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New D = 4 gauged supergravities from .4/ =4
orientifolds with fluxes

Carlo Angelantonj® and Sergio Ferrara®

®CERN, Theory Division
CH 1211 Geneva 23, Switzerland
YINFN, Laboratori Nazionali di Frascati
Ttaly
E-mail: carlo.angelantonj@cern.chl gergio.ferrara@cern.ch

Mario Trigiante

Spinoza Institute
Leuvenlaan 4 NL-3508, Utrecht, The Netherlands
E-mail: M.Trigiante@phys.uu.nl|

ABSTRACT: We consider classes of Tg-orientifolds, where the orientifold projection contains
an inversion Ig_, on 9 — p coordinates, transverse to a Dp-brane. In absence of fluxes, the
massless sector of these models corresponds to diverse forms of .4 = 4 supergravity, with
six bulk vector multiplets coupled to .4/ = 4 Yang-Mills theory on the branes. They
all differ in the choice of the duality symmetry corresponding to different embeddings of
SU(1,1) xSO(6,6+n) in Sp(24+2n,R), the latter being the full group of duality rotations.
Hence, these lagrangians are not related by local field redefinitions. When fluxes are turned
on one can construct new gaugings of .4#° = 4 supergravity, where the twelve bulk vectors
gauge some nilpotent algebra which, in turn, depends on the choice of fluxes.
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1. Introduction

New string or M-theory models are obtained turning on n-form fluxes, which allow, in
general, the lifting of vacua, supersymmetry breaking and moduli stabilisation [[[]-[R4].
Examples of such new solutions are IIB and ITA orientifolds [R5]-[R9], where the orientifold
projection (in absence of fluxes) preserves .4 =4 or .4 = 2 supersymmetries.

Recently, the T4/Zsy orientifold with .4 = 4 supersymmetry [, f] and K3 x T5/Z
orientifold [P4] with .#” = 2 supersymmetry have been the subject of an extensive study.
In these cases, turning on NS-NS and R-R three—form fluxes allows to obtain new string
vacua with vanishing vacuum energy, reduced supersymmetry and moduli stabilisation [ff—
B and [P1, P4]. These features can all be understood in terms of an effective gauged
supergravity, where certain axion symmetries are gauged [B0]-[B2. These are generalised

no-scale models [B3, B4].



In the present investigation, we consider more general four-dimensional orientifolds
with fluxes (both in type IIB and ITA) where the orientifold projection involves an inversion
Iy_, on 9 — p coordinates, transverse to the Dp-brane world-volume, thus generalising
the Tg/Zsy orientifold (with p = 3) constructed by Frey-Polchinski [f] and Kachru-Shulz-
Trivedi [[] (see also [[I(] for a derivation of the complete low-energy supergravity from T-
dialysed Type I theory in ten dimensions). Interestingly, their low-energy descriptions are
all given in terms of .4 = 4 supergravity with six vector supermultiplets from the closed-
string sector, coupled to an 4" = 4 Yang-Mills theory living on the Dp-brane world-volume.

However, despite the uniqueness of .4 = 4 supersymmetry, the low-energy actions
crucially differ in the choice of the manifest “duality symmetries” of the lagrangian, since
different sets of fields survive the orientifold projection, and therefore different symmetries
are manifestly preserved. Leaving the brane degrees of freedom aside, these duality sym-
metries are specified by their action on the (twelve) bulk vectors. Actually, .4 = 4 super-
gravity demands that such symmetries be contained in SU(1,1) x SO(6, 6) [B5], B6] and act
on the vector field strengths and their duals as symplectic Sp(24,R) transformations [B7].
On the other hand, the symmetries of the lagrangian correspond to block-lower-triangular
symplectic matrices, whose block-diagonal components have a definite action on the vector
potentials , BRI, @] For instance, in the orientifold models containing an I9_,, inversion,
the block-diagonal symmetries always include GL(9 — p,R) x GL(p — 3,R), as maximal
symmetry of the GL(6,R) associated to the moduli space of the six-torus metrics. The
lower-triangular block contains the axion symmetries of the R-R scalars and of the NS-NS
ones originating from the B-field, whenever present!.

In the sequel, we describe all nilpotent algebras N, []], corresponding to axion sym-
metries of the R-R and NS-NS scalars for all orientifold models. All N,’s are nilpotent
subalgebras of so(6, 6), are generically non-abelian and contain central charges. There are
four of them in type IIB (p = 3, 5, 7, 9) with dimensions 15, 23, 23, 15 respectively, while
there are only three of them in type ITA (p = 4, 6, 8) of dimensions 20, 24, 20, respectively.
A common feature of these algebras is that they always contain fifteen R-R axionic symme-
tries, while the extra symmetries correspond to NS-NS B-field axions in the bi-fundamental
of GL(9 — p,R) x GL(p — 3, R).

A further R-R axion symmetry originates from the SU(1, 1), which acts as electric-
magnetic duality on the gauge fields living on the brane world-volume. The corresponding
axion field can be identified with the C),_3 R-R field, as dictated by the coupling

/ Cp—3sNFNF, (1.1)
Tpt1

where F' is the two-form field strength of gauge fields living on the branes.

Turning on fluxes in the orientifold models (three- and five-form fluxes in type IIB, two-
and four-form fluxes in ITA) corresponds to a “gauging” in the corresponding supergravity
lagrangian, whose couplings are dictated by the particular choice of fluxes. Non-abelian
gaugings may also occur corresponding to subalgebras of N,, or quotient algebras N, /Z,
where Z are some of the central generators of N,.

!For example, the latter is not present in the p = 3 case, i.e. the Ts/Z2 orientifold.



As an illustrative example, let us consider the p = 7 type IIB orientifold defined in sec-
tion fl, where the non-vanishing NS-NS and R-R fluxes are Haij, Foij, G = e ikl Gabjki
(a,b=5,6 and i,j = 1,...,4), and let us look at terms involving the axions coming from
the B and four-form fields, B;, and Cjjqp = Cjj€qp. Inspection of the three-form kinetic
term reveals a non-abelian gauge coupling proportional to

V=9 Haij Hun 9% g™ ¢ , (1.2)
as well as axion gauge couplings proportional to
V=9 Haij Hupe g°° 9" ¢7° (1.3)

together with similar expressions for the F-three form. Such terms come also from the
reduction of type IIB four-form field. In addition, when a five-form flux G? is turned on an
axion gauge coupling emerges of the type

8ﬂCij + €ijke GF Gﬁ . (1.4)

where GfL = ¢° gin are the Kaluza-Klein vectors. We report here only a preliminary
analysis of the deformation of the .4° = 4 supergravity due to these new gaugings.

In the present paper we do not address either the question of unbroken supersymmetries
or the question of moduli stabilisation, which would require the knowledge of the scalar
potential and a study of the fermionic sector. However, we can anticipate that certain
moduli are indeed stabilised in all these models, since a Higgs effect is taking place as
suggested by the presence of charged axion couplings.

The paper is organised as follows: in section P we review the four-dimensional Tg/Zo
orientifold models, their spectra and their allowed fluxes. In section ], the .4 = 4 super-
gravity interpretation is given for the ungauged case (absence of fluxes) and the duality
symmetries exposed. The N, algebras are exhibited as well as their action on the vector
fields. In section [, we give a preliminary description of gauged supergravity, for the par-
ticular case of type IIB orientifolds with some three-form fluxes turned on. In section f]
some conclusions are drawn. Finally, in some useful formulae needed to compute
the quadratic part of the vector field strengths in the lagrangian, are given.

2. 4 =4 orientifolds: spectra and fluxes

In this section we review the construction of orientifold models preserving .4 = 4 super-
symmetries in D = 4 [P9]. This is the simplest setting for orientifold constructions, and
consists of modding out type II superstrings by the world-sheet parity 2 [R5]. Follow-
ing 2§, P9, the orientifold projection can be given a suggestive geometrical interpretation
in terms of non-dynamical defects, the orientifold &-planes, that reflect the left-handed
and right-handed modes of the closed string. Actually, one can combine world-sheet parity
with other (geometrical) operations. In general, this can affect the nature of the orientifold
planes, that, in the simplest instance of a bare {2 have negative tension and R-R charge, and
are (9 + 1)-dimensional (€9 planes) since they have to respect the full Lorentz symmetry



preserved by 2. In the present paper, we are interested in the class of models generated
by the £21y_, generator, where Ig_, denotes the inversion on 9 — p coordinates. Of course,
QIy_, must be a symmetry of the parent theory, and this is the case of type IIB for p odd,
and of type IIA for p even. Actually, £21y_, reflects the action of T-duality in orientifold
models. Indeed, T-duality itself can be thought of as a chiral parity transformation

X, — X1, XRr — —XR, (2.1)

and conjugates {2 so to get
Ty—p$2.Ty 0 = Qg (2.2)

As a result, the full ten-dimensional Lorentz symmetry is now broken to the subgroup
SO(1,p) x SO(9 — p), and the closed-string sector involves €g_,, planes sitting at the fixed
points of the orbifold Ty_,/I9—,. The associated open-string sector will then correspond
to open strings with Dirichlet boundary conditions along T9_,, i.e. open strings ending on
D(9 — p) branes. As usual, tadpole conditions will fix the rank of the Chan-Paton gauge
group, i.e. the total number of D-branes. In the present paper, however, we shall not be
concerned with open-string degrees of freedom and we shall concentrate our analysis solely
on the closed-string degrees of freedom.

