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Abstract—We propose a communication strategy for a three- Fig. 1.  The network under study (left) and the network cutsdusor
node wireless network, where the relay nodes generate theawn computing the bound (right).
data besides decoding and forwarding other nodes messages.
Unlike previous work, we consider that the nodes are arbitraily

located on a 2D plane, are equipped with half-duplex radiosrd g4 rces can reach the destination, possibly with an aribjtra
require a fair rate allocation. We quantify the performance in low DO . fai te all Hi . ired. i d
terms of achievable rate as the SNR conditions, the network power, '_V) a :_:ur rate allocation 1s requ_lre 1€, _r_le e
geometry and the nodes traffic demand vary, and compare it Need to achieve different data rates according to theifidraf
to the cut-set bound that we derive for the network under demand. Considering this network scenario, we derive tie cu
study. Furthermore, we show that our strategy outperforms hat  set upper bound on the achievable rates and propose a glayin
proposed in [2]. strategy that closely approximates such a bound. We alse sho

that our strategy outperforms the one presented in [2].
I. INTRODUCTION
Cooperative relaying has received a growing interest in the Il. SYSTEM MODEL

literature since it is frequently encountered in a variefy o We consider a network composed of three nodes, as depicted

wireless systems, e.g., cellular, ad hoc and sensor neswor n.Fig. 1 (left). We assume that the network lies on a plane

The basic three-node relay channel, where one source n Sre the positions of the nodes 1, 2, and D are given by
transmits to a destination via an intermediate node (rela ) 1/2,0), (+1/2,0) and (21, 2») respéct;vely Letl. . be the
9 ’ ’ 9 1 . 1)

has been studied in [1], where different coding strategi Sstance between nodeand nodej, with i,j € {1,2, D}

are defined under the asumptions of full-duplex nodes. Mo\rﬁe setd;» = 1, which yields:dip = /(21 + 1/2)% + 22 and
recently, the work in [2] introduces two cooperative pratisc 12(Z ’1/2)2 T2 o ! 2
11— 2

that encompass the ones previously proposed. The case 2(ﬁlodes 1 and 2 are sources of data traffic to be delivered to

multi-source, multi-destination, multi-relay networkashbeen I .
. . . the destination D. These nodes may also cooperate by rglayin
addressed in [3]. Unlike our study, all these works hinge on . o .
. : each other traffic toward D; in this case they adopt the DF
the rather strong assumption of full-duplex radios. . )
relaying technique [1].

A network with half-duplex nodes (i.e., unable to transmit Th d ‘ th ¢ h | and
and receive simultaneously) has been studied in [4], [5], |n € nodes operate on Ihe same Irequency channel an

the case of a diamond-shaped network topology. The pratoc pnsmit at the same power level. We assume free space prop-

proposed there achieve rates close to the cut-set uppedboﬁ%‘?‘t'on and_that the repewed signal |s.corrupted by acdnll'qv
white Gaussian noise with the same variance at every receive

derived in [6]. Note, however, that the scenarios addresse L : . . .
[6] dFor simplicity of notation, we defing as the signal-to-noise

[2], [4]-16] are fundamentally different from ours, sincket Sré\lR) ratio observed at a receiving node located at distance
relay nodes do not generate their own data. The ach|eva§: 1 from the transmitter. It follows that the SNRs observed

rate in half-duplex networks with two sources, one destimat ) . .
and multiple relays is studied in [7], but assuming a noise-f at D when nodes 1 and 2 transmit are given, respectively, by
’ v = v/d3, andvy, = v/d3p. In the following, we focus

channel and single-hop transmissions only. the case wher e 0: the extension to
The cases of a three- and a four-node network where nod&s Where: < 72, 1.€., 21 > U xtensl

can be both sources and relays have bee investigated in i?ﬁezptﬂzsg?séiiedls r:g":gﬁ;’seé fgrzgrr(‘)tfor"n‘:zrd-b'é‘(l:soorhg‘?:rth
[9], respectively. However, unlike our work and similar tq dthe f 2D i 2 q Iy it ot h Ic}i/
the aforementioned information-theoretic approach, thdys arge and the free space propagation modet might hot hold any
in [8] assumes full-duplex nodes. The study in [9], instea!fnger'

deals with a half-duplex network where two sources can rea hs'nﬁe ntodes 1 antq 2 (I)ptertate. Ln half-_dupdlex m(_)de, e;ch of
their destination only using the other source as a relay. T m has two operational states: transrjiad receivey.

