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Abstract. The theory of surfaces in Euclidean space can be naturally formulated in
the more general context of Legendre surfaces into the space of contact elements. We ad-
dress the question of deformability of Legendre surfaces with respect to the symmetry group
of Lie sphere contact transformations from the point of view of the deformation theory of
submanifolds in homogeneous spaces. Necessary and sufficient conditions are provided for a
Legendre surface to admit non-trivial deformations, and the corresponding existence problem
is discussed.

Introduction. The classical problems of applicability of surfaces in Euclidean, projec-
tive and conformal geometry fit into the general theory of deformation of submanifolds in
homogeneous spaces as formulated by Cartan [9, 10] and further developed by Griffiths and
Jensen [17, 18]. Two submanifolds in a homogeneous space, f, f : M — G/K, are k-th
order deformations of each other if there exists a smooth map v : M — G such that, for every
p € M, the Taylor expansions about p of f and v(p) - f agree through k-th order terms; if v
is constant, f and f are congruent with respect to G. Of course, for each concrete geometric
situation there is a specific problem to solve. In Euclidean space, two surfaces are applicable
in Gauss’ sense if they are first order Euclidean deformations of each other, which means
that they are isometric with respect to the induced metrics, and are congruent to second order.
In projective 3-space, Fubini’s notion of applicability of surfaces goes to second order and
rigidity to third order. In Mobius and Laguerre geometry, second order deformable surfaces
coincide with isothermic and L-isothermic surfaces, respectively [20, 22].

This paper studies the deformation problem for surfaces in another classical geometry:
Lie sphere geometry. It is the outcome of our attempts to understand Lie-applicable sur-
faces within the general theory of deformation. Lie-applicable surfaces were considered by
Blaschke and his collaborators in the 1920s [5]. Recently, interest in Lie-applicable surfaces
has reappeared in the work of Ferapontov concerning the relation between Lie sphere geom-
etry of hypersurfaces and the theory of integrable systems [12, 14].

To put our discussion in perspective let us recall some facts about Lie sphere geometry.
Any smooth immersion of an oriented surface into 3-space has a contact lift to the unit sphere
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bundle A of §* = R3 U {oo} called the Legendre lift. The unit sphere bundle is acted on
transitively by the group of Lie sphere transformations. This group is the group of contact
transformations generated by the conformal transformations of 3 together with the group of
normal shifts, which transform an oriented surface to its parallel surface at a fixed oriented dis-
tance in the normal direction. Thus the Lie sphere group acts on the set of Legendre surfaces.
The principal aim of Lie sphere geometry is to study the properties of an immersion which
are invariant under this action [5, 11, 26]. Blaschke associated with any Legendre surface a
canonical coframe C and proved that the position of a generic Legendre surface is completely
determined by its canonical coframe, up to Lie sphere transformations. However, he observed
that there are exceptions to this rigidity result. Accordingly, two non-congruent Legendre im-
mersions f, f are called Lie-applicable if C = C. As we will see in Section 2, examples of
Lie-applicable surfaces include the Legendrian lifts of isothermic and L-isothermic surfaces,
which are known to constitute integrable systems [6, 2, 24].

In the paper, we think of A as a homogeneous space of the identity component G of
the Lie sphere group. We will prove that two (nondegenerate) Legendre immersions are Lie-
applicable if and only if they are second order deformations of each other; that two Legendre
immersions are always local first order deformations of each other; and that they have third
order rigidity. Further, we show how to recognize that a Legendre surface is deformable and
in this case how to find all its deformations.

In Section 1, we collect some background material about the Lie sphere geometry of
surfaces and develop the method of moving frames in this context (see [5, 11]). We iden-
tify A with the space of isotropic 2-spaces in R*? and linearize the action of Lie transfor-
mations. In this model, the identity component of O(4, 2) acts on A by contact diffeomor-
phisms and provides a double cover of G. We then apply the method of moving frames to
study Legendre surfaces and recall the construction of a canonical lift to the group G under
a natural nondegeneracy assumption. For any Legendre surface, we introduce the canonical
coframe (al, a2), which turns out to be the analogue of that considered by Blaschke [5], and
the quadratic and cubic forms of the surface. We define a set of local differential invariants
q1, 92, P1, P2, 11, 2 for a Legendre surface and relate them to the classical ones discussed by
Blaschke and Ferapontov. We then deduce the compatibility conditions, which play the role
of the Gauss-Codazzi equations for a Legendre surface in Lie sphere geometry. The functions
q1, q2, p1, p2 are completely determined by the canonical coframe, while rq, r» govern the
extrinsic geometry of the Legendre immersion.

In Section 2, we investigate the class of Legendre surfaces which are not determined by
the canonical coframe. We take the point of view of the deformation theory of submanifolds
in homogeneous spaces. We introduce the concept of deformation and discuss the related
questions of analytic contact and applicability. We study the problem of second order defor-
mation of Legendre immersions and prove that two nondegenerate Legendre immersions are
second order deformations of each other precisely when they are Lie-applicable, or equiva-
lently, when they have the same quotient of cubic to quadratic forms (see Theorem 2.10).
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In Section 3, for a given Legendre immersion, we introduce a suitable linear connection
on the trivial bundle M? x R3 and show that the existence of non-zero parallel sections with
respect to this connection is a necessary and sufficient condition for the Legendre immersion
to have non-trivial deformations. In particular, we show that the non-trivial deformations of
nondegenerate Legendre immersion depend on three parameters at most. The above character-
ization allows the introduction of free parameters in the Maurer-Cartan form of the canonical
frame of a deformable surface without violating the structure equations, and suggests the ex-
istence of a Biacklund transformation for the class of deformable Legendre surfaces. We will
return on this topic elsewhere.

In Section 4, we discuss some examples of deformable Legendre immersions.

In the last section, we study the existence of deformations. We use the characterization of
deformable Legendre immersions in terms of parallel sections to set up the exterior differential
system of a deformation. We then prove that this system is in involution in Cartan’s sense and
that its general solutions depend on six functions in one variable.

1. Surface theory in Lie sphere geometry. In this section, we briefly recall the basic
structure of Lie sphere geometry and develop the method of moving frames for immersed
surfaces in the context of that geometry. More details about Lie sphere geometry are given
in the recent monograph of Cecil [11], in the book of Blaschke [5], or in Lie’s original work
[19].

1.1. Legendre immersions. Let S° be the unit sphere in R* and identify the unit tan-
gent bundle A = 715> with the set of all pairs (v, £) € S° x S such that v is orthogonal to

& ie.,
A={(v,8eS xS CR*xR*|v-&=0}.

Let 1, 72 : 183 — S3 denote the restrictions to A of the canonical projections of $3 x §3
onto its factors. Then the equation dmy - mp = 0 defines a 4-dimensional contact distribution
Don A.