Before we turn to the description of specific models, a general comment is in order.
An important requirement in the construction is that the orientifold group be Zs, i.e. its
generator {21y_, must square to the identity. Although {2 has always +1 eigenvalues, and
thus £22 = 1, this is not the case for Iy_,. For example, for p = 7 I3 would correspond to
a 7 rotation on a two-plane and, although its action on the bosonic degrees of freedom is
real and assigns to them a plus or minus sign according to the number of indices along the
two-plane, its eigenvalue on spinors is €™, where ¥ = :I:% are the two helicities. Thus,
it does not square to the identity, but rather to (—1)¥, with F the (total) space-time
fermion number. Therefore, in this case the orientifold projection needs be modified by the
inclusion of (—1)ft, with F}, the left-handed space-time fermion number [[7]. We are thus
dealing with the four-dimensional orientifolds

]

(Tyes x Toy) /2oy [(-1)] 75 (23
where [g%p] denotes the integer part of (9—p)/2. Here we have decomposed the six-torus as
Ts =Tp—3 x To—p, (2.4)

since Ig_, only acts on the coordinates of Ty_,, while leaves invariant those along 7T},_3.
As we shall see, this is a natural decomposition since, in the orientifold, we are left with
the perturbative symmetry GL(p — 3) x GL(9 — p) of the compactification torus. To fix
the notation, in this paper we shall label coordinates on the Ty with a pair of indices
(i,a), where i = 1,...,p — 3 counts the coordinates not affected by the space parity (those
coordinates that would be longitudinal to the branes), while a = 1,...,9 — p runs over the
coordinates of Ty_, (orthogonal to the branes). As usual, Greek indices p, v, ... will label
coordinates on the four-dimensional Minkowski space-time.



scalars vectors
9ij» @, Cuw, Cij G, Ciu
9ij> 9abs &> Bia, C, Cia, Cijit, Cijab | Gly Baps Caps Cijiu
9ij> 9abs ¢> Bia, Cuv, Cij, Capy Ciave | Gy Bap, Ciw, Capep
Jab, 5 C Caped Bay, Cap

Table 1: Massless degrees of freedom for the IIB orientifolds.

wlo|N|loI

At this point, it is better to consider the cases p odd or p even separately. In the first
9—
case, 2Iy_p[(—1)F L][Tp} is a symmetry in type IIB, while in the latter case it is properly
defined within type ITA.

2.1 IIB orientifolds

In type IIB superstring we have to consider four cases, Arces

corresponding to the allowed choices p = 9,7,5,3. The
none

Hija, Fija, Gijkab
Habca Fiaba Hijaa Gijabc

massless ten-dimensional fields have a well defined parity

with respect to §2:

wlo| Nl

Hape, Fop
even : GMN7 (b, CMN, (2.5) - -
Table 2: Allowed fluxes for the
dd: B c, cf) 2.6
© MN> & YMNPQ: (26) 1B orientifolds. F. H and G

fluxes are associated to the B, Co
where Gy is the metric tensor, ¢ the dilaton, Byn the and ¢ fields.

Kalb-Ramond two-form, and Cp;q are the R-R (p + 1)-

forms.? Henceforth, it is straightforward to select the four-

dimensional excitations that survive the orientifold projection. In fact, after splitting the
ten-dimensional index M in the triple (p,1%,a) labelling .#; 3 x T3 x Ty_,, it is evident
that the fields with an odd (even) number of a-type indices are odd (even) under the action
of Ig_p,. On the other hand, when present, (—1)*L assigns a plus sign to the NS-NS states
(which originate from the decomposition of the product of two bosonic representations of
SO(8)) and a minus sign to the R-R states (which originate from the decomposition of
the product of two spinorial representations of SO(8)). At the end, aside from the four-
dimensional metric tensor, one is left with the massless (bosonic) degrees of freedom listed
in table [I.

However, in orientifold models it happens often that fields which are odd under the
projection can be consistently assigned with a (quantised) background value for the fields
themselves, or for their field strengths. For example, in the p = 7 case the NS-NS fields B;;
and the R-R fields C;; are both odd with respect to the orientifold projection and, thus,
their quantum excitations are projected out. However, acting on them with a 9, derivative
changes their parity, and thus (quantised) fluxes along the internal directions, Hg;; and
F,i;, can be incorporated in the model. Repeating a similar analysis for the other cases
yields the allowed fluxes listed in table [}



scalars vectors
Gij» 999, @, Big, Ci, Couwy Cijg Gl Cy, Cioy, By
9ijs 9abs &> Bia, Ca, Ciwws Cijis Ciav | Gy Baw, Cijus Cap
944, Gab, ¢, Baa, Cs, Capry Cape G}y Bays Cus Caap

Table 3: Massless degrees of freedom for the ITA orientifolds.

=l o3

2.2 ITIA orientifolds

Type IIA superstring selects p even, and thus leaves us

] ) D fluxes
with the three cases p = 8,6,4. Although a bare 2 is not 3 oo G
a symmetry in type IIA, we can nevertheless assign a well 49, 7ijkd
) ) . 6 | Haijy Hape, Fiay Gijab
defined parity to the massless ten-dimensional degrees of
. 4 Hapey Fapy Gaabe
freedom:
Table 4: Allowed fluxes for the
even: Gun, ¢, Cu, (27) 1A orientifolds. F, H and G
odd: Byn, Cunp- (2.8) fluxes are associated to the B,

. . . fields.
As before, Gy is the metric tensor, ¢ the dilaton, Bysn C and Cs fields

the Kalb-Ramond two-form, while in this case the R-R potentials C') 11 carry an odd number
of indices. The additional action of Ig_, and, eventually, of (—1)FL thus yields the massless
degrees of freedom listed in table [J.

Also in this case one can allow for (quantised) fluxes along the compactification torus,
as summarised in table [I.

3. ./ = 4 supergravity interpretation of 7; orientifolds: manifest duality
transformations and Peccei-Quinn symmetries

The four-dimensional low-energy supergravities of .4 = 4 orientifolds (in the absence
of fluxes) can be consistently constructed as truncations of the unique four-dimensional
A = 8 supergravity which describes the low-energy limit of dimensionally reduced type
IT superstrings. Its duality symmetry group Er(7) acts non linearly on the 70 scalar fields,
and linearly, as a Sp(56, R) symplectic transformation, on the 28 electric field strengths and
their magnetic dual. In this framework an intrinsic group-theoretical characterisation of
the ten-dimensional origin of the four-dimensional fields is indeed achieved. In the so-called
solvable Lie algebra representation of the scalar sector [[H], ], the scalar manifold

Mscal = €XP (Solv(e7(7))) (3.1)

is expressed as the group manifold generated by the solvable Lie algebra Solv(ez (7)) defined
through the Iwasawa decomposition of the e7(7) algebra:

er(ry = su(8) 4 Solv (er(7)) - (3.2)

In this framework, there is a natural one-to-one correspondence between the scalar fields
and the generators of Solv(ey(7y). The latter consists of the 7 generators H, of the ez
Cartan subalgebra, parametrised by the Ty radii R, = e together with the dilaton ¢,

2 Actually, the four-form C’rr) is constrained to have a self-dual field strength, a peculiarity of type IIB



and of the shift generators corresponding to the 63 positive roots a of e, which are
in one-to-one correspondence with the axionic scalars that parametrise them. This cor-
respondence between Cartan generators and positive roots on one side and scalar fields
on the other, can be pinpointed by decomposing Solv(e7(7)) with respect to some rele-
vant groups. For instance, the duality group of maximal supergravity in D dimensions
is Ey1_p@1-p) and therefore, in the solvable Lie algebra formalism, the scalar fields in
the D-dimensional theory are parameters of Solv(eq;_p(11-py). Since e11_pai—p) C €77,
decomposing Solv(e7(7)) with respect to Solv(ei;_p(11—p)) it is possible to characterise the
higher-dimensional origin of the four-dimensional scalars. Moreover, in four dimensions the
group SL(2,R) x SO(6,6)r C Ey(7), SO(6,6)7 being the isometry group of the T moduli-
space, acts transitively on the scalars originating from ten-dimensional NS-NS fields of
type II theories. These scalars therefore parametrise Solv(sl(2,R) +s0(6,6)7). Henceforth,
decomposing Solv(er(7)) with respect to Solv(sl(2,R) +s0(6,6)7) one can achieve an intrin-
sic characterisation of the NS-NS or R-R ten-dimensional origin of the four-dimensional
scalar fields, the R-R scalars (and the corresponding solvable generators) transforming in
the spinorial representation of SO(6,6)r. Finally, depending on whether we interpret the
four-dimensional maximal supergravity as tied to type Il supergravities on Tg or D = 11
supergravity on T%7, the metric moduli are acted on transitively by GL(6,R), or GL(7,R),
subgroups of E7(7), respectively. Therefore, in the two cases the metric moduli parametrise
Solv(gl(6,R),) or Solv(gl(7,R),) and thus, decomposing Solv(e7(7)) with respect to these
two solvable subalgebras, depending on the higher-dimensional interpretation of the four-
dimensional theory, we may split the axions into metric moduli of the internal torus and
into scalars deriving from dimensional reductions of ten- or eleven-dimensional tensor fields.
The latter will parametrise nilpotent generators transforming in the corresponding tensor
representations with respect to the adjoint action of GL(6,R), or GL(7,R),. As a result
of the above decompositions, we are able to characterise unambiguously each parameter of
Solv(er(7y) as a dimensionally reduced field. Let us consider the dimensional reduction of
type II supergravities. As far as the axionic scalars are concerned the correspondence with

roots can be summarised in terms of an orthonormal basis {e,} of R":3

Cnlng...nk — a—+ €nq + - enk ) (3 3)
Cmnz...nk,ul/ S A+ €y o Emg (Em...nkml...me—k 7§ 0) , (3 4)
B < €n+€m, (3.5)
BMV — \/5677 (3 6)
GanEn_em, (n;ém), (37)
where
1 1
a=——= €, + —€7. 3.8

3Now and henceforth we shall always label by n, m = 1,...,6 the Ts directions, by i, j = 1,...,p — 3
the directions of T},—3 which are longitudinal to the Dp-brane and by a, b =p—2,...,9—p the directions of
the transverse Tyo—,. The four-dimensional space-time directions are generically denoted by Greek letters.