symmetry of such a scenario allows the authors to explérﬁStead is always in receiving mode. We define the operdtiona
the so-called broadcast channel with cognitive receivaiciv state of the ne.tworka,. as the vectqr of the st_ates of podes
cannot be applied to our case. 1,2, D, respectively. Since we are interested in studying the

Our objective in this work is to revisit the three-nodenOdes achievable rate, we only consider the following state

decode-and-forward (DF) relay channel with four key difer
ences with respect to previous work: i) each node can act
as both a source and a relay, ii) nodes are half duplex, iii., we neglect the state where all nodes are receivingigs th
they use the same frequency channel and the signal of batbuld imply that no data transfer occurs in the network.

o1 = [tvtvt]v 02 = [‘C,f,t], 03 = [t,t,t],



I1l. COOPERATIVERELAYING STRATEGY straints [1]:

We. propose a communicat_ion strategy for the network Ry < C(|hy)?) (3a)
described in Sec. Il. We describe the scheme by taking node R < C(|hs|?) (3b)
2 to act as a relay for node 1; the symmetric case where node 12 = 2 ,

1 acts as a relay for node 2 can be easily derived from there. Ry < C(|[hs]]%) (3¢)

Instead, the case where nodes 1 and 2 relay each other’s traffi Rii+Ri2 < C (H3H3H) (3d)

\(/)vfotl::i(llsvacl)(:kto a totally different analysis and is out of thepse Riu4+Ry < C (H2H2H) (3e)
: H

Since nodes operate in half-duplex mode, we consider a Riz+R: < C(HH") (3
time-division approach where transmissions occur overa tw Rii+Ri2+Re < C (HHH) (39)

slot frame, with slots of equal duration. We assume thatat Sl . .
1 the network is in state;, while in Slot 2 the network is in where.H T ]Bf[lh’ h2’|h3] a]?d_Hf 2'3301?&?'%? fromH by_
stateos. In other words, according to the proposed schenj@Mmoving 1ts &-th column, i =1, 2, 5. AlSO, Tor a generic

node 1 always transmits while node 2 receives in Slot 1 a trix X, weddefmedg(X) ; log, det”(I.+ X). ¢
transmits in Slot 2. Next, we denote byR; the overall instantaneous rate o

ge 1, i.e.,R1 = Ri1 + Rie. Prior work on cooperative

More precisely, assume that node 1 has two independgﬂ o has b ‘ q inl imizing th
messages to send to D, denotediiBy; andW2, respectively, relaying nas been focused mainly on maximizing the sum

while node 2 has a single messagjé;, (independent ofV/; rate_of_ th_e source nodes, i.6%; + R,. However, such a :
andV,) to be delivered to D. The messagés,, Wis, and maX|.m|zat|on does not guarantee fairness between thectrafﬁ
T, are encoded into the complex sigrals;, 712, andzs, by requwements_ of the source .nodes.. In order to _solve this
using codebooks of ratR,;, Ris, and Ry, respectively. We problem, we impose the additional fairness constraints:
assume that these signals have zero mean and unit variance. Ri=R; Ro=pR (4)
Then, our relaying strategy works as follows.

Slot 1. The network is in stater; and node 1 transmits;;. and aim at maximizingR. In (4), p € [0,+0o0) is the ratio
Denoting the signal and the noise at the recelver {2, D} between the nodes traffic requirements and is assumed to be
in slot j € {1,2} by 4/ andn”’, respectively, we can write known. We also stress that for = 0 (i.e., R, = 0) the
the signals received at node 2 and Dgid) — /a1, +n) Problem reduces to maximizing the rate of the pure relay
and yg) = Vvmnzi + ng), By processingy;l), node 2 can channelz as done for ex-ample in [2]. .
successfully decode the signaj, and retrieve the message BY USINg the expression G2, and (4), we can rewrite the

Wy, if constrains (3a)—(3g) as functions Bf and Ry, only, i.e.,
Ri1 <C(7) (1) Ri < C(w) (5a)
where the functiorC(-) is defined a€(z) = log,(1 + z) and Rii > R—C(|h]?) (5b)
~ is the SNR associated 3" . R < C(|hs)*)/p (5¢)
Slot 2. The network is in staters;: node 1 transmits a R < C (H3H3H) (5d)
linear combination of the signals;; and x5, while node B H
2 transmits a linear combination of the signalg and zs. Ru < —pR+C(HoHy") y (5e)
Note thatz; is available at node 2 if the constraint in (1) Ru > (1+pR-C(HH") (5%
is satisfied. Thus, the signal received at D is giveny@ = R < C (HHH) /(1+p) (59)