If F: M?> — S3 is an immersed surface oriented by a field of unit normals 7, then
(F,n) : M> — A is an integral submanifold of D. In general, an immersion f : M> — A
which is an integral submanifold of D is called a Legendre surface. The Lie sphere group,
that is, the group generated by the conformal transformations of 3 together with the group
of normal shifts, which transform an oriented surface to its parallel surface at a fixed oriented
distance in the normal direction, preserves the contact distribution D and acts naturally on the
space of Legendre surfaces.

Iff=(F,n): M? > Aisa Legendre immersion, the smooth map F : M? — $3 need
not be an immersion. However, without loss of generality, we can always assume (applying if
necessary a normal shift) that F is locally an immersion. This follows from a result of Pinkall
[26] (see also [11]) stating that, for each p € M 2 there exists 7 € [0, ) for which the parallel
surface F; = (cost)F + (sint)n is locally an immersion.
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We recall that the curvature sphere at p € M? corresponding to a principal curvature k;
is the oriented sphere in oriented contact with F'(M 2y at F(p) and centered at the focal point
determined by the principal curvature k;. The notion of a curvature sphere is invariant under
Lie transformations. For instance, if F : M2 — R3 is an immersed surface oriented by the
field of normals n : M? — S2, then (F,n) : M> — R3 x §? C A is a Legendre surface. In
this case, the curvature spheres at a point p € M? are the oriented spheres o; (p) centered at
F(p) + ki(p)~'n(p), with signed radius k; (p)~!, i = 1,2. When k;(p) = 0, then o; is the
oriented tangent plane of the surface at F(p).

DEFINITION 1.1 (Nondegeneracy condition). We say that a Legendre surface f =
(F,n) : M?> — A is nondegenerate if F is umbilic free and both of the curvature spheres
corresponding to the principal curvatures ki, kp are immersions into the space of oriented
2-spheres in 3 (including points).

1.2. Moving Lie frames for Legendre surfaces. Let R%? denote R® with the symmet-
ric bilinear form

(1 (X, 7) = =00+ =yt +atyh + 277 + 2%y =X gy

of signature (4, 2), where (x7) and (yJ ) are the coordinates of X and Y with respect to the
standard basis (&g, ..., &5) of RS. Let G be the connected component of the identity of the
group

{A € GL(6,R) |'AgA = g}

of linear transformations which leave the form (1) invariant, and let g = {B € gl(6,R) |'Bg+
gB = 0} be its Lie algebra. For each A € G, we denote by A; = A - ¢, the J-th column
vector of A. Regarding each of the vectors A as a vector-valued function v : G — R® on G,
since the A; form a basis, there exist unique 1-forms a)g with I, J € {0, 1, ..., 5}, so that

2) dAj=whA;, J=0,...,5.

(We use the summation convention on repeated indices.) The 1-forms a)§ are the components
of the left-invariant Maurer-Cartan form @ = A~'d A of G. They are connected by relations
obtained from the differentiation of (A;, Ay) = g1y, I, J € {0, 1,...,5}, which are
3) g+ g0 =0, or wfgkstwygkr, 1,J€{0,1,....5),
and reflect the structure of the Lie algebra g. The forms

W, 01, @, @y, O, W), OF, ©], g, ©3, WY, W, 0, W3, W)

yield a left-invariant coframe field on G. Differentiating (2), we obtain the structure equations
of G, which are

(4) do=-wAw, or doh=-wkroX, 1,7e€{0,1,...,5}.
For each X € G, the Maurer-Cartan form w transforms as follows

(&) Ri(w) = X"'wX.
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The projectivization Q = P(L) of the light cone £ of R*? is known in the classical
literature as the Lie quadric. In Lie sphere geometry, the Lie quadric parametrizes the set of
all oriented 2-sphere in S3, including points, and the lines in Q correspond to parabolic pencils
of spheres in oriented contact. The set of all lines in Q, that is, the isotropic Grassmannian
of null 2-planes through the origin in R*?2, forms a smooth manifold which can be identified
with A (for more details see [11]). Under this identification, the group G acts transitively on
A by the usual action of G on the Grassmannian G (R*?) and preserves the contact structure.
The projection map

6) mp:AeG — AlsgAell =[AgN A1l € A =G/Gy

defines a principal Go-bundle over A, where Gy is the isotropy subgroup at the chosen origin
[eo A e1].

A Legendre surface f : M?> — A may then be represented by two maps Fo, F| : M?> —
L suchthat f = [Fy A F1], (d Fp, F1) = 0 and (Fp, F1) = 0. Of course, such a representation
is not unique. For example, if F : M?> — R? is any smooth immersion in R3, oriented by a
field of unit normals n : M2 — S§2, then the Legendre lift f = [Fy A F1] is given by

F, (1 ! F!' F2 F3 ! F! 1F F)t
0= s T = 3 3 P — ’ ~ N )
V2 V22

t
F=- <0, %(1 +nhy, n? 0, %(1 —nh,n. F) .

A frame field along a Legendre surface f : M? — A is a smooth mapA:U — G
defined on some open subset of M 2 such that f = [Ag A A1]. For each local frame A :
U — G welet « = A*w. The Legendre condition simply means that the form ag vanishes
identically. Any other local frame is given by A = A- X, for some smooth map X : U — Gy,

and the 1-forms « and & are related by

(8) a=X"dX+ X lax.

(N

The totality of frames along f is the principal Go-bundle Fo(f) — M?, where
Fo(f) ={(p,A) e M x G| f(p) =[Ao A A1l}.

The canonical frame. Following the usual practice in the method of moving frames, we
can construct a canonical lift to the group G /Z, for any nondegenerate Legendre surface. The
idea of the procedure is at each step to normalize the Maurer-Cartan matrix of a frame along
f as much as possible, and then take the exterior derivative of the equations expressing this
normalization, thereby leading to the next step. Similar preferred frames have been given by
Blaschke [5] and Ferapontov [12, 14]. Here, we skip the construction.

THEOREM 1.2 (Existence of the canonical frame). Let f : M?> — A be a nonde-
generate Legendre immersion of an oriented surface M?. Then there exists a unique lift
[A]: M? — G/Z satisfying the Pfaffian equations

2 3 3 1 2 0 3 0
2

9) aé:aozalzo@:ao—al=a1—a0=oz =Ol31)=0
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with the independence condition
(10) aynat > 0.

[A] is called the canonical frame field along f. Let &' = o) and o* = a?. The coframe
(o', @?) on M? is referred to as the canonical coframe of f. The bundle of canonical frames
along f will be denoted by F(f) — M?>.

DEFINITION 1.3. The quadratic form @ and the cubic form ¥ of the immersion f are
defined by

(11) & =—a'a?, ¥=—@H+ @,

respectively. The quotient B = ¥/® of the cubic form ¥ to the quadratic form @ is a well-
defined map B : T(M) — R U{oo} which is a rational function when restricted to the tangent
spaces T, (M). B is called the Fubini-Blaschke invariant of f.

