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1. Introduction

It is generally believed that electric and magnetic gauge fields cannot be described in terms

of a single local lagrangian. While electric and magnetic fields are defined by field strengths

which can be related in a local fashion, the underlying vector potentials, in general, do not

satisfy such a relation (this paper deals with four-dimensional gauge theories, so that both

electric and magnetic potentials are vector fields). In certain cases, for instance, when

describing magnetic monopoles in terms of the electric vector potential, the latter cannot

be single-valued. In the absence of charges, the Bianchi identities (which imply that the

field strengths can be expressed in terms of vector potentials) and the field equations for

these vector potentials take a similar form. Assuming that we are dealing with n vector

potentials, we have n Bianchi identities and n field equations. Upon rotating these 2n

equations (by a symplectic 2n-by-2n matrix) there is the option of selecting n independent

linear combinations of them to be interpreted as Bianchi identities whose solutions lead

to a different set of vector potentials. In terms of these vector potentials there exists a

different lagrangian which gives rise to field equations and Bianchi identities for the field

strengths that are linearly equivalent to the original ones. However, the two dual sets of

gauge fields are not locally related and therefore they cannot appear simultaneously in a

given local lagrangian. By the same token one cannot have a local coupling of the gauge

fields to magnetic charges as the latter couple locally to the dual magnetic gauge fields.

Hence different lagrangians can describe the same set of field equations and Bianchi

identities. The transformations governing these inequivalent lagrangians are known as elec-

tric/magnetic duality. Symmetries of the combined equations of motion and Bianchi iden-

tities are not necessarily realized at the level of the lagrangian and may involve a subgroup
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of the electric/magnetic duality transformations. This poses a problem when switching

on (possibly nonabelian) gauge interactions, as the gauging must proceed through elec-

tric gauge fields. A coupling to the magnetic charges seems therefore only possible after

applying an appropriate electric/magnetic duality transformation by which all relevant

charges are converted to electric ones. In this paper we demonstrate in a rather general

framework how nevertheless one can have couplings to the magnetic charges without first

converting them to electric ones. Here we should stress that we restrict ourselves to elec-

tric/magnetic charges that are mutually local, so that problems of a more fundamental

nature are avoided.

The situation described above has an analogue in space-time dimensions other than

four, where electric/magnetic duality takes the form of a duality between vector and tensor

gauge fields. In d space-time dimensions, antisymmetric gauge fields of rank-p are dual to

antisymmetric gauge fields of rank d − 2 − p. So the dual gauge field of an electric vector

potential is an antisymmetric gauge field of rank d−3. While the former couples naturally

to an electrically charged particle, the latter couples to a magnetically charged brane of

(d−4)-dimensional spatial extension. When attempting to switch on gauge interactions one

encounters the same problem as noted above in the four-dimensional context. Namely, one

has to convert all the gauge fields that are supposed to couple to the charges to (electric)

vector potentials. Furthermore, because the remaining vector gauge fields must be neutral,

one must convert the charged vector fields that do not belong to the adjoint representation

of the gauge group, to tensor fields. While this seems to pose no problem of principle, the

field content of the theory thus depends sensitively on the gauging, so that introducing a

gauge group is no longer a matter of simply switching on a corresponding gauge coupling

constant. This fact precludes any uniform treatment of the gaugings of these theories

and furthermore thoroughly obscures the symmetry structure of the underlying ungauged

theory.

Recently, in our study of gaugings of maximal supergravities in five space-time dimen-

sions [1] we exploited a framework in which these conversions between vector and tensor

fields are no longer necessary. Gaugings are encoded in a so-called embedding tensor which

defines the embedding of the gauge group into the symmetry group of the ungauged theory.

The symmetry structure of the latter remains completely manifest (although the full sym-

metry is broken by the embedding tensor) because both vector and tensor fields are present

and assigned to representations of the symmetry group of the ungauged theory. The pres-

ence of an intricate set of vector-tensor gauge transformations ensures that the number of

physical degrees of freedom remains the same. In [1] it was already noted how this ap-

proach can be applied to gaugings of maximal supergravity in various possible space-time

dimensions. As was explained in [2], one is generically dealing with hierarchies of vector-

tensor gauge fields and there exists an intriguing interplay between the group-theoretical

assignment of the various tensor fields and their duality relation. Although this was pri-

marily explained in the context of the Ek(k) duality groups of maximal supergravity, the

