, i.e. satisfies the relations (2.8).

B.1 Determining the components of the embedding tensor

To solve the quadratic constraints in a systematic way, we start from the equation with the
highest SO(1,1) grading. From (A.6) is follows that this is a 2714 representation inside
1539, which thus corresponds to evaluating equations (2.20) for MN = ,,,. Explicitly,
this leads to

0= Eme + tam™ 00 . (B.3)

Without loss of generality we may assume 4 to be non-vanishing (which can always be
achieved by change of basis in case ¥js is not identically zero) and from (B.3) express
&n (one of the 277! components of the embedding tensor) in terms of the unconstrained
parameters (Je, 0, %) transforming in the 173 4+ 27+ 4 78+3 " For convenience, we
parametrize the latter as

(1]

Ve = K , D = KA £ e (B.4)

Ie

and solve equation (B.3) as
Em = —E%am A = — 0=y, . (B.5)

By similar computations, the remaining parts of the embedding tensor can be determined
from other components of the constraint equations. Evaluating equation (2.21) for a5 = ™"
(the 351" equation) yields

0 = 94 €™ — 3E 1o [™ €F 109 1, a1 (9, + 3¢,), (B.6)
which upon plugging in (B.5) reduces to
Ogyz - €™ = 102t d"™ Oy )3 - Ny, (B.7)
where we have defined the operator
Oy)3 = 0= — g,«;. (B.8)

As the same operator appears on both sides of equation (B.7), the general solution for the
component £™” can be given in polynomial form as

é-mn - 10 Eatak[m dn]kl M\ + Cmn , (BQ)

where (™" denotes a (real) zero mode of the operator Oy /3. It corresponds to an eigenvector

=a

of the action of the eg) generator defined by Z with the particular real eigenvalue %/{.

a

In particular, such zero-modes only exist for non-compact choice of Z% and some very

particular values of x .
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Going down the grading, the next constraint equations live in the 2_7+2, of which

there are four different ones. The relevant ones are obtained from (2.19) for « = ™ and
from (2.20) for M N =", respectively, leading to
(€™ + 39™) Do + E% ey 9" = £, + 5dTP, (£, + §U,)
§M0¢ — E%en 0" = MMy, — 15dMPI0, €, (B.10)

Using the explicit form of (B.5), (B.9), these two equations determine the components £
and Y™ in terms of the free parameters according to

" = Bk d™ Ny + KT

E™ = 5E%," A" NN + N, — BT (B.11)
up to the constant vector (" which is a zero mode of the operator O4/3 = 0z — gm.

Again, such zero modes exist only for very particular values of k. Next, we evaluate the
constraint (2.20) for MN = ,,,, (the equation transforming in the 35172) to obtain

0= %g[m"gn} -5 dmkpdprqdqln gkl"gr + ta[mkdn]pk EfP — EmnVe (B'12)

which uniquely determines the 351! component &,,, of the embedding tensor. Explicitly,

after some computation and using the relations obtained above, we find

Emn = 2 Eata[mk )‘n])‘k -5 Eata[mpdn}pqqul DYDY
-5 dmkpdprqdqln Ckl)‘r + ta[mkdn]pk Eagp : (B13)

The singlet equation 1° from evaluating (2.19) for a = o yields
300° = L (€M — En™) — 5 9 i (B.14)
which allows to express the singlet 173 component 9* in terms of the other fields
9 = =3 kd™™ NN — K" A - (B.15)
Evaluating (2.19) for a = a finally yields
0= ;’t“m"(gmﬂn — & 0M) — 3t (drgn &P + 10d"P"E g 0)
+£%04 — Z9* + 1617, 9™, . (B.16)
which yields the 783 component &%

€8 = 300 (tpt™)n™ d™™ Ny e Ay — § 2% dF A Ak
—i—Ea)\ka — Eb(t“tb)kl)\lgk — 8k t“kl)\lgk
6t MNP 1587, 9P d g e N C (B.17)

We have thus determined all the components of the embedding tensor (B.1), (B.2) in terms
of the parameters k, Ay, =%, ("™, (""", of which the latter two are particular eigenvectors
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under the Eg) action of Z. In the following, we need to check that this solution indeed
satisfies all the constraint equations (2.19)—(2.21). In particular, the remaining constraint
equations may impose further restriction on these tensors. E.g. evaluating equation (2.19))
for a@ = ,, implies that

A ¢t =0, (B.18)

i.e. ¢¥ is not only zero mode of O4/3 but also satifies a ‘pure-spinor type’ condition of Egg) -
In the following, we evaluate all the remaining constraint equations.