The invariant functions. 'The only non zero components of the Maurer-Cartan form o
of the canonical frame are o' = ag, a? = cx%, and ozg, (xll, a%, ag, cxg. From the exterior
differentiation of these forms and the structure equations, it follows that there exist smooth

functions q1, g2, p1, p2, and ry, r2 such that

al) = —2qia! + o, of = —qia! +2g20?,
(12) (xg =ra' + pra?, a% = pra! + ra?,
ag =—ra' +ra?.

We shall refer to these functions as the invariant functions of f. In fact, using the structure
equations, we obtain

(13) dao' =018/\051, d(xzz(x} /\(xz,
(14) da) = (@* —a) na', daf = (@' —a)) Ad?,
(15) d(xé = —(xll /\a% , d(xg = —058 /\ocg, d(xg = —(058 + a}) /\052.

In terms of the invariant functions, these equations become

(16) da' = —qgcxl A az, do? = —qlal /\(xz,
(17 —2dgi Aol +dgy Ao = (pr — qiga — Dal Aa?,
—dgi Al +2dgy A a? = (—p1 +qi1ga + Dal Aa?,
dri Ao +dpy ANa? =Qqar1 + 3q1p2)e’ A,
(18) dpi Aal +dry Ao =Q2qir + 3gapnel Ad?,
2

—dry Aol +dry A d? =4(qir1 — qrzrz)oe1 Ao”.
Equations (16) and (17) tell us that the invariant functions g1, g2, p1, and p> are determined

by the canonical coframe. Equations (18) can be viewed as compatibility conditions arising
from the fact that the canonical coframe is obtained from the Legendre immersion. Thus,
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we may think of (16) and (17) as the Gauss equations and of (18) as the Codazzi-Mainardi
equations of the immersion.

Relations with Euclidean geometry. Let f : M> — A be the Legendre lift of an ori-
ented immersion F : M?> — R3 with Gauss map n = (n', n?, n) and suppose that f is
nondegenerate. Let (4, v) be curvature line coordinates on M 2. Then the canonical coframe
takes the form

o (e Tg U (kD) P, o = ——(feg T ()2 (ka))

ki — k2 ky — ki
where e and g are the coefficients of the first fundamental form of F with respect to the
coordinate system (u, v). Moreover, the quadratic and cubic forms take the form

1

1
& =———(ky)y(kp)pdudv ,
(ky —k2)2( Du(k2)vdudv
C Kk)ulk)y

(k1 — k2)3/eg

Observe that ! = (8y?)!/3dv and o = (8%y)'/*du, where g and y are given by
1 1
Veg Tl k), v = Ve lg(ka)y .
ki — ko ky — ky

Using the above structure equations, the invariants g1, g2, p1, p2 can be expressed in terms of
B and y. For example,

_ 1 B _ 1 4
N =37 (2’3 ”U”)’ = 308,227 (ﬂﬁ “HV”)'

The invariants B and y correspond to the invariants p and g considered by Ferapontov [12],
p- 207, and Blaschke [5] in the construction of the canonical frame. Note that the vanishing
of both B and y is equivalent to the condition that the principal curvatures are constant along
the corresponding principal foliations. This property characterizes the cyclides of Dupin. If
one of the two principal curvatures is constant along the corresponding principal foliation, the
surface is the envelope of a one-parameter family of oriented spheres (including planes and
point-spheres), and we are in the presence of a canal surface.

(e(kn)udu® + g(ky)ydv?) .

ﬁ:

REMARK 1.4. Associated with any nondegenerate Legendre immersion f there is the
3-web formed by the asymptotic lines of the quadratic form @ and by the cyclidic curves!,
i.e., the curves along the zero-directions of the cubic form ¥. In view of (11), the curves of

this web can be defined in terms of the canonical coframe by the Pfaffian equations
(19) otl=0, a2=0, a' —a?=0.
The connection form of the 3-web is the 1-form ¢, uniquely determined by the equations

do' =" Anal', da® =" A’

IThe family of curves which are orthogonal to the cyclidic curves with respect to the quadratic form @ is called
anti-cyclidic system.
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Equations (12) and (13) yield
(20) tw = —qra’ + gro®.

From (20) one then computes the curvature of the 3-web, which is

1
21 Ry = 5(1)2 - p1).

The surfaces for which the curvature vanishes identically are called diagonally cyclidic (see
[5, 12]).

2. Contact, deformation and applicability. Let us recall the general notion of de-
formation in homogeneous spaces [17, 18].

DEFINITION 2.1. Let G/K be a homogeneous space and let f, f : N - G/K be two
smooth maps. We say that f and f are k-th order deformations of each other if there exists
a smooth map B : N — G such that, for each point p € N, f and B(p) f have the same
k-th order jets at p, i.e., they have analytic contact of second order at p. The map B is said
to be a k-th order deformation. When B is constant the deformation is said to be trivial. A
map f : N — G/K is said to be deformable of order k if it admits a non-trivial k-th order
deformation.

First, we will express the condition of analytic contact in the special case of mappings
from a 2-dimensional manifold M into A. For this we need to introduce some notation.

2.1. Analytic Contact. Let (x!, x?) be a local coordinate system on an open set U of
M. Let E be a vector space and let $"(U) ® E denote the symmetric E-valued k-forms on
U. The symmetric tensor product of s € S"(U) and t € S*(U) will be denoted by s -t. An
element T of $"(U) ® E has a local expression

T =T..idx" ---dx"

where the coefficients T;,..;, are E-valued smooth maps, which are totally symmetric in the
indices iy, ..., iy. We then define the k-th order derivative of T to be the E-valued symmetric
form of order i + k given by

k. .
9 El"'llz

ottt gy gyl gy lhtl L g ik
- —dx' dx"dx’ dx'+k
oxth+1 ... Qxlh+k

sK(T) =

The definition depends on the choice of the local coordinates. Given a pair Ty, 77 € shwu IQFE
of E-valued symmetric s-forms and a 2 x 2 matrix p = (p};) € SKU)YRgl(2, R) of symmetric
k-forms, we set

(To. T)p = (p§T1 + poT1, p{To + pi T) .
We can state the following

LEMMA 2.2. Let f = [FoAF11: M?> > Aand f = [Fo A F11: M — A be two
smooth maps. Then, f and f agree to second order at p € M, i.e., they have the same second
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order jets at p, if and only if, for every local coordinate system (x', x*) about p, there exist
po € gl2,R), p1 € T*(M), ®gl(2,R), p2eS (M), ®gl2.R)
such that
(Folp, Filp) = (Folp, Filp)po
(22) (8Folp. 8F11p) = (8Folp. 8F11p)p0 + (Folp, Filp)pr

(8% Folp, 82 Filp) = (82 Folp, 82 F11p)po + (8 Folp, 8Fi11p)p1 + (Folp, Filp)pa .