mechanism is by no means restricted to supergravity and can be applied to generic gauge

theories. This paper explains how this is done in the context of four space-time dimensions,

where the precise implementation of the mechanism was yet unknown.
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As discussed in [2], the gauge theory in four space-time dimensions is augmented by

rank-2 tensor fields transforming in the adjoint representation of the symmetry group of the

ungauged theory (in this case E7(7), as this is the symmetry group of the ungauged maximal

supergravity). The analysis was based on the group-theoretical properties of the embedding

tensor, which we will have to determine in the more general setting, as shall be discussed

in due course. The presence of these tensor fields is reminiscent of a similar situation

in the context of N = 2 supergravity. In [3] it was noted that flux compactifications of

type-II theories on Calabi-Yau threefolds gave rise to a gauged N = 2 supergravity with

electric and magnetic charges, which was not of the ‘canonical type’. The presence of the

tensor field is by itself not surprising in the context of a compactification from higher-

dimensional supergravity. Because the gauging was abelian its effect was confined to the

interactions of the tensor field with the vector gauge fields (apart from a scalar potential

required by supersymmetry). In that particular case the fluxes are such that the theory

remains symplectically invariant. The term symplectic ‘invariance’ is perhaps somewhat

misleading. Rephrasing the latter result in the context of our work [4, 1], it means that the

embedding tensor is parametrized in terms of 2n charges, which, when treated as spurionic

quantities, preserve the manifest symplectic invariance. This ‘spurionic’ approach was a

crucial ingredient of the group-theoretical analysis of [4, 1]. The symplectic invariance is

thus an equivalence relation between two theories, rather than an invariance.

As we pointed out previously, we will be dealing with charges that are mutually local

so that they can be converted to electric ones. In principle there is nothing wrong in

having to perform a series of field dualities prior to switching on the charges. However,

doing so will always obscure the symmetry structure that the theory has inherited from the

ungauged theory. Moreover, the lagrangian often contains terms that diverge in the limit

of vanishing gauge coupling constant, and there are also a number of practical drawbacks.

When performing a symplectic reparametrization on the charges in the compactification

discussed in [3], the theory can be brought in the more ‘canonical’ form that is known

for N = 2 supergravity [5 – 9]. However, the manifest symplectic invariance is lost in that

case. In the approach that we discuss in this paper, all of this is no longer necessary and

moreover one can also discuss non-abelian gauge groups. In the formulation that we will

present there is a topological term that takes a universal form encoded in terms of the

embedding tensor and depending only on the vector and tensor fields. The lagrangian is

fully gauge invariant, irrespective of whether the original rigid invariance was respected

by the initial lagrangian, or only by the combined field equations and Bianchi identities.

When imposing a gauge choice and integrating out certain fields (which originate from other

parts in the lagrangian) the universal features are lost and a large variety of lagrangians is

generated.

This paper is organized as follows. In section 2 we briefly discuss the issue of elec-

tric/magnetic duality. The gaugings with both electric and magnetic vector potentials is

introduced in section 3, where we present the constraints on the embedding tensor and

explain the connection with the tensor fields transforming in the adjoint representation of

the symmetry group of the ungauged theory. In section 4 we derive the universal gauge

invariant interactions for the vector-tensor system, which are fully encoded in terms of the
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embedding tensor. In section 5 we elucidate some of our results. We demonstrate how

all tensor fields can be integrated out from the lagrangian in the presence of non-abelian

gauge interactions, which amounts to effecting an electric/magnetic duality transformation

in the presence of charges at the lagrangian level. We also discuss some features relevant

to abelian gaugings and to the application of our formalism to gauged N = 2 supergravity.

Undoubtedly our result will have many other applications with or without supersymmetry,

but we refrain from presenting further explicit examples here.