In our notation, the so(6, 6)7 roots have the form {+e, %€, }, where 1 <n < m < 6. Notice
indeed that the nilpotent generators corresponding to non-metric axions transform in tensor
representations of GL(6,R),, and this, in turn, defines the GL(6,R), representation of the
corresponding scalar. For instance, the C),, ., parametrises the generator 177"t =
Eoten, +...en, Whose transformation property under GL(6,R), is

g € GL(6,R),: g T .g ™l = ghi .. gt Tmem (3.9)

The roots corresponding to R-R fields are spinorial with respect to SO(6,6)r and, depend-
ing on whether the number of their indices is even or odd, they belong to the root system of
two e7(7) algebras which are mapped into each other by the SO(6,6)7 outer automorphism
(T-duality) [, E4]. These two systems naturally correspond to the reduction of IIB and
IIA superstrings, that are indeed related by T-dualities. Hence, the T metric moduli in
the type IIA or B descriptions, are acted upon transitively by two inequivalent GL(6,R),
subgroups of Er(7): in the former case GL(6,R), is contained in SL(8,R) C Er(), while
in the latter case GL(6,R), is contained in the maximal subgroup SL(3,R) x SL(6,R),
of Eq(7). As far as the R-R scalars are concerned, the two representations differ in the
SO(6,6)7 chirality of the 32 spinorial positive roots

1 odd + 1
T —
A : 327 ={ —(%e... & —
2( €1 €6) + B
1 even —+ 1
——N—
B : 327 ={ ~(%e1... £ 66) + (3.10)

— €
2 Noa

Similarly, vector potentials, and their corresponding duals, are in one-to-one correspon-
dence with weights W of the 56 of Ey(7) in the two representations discussed above:

Cm---nku < W €py o €py

1
B Hen_%€7a

1
—er,
V2

GZ - —€p —

where

w=—

6
> en (3.11)
n=1

The dual potentials correspond to the opposite weights —W.

N |

The above axion-root (¢ < «) and vector-weight (A, < W) correspondences can be
retrieved also from inspection of the scalar and vector kinetic terms in the dimensionally
reduced type ITA or type IIB lagrangians [[3, i3], 6] on a straight torus, which have the



form:

dilatonic scalars: —a,ﬁ . 8"5,

1
axionic scalars: -5 e 2 (9,8 - 0'D)
1
vector fields: ~1 e 2W-h F, F*,
where
L 1 1
h = nEZI On (En + %67> — 5 QSCL, (312)

and, as usual, F,, = 0,A, — 0, A,.

A generic axion @ and its dilatonic partner e®” can be thought of as the real and
imaginary parts of a complex field z spanning an SL(2,R)/SO(2) submanifold, where
the SL(2,R) group is defined by the root a. In the models describing type II strings on
Tp—3 x Ty_p, orientifolds, the real part of the complex scalar z spanning the SL(2,R)/SO(2)
factor in the scalar manifold is Cj,. ;, 5, where iy,...17; label the directions of T, 3, as
dictated by the coupling in eq. ([.1). From eqgs. (B.3) and (B.19) one can then verify that
Im(z2) = e = Vol,_3 " ¢ where Vol,_3 denotes the volume of T,,_3. The scalar Im(z)
defines the effective four-dimensional coupling constant of the super Yang-Mills theory on
Dp-branes through the relation:

Ly e (3.13)
9ym
The embedding of the .4 = 4 orientifold models T},_3 x Ty_, (in absence of fluxes)
inside the .#° = 8 theory (in its type IIA or IIB versions) is defined by specifying the
embedding of the 4" = 4 duality group SL(2,R) x SO(6,6) inside the 4" = 8 E7(7) one.
As far as the scalar sector is concerned, this embedding is fixed by the following group
requirement:

SO(6,6) N GL(6,R), = O(1,1) x SL(p — 3,R) x SL(9 — p,R). (3.14)

Condition (B.14) fixes the ten-dimensional interpretation of the fields in the ungauged
A = 4 models (except for the cases p = 3 and p = 9) which, for a given p, is indeed
consistent with the bosonic spectrum resulting from the orientifold reductions listed in the
previous section. In the p = 3 and p = 9 cases, the two embeddings are characterised by a
different interpretation of the scalar fields, consistent with the T/Zy orientifold reduction
in the presence of D3 or D9 branes. We shall denote these two models by Ty x Tg and
Ts x To, respectively. In these cases, equation (B.14) in the solvable Lie algebra language
amounts to requiring that metric moduli are related either to the T),_3 metric g;; or to
the Ty_, metric gq. The scalar field parameterising the Cartan generator of the external
SL(2,R) factor is given in eq. (B.1), while the metric modulus corresponding to the O(1,1)

in eq. (B-14)) is (modulo an overall power)

O(L,1) & (Vps)? P (Vop) . (3.15)
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[1A Superstring

Ty x5 T3 x T3 Tsx Ty

Figure 1: SO(6,6) Dynkin diagrams for the T},_3 x Ty_, models. The shaded subdiagrams define
the groups SL(p — 3,R) x SL(9 — p, R) acting transitively on the metric moduli. The empty circles
define simple roots corresponding to the metric moduli g;;, gas, the grey circle denotes a simple
root corresponding to a Kalb-Ramond field B;, and the black circle corresponds to a R-R axion.

The axions not related to the T metric moduli consist of Cy, . ;,_; in the external SL(2,R)/
SO(2) factor, (p—3) (9 —p) moduli By, in the bifundamental of SL(p —3,R) x SL(9 —p,R)
and 15 R-R moduli which we shall generically denote by C; and which span the maximal
abelian ideal {T''} of Solv(s0(6,6)). The scalars B;, and C parametrise a 15+ (p—3) (9—p)
dimensional subalgebra N, of Solv(so(6,6)) consisting of nilpotent generators only. In
figure [| the so(6,6) Dynkin diagrams for the various models and the corresponding in-
tersections with gl(6,RR),, represented by sl(p — 3,R) + sl(9 — p,R) subdiagrams, are il-
lustrated. As far as the scalar fields are concerned, the 7),_3 x Ty_, models within the
same type ITA or IIB framework are mapped into each other by so(6,6)7 Weyl trans-
formations, which can be interpreted as T-dualities on an even number of directions of
Ts.
We con now turn to the detailed analysis of each (IIB or ITA) orientifold model.

3.1 T4 x Ty 1IB orientifold with D7 branes. The ungauged version

Solvable algebra of global symmetries. The following model (with p = 7) describes
the bulk sector of IIB superstring compactified on a (74 x T5)/Z2 orientifold with D7 branes
wrapped on the Tj.

To this end, we describe the embedding of the scalar sector of the corresponding .4 = 4
model within the .#* = 8 by expressing the so(6,6) Dynkin diagram {f,} in terms of the
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simple roots of 67(7)4

/31 :61_627
B2 = €2 — €3,

B3 = €3 — €4,

By = €1+ €5,
Bs = —€5 + €6,
6
1 1
= —— € + —€e7=a.
o (Ee) o

According to eq. (@), the root (g corresponds to the ten-dimensional R-R scalar C, and
thus identifies the type IIB duality group SL(2,R)p. The Dynkin diagram of the external
SL(2,R) factor in the isometry group consists, instead, of the single root

B=a+e +e+e3+eq. (3.16)

It is useful to classify the positive roots according to their grading with respect to three
relevant O(1, 1) groups generated by the Cartan operators Hg, Hys, Hys and parametrised
by the moduli 3 - h, hs, hg:

0(1,1)g — e’* = vy,
O(1,1)1 — et = (Vi)/* (Va)'/?,
O(1,1)y — e = e7?, (3.17)

where we have denoted by A" the so(6,6) simple weights, A" - 3,, = 07. O(1,1)¢ is
generated by the Cartan generator of the external SL(2,R) and O(1,1);, O(1,1) are in
GL(4,R) x GL(2,R), the former corresponding to the metric modulus given in eq. (B.15).
In table ] we list the axionic fields of the model together with the corresponding generator
of Solv(sl(2,R)) + Solv(so(6, 6)), for each of which the O(1,1)3 grading and the SL(4,R) x
SL(2,R) representations are specified. The indices 7, j and a, b label as usual the directions
of the torus which are longitudinal (Ty) and transverse (T%) to the D-branes.

The fields B;, and Cj, transform in the representation (4,4) of SL(4,R) x SO(2,2)
where SO(2,2) = SL(2,R) x SL(2,R)yp, and therefore will be collectively denoted by @7,
where A = («, a) =1, 2, 3, 4 labels the 4 of SO(2,2), with a choice of basis corresponding
to the invariant metric 1), = diag(+1, +1, —1, —1). Its expression in terms of the fields
B;, and C;, is

o = Cio — Bi1, Big + Ci1, Bin + Cia, —Bia + Ci1 } . (3.18)

1
E{

We shall use the same notation for the corresponding generators, {75} = {T1%@, T4},

“In our conventions B3; is the end root of the long leg and s, B the symmetric roots.
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GL(4) x GL(2)-rep. | generator root field dim.
- T(0,0,0) {€i—€j, ca — €} (i<j,a>b) {9ij, gav} 7
(1,1) 001 T a Co 1
(4,2)0.1.0) Ttia € +é€q Bia 8
(4, 2)(071’1) T2 a+e€ +eq C; 8
(6,1)021) T a+ (€ +e€q)+ (65 +€) Cijar = Clij €ap 6
‘ (1, 1)(270,0) ‘ T ‘ B=a+¢€ +e+e3+ ¢y ‘ Cijki = ¢ ‘ 1 ‘

Table 5: Axionic fields for the Ty x T, IIB orientifold, generators of Solv(so(6,6)), O(1,1)? gradings,
and SL(4,R) x SL(2, R) representations.