PROOF. Let (x!, x?) be a local coordinate system on an open neighborhood U of p.
As G acts transitively on A, we may assume that

f(p)=f(p)=leoAeil.

The map
y=0h ) ER = [Xo() A X1()] € A
defined by
1 t
Xo(y) = (1,0, yhy2d, E[(y1)2 + <y2>2]) ,
(23)

1 t
X1(y) = (0, 1,y%, 5%, 5[(y4)2 + )y Y iy — y3>

is alocal coordinate system of A centered at [egAe1]. Then, there exists an open neighborhood
U’ C U of p and smooth maps /4, i : U’ — R such that

flor=1Xooh) A (X101, flyr=[(Xooh) A (Xi0h)].

Thus, f and f have second order analytic contact at p if and only if the maps G, = X, o h
and G, = X, 0h,a =0, 1, satisfy

(24) Gu(p) =Gu(p), 8Galp=208Gal,, 8Galp=208GCGal,, a=1,2.
Let us write
(25) (Fo, F1) = (G1,Ga)a, (Fo, F») = (Go, G2)b,

where a,b : U' — GL(2,R) are smooth maps. Using (24) and (25), a direct computation
shows that this is equivalent to (22), where pg, p1 and py are given by

po=a(p)b(p)~"',
(26) p1 = (8alp — podblp)b(p) ",
p2 = (8%al, — pod®bl, — 2p18b1,) b(p)~". O
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REMARK 2.3. From the proof of this lemma we see that f and f have first order
analytic contact at p if and only if there exist po € gl(2,R) and p; € T*(M), ® gl(2, R)
such that

VMWMp=%mﬂmm,
(Folp, 8F11p) = (8Folp, 8F1lp)po + (Folp, Filp)pr -
2.2. Deformation of Legendre surfaces.
NOTATION 2.4. Given two maps f, f:M? = A, let Fo(f) and by Fo(f) be the Go-

bundles induced on M by f and f, respectively. We let j : Fo(f) = G and j : Fo(f) = G
be the natural maps

ji(pAYeFo(f)—>AeG, j:(p,A)eFo(f)>AeG.

The pull back of the Maurer-Cartan form of G by j and ] will be denoted by w = (a)g) and
by & = (J)g), respectively. If A: U — G and A : U — G are local cross sections of Fo(f)
and Fo(f), respectively, then the g-valued 1-forms A~'d A and A~'d A will be denoted by o
and &.

2.2.1. Deformations of order zero. A deformation of order zero between f and f isa
smooth map B : M — G such that f(p) = B(p) f(p), for every p € M. Thus, B induces a
bundle isomorphism B : Fo(f) — Fo(f) defined by the formula

B: (p, A) € Fo(f) = (p, B(p)A) € Fo(f) forany (p,A) e Fo(f).

Conversely, every bundle isomorphism between Fo( f) and Fo( f ) arises from a deformation
of order zero.

2.2.2. First order deformations.

THEOREM 2.5. A zero-th order deformation B : M — G of the two maps f, f :
M — A is of first order if and only if the bundle isomorphism B : Fo(f) — Fo(f) satisfies
Q7) @ =B}, @ =B w), a5=B(w)) @ =Bw) @ =B ).

PROOF. We have to show that for every local cross section A : U — G of Fo(f), the
cross section A = BA : pelU — B(p)A(p) € G of}'o(f) satisfies

~2 _ 2 ~3 _ 3 ~4 4 ~2 2 ~3 3
ag =0y, oy=o0ay, O0y=0y o] =a] o] =o.

Recall that B is a first order deformation if and only if the two maps f and B(p) f have first
order analytic contact at p, for each point p € M. The map A" = B(p)A : U — G is a frame
along B(p) f and B is a first order deformation if and only if the maps

FliqeU—[AplyAAllJe A, F:qgeU— [Agly AAille A

have first order analytic contact at p. From the characterization of analytic contact, it follows
that F and F’ have first order analytic contact at p if and only if there exist po(p) € gl(2, R)
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and p1(p) € T*(M), ® gl(2, R) such that
(Aolp. Atlp) = (Aglp. A}1p)oo(p) |
(8Aolp, 8A0lp) = (BAYIp, 8ALI o (P) + (AYlp, ALlp)o1(P) -
Since A’ and A agree at p, we then have
(29) po = Idax2 .
Now, the structure equations of G imply
(30) dAy=oalA,, dA, =a]A,, dAg=a5A;, dAi =& A;, J=0,...,5.
Substituting (30) into (28) yields

(28)

&(2)|p=0‘(2)|pa 5‘(3)|p=0‘(3)|pv &é|p=0‘é|p’ &%|p=0‘%|p’ 5‘%|p=°‘%|p
and
5‘8|p_0‘8|p &(1)|p_“(1)|p)
5‘0|p_0‘(1)|p &Hp_‘xﬂp .

Since p has been chosen arbitrarily, we can conclude that the equations

p1(p) = (

~2 _ 2  ~3_ 3 ~4 _ 4 ~2 _ 2 ~3 _ 3
oy = o, oy = ¢y, oy =0, o =0op, o] = o
are identically satisfied on U. This gives the required result. a

As an application of Theorem 2.5 we have

COROLLARY 2.6. If f, f : M? — A are first order deformations of each other, then
f is a Legendre immersion if and only if f is a Legendre immersion.

2.2.3.  Second order deformations. We begin by proving the following

THEOREM 2.7. Let f, f : M — A be two nondegenerate Legendre immersions. Then
f and f are second order deformations of each other if and only if there exists a bundle

isomorphism
B:F(f) = F(f)
such that
(31) @ = B* (@), @ =B (w}).

PROOF. Let U C M be any coordinate neighborhood of M andlet A : U — G be
a canonical frame along f. We show that a first order deformation B : M> — G is of the
second order if and only if A = BA : U — G is a canonical frame along f such that

~3 3 ~2 2
Olo = (XO N Oll = O[l .
From Theorem 2.5, we know that A is such that

(32) a@=ao), al=dl.
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We also know that the frame fields A and A’ = B( p)A satisfy
(Ao, A, = (Ap, A},
(33) 0 AVl !
(8A0,8A0)|p = (BA(, 8ADIp + (Ay. ADIpo1 .

where
o= @~y (@ e, )
@Gy —ap)lp (@ —aplp
Lemma 2.2 implies that B is a second order deformation if and only if, for every p € U, there
exists

0 0

_ (% 09 2

P2 = | ) €ST(M)], ® gl(2,R)
9 0

such that
(34) (8%Ag, 82 A1), = (82 A}, 82 A, + 2840, 8AD o1 + (Ay, ADIpp2 -
Equation (34), when written out, gives
82A0lp = 82AY|p + 28 A1 (@ — oDy 4+ 8 A1, (@) — adl,
+ Aplpod + Allpol
82 A1lp = 8% Ajlp + 28A01p@) — a])lp +3AT1,@) — el
+ Aglpo) + Allpor

(35)