Vot (1 — a)nzie+vByerii++/(1 - 5)’72@"‘”%)

where the parameters, 3 € [0,1] represent the transmitWher€Rii < R. Equations (1) and (5a) can be compactly

power share that nodes 1 and 2, respectively, devote to [R&tteN as (6a), wher€'y; = min{C(v),C(|[h1[*)}. Also,
transmission ofi1; . (5c¢), (5d) and (5g) can be rewritten as (6b)

The signalsy})’ and y!? can be rewritten dsy, = . -
H h _ 1, nT _ 1, @ 11 = 11
x + np, whereyp = [yp’,yp’ ], np = [np’,npy’]", R < b)

X = [I11,117127502]T. and
VL 0 0 wereCo=min{C(|[hs||*)/p,C (HzH3") ,C (HH") /(1+p)}.
= — — . (@ Next, we are interested in finding the maximum r&e

VBt VI -am V-6 for which there exists at least a solution to the system of
Hence, giverzy, 22, o, and 3, the instantaneous rates achievinequalities given by (5b), (5e), (5f), (6a), and (6b). Bghking

able by the source nodes are limited by the following comt (6a) and (5b), it is straightforward to see that a solution

for Ry, exists if the term on the right hand side of (5b)

!Although a signal can be represented by a sequengémindom symbols, is lower than the term on the right hand side of (6a), i.e.,

z[n], n = 1,..., N, wheren is the symbol time index, for simplicity, we o 2 ; ;
consider a symbol-by-symbol transmission and drop thexinde R C(thH ) < Cui. Then, by solvmg with respect ®, we

2B0ld lowercase and uppercase letters denote vectors anitesarespec- OPtain that the rate is limited by
tively. Vectors are column vectors, the conjugate transpgeerator is denoted 9
by (-)", and the identity matrix is denoted Hy R < Cy = Cy1 + C(||he|]?). @)

H




Similarly, considering the pairs of equations: (6a) and, (&)

and (5b), (5e) and (5f)R11 <R and (5f), we obtain: 2 Bound —
9 Bound-2 --- /\

R < Co=(Cu+C(H1*)/(1+ p) 8 15 [{Bound-1 --- [ AN

R < Cy=(C(Ih2]*) +CF[*)/(1+p)  (9) SO \

R < Ci=(C(H.|*) +C([Hal*)/(1+2p) (10) = 1 SN

R < Cs=C(|Hi|*)/p. (11)

. 0.5 / hNE \

Note that we do not compare equatioRs; < R and (5b) — s 7 AN e
because the solution turns out to be independerk ofind [ 5 R
C(||h2]|?) > 0. In conclusion, given the parameteyszy, zo, 0

andp, the rateR is limited by

R<C*"= max min {C;} (12)
@,8€[0,1] ¢=0,...,5 Fig. 2. Comparison between the average rates achievablerbiglay strategy
where the maximization is over the power share paramet@Ré the upper bounds as varies, forz;=0, 7=0 dB andp=1.

« and 8. From (12), it also follows that the achievable rate

(averaged over the two-slot frame) is limited by between the (assumed Gaussian) inpXifsamd X (see [10,
chapter 10.2] for details).
R<C*)/2 (13) As the last step, we compute the mutual informatipys

that appear in the expression of the cut-set bound in (14). To
Bo so, we analyze each network state, separately.

1) In stateo; (only node 1 transmits), the signals received
at nodes 2 and D are given % = ,/7X; + N2 andYp =
V. CUT-SET UPPER BOUND V11 X1+ Np, respectively. Thusly; = C(y+71) andls; =

In order to assess the performance of the proposed stratéé(%l)' Also, Iz, = 0 since node 2 does not transmit.
) In stateos (only node 2 transmits), the received signals