From the assigned gradings one can conclude that the generators T, T )Z\ and T% close a
23-dimensional nilpotent solvable subalgebra N7 of Solv(so(6,6)). The non-trivial commu-
tation relations are determined by the grading and the index structure of the generators,
and read

[Ty, T3] = MM T4,
{Ti, Ti] =nw 1Y, (3.19)

where My is a nilpotent generator acting on the 4 of SO(2,2) which, for our choice of

basis, can be cast in the form

MY == : (3.20)

-1 0 -1 0
Infinitesimal transformations. Let us consider now the infinitesimal transformations
of the scalar fields generated by T, T; and T;;. For simplicity we shall restrict our analysis
to those points in the moduli space where the only non-vanishing scalars are @f‘, C and
C. The corresponding coset representative thus takes the simple form

L =exp (Ci; TY) exp <d5@>‘ Tf\) exp (C Tp), (3.21)
and its associated left-invariant one-form is
L7YL = (L7'0yL) dC + (L7'0i L) dd} + (L~19Y L) dC;;
= Ty dC + dd} (63 — CMN) T3, + % T dd)by; + T dCy; . (3.22)
In general, the action of an element T4 on the coset representative can be expressed as:
LTI = kSL710,L, (3.23)

where the k, are the corresponding Killing vectors. In the case at hand, from eq. (B.19),

we can derive
L'y = Ty + 0} MyY T + 38} &) Moy T,
LTI = <5A’ - CMﬁ’) Ti, +TY &,
LT = 7 (3.24)
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and, thus, read the non-vanishing components of the Killing vectors

ko = 8y + @} My %,
) 1 L
B =0+ 5 P07,
ki = 9% (3.25)

where 9 9 9
_ Y ij d = 2
A 50 0 acs; an [ (9(15@?‘ (3.26)

Therefore, under the infinitesimal diffeomorphism &%kq + {Z)‘kf\ + &k the fields transform
as follows:

0C = ¢,
80} = & + N My,
1
0Cs; = &ij + 5 §[>Z\ @jp\. (3.27)

Scalar kinetic terms. Since all the quantities of our gauging are covariant with respect
to SO(2,2) x GL(4,R) it is useful to define the (full) coset representative in the following
way

L = exp (Cj; Tij) exp <q5i‘ Tf\) exp (cT)E, (3.28)

where E is the coset representative of the submanifold

50(2,2) GL(4,R)
SO(2) x SO(2) * SO(4)

E € 0(1,1) X (3.29)

The scalar kinetic terms are computed by evaluating the components of the vielbein & =
LildL|G/H:

L YLy = P T+ AT+ PT + P, (3.30)
where the restriction to G/H amounts to select the non-compact isometries of the scalar
manifold, &g is the algebra-valued vielbein of the submanifold (B.29). Finally, the hatted

generators denote the non-compact component of the corresponding solvable generator.
The kinetic lagrangian for the scalar fields is then

1 1 3 5 1
Ll = 5 P P45 D PPN LY P P+ Te(Ph), (3.31)
) i
where
Py = Oyuc,
Py, = (0,8}) EL B,

1 o
Py = {aucij +3 (auqz* Dy — 0, D) %)] ELEI;. (3.32)

,13,



Sp-section | O(1,1)3-grading weight
Fi, (-1,0,-1/2) €a — 1/V/2¢7
Faq (—1,0,1/2) W+ €q
F (-1,-1,-1/2) —e; — 1/V/2e7
Ft (1,-1,-1/2) w+ €+ €+ €
Fla (1,0,1/2) —eq 4+ 1/V/2¢7
F2a (1,0,—1/2) —w — €
i (1,1,1/2) €6 + 1/ 2er
F, (-1,1,1/2) —w— € — € — €

Table 6: Field strengths, O(1,1)? gradings, and corresponding weights.

Vector fields. The twelve vector potentials are By, Cqu, GL, Cijku- As before, we shall
collectively denote by Af‘L the pair {Bg,, Cqu}, and by F' A = dA> the corresponding field
strengths. To avoid confusion, we shall then adopt the following notation for the remain-
ing field strengths: .#* = dG* and F' = ¢k dCy;. Moreover, F, Z; and F; will denote
the “dual” field strengths, obtained by varying the lagrangian with respect to the elec-
tric ones, not to be confused with the four-dimensional Hodge duals *F*, *%% and *F".
Following [B7], we can then collect the field strengths and their duals in a symplectic vector

{F)\? yia Fi) F)\a <;.ia E} . (333)

In table f|, we list the field strengths and their duals as they appear in the symplectic
section, together with their O(1,1)? gradings and the corresponding weights of the 56 of

E7(7).
Under a generic nilpotent transformation
€T +&To+ & T +&;TY (3.34)
the field strengths transform as
SF» = = ' + & FY My,
SF =0,
SF" = ¢ T,
SF\ = €y FN — & MM Fy — oy & F7
0Fi = —§ Fy + & Fy — 28 I |
0F, = =& Fr iy +2&; 77 (3.35)

We then deduce that the electric subalgebra is

Je = 0(17 1)(0,0) + 30(27 2)(0,0) + gl(47R)(0,0) + (17 1)(2,0) + (47 4)(0,1) + (17 6)(0,2) ’

where o(1,1)g,0) is the generator of O(1,1)q, and the grading refers to O(1,1)g x O(1,1);.
The group O(1,1)2 is now included inside SO(2,2) and, in what follows, we shall not
consider its grading any longer. Furthermore, we identify 7" as the generator in (1,1) (2,0)>

— 14 -



T and T% are associated to (4,4) o1y and (6,1) 5, respectively. The interested reader
may find in the explicit symplectic realisation of the generators of N7, as well as
the computation of the vector kinetic matrix.

3.2 Ty x Ty 1IB orientifold with D5 branes. The ungauged version

Solvable algebra of global symmetries. In this second model the relevant axions are
Bia, Cup, Cigpe = C’id, Cuw = c and Cj; = ¢; ¢, and can be associated to the following
choice of simple roots

ﬁ1:€1_€25

f2 = €2 + €3,

f3 = —€3+ €4,
Py = —€4+ €5,
Ps = —€5+ €6,

ﬁ6:a+63+647

for the subalgebra so(6,6) C e7(7). The Dynkin diagram of the external SL(2,R) consists,
instead, of the single root

B=a+e +e, (3.36)

whose corresponding axion is Cj;, according to eq. (B.3).
The triple grading, this time, refers to the O(1, 1) group generated by the three Cartan
Hpg, H)2, Hys and parametrised by the moduli 3 - h, ha, he:

0(1,1)g — €*M = Vye /2,

O(1, 1)1 — € = (Vo)/2 (Vy)/* 2

0(1,1)y — €' = (V)2 e /2, (3.37)
where, as usual, O(1,1)p is in the external SL(2,RR), while O(1,1); and O(1, 1) are con-
tained in GL(2,R) x GL(4,R).

In table [] we list the axionic fields of this model, together with the corresponding

generator of Solv(so(6,6)), for each of which the O(1,1)% grading is specified, as well as
their SL(2,R) x SL(4, R) representations

Also in this case, the generators T, T, T and T close a 23-dimensional solvable
subalgebra of SO(6,6)

Ns=cT + By T+ CITi + Coypy T (3.38)
whose algebraic structure is encoded in the non-vanishing commutators
|7, | = et 7, (3.39)

[Tia, Taﬂ — g, (3.40)
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GL(2) x GL(6)-rep. | generator root field dim.
- T(0,0,0) {ei—€j, ca—€} (i<ja>b) | {gij, Gab} 7
(1,6)(0.01) et a7+ €0+ € Cab 6
(2, 4)(071’0) T € + €q Bia 8
(2,1)(071’1) Ti 7 + € + €4 + € + €c Ccé 8
(1,1)(072,1) T art+e+ej+e,+ept+e+eq | Cp =c 1
| OVeoe | T B [Cs=c ] 1 |

Table 7: Axionic fields for the Ty x Ty IIB orientifold, generators of Solv(so(6,6)), O(1,1)? gradings,
and SL(2,R) x SL(4, R) representations.

The corresponding coset representative reads
L =T eBul CrT (Car T (3.41)
while its left-invariant one-form is
L™YdL = Tdc + T™dCy, + Ty dC{ + (T + €7 CY T + e T} Cy.) dBiq . (3.42)
The transformation properties of the axionic scalars can be deduced from

L='TL =T,
L'TIL =T, + €9 B, T,
L-liag, — ia 4 i C]“»LT 4 gabed Té Che s
LYot = 7 4 ebed gy T (3.43)

which identify the Killing vectors

k=20,
kL = 0.+ €9B;,0,
kia — aia’
K = 9% 4 etbed ot (3.44)
where 5 9 9 5
_ 9 i _ ia __ ab _ ) 4
g oc’ % HCZ-“’ g 0B, g 0Cyu (3.45)

Hence, under the infinitesimal diffeomorphism & T + &;, T + & T! 4 €4 T, one has

dc = eijgquja+57
608 = el Big+ €7,

0Biq = &ia,
6Cup = &ap - (3.46)
For later convenience we shall define the generator T, = —% €abea T4, and the correspond-
ing parameter £, = —% €abed §Cd, in terms of which the relation (B.39) reads
[T, T] = 5, ng . (3.47)
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Sp-section | O(1, 1)3—grading weight
FL, (-1,-1,-1/2) —e; — 1/ 2¢7
Fi (1,-1,-1/2) w + €
%uu (_1707_1/2) €aq — 1/\/567
Fﬁu (_17071/2) w+6b+€c+€d
Fipw (1,1,1/2) €+ 1/V2€7
B (-1,1,1/2) Jw+e+eatentecte
Ay (1,0,1/2) —€q + 1/V2€7
Fa;w (1,0,—1/2) w+€ +€ + €

Table 8: Field strengths, O(1,1)? gradings, and corresponding weights.

Vector fields. The vector fields of this model are GL, Cip Bay, Cf; and we name the
corresponding field strengths and their duals by
g\;ya Euua %MV7 nga ywm F;V7 %%/7 Faul/ . (348)
In the table § we list the field strengths and their duals as they appear in the symplectic
section, together with their O(1,1)3 gradings, and the corresponding E7(7y weights.
The transformation laws under a generic nilpotent transformation &' 7"+ ¢ T+ £% T, +
io T + €2 T can be deduced from the grading and weight structures. One finds

8F =0,
0F; = € ¢ 77,
5 = i F'

OF = £ My — &7 T,

0F; =& e I+ & Fy — &a A" + £ Fy,

OF = €7 ¢ F* — eI ¢¢ Ay + €T
SH" = & F* 4+ € Fy+ €1 €9 Fy

0Fy, = & Ay — Eai €7 F; . (3.49)

The explicit symplectic representation of the N5 generators together with the computation

of the vector kinetic matrix .4 may be found in pppendix.