On the other hand, from the Maurer-Cartan equations of A and the fact that A| p = Ay, we

compute

(36) 52“?0“9 = V(?|pA6|p + V01|pA/1|p + V02|pA/2|p + Vg|pA§|p + VO5|PA/5|P ’
8 A1l = VP IpAYlp + 1 ALl + ¥ 1pASlp + ¥ pAS L + 1 p ALl

where

vo = &l + agaf + ajal + agal .

e = 8a) +ada +ajad +agan

V¢ = agat + agal

v5 = da] +a)ay

Yo = 858 ,

v =8aY + &%) +alad +adal,

vl =éal +ala) +ajal +aja) .

yi =éai +ajai,

Vi =aa +aa,

4 _ 5252
Y =ajoy.
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Using the Maurer-Cartan equations of A’, (35) can be written as
an [P Aole = B0l Aol BoloAily + BilpAcly + Bolp sl + 15 1pAsly
82A11p = Bllp Aol + BilpAilp + BTlp ALy + BlpAS Lo + B1p Al

where
,88 = (8a8 + 058058 + (xé(x? + (xgcxg + 20{8(5{8 — 058) + 20{?(5{6 — (xé) + og)lp ,
By = (Barp + afer] + ooy + 200 (@) — ) + 2a{ (&) — o)) + o)1 p s
BS = (agari + 207 @y — gDl p
By = (Sad + afey + 203 @) — o)1 p
By = (@ge)lp
,B? = (805(1) + 05(1)058 + (x%(x(l) + (x%(xg + 20{8(55(1) — 05(1)) + 20((1)(55% — (x%) + o?)lp ,
,311 = ((Sa% + a?aé + a%all + a%aé + 20:6(&(1) — a?) + 20111(&% — a%) + all)lp ,
B = (8o} +ajo? +20}@! —a))lp.
Bi = (@Yo + 203 @) — ),
Bl = (@iadlp.
Form (36), (37) and (32), it follows that B is a second order deformation if and only if
(@) — o)) = —a'a;,
al(&(l) — (x(l)) = 052653 ,
052(5111 — all) =0,
al@) —ad) =0.

The last two equations of (38) yield

(3%)

(39) a)=oa), al=al.
Computing the exterior derivatives of (39) and using the structure equations, we obtain
(40) agrnat=adra] =0.
Differentiating the equations in (38), and using again the structure equations, we see that
o A (&é —(xé) +a! /\&% =0,
:al A (&?—a?) —az/\&g =0.
This implies that &% vanishes identically, Furthermore, from the first two equations of (38)
we get
&é—(xé =&(1)—(x(1)=0.
This yields the required result. O

Taking into account (12), we have
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COROLLARY 2.8. Let f, f be nondegenerate Legendre surfaces and let A be a canon-
ical frame along f. Then f, f are non-trivial second order deformations of each other if and
only if there exists a normal frame A along f such that

(41) ol =a', o =a?,
42) ag — &g = wa', a% - &% = wra?, ag — 6{2 = —wpa! +wia?
for smooth functions wy, wy such that (w1)* + (w2)? # 0.

REMARK 2.9. 1If f, f are non-trivial second order deformations of each other, then
from the structure equations of the canonical frames A and A, it follows that the g-valued
1-form n = & — « satisfies

(43) dn+arn+nAa=0.
We can summarize the previous results in the following

THEOREM 2.10. Let f, f : M? — A be non-congruent, nondegenerate Legendre
immersions. Then the following statements are equivalent:

(1) f and f are non-trivial second order deformations of each other:
(2) There exists a bundle isomorphism B : F(f) — f(f) such that

o' =B &Y, o =B&%).

(3) f and f induce the same canonical coframe on M.
4) f and f have the same quotient of cubic to quadratic forms, that is,

(44) U/ =V/b.

The equivalence of (1), (2) and (3) is a direct consequence of Theorem 2.7. As for the
equivalence with (4), if (44) holds, there exist canonical frames A and A along f and f ,
respectively, such that @' = «!, @> = «. Since f and f are not congruent, this yields (42).

EXAMPLE 2.11 (Isothermic nets). Let U C R? be a simply connected open set with
coordinates (i, v). A net is a two-parameter smooth immersion F : U — R3 satisfying F,,, -
F, x F, = 0. Anet F is isothermic if F is a conformal map, that is, (u, v) are both principal
and isothermal coordinates. Isothermic nets parametrize isothermic surfaces. Examples of
isothermic surfaces include quadrics, surfaces of revolution, cones, cylinders and constant
mean curvature surfaces. The main local differential invariant of an isothermic net is the
Calapso potential, that is the positive function ¢ defined by

1
@ (du® + dv?) = ki = k2)?dF - dF,

where k1 and k> are the principal curvatures. The Gauss-Codazzi equations imply that ¢ is a
solution of the Calapso-Rothe equation:

Al pun) + 2(@Puv = 0.
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Denote by f : U — A the Legendre lift of F and let ¥ = loge. If ¥, ¢, # 0, then f is
nondegenerate and the corresponding canonical coframe takes the form

o =YY )dv, o = () Wdu.

Let W be a smooth function such that o, = d(e?¥ W), where o, is the closed 1-form
1
a, = —e? (E(e—z‘/f Ay +2¢, (1 + e Y Al/f))du
1
+ <E(e—2‘/’Aw)v + 29, (1 + e‘z‘/’mp))dv .

The Calapso potential and the function W give a complete set of invariants for the isothermic
net with respect to the conformal group [2, 25], thatis, ¢ and W determine F up to a conformal
transformation. One of the most important features of isothermic nets is the existence of a
spectral transformation. This transformation was independently discovered by Calapso [7, 8]
and Bianchi [4], who introduced it as the T -transformation. Given a real constant m € R, the
Ty -transform T, (F) of F can be characterized, up to conformal transformations, by

o1,.(F) = 9F, Wr,r)=Wr+ me 2V .

Thus the Legendre lifts of the 7T-transforms of F have the same canonical coframe and are not
congruent (see Remark 4.2 and (51)). This shows that the Legendre lifts of isothermic nets
are deformable.

EXAMPLE 2.12 (L-Isothermic nets). Another class of deformable surfaces is given by
the Legendre lifts of L-isothermic nets. A net F : U — R? is said to be L-isothermic if the
Gauss mapn : U — S2 is conformal with respect to the third fundamental form, that is,
(u, v) are principal coordinates which are isothermal with respect to the third fundamental
form. L-isothermic nets parametrize the class of L-isothermic surfaces. Examples include
minimal surfaces in R> and molding surfaces [23]. The study of L-isothermic surfaces goes
back to the work of Blaschke and presents many analogies with that of isothermic surfaces.
For instance, L-isothermic surfaces admit a spectral transformation which is the analogue of
the T-transformation for isothermic surfaces [21]. We briefly recall some basic properties of
L-isothermic nets and show that their Legendre lifts are deformable. The Blaschke potential
of F is the positive function ¢ defined by

1 1 1 2
2 2 2
(I/l ’U) (kl k2> n n

In this case the compatibility condition arising from the Gauss-Codazzi equations is the Bla-
schke equation

(45) A(lww> —0.
@
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Let f be the Legendre lift of F and ¥ = log ¢. In the nondegenerate case, which amounts to
Yrury # 0, the canonical coframe of f can be written as

o' =Y W) Wdu, o = YY) dv.
In addition to the Blaschke potential, the other local differential invariant of F is a smooth
function W defined by o, = d (e?¥ W), where

@y = —ez‘”(%@‘z‘”w)u + 20 (e Aw))du

+ e (%(ew AY)y + 20 (e A¢)>dv .