2. Electric/magnetic duality

In the absence of charges, gauge invariant lagrangians in four space-time dimensions based

on abelian gauge fields Aµ
Λ, labeled by the index Λ = 1, . . . , n, can be expressed in terms

of their abelian field strengths, Fµν
Λ = 2 ∂[µAν]

Λ. The field equations for these fields and

the Bianchi identities for the field strengths constitute 2n equations,

∂[µFνρ]
Λ = 0 = ∂[µGνρ] Λ , (2.1)

where

Gµν Λ = −
√

|g| εµνρσ
∂L

∂Fρσ
Λ

. (2.2)

Here we use a metric with signature (−,+,+,+) and ε0123 = 1. The discussion below is

valid for any space-time metric, and to simplify matters we will henceforth suppress gµν

and restrict ourselves to flat Minkowski space. Obviously the set of equations (2.1) are

invariant under rotations of the 2n-component array (FΛ,GΛ),

(

FΛ

GΛ

)

−→

(

UΛ
Σ ZΛΣ

WΛΣ VΛ
Σ

)(

FΣ

GΣ

)

. (2.3)

The new field strengths GΛ can be written in the form (2.2) with a new lagrangian, provided

that the matrix in (2.3) constitutes an element of the group Sp(2n, R). Obviously these

transformations are generalizations of the duality transformations known from Maxwell

theory, which rotate the electric and magnetic fields and inductions (for a review of elec-

tric/magnetic duality, see [10]).

We will employ an Sp(2n, R) covariant notation for the 2n-dimensional symplectic

indices M,N, . . ., such that ZM = (ZΛ, ZΛ). Likewise we use vectors with lower indices

according to YM = (YΛ, Y Λ), transforming according to the conjugate representation so

that ZM YM is invariant. Our conventions are such that the Sp(2n, R) invariant skew-

symmetric tensor ΩMN takes the form,

Ω =

(

0 1

−1 0

)

. (2.4)

The conjugate matrix ΩMN is defined by ΩMNΩNP = −δM
P .

In the following we will be dealing with lagrangians that are at most quadratic in the

field strengths, although our methods can also be applied to more complicated lagrangians.
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In addition the lagrangian may depend on other fields. Let us consider a generalization of

the kinetic term depending on a (possibly field-dependent) symmetric tensor NΛΣ,

L0 = −
1

4
i
{

NΛΣ F+
µν

Λ F+µνΣ − N̄ΛΣ F−
µν

Λ F−µνΣ
}

=
1

4
IΛΣ Fµν

ΛFµν Σ +
1

8
RΛΣ εµνρσFµν

ΛFρσ
Σ , (2.5)

where the F±
µν are complex selfdual combinations with eigenvalue ∓i normalized such that

Fµν = F+
µν + F−

µν ; R and I denote the real and imaginary parts of N and play the role of

generalized theta angles and coupling constants, respectively.

Upon an electric/magnetic duality transformation (2.3) one finds an alternative la-

grangian of the same form but with a different expression for NΛΣ,

NΛΣ −→ (V N + W )ΛΓ

[

(U + ZN )−1
]Γ

Σ . (2.6)

This result follows from requiring consistency between (2.2) and (2.3). The symmetry of

the new N is ensured by the fact that (2.3) belongs to Sp(2n, R). Two lagrangians with

tensors NΛΣ related via (2.6), are equivalent by electric/magnetic duality. However, if the

tensor NΛΣ depends on fields whose transformations induce precisely a change of NΛΣ of

the form (2.6), then we may be dealing with an invariance of the combined field equations

and Bianchi identities [11]. Of course, this invariance is only realized provided that also the

field equations associated with fields other than the gauge fields, will respect the invariance.

For instance, the corresponding transformations of the scalar fields should leave the scalar

kinetic term invariant. Since this term takes the form of a non-linear sigma model, the

transformations must constitute isometries of the target space manifold.

The above transformations can be realized for more general lagrangians. In particular

we can introduce a moment coupling of the form,

Lm = F+Λ
µν O+µν

Λ + F−Λ
µν O−µν

Λ , (2.7)

where O±
µν Λ depends on matter fields and is usually bilinear in spinor fields. Equivalent

lagrangians are now defined in terms of tensors N related according to (2.6) and tensors

O± related according to

O+
µν Λ −→ O+

µν Σ [(U + ZN )−1]ΣΛ , (2.8)

and likewise for O−
µν Λ, but with N replaced by its complex conjugate. In order to have

an invariance, the transformations (2.8) should be induced by the transformations of the

fields on which the tensors O±
µν Λ depend. In the presence of the moment coupling (2.7), it

is advantageous to also include the following matter term into the lagrangian [10],

L′
m =

1

2
[I−1]ΛΣ Oµν Λ Oµν

Σ , (2.9)

with OΛ = O+
Λ +O−

Λ . While this term is itself not invariant, it ensures that the unspecified

remaining terms in the total lagrangian will be separately invariant.