3.3 Ty x T and Ty x Ty 1IB orientifolds with D3 and D9 branes. The ungauged
version

The Ty x Ts model in the presence of D3-branes, with and without fluxes was constructed
in BJl-[B. The structure of the T x Ty model, on the other hand, is somewhat trivial,
since there is no room for fluxes to be turned on. For completeness, here we shall confine
ourselves to the description of their embeddings within the .4/ = 8 theory, and to the
identification of the solvable algebras N3 and Ny, together with their action on scalar and
vector fields.
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GL(6)-rep. | generator root field dim.
- T(0,0) {€a — €} (a>1) {9a} 15
E(OJ) Top a+ée +egte+ep C% = eabedef Ceger | 15
e |7 [ 5] G- i

Table 9: Axionic fields for the T x T 1IB orientifold, generators of Solv(so(6, 6)), O(1,1)? gradings
and GL(6,R) representations.

The embedding of the
sl(2,IR) +s0(6, 6) algebra inside e7(7y is defined by the following identification of the simple

Solvable algebra of global symmetries: the Ty x Ty model.

roots:
p1 = —€1te,
P2 = —€2te3,
B3 = —€3+ea,
Py = —estes,
Ps = —€5 + €6,
O = a+e +e+e3+ ¢4, (3.50)
for the so(6,6) component, and
f=a, (3.51)
for the sl(2,R) one. The correspondence axion-root is quite simple and is summarised in
table .
In this case., the grading is with re- Sp-section | O(1, 1)%-grading weight
oo by o e and comeponeing | e | WA | wie,
to the foﬁowiﬁn’g I;\lf)duhl ’ i ‘%?W (=1,-1/2) €a — 1/3/2¢7
g, (—1,1/2) —w— €,
0(1,1)g — h = 72, AL, (1,1/2) —€q + 1/3/2¢7

X.h
O(1,1); — e = V6. (352) Taple 10: Field strengths, O(1,1)? gradings, and

The nilpotent algebra N3, generated by corresponding weights.

Tup, acts as Peccei-Quinn translations
on the R-R scalars C%

6C% = ¢gab (3.53)

The vector fields are Uy, and Bg,, and the symplectic section of the corresponding
field strengths Fy,, and J7,, and their magnetic duals Fﬁy, H, 1s listed in table fa.
The duality action of an infinitesimal transformation £ Ty 4+ € T is then

5Fa = 5%,

0, =0,

OF = ¢ A,

SH = —P By — £ F. (3.54)
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GL(6)-rep. | generator root field dim.
- T(0.0) {ei—e) < | 194} 15
15(071) T a+€ + € Cii 15
[ oo [ T [ B  [Cw=c[1 |

Table 11: Axionic fields for the T x Ty IIB orientifold, generators of Solv(so(6,6)), O(1,1)?
gradings, and GL(6,R) representations.

Solvable algebra of global symmetries: the T x T; model. The embedding of the

sl(2,IR) +s0(6, 6) algebra inside e7(7y is defined by the following identification of the simple

roots
ﬁl = €1 — €2,
ﬁQ = € — €3,
B3 = €3 — €4
ﬁ4 = €4 — €5,
Ps = €5 — €6,
B¢ = a+ €5+ €q, (3.55)
for the so(6,6) component, and
6
ﬁ:a+26n, (3.56)
n=1

for the sl(2,R) one. The correspondence axion-root is quite simple, and is summarised in
table [L1.

In this case, the grading is with re-

] Sp-section | O(1,1)2-grading weight
spect to a pair of O(1,1) groups gener-
ated by Hg, Hys and corresponding to Fiw (=1,1/2) wre
Y Hpn e an poname T (-L-1/2) | -&—1/v2
the following moduli: =
Fi, (1,-1/2) —w— ¢
O(1,1)g — e’ = V5e?/2, Fiw (1,1/2) e + 1/3/2er

N6.h 1/2 —3/4¢
O 1)1 — e = (Vo) e ’ Table 12: Field strengths, O(1,1)? gradings, and

The nilpotent algebra Ny, generated by corresponding weights.

T%, acts as Peccei-Quinn translations

on the R-R scalars Cj;,

(3.57)

0Cij = &ij -
The vector fields are C;, and Gi“ and the symplectic sections of the corresponding
field strengths Fj,, and .7, fw and their magnetic duals F liy, ﬁmy are listed in table .

The duality action of an infinitesimal transformation &;; T9 + ¢T is then

0F; = & 77,
8F =0,
OF = ¢ F°,

5?2 = &'j Fi +E&F;. (3.58)
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GL(5)-rep. | generator root field dim.
— T(0,0,0) {ea — €} (a>1) {9ab} 10
ﬁ(o,o,l) Tub a4+ €.+ €q+ € Coge = C® | 10
5(0.1,0) T €1+ € B, =B, | 5
g(0,1,1) Te at+etegtepteteg | Cug =C° 5
[ leoo | T p Ci=c | 1 |

Table 13: Axionic fields for the 77 x Ty ITA orientifold, generators of Solv(so(6,6)), O(1,1)3
gradings, and GL(5, R) representations.

As a result, the electric group contains the whole SO(6,6), as for the heterotic string
on Tg. In other words, there are no Peccei-Quinn isometries in SO(6,6) which could be
gauged. This feature is consistent with the fact that this model does not allow fluxes, and
usually fluxes translate into local Peccei-Quinn invariances in the low-energy supergravity
description.

3.4 Ty x T5 ITA orientifold with D4-branes

Solvable algebra of global symmetries. The embedding of the sl(2,R) + so(6,6)
algebra inside er(7) is defined by the following identifications of simple roots:

B = €1+ €2,
P2 = —€2 + €3,
B3 = —€3 + €4,
Py = —€4+ €5,
Ps = —€5+ €6,
B =a+etestes,
(3.59)
for the so(6,6) factor, and
B=a+e, (3.60)

for the sl(2,R) one. The correspondence axion-root is quite simple, and is summarised in

table [[3.
In this case the grading is with respect to the O(1,1)? group generated by Hg, Hy1, Hys
and parametrised by the moduli 3 - h, hq, hg:
O(1,1)g — ePh = vy e84,
O(1,1); — &M = V; (V)15 e?/2
O(1,1)y — el = (V5)%/2e=9/4, (3.61)
The generators 7%, T, and T, close a twenty-dimensional nilpotent subalgebra N4 of
Solv(so(6,6)):
Ny=B, T4+ CT, +C®T,, (3.62)
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vector | O(1,1)3-grading weight
FL., (1,—1,—1/2) w

Zh, | (-1,-1,-1/2) | —e1 —1/V2¢;
Fiouw (1,0,—1/2) w+ €1+ €
A | (—1,0,-1/2) €a — 1/3/2¢7
Fl (-1,1,1/2) —w
Py (1,1,1/2) €1 +1/v2e7
Fla (—1,0,1/2) —w— €1 — €q
A, (1,0,1/2) —€q + 1/3/2¢7

Table 14: Field strengths, O(1,1)3 gradings, and corresponding weights.

whose algebraic structure is encoded in the non-vanishing commutator
[Tap, T°] = Tjaby - (3.63)
The corresponding coset representative reads
L =0 Ta gBaT® O Tap T (3.64)

where the E factor parametrises the submanifold:

SL(5,R)

O(1,1)p x O(1,1); x O(1,1)2 x SO(5)

(3.65)

A generic element &, T% 4 £2 T, + €% T,;, of Ny then induces the following transformations
on the axionic scalars

50" = €4 +£" By,
5Ba = éaa
6C® = gab, (3.66)

Vector fields. The vector fields of this model are C,, G}“ Clap, Bayu, and we name the
corresponding field strengths F},,, 911“/, Frapw, 4. The symplectic section of the field
strengths and their duals is

{Fuua ﬁjw Flauu7 %MVa FMVa jl}ﬂ’? F;};L? %au}? (367)

and in table [[4 we give their O(1, 1)3 gradings and the corresponding E7(7) weights.
The action of infinitesimal duality transformation &, T + £* T, + £ T, + £ T on the
symplectic section is

OF = ¢ FL,
ST =0,
0F, = & F + 5,
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GL(3) x GL(3)-rep. | generator root field dim.
— 10,00 {ei—€j, ca— €&} (i<ja>b) | {9, gab} 6
(1,3)0,0.1) T, a+ € cab 3
(3, 3)(07170) T € + €, B, 9
(3,5)(0,171) T: a+e +ep+e Cipe = C? 9
(3, 1)(0,271) T € + € + € + €+ e Cruw = Cyj 3
S P ; EFErAEN

Table 15: Axionic fields for the T3 x T3 ITA orientifold, generators of Solv(so(6,6)), O(1,1)3
gradings, and GL(3,R) x GL(3,R) representations.

0 Ho = Ea T,
OF = =& F' + ¢ i,
8F) = —Eu " — €9 Fy —EF,
SEle — _fayl _gabjﬁ“
OH = EOF + £ Fyy — EF1. (3.68)

The explicit symplectic realisation of the N4 generators together with the computation of

the vector kinetic matrix can be found in .

3.5 T3 x T3 ITA orientifold with D6-branes
Solvable algebra of global symmetries. The embedding of the sl(2,R) + so(6,6)
algebra inside ey(7) is defined by the following identification of the simple roots

p1 = e — ez,

B2 = €2 — €3,

B3 = €3+ €4,
By = —€1+es5,
Ps = —€5 + €6,
Bo = a+es (3.69)
for the so(6,6) factor, and
B=a+e +e+e;, (3.70)

for the sl(2,R) one. The correspondence axion-root is quite simple and is summarised in
table [[3.