Given m € R, the T,,-transform T, (F) of F can be characterized (up to Laguerre contact
transformations) by

o1,F) = 9F, Wi, = Wk +me 2V .

The Legendre lifts of the T-transforms of F have then the same canonical coframe and are
not congruent (see Remark 4.2 and (51)), from which follows that the Legendre lift of an
L-isothermic net is deformable.

3. Infinitesimal deformations and deformable surfaces. Infinitesimal deformations.
If f and f are non-trivial deformations of each other, then n = @ — « never vanishes and,
according to (43),

(46) Sly := AnA~!
is a closed 1-form with values in g, for every canonical frame A along f. Moreover,
(47) Dly :=[AA™"]
defines a smooth map D : M?> — G/Z» such that
D7ldD =35.

On the other hand, let f : M 2 5 Abea nondegenerate Legendre immersion and, define
n(wi, wy) € 2'(U) ® g by

0 0 0 wiae!  —wra! + wia? 0
0 0 wya? 0 0 woa! — wia?
oo o 0 wra? 0
(48) n(wy, wy) = 00 0 0 0 wie! ,
00 0 0 0 0
0 0 0 0 0 0

for smooth functions w1, wy. Note that 1 takes values in the abelian subalgebra
a={T e€g|T(e0) =T(e1) =0, T(e2) o g1, T(e3) o &0} .

From (43), it follows that the 1-form AnA~!' € 21(U) ® g is independent of A. Thus, there
exists § € 21(M) ® g such that §|y = AnpA~"L.
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DEFINITION 3.1 (Infinitesimal deformations). We say that n is an infinitesimal defor-
mation of f if § is closed. Let A y denote the set of infinitesimal deformations of f.

We are now in a position to characterize the Legendre surfaces which admit non-trivial
deformations in terms of infinitesimal deformations.

THEOREM 3.2. Let M? be simply connected. Then a nondegenerate Legendre immer-
sion f : M?> — A admits non-trivial deformations if and only if Ay #0.

PROOF. If f is a non-trivial deformation of f, then n = & — « defines a non-zero
infinitesimal deformation. Conversely, let  be a non zero infinitesimal deformation. Then,
§e Y (M) ®g is a non-zero closed 1-form and there exists D : M — G such that D 'dD =
8. Note that the map f :peMi— D(p)- f(p) € Aisanon-trivial deformation of f. O

REMARK 3.3. Note that for every non-zero n € Ay there exists a non-trivial defor-
mation f which is uniquely defined by f and the corresponding infinitesimal deformation,
up to the action of G. Moreover, as A is a real vector space, givenn € Apandr € R, ry
is another infinitesimal deformation. Therefore, the deformations of f arise in one-parameter
families. In other words, deformable surfaces do have a spectral transformation. This sug-
gests the existence of a Béacklund transformation for deformable surfaces.

Infinitesimal deformations and parallel sections. Let f : M> — A be a nondegenerate
Legendre immersion and consider the gl(3, R)-valued 1-form

—2Q2q1a' — gra?) 0 —a!
(49) o= 0 —2(q1a1 — 2q2a2) o?
2(p2 = De? —2(p1 = Da'  =3(qia' —g20?)
DEFINITION 3.4 (o-connection). The form (49) defines a linear connection
D°w:=dw+ow

on the trivial bundle M2 x R3, for each smooth function w : M2 — R3. D? is referred to as
the o-connection of f. By Py we denote the vector space consisting of all parallel sections
of the o -connection.

A simple computation shows that the curvature form §2° of the o -connection is given by

0 0 0
(50) Q0 = 0 0 0 al Aa?,
201p2 20op1 3(p2— p1)
where for a smooth function g : M — R we write dg = 31 ga' + d2ga.
For every w = (wy, wp, w3) : M?> — R3, let n(w, wy) be defined by (48).
PROPOSITION 3.5. A nondegenerate Legendre immersion f is deformable if and only

if there exists a parallel section of the o -connection. Moreover, the mapping

wePr—nwy,wy) € Ay
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is an isomorphism of vector spaces.

PROOF. Let f be a deformation of f. Theno! = &', «® = @2 and
ag — &g = wa', a% - &% = wra?, ag — 6{2 = —wpa! + wia?

for smooth functions wi, wy such that (w1)2 + (w2)2 # 0. Differentiating and using the
structure equations, we get

d(wia) = —ag Awial,
d(wya?) = —wza% Aa?,
d(—wra! + wia?) = —(ocg + (xll) A (—wia! + wia?),

which imply
(dw; + 2w1a8) Aal =0,
(dws +2wra}) Aa? =0,
(dw; + 2w1a8) Aa? = (dwy + 2w2a}) Aol =0.

By Cartan’s Lemma, there exists a smooth function wz : M 2 > R such that

dw; = —2w1a8 + w30{1 , dwy = —2w2a} — w3(x2 ,

that is,
dwi —2wi (g1’ — gpa®) — w3a! =0,
dwy — 2w2(q1a1 - 2q2a2) +w3a?=0.
Taking the exterior derivative of these equations yields
dws +2(p2 — De*wi —2(p1 — Da'wy = 3(gqra! — gra®)ws =0,

which shows that (wy, w2, w3) is a parallel cross section of the o-connection.
The converse follows by observing that n(w1, w) defines an infinitesimal deformation
if w = (wy, wy, w3) is a parallel section. O

REMARK 3.6. Nondegenerate deformable Legendre surfaces may be classified in
terms of the dimension of A ¢. For a generic f the space A s is one-dimensional. It is not too
difficult to show that surfaces with a three-parameter family of deformations can be generi-
cally obtained as deformations of the Legendre lifts of molding surfaces in R>. It is not at
all clear if there exist Legendre surfaces with a two-dimensional family of deformations. But,
if they exist, then they can be reconstructed from the integral manifolds of a Pfaffian system
with empty complex characteristic variety. Thus, this class is either empty, or it depends on a
finite number of parameters.