we compare it to the cut-set upper bound for the network
under study. We derive the bound using the notation intreduc®€ Y1 = v/7X2 + N1 andYp = \/72X> + Np, and we can
in [10, chapter 10.2] and by following the approach in [6]. Writ¢ the mutual informations ag> = 0, Iz = C(v + 72)
We denote by7 = {1,2, D} the set of nodes and assum@nd L2 = C(32). ) )
that nodes 1 and 2 generate two independent messHges, 3)_In statea?, (b_Oth nodes 1 and 2 transmit), the signal
and W, with ratesR, — R and Ro — pR, respectively, 'eceived at D is given byp = /71Xy + /X2 + Np,
as defined in (4). Estimates of these messages are obtaifiddy Py considering thai;, and X, are correlated with
at node D.X, and X, represent the signals transmitted b orrelation coefﬂmeng, the mutual mformguons are given
nodes 1 and 2, respectively, whitg, Y5, andY), the signals °Y Lz = C(n =), Iy = Clyz = 72(7), and Iz3 =
received at nodes 1, 2, and D, respectively. The sighialand Clm + 72+ 20/M72).
X, are assumed to have zero mean and unit variance and have
joint distribution px, x,. We also denote by, No, Np ~
Nc(0,1) the independent noise terms at the receivers. Finally,We now show the performance of our strategy in terms of
let /V[71 andWQ be the estimates of the messagEs and W» achievable rate, and compare it to the bound derived in Sec. |

where the factoi /2 takes into account that the transmissio
is organized over two time slots of the same duration.

V. RESULTS

obtained at node D. In particular, we evaluate the rates obtained when:

We then consider the cuts of the netwosk, i = 1,2,3 « node 2 acts as a relay for node 1. This is the situation
(see Fig. 1 (right)) and their complemef = 7 \ S, described in Sec. Ill, hereinafter referred to as “Relay-2”
which separate some of the messages from their corresgpndin  We recall that in this case the network operates in states
estimates. Following [10, chapter 10.2] the cut-set uppenil o1 andos, with t1 = t3 = 1/2;
to the achievable rat® is given by « node 1 acts as a relay for node 2 (i.e., nodes 1 and 2

, , , swap their roles with respect to the Relay-2 case). This
) Is; I, situation is referred to as “Relay-1", and corresponds to
¢=< R th[lj’ztjf’ztjl +Jp letting the network operate in states, and o5, with
t1,t2,t3>0 J=1 j=1 J=1 to =t3 = 1/2
tit+to+tz=1

(14) Fig. 2 shows the results as varies, forz, =0, v =0 dB
wherel;; = I(Xsi;Y5§|X5§,a.j), Xs, = {Xk|k € S;} isthe andp = 1. In the plot, the bullets labeled “1” and “2” on the
set of outputs from the nodesdh, Xse = {Xi|k € S7}isthe x-axis represent the position of the nodes 1 and 2, respégtiv
set of outputs from the nodes &f, andYs. = {Y,|k € Sf} is  while z; represents the position of the destination. The curve
the set of inputs to the nodesdif. The variable;, j = 1,2,3 labeled by “Bound” is obtained by evaluating (14), while
in (14) represents the time fraction the network operates time curves labeled by “Bound-2” and “Bound-1" represent
stateo;, with t; + ¢t + t3 = 1. The maximization in (14) the bounds obtained from (14) where, instead of maximizing
is also performed ove¢ = |E[X;X;]|, i.e., the correlation over t1,t2 and t3, we set(t1,t2,t3) = (1/2,0,1/2) and
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Fig. 3. Comparison between the average rates achievablerbglay strategy

and the upper bounds as varies, forz2=0, v=0 dB, andp=>5.
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Fig. 4. Comparison between the average rates achievablerliglay strategy

and the upper bounds as varies, forz2=0, v=0 dB andp=0.

(t1,t2,t3) = (0,1/2,1/2), respectively. These latter two
are upper bounds to the rates achievable by communicatj
strategies employing only two network states (out of thre

and for the same amount of time.

As expected, the Relay-2 strategy outperforms the Relay-

Thus, in the plot we only show the rates achieved by Relay-
2 and compare them to Bound and Bound-2. Additionally,
the curve labeled by “Nabar” shows the performance of the
strategy named “Protocol I” by Nabar et al. in [2]. This
strategy corresponds to setting= 0 ands =1 in (2), and it

is outperformed by our Relay-2 scheme whgr> 1.5.

VI. CONCLUSION AND FUTURE WORK

We studied cooperative relaying in a three-node wireless
network, where nodes use the same frequency channel, &re hal
duplex and can act as both sources and relays. We proposed
a transmission strategy and characterized the correspgndi
achievable rate when a fair rate allocation is provided. We
then derived a cut-set upper bound in our network scenario,
and showed that the rate achievable by the proposed strategy
closely approximates such a bound. The results also showed
that our strategy outperforms that presented in [2].

This work can be extended along several directions: i)
given an achievable rate, we can minimize the node energy
consumption through an efficient power allocation polidy, i
the study can be extended to fading channels to assess the
diversity gains, and iii) the assumption on equally-siziedss
can be relaxed in order to maximize the achievable rate with
respect to the slot duration.
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