The triple grading refers to three O(1,1) groups generated by Hpg, Hys, Hye and
parametrised by the moduli 5 - h, hs, hg:

O(1,1); — eMs = (Va)/3 (V)1/3 e?/2
0O(1,1)2 — ehs — (‘/3/)1/3 o—3/40 (3.71)
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The generators T, Ty, T and T form now a 24-dimensional solvable subalgebra

Ng of Solv(so(6,6)):
No = Bio T + C* Ty + CI T + Oy T (3.72)
whose algebraic structure is encoded in the non-vanishing commutators
[Tap, T] = T}, 05,
[Ti“, Tg] = Tiige (3.73)
A possible choice for the coset representative is then
L=eCiTV OfTi BT (O Tay ¢ T , (3.74)

with E parameterising the submanifold

GL(3,R) " GL(3,R)
SO(3) SO(3)

Under an infinitesimal transformation &;; T9 + & T! + &a T + €% Ty, of Ng the variation

of the axionic scalars is

0(1,1)y x (3.75)

3O = &8 + 6" By,

0Cy5 = &ij + & CF

0Biq = Sia s

60 = gab (3.76)

Vector fields. The vector fields of this model are GZ,CZ = ¢iik Cikus Baps Cﬁ = eabe Cheps
and we name the corresponding field strengths 3’7&”, FZV, o, Fy,. The symplectic
section of the field strengths and their duals is

{7 F

uvo %pu, Fy ji;w, F@',ul/a %a Fa,uu}’ (377)

uvo pvo

and in table [ we give their O(1,1)? gradings and the corresponding E7(7y weights.
The action of an infinitesimal duality transformation &;; T 4 & Ti4- € T4 6P Ty +
&T on the symplectic section is

8F =0,
SF! = ¢ F,
5Hy = &ia F'

SF® = &op MG, + £ T,

0F; = —&ia A" — 0 Fy — 28 FI — €y,

0F; = &ia F* + &8 A + 285 T
SH = £ Fy+ & P+ EF,

6F, = & FP+ €. (3.78)

The explicit symplectic realisation of the Ng generators together with the computation of

the vector kinetic matrix can be found in pppendix]
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Sp-section | O(1,1)3-grading weight
FL, (=1,-1,-1/2) | —€; — 1/\/2¢7
., (1,-1,-1/2) w+ €5 + €
Aoy (=1,0,-1/2) | €a—1/v2¢7
1 (—1,0,1/2) w+ €+ €
Finw (1,1,1/2) € +1/v2¢;
F, (-1,1,1/2) —w— € — €,
A, (1,0,1/2) —€a +1/V2¢7
Fopw (1,0,—1/2) —W — € — €
Table 16: Field strengths, O(1,1)3 gradings, and corresponding weights.
GL(5)-rep. | generator root field dim.
— To0 | fe—¢€sca—e} (<)) {gi;} 10
5(070,1) T a+ €; C; 5
5(071,0) T" € + €6 B = B; )
10¢0,1,1) T a+ € + € + € Cije = Cy5 | 10
| loog | T s Cus =c | 1 |

Table 17: Axionic fields for the Ts x Tj IIA orientifold, generators of Solv(so(6,6)), O(1,1)3
gradings, and GL(5, R) representations.

3.6 T x T7 ITA orientifold with D8-branes

Solvable algebra of global symmetries. The embedding of the sl(2,R) + so(6,6)

algebra inside ey(7) is defined by the following identification of the simple roots
P = e — e,
Po = €2 — €3,
Ps = €3 —€q,

ﬂ4:64_657

fs = €5+ €6,
Bs = a+es, (3.79)
for the so(6,6) factor, and
Bb=a+e +e+e3+e€4+¢5, (3.80)

for the sl(2,R) one. The correspondence axion-root is quite simple and is summarised in

table [[7.
The triple grading refers to three O(1,1) groups generated by Hg, Hys, Hys, all com-
muting with SL(5,R), and parametrised by the moduli - h, hs, hg:
0(1,1) — e = V5 e?/*
O(1,1); — € = (V5)/5Vie?,

O(1,1)y — ele = (V5)/5e=3/42 (3.81)

— 24 —



The generators 7", T and T% form now a twenty-dimensional solvable subalgebra Ng of
Solv(so(6,6)):
Ns=BisT"+ C; T + C;; T, (3.82)

whose algebraic structure is encoded in the non-vanishing commutator
(T°, T7) =T". (3.83)
A possible choice for the the coset representative is then
L = eCii T oBis T OiT" oeT E, (3.84)

with the E parameterising the submanifold:

SL(5,R)

O(1,1)o x O(1, 1)1 x O(1,1)2 SO(5)

(3.85)

Under an infinitesimal transformation &;; 7% + & T + &, T"" of Ng the variation of the
axionic scalars is

0Ci; = §i Bjjs + &ij 5

6Bijs = &,

0C; =¢&;. (3.86)
Vector fields. The vector ﬁelds of this model are Gi , Ciep, Cpu, Bey, and we name the

corresponding field strengths .# s Fiopvs Fuv, Hopw- The symplectic section of the field
strengths and their duals is

{y;ﬁm 6u um %um LUV F;im Iz y} (387>

and in table [[§ we give their O(1, 1)? gradings and the corresponding E7(7y weights.

The action of an infinitesimal tran-

. . s Ti 4 el T Sp-section | O(1,1)3-grading weight
o the symptetic weetion o+ [P [ CLLI/) a1V
yimp Fioum (—1,1,1/2) W+ € + €
SF =0, F (-1,-1,1/2) -
' A (—1,1,-1/2) | e~ 1/3/2er
$Fip = & M — E{F + 659 ar ’
5;, . 25‘ ﬁl ‘ N ‘?:Z/J«V (]-7 ]-7 1/2) € + 1/\/567
I Fy (1,-1,-1/2) | —w—¢ —€s
oM = & F", FL (1,1,-1/2) —w
6F; = GF — A0 + &;F7° + ¢Fyg Ay, (1,-1,1/2) —e6 + 1/V2€r
6 .
5FZ~ - 5@;1, Table 18: Field strengths, O(1,1)® gradings, and
OF = & FS + ¢4, corresponding weights.
oM = —FS+¢F. (3.88)
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The explicit symplectic realisation of the Ng generators, together with the computation of
the vector kinetic matrix can be found in pppendixl.

4. Fluxes and gauged supergravity: local Peccei-Quinn symmetry as gau-
ged duality transformations

In the present section we consider the deformation of .4 = 4 supergravity induced by the
presence of fluxes. We shall restrict our analysis, here, only to IIB orientifolds with some
(three-form) fluxes turned on, while we shall defer the study of more general fluxes and of
the gauge structure of other models elsewhere.

Differently to what happened in the well-studied T /Zs orientifolds, non-abelian gauged
supergravities (for the bulk sector) now emerge, due to the presence of gauge fields orig-
inating from the ten-dimensional metric, and of axionic scalars associated to the NS-NS

two-form B.

4.1 The Ty x Ty IIB orientifold model

In this model, the allowed three-form fluxes are H f} = {Haij, Fui;j}, and are in correspon-
dence with the representation (4,6)_, of SO(2,2) x GL(4,R). The grading simply counts
the number of indices along the internal T, and, more specifically, is associated to the
subgroup O(1,1); € GL(4,R). As mentioned in the introduction, inspection of the dimen-
sionally reduced three-form kinetic term indicates for the four-dimensional theory a gauge
group %, with connection 2, = X; GZ + X AAf; and the following structure:

[X;, Xj] = H} X, . (4.1)
We may identify the gauge generators with isometries as follows:
X; = —H} T},
XA = %HA] T (4.2)
Using relations (B.19) and the property
H,?[]Hiw = %H%HMA - %H%l , (4.3)

where H = HZ)} H;\j , one can show that the generators defined in (J.2) fulfil the following

algebraic relations

1
X, Xj] = H}} X — 1T, (4.4)
which coincide with ([LI]) only if H = 0 which amounts to the condition that [, F(s) A
H(3y = 0 (this condition is consistent with a constraint found in [fi§] on the embedding

matrix of a new gauge group in the N' = 8 theory, which seems to yield an N’ = 8 “lifting”
of the type IIB orientifold models T),_3 x Ty_, discussed here). Under this condition the
gauge group is indeed contained in the isometry group of the scalar manifold. Moreover it
can be verified that under the duality action of the gauge generators defined in (}.2) the
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vector fields transform in the co-adjoint of the gauge group ¢, and thus provide a consistent
definition for the gauge connection 2, . The variation of the gauge potentials under an

infinitesimal transformation with parameters £*, & reads
SA) = & H) Gl + 9,8,
0G), = 0,¢",
5Cijku =0, (4.5)

and is compatible with the following non-abelian field strengths

A A A X i
Fpy = 0,A} — 0,4~ H} G, G,

Fiy = 0,6}~ 0,G,.

Fl, = €M™ (0,Cjkw — 0,Ctp) - (4.6)

The C;; and (Pf‘ scalars are also charged and, up to rotations, subject to shifts

1 A 1 k 7A
50} = H) ¢, (4.7)

and their kinetic terms are modified accordingly by covariantisations

1 AL ok
DﬂCij = auCl-j — 5 HijA AM + 5 GM Hk[z (I)j]Aa
A A A j
Chern-Simons terms. The gauge group consists of Peccei-Quinn transformations that
shift the real part of the vector kinetic matrix .4 (the generalised theta angle). In [ft9] (0],
it was shown that such a local transformation is a symmetry of the lagrangian provided

suitable generalised Chern-Simons terms are introduced.

In the case at hand, the new contribution to the lagrangian is
. y 1 . Y
o A A k
gc.s. o etP (H)\ij’ A,u GIZ/ 8/)0(]7 + gH)\ij/ Hk:é GL CIZ Gp GU> y (49)
corresponding to the non-vanishing entries
C)\7 iyl = _H)\ij’ and C@ N = H)\ij’ y (4.10)

where, in general, the coefficients C'r 45> define the moduli-independent gauge variation of
the real part of the kinetic matrix .4

55R€JVAEZ§FCF,AE. (4.11)
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4.2 Type 15 x T, 1IB orientifold model

Let us consider the T5 x Ty model in presence of the fluxes H;;, = €;; H, and Fjg,. These
fluxes appear as structure constants

[Xi, X]] = Eij HaXa,
[Xi, X4 = F* Xy, (4.12)

of the gauge algebra ¢, = {X;, X%, X,} with connection 2§ = GL Xi+ Bap X+ C Xq,
all other commutators vanishing.
The identification

X = -F%T,+H, T*,

(2

XY =F®T X' = _-H,T, (4.13)

of the gauge generators with the isometries of the solvable algebra N5, reproduces only a
contracted version of the algebra ([.12) in which three of the central charges X, vanish and
we are left with X! = —H,T. If we denote by {X*} = {X,}/{X/} these three central
generators, we see that the subgroup ¥, = {X;

7

X X!} of the isometry group which is

gauged coincides with the quotient:
g =G, /{X"}, (4.14)

that amounts to imposing the vanishing of the central terms on all fields.
On the other hand, transformations generated by the operators in (J.13) induce isom-
etry transformations with parameters:

§ia = —&i Ha,
gab — _é—i Fwiab,
¢ =& F,
&= —Hy %, (4.15)

where §; = ¢;;&. Using egs. (B.49) and ([.15), one can then verify that the vectors GZ, B,
and C} transform in the co-adjoint representation of ¢, under the duality action generated

by {X;, X% X,}, so that the above definition of the gauge connection (2, is consistent:

0Bap = £ Gl eij Hy + 0pba = —& Gl Ha + 0éa s

5Co = £ By, Fbe — GL & FY + 0,69,

0G|, = 9,8". (4.16)
Notice that the action of the central charges X, amounts just to a gauge transformation

on C}. These ten vectors can therefore be used to gauge the group %, and the non-abelian
field strengths read

Hopy = OuBay — 0y Bay — €5 Ho G}, G,
F,LCLLV = altcg - 81103 + F‘Z‘ab GL Bby — Fl-ab GIZ/ Bb’u,
Fi, = 0,Gl, — 0,G,. (4.17)
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Since ¥, is not part of the global symmetries of the lagrangian, we should restrict ourselves
to the quotient G, i.e. we demand that central charges {T', X,} vanish on all physical
fields. The gauge transformations of the scalar fields

oc = _Ha §a + fa F;‘ab B_]b Eij )
50 = & F* + & F* By,
0B, = =& H, ,
50@1) _gi Eaba (418)

are then compatible with the covariant derivatives
Dyc = dyc+ Hy Cf — Bay F° Bjp e
D,Cf = 9,0y — By, F* — G, F{* By,
DuBia = auBia + Giu Ha )
DﬂCab = 6HCab + GL Fiu . (4.19)

Chern-Simons terms. Also in this case local Peccei-Quinn transformations demand the
inclusion in the lagrangian of the Chern-Simons terms

L = vro (Ha G, Cyy 0,04 — Hy Cft Ciyy 9,Gly — €9 F* By, Ciyy 0, Bpo

1 , 1 ..
+ 5 Ha F{" G}, Ciy G} Bog — 2 € Hy Fj" By, Ciy G G,m> . (4.20)

corresponding to the non-vanishing components

Ci,ja = 55 H,,
Cu,i! = —67 Hy,
Cu™ = € Fyb, (4.21)

of the Crax coefficients.

5. Conclusions and outlooks

In the present paper, we have investigated the symmetries and the structure of several T
orientifolds which, in absence of fluxes, have .#* = 4 supersymmetries in four dimensions.
we have not addressed here the question of vacua with some residual supersymmetry, that
will be the subject of future investigations. All these models lead to different low-energy
supergravity descriptions. When fluxes are turned on, the deformed lagrangian is described
by a gauged .4 = 4 supergravity and fermionic mass-terms and a scalar potential are
developed.

The low-energy lagrangians underlying these orientifolds are different versions of gau-
ged A = 4 supergravity with six bulk vector multiplets and additional Yang-Mills multi-
plets living on the brane world-volume. The gaugings are based on quotients (with respect
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to some central charges) of nilpotent subalgebras of so(6,6). These nilpotent subalgebras
are basically generated by the axion symmetries associated to R-R scalars and to NS-NS
scalars originating from the two-form B-field.

Along similar lines, one can also consider new examples of orientifolds with A4 = 2,1
four-dimensional supersymmetries, with and/or without fluxes.
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A. Symplectic realisation of the solvable generators

In this appendix, we give the coset representatives of our models in the symplectic basis
of vector fields. This is needed in order to compute the kinetic matrix .45, which is a
complex symmetric matrix in the space of vectors in the theory. Its imaginary and real
parts describe the terms

1
Im A5 i F¥ M + 5 Re Az PTFN Fo (A1)

Model Ty x T,. The Sp(24,R) representation of the solvable generators in model 1 in
the basis (B.33) is:

00 000 O
00 000 O

T:0110000’
n 00 00 O
00 000 —1
00 000 O
MT 00 0 00
0 00 0 00

Tzoooooo’
0 00 —M 0 0
0 00 0 00
0 00 0 00
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T =

where each block is a 4 x 4 matrix, 1 denotes the identity matrix, 7 = n ) and

|
S o oo oo
o oo o o3

o O O O o O

4

o O O

0

0

GV

The coset representative is

L = exp(Cy;T) exp(PT5) exp(cT)E = <

where E parametrises the manifold

E e O(l, 1)0 X

and can be written in the following general form:

e ¥ E(g)

o O O O O

with

o O O O O

— i

o O O O o O

o O O O O

0

o O O O

o Sk

O O O O o O

O O O O o O

(%) = 01.6] — 6707, -

SO(2,2)

A 0
C D)’

GL(4,R)

SO(2) x S0(2)

SO(4)

0 0 0
ek 0 0
0 e’ B 0
0 0 e’ 77E(5)77
0 0 0
0 0 0
SO(2,2)
Eptrs ¢ — -2\ %
070 € 302) x S0(2) ’
. GL(4,R)
B 2SR
1€ TS0

e?H ¢ O(1,1),

)

o O O o O

(A.5)

(A.6)

(A7)

the hatted indices being the rigid ones transforming under the isotropy group. The blocks

is L read

e~ ¥ E(E)A5 —e ¥ QSZ)‘EZj
e B
ce P E';

A= 0
0
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ce ¥ E(g))@ —ce ¥ 45)\]' Ejg —e¥ SZS)\J' Eji
C = ce ¥ Pg; E(g)(sg —067‘{;’20@']}?]?C —GWQC'UEJ]% s

—e ¥ &y, E(g)5& e %2 éijEj]; 0
e¥ Ew(g)/\(7 0 0
D=1 e @ﬁE(g)f P E1I —ce v ELI
0 0 e v B
~ 1
Cij = Cij + 1 P} Dy . (A.8)

In the sequel we shall need also the expression of A~

e? E(g)&)\ e? E(g)&)\épg‘ 0
Al = 0 e¥ Bl 0 : (A.9)
0 —e ¥ cE*”j e ¥ E*”j
In terms of the matrices h, f
f=1aA,  h=L(c-ip (A.10)
=—A, =— (C-iD), .
V2 V2

the kinetic matrix is expressed as (see [51] and references therein)

Nyyv Ny Ny,
N = hfil = * N;; NZ/ , (All)
* * NZZ

and is characterised by the following entries:

Nox = —1€* E\7 Egn” + e
Ny = —ie* By’ By’ @) + ey,

N;\Z = _(ﬁ)\ia

N = —i ((6250 St 02) EiliiEilji + e2? QS? E(é)/\& E(Z)/\'& @;\/) + C(pg\ P s

Nj; =ice E'E™'; —2Cy,

NZ/; _ _i€—2<p E—liiE—lﬁ_ (Alz)

Model T x Ty. The Sp(24,R) representation of the solvable generators in model 2 in
the basis (B.4§) is:

0 0000 0 00O

€ 0 0 0 0 0 0 0

0 0 000 0 0O
T 0 0 000 0 0O

0 00 0 0 ¢ 0 O0f’

0 0 000 0 0O

0 001 0 0 0O

0 0L o0 O 0O
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0
0
0
0
0
0

0 00 O
0 0 0 O
0 0 0 O

0
0
0

0
0

0 0

00 68 000 0

0 0

0 0 0 0
0 0 0 0

0
0
0
0

0
0
0

000 0 &4

0 0 0 0

Tab =

0

)

?
J

3

o

0
0 0 =04 0
00 O
0

0
0

0

—ct 5g

0

0
0

S O O O

—0f €%

Tia _

0

0 0 0 0

o3
coco o oo
o
S
o0 oo oo
oo oo oo
oo o o oo
oo o0 o oo

o3
)
o o o o.l o
=
e
oo oo o ¥
o3
)
B
o3
S ogfo © O
|
Il
.
&~

000 0 O

0

0 0 00 O0O0OO0OO O
0 0 000 O0O0OUPO
0 0 000 0 O0OUPO
0 0 000 O0O0OTOP O

01 00 0 O0 OO

(A.13)

r 0 00 0 O0O0O0

0 0 00 O0O0OO0OUO O
0 0 00 O0O0O0OO O

The coset representative has the form:

(A.14)

(¢ 5),

GL(4,R)
SO(4)

ec/ T’ ecT oBia Tie et K eCab T“bE

L=

where this time the matrix E describes the submanifold:

(A.15)

GL(2,R)
SO(2)

E= O(l, 1)0 X
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and has the following form:

e~ Fy'; 0 0 0 0 0 0 0
0 e? Byt 0 0 0 0 0 0
0 0 e P B0 0 0 0 0 0
E — 0 0 0 €Y Ey%; 0 0 0 0
- 0 0 0 0 L 0 0 0 ’
0 0 0 0 0 e~% Ey'; 0 0
0 0 0 0 0 0 e B4%; 0
0 0 0 0 0 0 0 e? B0
i c GL(2,R)
N
I SO(2) ’
g o CLUER)
@
b SO(4)
e?H € 0(1,1) (A.16)

The blocks A, C, D of L can be conveniently described in terms of the following matrices
(B)ia = Bia, (C);* = C¢, (€)™ = C:

e %Y Ey 0 0 0
A= e ¥YcdeFs e“”EQ_1 0 0
T | e ¥B'E, 0 e~ Byt 0 ’
—e ¥ C!Ey 0 e YECE] e YE,
e=?c(ce + BCY)Ey —e¥(ce + BCH)eEy' e % (C—-B¥)E;' —e %dBE,
c_ —e %¢(ce + BCY) Ey 0 —e %¢(C-B%)E;' e ¥BE,
o —e P CtE, e?CleEy ! e ¥IECE" e P E,
e Y BtE, —e?BteE;? e v/ E; ! 0
e? Byl e ¥cdeBy; —e*BE; ¢?(C-—B%)E;"
0 e ¥ Ey 0 0
D= 0 0 e? By e® (@”Ezl ’ (A-17)
0 0 0 e? Bt

it is also useful to compute A~

¥ Byt 0 0 0
—e ¥ Eye e ¥ FEy 0 0
Al = A.18
—e¥ B4 B! 0 e? Ey 0 ( )
S ENEBHACH 0 —efE'E B!
We then compute the kinetic matrix .4~ whose independent components are:
N; N7 N N;
* Nij Nia Nia
= Al
o * x« N Ne | (A-19)
* * * N
where
Nij = —1 E;llj E;ljj (62(’0 + e 2% Cl2) + e2¥ B, E4a& E4b& ij +