B.2 Evaluating the remaining equations

We can now check all the remaining equations upon using the solution obtained above.
To this end, let us first calculate the invariant I4(¢) from (2.33) quartic in the trombone
parameters ¥, for the explicit solution (B.4), (B.11), (B.15). As a result, we obtain
2 4 m,n

L(0) = 3 K" dmnp (" CMCP (B.19)
i.e. the quartic invariant does not depend on the parameters \,,. This shows that all A,
can be set to zero by an Eg(7) transformation and therefore do not induce inequivalent
gaugings. For simplicity, we will thus in the following set A, = 0. The solution found
in the previous section then reduces to the solution (2.27) given in the main text. In this
section we will evaluate all remaining constraint equations for this solution. The calculation
is rather tedious and has been performed using mathematica and cadabra [44, 45]. As a
result, we find that all remaining constraint equations of the system (2.19)—(2.21) are
satisfied provided, the parameters ¢*, (" obey the following set of identities

¢l =0, (B.20)

¢ g = 0, (B.21)

¢t¢ml =0, (B.22)

(ta- (E+ 36I) - (2= 261))n" " = =3¢ ¢ dpap(ta)n® (B.23)

with the matrix = given by =,,"* = 2%(t,)»," and ‘-’ denoting the matrix product. The third
equation comes from the constraint (2.21) evaluated for [af5] = [ab]; the fourth equation
comes from the same constraint evaluated for [a5] = *". We have explicitly verified that
all other constraints are satisfied as a consequence of the ansatz and the relations (B.23).
In particular, the constraint obtained from (2.21) evaluated for [af5] = ¢,, follows after
some computation from the fourth equation of (B.23) and the other constraints.

The fourth equation of (B.23) is linear in ¢". In particular, contracting this equation
with (t%),,9 implies

(32K% — E°E,) (™ = L (M dpypdysgdPT™ (B.24)

i.e. for E°Z, # 32 k%, we can express (™ as a bilinear in ¢¥'. Note that this is consistent,
as the r.h.s. of (B.24) is indeed eigenvector of = associated to an eigenvalue which is twice
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the one of ¢F'. Still, plugging this expression for £ into the four equations (B.23) will
lead to a set of nontrivial constraints polynomial in (""" .

As illustrated in section 2.5, the “Eg(g)-pure spinor” constraint (B.20) on (™ singles
out an O(1,1) x SO(5,5) subgroup of Eg(g) in which SO(5,5) is part of the little group of
its solution. In particular (™ coincides with the singlet 1= in the branching (2.37) of the
27 relative to this O(1,1) x SO(5,5), and = should have the form in eq. (2.39). Let us first
consider the simple case in which =y is a semisimple element of s0(5,5) and thus can be
considered as an element of its Cartan subalgebra. Let us also consider the case in which
the two sides of eq. (2.32) are separately zero. The constraint (B.23) is then satisfied if =
commutes with an s0(4,4) subalgebra of s0(5,5) and if its norm is Tr(Zg-Zg) = 24 k2. The
last requirement is easily understood by observing that =y and Z; are mutually orthogonal
and that Tr(Z; - 1) = 82, since (B.23) implies that Tr(Z - =) = 32x2. This fixes the
normalization of Zg. We can branch the relevant Eg) representations with respect to its
SO(1,1)2 x SO(4,4) subgroup, where the SO(1,1)? factor is generated by Z1 + Zy. The 27
then branches as follows:

;2370) (§71) (;;771)

27 1G9 4 132 4 1(=3.-2) 4 8 * +83 +8, ,
78 — (28 +1 + 1)(070) + Sgl’_l) + 8&1’1) + 82_1’1) + 8£_1’_1) + 85)0’2) + 85)0’_2) ,

where the gradings are the eigenvalues of Z; /k, Z¢/k. The “pure spinor” (" corresponds to
the 1(5:0 representation. Consider now the vector ¢-t* = (¢"t%*,,"). The constraint (B.23)

reads:
2 4 o
<55+3/£> (55—3/1)(-1? =0. (B.25)

Let us analyze the relevant cases:
o Ift* € 50(5,5)+s0(1,1), ¢-t*is still in the 139 and is thus annihilated by 0= — g K;

o Ift% e 8&1’_1) + 8&1’1), ¢ -t* = 0 and the constraint is satisfied;

1 1 1
o If 1% ¢ 8(8_1’1) + 8£_1’_1), ¢-t* e 8593’1) + 8£3’ 1). The component in 8&33’1) is a
zero-mode of d= — éfs, while the second component is a zero mode of d= + g k and

the constraint is still satisfied;

Consider now the case in which Z¢ has a nilpotent component =, in 1653, so that = has a
semisimple and a nilpotent component = = =g+ =,,. The constraint (B.23) is still satisfied
provided the following condition holds: [Eg, =Z,] = 2k =,,.