– 5 –
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In this paper we will be dealing with the full group of invariances which we denote

by G. According to the above, the invariance transformations that act on the vector fields

should always comprise a subgroup of the electric/magnetic duality group. This implies

that a 2n-dimensional representation of G should exist with generators (tα)M
N , where the

indices α label the generators, satisfying

(tα)[M
P ΩN ]P = 0 . (2.10)

On a 2n-dimensional symplectic vector ZM , such a transformation takes the form δZM =

Λα (tα)M
N ZN , where the matrix decomposes according to

Λα (tα)M
N =

(

bΛ
Σ cΛΣ

dΛΣ −(bT)ΛΣ

)

, (2.11)

with cΛΣ = cΣΛ and dΛΣ = dΣΛ. The matrices b, c, d comprise at most n(2n+1) independent

parameters, which is consistent with the fact that we are dealing with a subgroup of

Sp(2n, R). Observe that the above conventions are such that the infinitesimal form of the

matrix in (2.3) reads as follows, U ≈ 1 − bT, V ≈ 1 + b, W ≈ −c, Z ≈ −d.

For continuous invariances there is a simple way to determine the explicit form of

the submatrices b, c and d. Namely one sandwiches (2.11) with the symplectic vectors

(Fµν
Λ,Gµν Λ) and its dual (Gρσ Σ,−Fρσ

Σ) and contracts over εµνρσ . The resulting expression

must vanish (see [10, eq. (12)]), which is a rather stringent condition on the generators.

We caution the reader that at this point the invariance applies to the combined equa-

tions of motion and the Bianchi identities, while the lagrangian is in general not invariant.

In principle there is nothing wrong with this and supergravity theories have provided many

examples of theories where this situation is realized.

The dual field strengths (2.2) derived from the combined lagrangian (2.5), (2.7) read

Gµν Λ = RΛΓFµν
Γ −

1

2
εµνρσ IΛΓ Fρσ Γ − εµνρσ Oρσ

Λ . (2.12)

The relation (2.12) is consistent with all the transformation rules given previously. So

far we only introduced electric gauge fields Aµ
Λ, but at this stage one can also intro-

duce their magnetic duals Aµ Λ associated with these dual field strengths Gµν Λ, by writing

Gµν Λ ≡ 2 ∂[µAν]Λ. The invariance group G mixes the two types of field strengths, as follows

from (2.3). Therefore the generators should be viewed as generalized charges that contain

both electric and magnetic components. Switching on a gauge coupling constant may thus

require both electric and magnetic vector potentials.

3. Gauging with electric and magnetic potentials

We now introduce gauge couplings into the lagrangian without restricting ourselves to only

electric charges. Hence we introduce gauge fields Aµ
M which decompose into electric gauge

fields Aµ
Λ and magnetic gauge fields Aµ Λ. Of course, usually only a subset of these fields

will be involved in the gauging. Introducing magnetic gauge fields could lead to additional

propagating degrees of freedom. We will discuss in due course how to avoid this.

– 6 –
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The gauge group must be embedded into the rigid invariance group. This is done

by means of an embedding tensor ΘM
α which determines the decomposition of the gauge

group generators XM into the generators associated with the rigid invariance group G,

XM = ΘM
α tα . (3.1)

Not all the gauge fields have to be involved in the gauging, so generically the embedding

tensor projects out certain combinations of gauge fields; the rank of the tensor determines

the dimension of the gauge group, up to central extensions. Decomposing the embedding

tensor as ΘM
α = (ΘΛ

α,ΘΛα), covariant derivatives take the form,

Dµ ≡ ∂µ − gAµ
MXM = ∂µ − gAµ

ΛΘΛ
α tα − gAµ ΛΘΛα tα . (3.2)

As stressed in section 1, the embedding tensor is treated as a spurionic object, which can

then be assigned to a (not necessarily irreducible) representation of the rigid invariance

group G.