2% (LB, OO+ () E;lad E4—1ba <de Bja + C]b)} — 2By, CJ‘-L) d,
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N/ = —i e 2% €ik Ele; EzjfC 4+ cé;7 — By, Cg ki ,

Ny = 1e2? | By Byt Ba®y + (~ By O™ + CF) By BP0 + ¢ ¢,

Nia = —i€*? (=B C* + C8) By ' * B 'e® — ¢ Bia
N = —ie Y Ey'; By,

N = ¢l i,

N', = €9 Bj,,

Nb — 2% <_Cad E4—1dci E4—1€J ob 4 By E4bi)) ’
Nab = —i 624,0 Cad E4—1dcz E4—1b0i+ c 5ab7

Ny = —ie2? B A Ep L. (A.20)

Model 77 x Ts. The Sp(24,R) representation of the Ny generators is the following:

0 0 00O O0O0O 0 0
0 0 00O O0O0O 0 0
& 0 0000 0 0
qa_ |0 % 0000 0 0
00 00O0O0 =6 0 |’
00 00O0O0 0 —d
0 0 00 O0O0 0 0
0 0 00 0O 0 0
0 0 0 0 0000
0 0 0 0 0000
0 0 0 0 0000
0 0 0 0 0000
T, = b ;
0 0 0 & 0000
0 0 -6 0 0000
0 - 0 0 00 00
& 0 0 0 00 0 0
00 0 0 0000
00 0 0 0000
00 0 0 0000
00 0 0 0000
T=100 0 0o 0000
00 0 0 0000
00 0 =64 00 0 0
004 0 0000
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O L 00 0 0 0 O
0000 0 0 0 O
0001 0 0 0 O
T - 0000 0 0 0 O (A.21)
0000 0 0 0 O
0 000 -1 0 0 O
0000 0 0 0 O
0000 0 0 -1 0
We have chosen the coset representative to have the form given in eq. (8.64). We may
choose for the matrix E the following matrix form:
¥ FE 0 0 0 0 0 0 0
0 e¥FE 0 0 0 0 0 0
0 0 e’ EL0 0 0 0 0 0
p_| 0 0 0 e¥E1L 0 0 0 0
0 0 0 0 e ?/E 0 0 0 ’
0 0 0 0 0 e?/E 0 0
0 0 0 0 0 0 e ¥ EY 0
0 0 0 0 0 0 0 e? B
(A.22)
where:
Eai), FE e 0(1,1)1 X O(l, 1)2 X %{;)g),
eH?c0(1,1). (A.23)

The blocks {A, C, D} of L and A~! have the following form:

FEe? cEe % 0 0
A 0 Ee=? 0o 0o
BoEe? cBgEe ¥ e E-1,b ce % E’lqb ’
0 Bge™ ¢ 0 e P ETL0
0 B, C*Ee™ % 0
C— | BaC'Ee? —cBaC*Ee™® —e¥(B, cba + ca)y B,
0 —e YC*E 0
C*Ee¥ cC*Ee™ % e‘PC’abE_lb‘i
e~ ?/E 0 —Bae Y E?; 0
D= —ce ¥P/E eP/E cBqoe ¥ E*; —BgefE%;
0 0 e ¥ E% 0 ’
0 0  —ce¥E;, &P EY
e~ ?/E —ce %?/E 0 0
A-l 0 e /E 0 0
—e~ ¥ Ed“ Bs ce™ ¥ Ed“ Bg, e~ % Ed“ —ce™ ¥ E'dﬂ ’
0 —e% E;%Ba 0 e? B0
from equations (A.10) and ((A.11]) we compute the matrix .4
N N NO N
JV . * N1 1 Nl(la) Nla
- % % N(1a)(16)  pr(la)b
* * * Nab
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e=? (B, Cba 4 Co) E—1,4
—e"¥c(B, Ct + C*) E71,

7 )
e~ Cab E*lbd

e PcCab p—1,d

(A.24)

(A.25)



whose entries are

N:

M

N (1a)
NCL
Ni1
N, 1)
N @

N(la) (1) _
N(la)b _
Nab _

where the asterisks denote the symmetric entries.

—je2¢¥ <Ba By E%; EY; + %) ,

i€_230 Bb Ea& Ebd s
C®+ B, C" —ice 2% B, E%; EY;,

=ice2¥ <Ba By E%; EY; +

E2

1>’

—i (6—29002 + 62 so) <Ba B, Ead Ebd +

1

E2

— (Bbe“ n C“) —ice 2% B, E%, B, |
i (729 +€%%) By E" B,

s =2 a b
—ie *?E &E@,

—C™ 1ie 2% cEY, EY,,

—i (6_2“’ A+ é? 90) E%, EY;

).

(A.26)

Model T3 x T5. The Sp(24,R) representation of the Ng generators is the following:
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0 0O 000000
0 0O 000000
0 0O 000000

pii _ | 0 0 000000
0 -267 00000 0]
260 0 0 0 0 0 0 0
0 0O 000000
0 0O 000000
00000 0 00
1.00 00 0 00
00000 0 00

s_|[0 0000 0 00 (A27)
00000 -1 00
00000 0 00
00010 0 00
001 00 0 00

We have chosen the coset representative to have the form given in eq. (8.74). We may
choose for the matrix E the following matrix form:

e~¥ Ei; 0 0 0 0 0 0 0
0 e? Ei; 0 0 0 0 0 0
0 0 e wE;0 0 0 0 0 0
E — 0 0 0 e ¥ ES; 0 0 0 0
0 0 0 0 e? BT 0 0 0 ’
0 0 0 0 0 e BTN 0 0
0 0 0 0 0 0 ¥ Eg; 0
0 0 0 0 0 0 0 e¥E;'eb
where
i e (GL(B, ]R))
17 )
S0(3) /,
o e (GL(S, IR%))
2% )
S0(3) /,
e’ € S0(1,1) . (A.28)
The blocks {A, C, D} of L and A~! have the following form:
e~? Ei; 0 0 0
A= | c* EY;  e® Ei; 0 0
Biae ¥ E{; 0 e P By e 0 ’
Cfe ®Bi; 0 e PO E; L e ? By
—2ce” ¥ Cij E{IE —2e? Cij E{fc —ce™ ¥ (Cf + Bjp Cba)Eglaé —e~%?cBj E;lbd
C = 2e~% éi]’ E{I;: 0 e~ ¥ (C{l + Bip Cba)Eglaé e” ¥ Big FE2%;
ce ¥ C? E{k e? CP E{k ce~¥ Ceb E;{bé ce Y Ex%; ’
ce™% Bia Bl e¥ Biq E}, ce By l° 0
e? By —ce B[] —e? Bia B§; —e¥ (Cf + By C*) By 'a®
D — 0 e~v Er LI 0 0
0 0 e ES; e Cob By 1y e ’
0 0 0 e? Byl
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e? By, 0 0 0
AL — —ce~¥ BT, e~ BT Y, 0 0
—e¥ E24% Bia 0 e? Bop® 0 ’
—e¥ By "¢, (By, C* 4 C9) 0 —e¥ By, 0 e By e,
Cij = Cij + % C%Bj, . (A.29)
The vector kinetic matrix can now be calculated and has the following form:
Ny N N& N
" ra /
ol R (430
* * *  Ng
whose entries are
Nij = 2¢ By Cfy — i [(62 e 2P+ 2?) By L BT 4 €29 (CF + By C™) x
x (C§ + Bj C*) By '* By ' + €2 By Bjy, B Eg@] :
Nj; = =2Cyj +ice *? B[/ B,
N = —cCf 4162 [(Ch+ Bie C) € B3 ' B34 + By B B
Nig = —¢Bijq +1€2? (C? + B;c C®) E; L2 By 1,¢,
N = —ie *¢? BB
N = ce,
N, = Bia,
N = —ie2? [Eg, B, + 0o ct Byt 2 By )
N% = c—ie29 0% Byl ¢ Bty
Ny = —ie?? By LS Ey L2 (A.31)

Model T5 X Sl.
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The Sp(24,R) representation of the Ng generators is the following:
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r 0 0 0 0 0 0 O

0 0 01 00 OO

0 01 0 0 O0O0 O

We may

We have chosen the coset representative to have the form given in eq. (8.84)).

choose for the matrix E the following matrix form

(A.33)

-
=

O O OO0 OO0 g
[

=

=N eNeNe NN =]
O

where:

SL(5, R)
SO(5)

E' E € O(1,1)1 x O(1,1)g x

(A.34)

e’ € 50(1,1)0.

The blocks {A, C, D} of L and A~! have the following form

) |

0
Ci/E
0
1/E

0
-B;E
E
0

-17
i

0
0
0

E

E';
(BiCj + Cij) EY;
—C, B
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C(BiCj—i-Cij)Ejj cEilij —cB; FE CCZ/E

c o cEY; 0 0 0
¢B; EY; 0 0 c/E |’
—CCZ' Ei]; 0 ckE 0
E_ll'j (Bz Cj —|—Cij)Ejj CZ/E —B, FE
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The vector kinetic matrix can now be calculated and has the following form

N;j N N; N/
* N Nt N'

N = . . N N | (A.35)
* * x* N
whose entries are

Nij = —je?® [ElijEljj—}— (Bz Ch +Czk) (Bj Ch +Cjn) Eklenlf—i—

1

—i-ﬁCiCj—i-BiBjEQ],
Nij = 6—1624‘0 {(BZC]C—FCZ]C)E]CZEJE} s
, 1
NZI = ie2ip [(Bick—i—Cik)EklijEjlf-i-EQBi] s
N9 = —ie** E';E';,
N' = —ie*?B; E'; E;,
N'" =ie*?C;E';F’;,
o 1

N = —16290 |:BiBjEng]@+ﬁ:| ,
N'=c+ie*?C;B;E"; B,
N" = —ie?% [Cz Cj Eil;Ejlf-i-EQ] . (A'36)
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