C Gauge group generators in Eg components

Here, we give the gauge group generators (Xp7)n™ for the general solution (2.27) of
the quadratic constraints as obtained from (2.12), (B.1), (B.2), and (2.27). They are
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parametrized by k, 2% ("™, and {"™", which are subject to the identities (B.23).

0 0 0 0
_ | 0Enm - 2kan, 0 0
Xo =10 0 —En™ = 3RO 0 '
0 0 0 —2K
0 —Ep" + 2RO} 0 0
X, = E[kpchm]pq écnpdkpm + 5Cpqdkprdqsmdrsn glidkmn - Ekpdpmn 0
k 0 10 (,PCd,pgd™™  5¢PUdnprdigsd™™ — L¢P dypy, Ex™ — 2k | 0
0 0 —E1PCdypg 0
0 (¢hkn 0 0
Xk o 0 kan Ckpdpmn 0
- 0 0 Xk: m ka 9
0 0 0 —2K (™
0 —2KC™ 0 0
e |0 0 —2k¢Pdpmn O
X* = 0 0 0 2k¢m | 0 (C.1)
0 0 0 0
where

X" = 28,0 — 3echan, — 2kCM6E, + 2 k(P dpgmd ™ — 102,F (I ygrd ™"
xtm, = 93, Imeh 4 slheml — 205end,,, dT 4 102, 5 Cdyp g d P

Via (2.22) these generators also encode the structure constants of the gauge algebra.

D T-identities

Upon dressing the quadratic constraints (2.19)—(2.21) with the scalar vielbein and using
the definitions (3.6), (3.7), one obtains a large number of SU(8) identities bilinear in the
tensors A and B. Here we collect those identities that are important for the calculations
in the main text. Working out all quadratic constraints that transform in the 63 of SU(8),
we find the following relations

1539 : 0 = 6A"Bj, — 6B Aj, + A;"™" By — A'jp B™ (D.1)
133: 0 = 24%Bj, +2B% Aj — A" By — A'jyun B™ + % BBy — L6} trace
133: 0= 12A% A, — A", A 4 34K, A ™

+12 (247" Bjy + 2B Ay — A By — Al B™) 1% trace,
8645 : 0 = —240A% A + 1147, A% 4 214F,,, . A
=12 (10A% By + 10B% Ajp + A" By + A'jypn B™) = 18} trace
descending from the various irreducible E;(7y contributions of (2.19)-(2.21) as indicated.

The E7(7) origin of these constraints can also be confirmed by calculating the action of the
quadratic Casimir operator upon using the E7(7) transformation properties

5Aijkl _ 2Aim2mjkl + 3Emn[]kA”zmn + Emnp[jé-f:Al}mnp ,
§BY = -2k py (D-2)

with Y7* satisfying Ykl = 214 eijklm”pqﬁmnpq.
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Similarly, we can deduce we can deduce two constraints in the 70 of SU(8):

133: 0 = A™ ;B + 4B} Bin) — oy €jkinmars (A7 B¥ + AB™1B")

—  Ehimmpgr (AASPIATS — BATP A0 L 164, P (D.3)

and two constraints in the 378 of SU(8):

1539: 0 = 4Aj[kBln] + Amj[len}m + A" i Bim (D.4)

1 m, rs 1 TS M
_gersmpanlAj PIpTs + 18€qursnkl14pq B p7

8645 : 0 = —18AmnklAjm — 54Am][klAn]m + GOA][kBln} - 9Am][len}m - 9AmklnBjm

1 3 t 2
"’empqrsnklAjurS (Aumpq - 351Tqu) - 4€jnklpm7"sAur8 (Atmup - gélnBup) .

If the components ©,/% ¥j5; are chosen such as to satisfy the quadratic con-
straints (2.19)—(2.21), the relations (D.1)-(D.4) among the scalar tensors A, B, follow
as an immediate consequence. For BY = 0, all these identities consistently reduce to the
quadratic identities given in [9, 17].

Open Access. This article is distributed under the terms of the Creative Commons
Attribution Noncommercial License which permits any noncommercial use, distribution,
and reproduction in any medium, provided the original author(s) and source are credited.
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