4. Examples.

EXAMPLE 4.1 (Generic deformations). Let f, f be deformations of each other and
let n be the corresponding infinitesimal deformation. According to the notation of Corollary
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2.8, we say that the deformation is generic if wqw; is nowhere vanishing. In this case, there
exist local parameters (#, v) on M such that the canonical coframe takes the form

o' = W) du, o = Y ()dv,

where i : M> — R is a smooth function. The T'-transforms of isothermic and L-isothermic
nets are examples of generic deformations.

REMARK 4.2. In the case of an isothermic, respectively, L-isothermic surface, eV is
the Calapso, respectively, the Blaschke potential. This can be seen by applying the reduction
procedure recalled in Section 1 to their respective conformal and Laguerre canonical frames.
For this we need to assume the nondegeneracy condition ¥, # 0, ¥, # 0.

A direct computation shows that the o -connection o = (af ) is given by
1

oy =0f =0, o3 =—a'==YW)Vdu, of=a®=Yu)dv

1 _ ﬂ Ipuu Zwuv 2’,”1“; wvv
G‘_3<1/fu+1/fv)d+ <1/fu )

2 I/IMM zwuv 21/fuv WUU
A= (e e s (R )

and

0_3 — 2 <“/IMUU _ l/fvkuv>dv
L YW\ Y )2 )

0_3 — 2 <wuuv o wuuwuv>du
2T WP\ Ve @ )
l/fuu 2‘//‘141) 21//1,41) I/fvv
o = (e 2 Jaue (B G Jao
Itis a computational matter to verify that the parallel section w € Py associated to 7 is given
by
(51) w= W) W) 72 = ) 2 W) 2000 7 W) )

REMARK 4.3. Note that w!, w? # 0, which characterizes such surfaces. Moreover,
in the case of isothermic and L-isothermic nets, w originates the one-parameter family of
non-trivial deformations considered in Examples 2.11 and 2.12.

EXAMPLE 4.4 (Special deformations). A deformation is said to be special if wjw:z
vanishes identically. Deformable surfaces which admit a special deformation play the role
of the Ry surfaces in projective differential geometry. Let w € Py be the parallel section
associated to the deformation. Then w!w? and w? vanish identically. Two cases may occur:
either w! = 0, or else w? = 0. Without loss of generality, we may assume that w?> = 0. From
the structure equations of the canonical frame, it follows that f admits a special deformation
with w?> = 0 if and only if p = 1. The degree of generality of this class of Legendre
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immersions will be clear in the last section; we will see that they are rather special. Notice
that on M? there exist local parameters (u, v) with respect to which the canonical coframe is
given by

o' = y3du, o =y Pdv

for a smooth function ¥ such that w! = 4 ¢ —2/3.

EXAMPLE 4.5 (Legendre surfaces with 3-parameter families of deformations). In this
example we consider the Legendre immersions with flat o-connection. This example has been
discussed by Ferapontov in [14] (see also Finikov [15]). From (50) we see that £2° = 0 if and
only if p; = p2 = ¢, for a constant c. According to Remark 1.4, we have

PROPOSITION 4.6. The 3-web defined by the canonical coframe is flat if and only if
p1 = p2.

REMARK 4.7. From this we infer that deformable diagonally cyclidic surfaces are
characterized by having p; = p» = const.

Since the web-connection is flat, then there exist local coordinates (u, v) such that
(52) o' =eVdu , o = e‘/’dv,
where ¥ is a smooth function. From this we see that
(53) q1=—vue ", q@=yve .
This implies

5 ! @l = 2¢du + Yrdv,

al = Yudu + 2¢dv.
From the structure equation we deduce that v is a solution of the Liouville equation
(55) Yy = (1 — c)ez‘”.

The other compatibility conditions arising from the structure equations are:

1_ 1 1
do, = —a; Na, ,
0 0 0
(56) doy = —ay N ay,
0 0 1 0
doy = —(ay +oa) Nay,

where
ag = Adu + ceVdv,
(57) a) = ceydu + Bdv,
ozg = —Bdu + Adv,
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for two suitable smooth functions A, B (essentially the invariant r1 and r7). It is now a com-
putational matter to verify that (56) and (57) can be written as follows:

Ay = —Ayry +3ceV Y,
(58) B, = —By, +3ceV
Ay + By, = -3Avy, — 3By, .
We may rewrite (58) in the form
(59) ! dA = (R — 3AY)du + BeeV v, — Ay)dv,
dB = (3ceVyry — BYn,)du — (R + 3Byr,)dv
where R is a suitable smooth function. Differentiating (59), we get
©0) ! Ry = =Ry —2(1 = )¢ B —3ce¥ (Yruy +497) ,
Ry = —Ryr, +2(1 — )2V A + 3ceV (Y + 492 .
The compatibility conditions of this system imply

(61) 3ce¥ (Yuuu + Vovw + 109 Y + 1099, + 802 +¥2)) = 0.

Two cases may occur: either ¢ = 0, or ¢ # 0. In the first case the only compatibility condition
is the Liouville equation, which may be viewed as the soliton equation of this class of surfaces;
its solutions depend on two arbitrary functions in one variable. In fact, the general solutions
of the Liouville equation are of the form
o2 — 1 A
(62) I—c)(+w?’
2=, if e=1,

if c#1,

where @ = ¢¥, A is a function of the variable u, and w is a function of the variable v. Thus,
if ¢ # 0, it follows that v is a solution of the overdetermined system

1/fuuu + llfvvv + 10llfu‘/fuu + 101/fv1/fvv + 8(l/f3 + llfg) = Oa
Yo = (1 — C)ezw .

If we use the potential @ = e, then (63) means that @2 is a function of the form (62) such
that

1 1
(64) (ﬁ@z@z)m)u + (E@z@%m)v =0.

(63)

Let first examine the case ¢ = 1. We take A and p as a new variable and we think of A" and
[ as a functions of A and w, respectively. With respect to these new coordinates the equation
(64) is equivalent to
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(65) R W + 9], (%) =0.
This implies that A and u satisfy the ODE

>
(B =

du 3 _
(E) = Q0(u),

where P and Q are polynomials of order < 3 with the opposite leading coefficients. One may
proceed in a similar fashion also in the general case. Substituting

1 A
T 1Ot p)?

(66)

(67) @

in (65), we obtain

1 d3)»/3 d3 3 d2A’3 d2 3
§(A+u)3( + “)—4(k+u)2( + “)

ayd = du? dy*  du?
(68) w w
d)"/3 dl’L3 /3 .3
+20(A 4+ ) o +W —40(A7 + 7)) =0.
Applying the operator an upp 10 (68), we get
d6)\/3 d6'a3
69 —F=0.
(69) 6 T 050

This implies that A’> and ;2> are polynomials P(1) and Q(u) in A and p, respectively, of
order < 6. Such polynomials satisfy (68) if and only if Q(T) = —P(—T). Thus, A and u

satisfy the ODE
d\® oy
du) ’

du 3 _
(%) =

where P is a polynomial of degree < 6.

The 3-parameter family of infinitesimal deformations. We finish this example by
discussing the 3-parameter family of infinitesimal deformations of such surfaces. The o-
connection is given by

(70)

4y du + 29y dv 0 —eVdu
(71) o= 0 2Y,du + 4y,dv eVdv |,
20c—DeVdv  —=2(c—De¥du  3dy
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where the potential function is given either by

(72) e =N,

or by

1 Y

-G+

It is now a computational matter to verify that the parallel sections of the o-connection are

(73) eV

given by:
(1) Ifc=1(qe., e =M\, then
1/7 AN AN
74 see V| =V | HsieV | —u/i | e un | —u/g
0 eV 2e YV

where sg, s1 and s3 are real constants.
Q) Ifc#1(Ge,e® =1/0—c)-Vi/(h+ n)?), we have

—1/) AN AN
- 1/ - /i - —u?/ L
2y 2y 2y
(75) soe e~V + s1e oV (L — 3 + spe 2,u)»e*¢ ,
At At At

where sg, 51 and s, are real constants.

5. The differential system of a deformation. It was shown in [18] that the problems
of k-th order deformation are equivalent to solving certain exterior differential systems on ap-
propriate spaces. Naturally, for each concrete homogeneous space there is a specific problem
to solve. We shall derive this result in the case at hand.

Let P = (G/Z>) x R® x R? and denote by (¢1, q2, p1, p2. 71, r2) and (wq, wa, w3)
the coordinates on R® and R?, respectively. Let (wg) be the Maurer-Cartan forms on G/Z»

and put al = a)g, a? = w% On P, we consider the exterior differential 1-forms nl, R n16
defined by
' =wg. 0t =wyp, =),
(76) n4=a)§, n5=a)(1)—ot2, nﬁzw?—al,
M=o, P=wl,
9 0 1 2
N =wy+2qi0 — qa©,
(77) X

0 = ol + g1o' — 2202,
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nt! =a)(3) —ra! — pzaz,

12 1 1 2

(78) nT=w, —p1o- —nrnav,
0

7713 =wy + r20l1 — r1a2,

't =dw —2wi12qia! — gra?) — wial,

(79) n'> =dw; — 2wy (qra! — 2g20%) + w32,
n'% = dws + 2w (p2 — Da® = 2wa(p1 — Da' = 3ws(qia! — g2a?).

DEFINITION 5.1. Let (Z, ' A &?) be the exterior differential system on P generated
by 171, e, 1716 with the independence condition al A a? # 0. We call (Z, al A az) the
differential system of a deformation.

REMARK 5.2. The integral manifolds of (Z, ol A «?) are 2-dimensional immersed
surfaces ([A], g, p,r, w) : M — P such that

(1) f=[AoAA1]l: M — Aisanondegenerate Legendre immersion,

(2) [A]: M — G/Z, is the canonical frame along M,

(3) q.p,r: M — R? x R? x R? are the invariant functions of f,

(4) w: M — R3is aparallel section of the o-connection of f.
Thus, the deformations of a nondegenerate Legendre immersion may be regarded as the inte-
gral manifolds of the differential system (Z, ! A ?).

From the Maurer-Cartan equations we obtain the quadratic equations of the system,
which are (modulo 7)

(80) da' = —qzal A az, do? = —qloe1 /\otz,
(81) dp'=--.=dn® =0,
dn’ =2dgi Aol —dgy Ao + (=1 + pr — Yal Aa?
(82) n- =zaqi q2 P2 — 4192 s
dnlo =dq; N ol — 2dgr N o+ (1 — p1+ qlqz)(xl N
11 — _ 1 _ 2 1 2
dn''=—drn Ao —dpr Aa”+ Qriqgp +3q1p2)a’ Aot
(83) dn'? = —dpy Aa' —dry Aa? + Bpiga + 2rg)al Aa?,
dn13 =drn A al — dr; A a? + 4(qir1 — qzrz)al Aa?,
(84) dn'* = —2widn®,  dn'® = —2wpdn'?,
85) dn'® = —w3(dn’ + dn'®) + 2widpy A o — 2wadpy A ol

+3ws(p2 — pa’ Ad?.
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From this, we see that the differential ideal 7 is algebraically generated by the 1-forms
n', ..., n'0 and by the differential 2-forms

R'= 2dq Aol — dq> N =1+ p2— qlqz)al /\az,

%= dq1 A al — 2dgr N a? + 1—-p1+ qlqg)al N

(86) 23 =dri nal +dpr Aa? — (2riga + 3qip2)al Ao?,

4 = dp1 A ol +drm Aa? - Gpiq2 + 2r2q1)a1 N

2° =drp Aol —dr Aa? + 4(q1r — qzrz)al N

R0 = 2widpy A a? — 2wodp Aol + 3wi(p2 — pl)al N
REMARK 5.3. Notice that the differential system (Z, ' A «?) is quasi-linear.

To discuss the involutivity of the system we compute the polar spaces of 1-dimensional
integral elements. On P, we consider the coframe

(87) @' o’ n' ..., n'° dqi,dqz, dpi.dps. dri, dr2)
and its dual frame field
0 0 0 0 0 0 0 0 0 0
(88) —17 —27 _11"'7ﬁ7 _1 _7 _1 _1 _1_ .
da' Jda* In an dq1 dq2 9dp1 Opy Odrp drp

The 1-dimensional integral elements E of the system are of the form

0 0 0
+b'f +cj

(89) E=[V(a,b,c,d)], V(a,b,c,d) — +dj—.
/ 0q; op; /Brj

L
Thus, the manifold of 1-dimensional integral elements Vi = P X RP’. A 1-dimensional
integral element is admissible if and only if (a1)? + (a2)> # 0. The polar equations of a given
E €V are

(90) n“=0, a=1,...,16
and

(C29) ivP=0, B=1,...,6,
which read

2a1dqy — ardgr = [aa(1 — pa + q1g2) + 2bD)]e! + [a1(p2 — qiga — 1) — bala?,
ardqi — 2axdqy = [b1 — ax(1 — p1 + qig2)]le + [a1(1 — p1 + q1q2) — 2baJa?,

[

[

ardry + axdpy = [dy + a2(2r192 + 3q1 p)]a’ + [c2 — a12rig2 + 31 p2)le’”

ardpy + axdry = [c1 + a2(3p1ga + 2rag)1a’ + [da — a1Bpiqa + 2r2q1)]e?
[

ardry — aydry = [4ax(qir1 — qora) — dola' + [dy — 4ai (171 — qar2)1a?,

3 3
waardpy — wiaxdpy = [w2cl - Eazw3(P1 - 1!72):|Oé1 + [Emwa(pl - p2)— w162:|062-
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Therefore, if ajaz(wi(ar)? — wa(az)?) # 0, the polar equations are linearly independent
and the dimension of the polar space H(E) of E is 2. Thus H(E) is the only 2-dimensional
integral element that contains E. This shows that the system is in involution and that the
general integral submanifolds depend on six functions in one variable.
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