From our experience with supergravity, we know that a number of (G-covariant) con-

straints must be imposed on the embedding tensor. We introduce two such constraints

quadratic in the embedding tensor,

fαβ
γ ΘM

α ΘN
β + (tα)N

P ΘM
αΘP

γ = 0 , (3.3)

ΩMN ΘM
αΘN

β = 0 ⇐⇒ ΘΛ [αΘΛ
β] = 0 , (3.4)

where the fαβ
γ are the structure constants associated with the group G. The first constraint

is required by the closure of the gauge group generators. Indeed, from (3.3) it follows that

the gauge algebra generators close according to

[XM ,XN ] = −XMN
P XP , (3.5)

where the structure constants of the gauge group coincide with XMN
P ≡ ΘM

α (tα)N
P up

to terms that vanish upon contraction with the embedding tensor ΘP
α. We recall that the

XMN
P generate a subgroup of Sp(2n, R) in the (2n)-dimensional representation, so that

XMΛ
Σ = −XM

Σ
Λ, XMΛΣ = XMΣΛ and XM

ΛΣ = XM
ΣΛ. Note that (3.3) also establishes

the gauge invariance of the embedding tensor. The second quadratic constraint (3.4) implies

that the charges are mutually local, so that an electric/magnetic duality exists that will

convert all the charges to electric ones.

In addition, we impose the following (G-covariant) linear constraint on ΘM
α,

X(MN
Q ΩP )Q = 0 =⇒



















X(ΛΣΓ) = 0 ,

2X(ΓΛ)
Σ = XΣ

ΛΓ ,

X(ΛΣΓ) = 0 ,

2X(ΓΛ)
Σ = XΣ

ΛΓ ,

(3.6)

which implies that we suppress a number of independent irreducible representations that

are generically contained in the embedding tensor.

– 7 –
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Obviously one can impose additional constraints on the embedding tensor, but the

above set is probably the minimal one. The constraints (3.3) and (3.6) are known from

maximal N = 8 supergravity [4, 12, 13], where (3.6) is required by the supersymmetry of

the action. These two constraints imply the validity of the third one (3.4). The relation

between the two quadratic constraints turns out to be a more generic feature, as we can

see by symmetrizing the constraint (3.3) in (MN) and by using the linear constraint (3.6)

and (2.10). This leads to

ΩMN ΘM
αΘN

β (tβ)P
Q = 0 , (3.7)

which shows that for nonvanishing (tβ)P
Q the second quadratic constraint (3.4) is in fact a

consequence of the other constraints just as for the N = 8 theory. Only for those generators

tα that have a trivial action on the vector fields, does (3.4) represent an independent

constraint. This happens only when the symmetry group of the ungauged theory factorizes

into a product of several groups. We will encounter this situation later in section 5.

As a further consequence of (3.6) one finds that

X(MN)
P = ZP,α dα MN , (3.8)

with

dα MN ≡ (tα)M
P ΩNP ,

ZM,α ≡
1

2
ΩMNΘN

α =⇒











ZΛ,α =
1

2
ΘΛα ,

ZΛ
,α = −

1

2
ΘΛ

α .
(3.9)

The tensor dα MN defines a G-invariant tensor symmetric in (MN). The gauge invariant

tensor ZM,α will serve as a projector on the tensor fields to be introduced in the following [2].

By virtue of the constraint (3.4), we have

ZM,α ΘM
β = 0 . (3.10)

Let us return to the closure relation (3.5). Although the left-hand side is antisymmetric

in M and N , this does not imply that XMN
P is antisymmetric as well, but only that its

symmetric part vanishes upon contraction with the embedding tensor. Indeed, this is

reflected by (3.8) and (3.10). Consequently, the Jacobi identity holds only modulo terms

that vanish upon contraction with the embedding tensor, as is shown by

X[MN ]
P X[QP ]

R + X[QM ]
P X[NP ]

R + X[NQ]
P X[MP ]

R = −ZR,α dα P [Q XMN ]
P . (3.11)

To compensate for this lack of closure and, at the same time, to avoid unwanted degrees

of freedom, we introduce an extra gauge invariance for the gauge fields, in addition to the

usual nonabelian gauge transformations,

δAµ
M = DµΛM − g ZM,α Ξµ α , (3.12)

where the ΛM are the gauge transformation parameters and the covariant derivative reads,

DµΛM = ∂µΛM +g XPQ
M Aµ

P ΛQ. The transformations proportional to Ξµ α enable one to

gauge away those vector fields that are in the sector of the gauge generators XMN
P where

– 8 –
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the Jacobi identity is not satisfied (this sector is perpendicular to the embedding tensor).1

Because the Jacobi identity is not satisfied and because of the extra gauge transformations,

the usual field strength, which follows from the Ricci identity, [Dµ,Dν ] = −gFµν
M XM ,

Fµν
M = ∂µAν

M − ∂νAµ
M + g X[NP ]

M Aµ
NAν

P , (3.13)

is not fully covariant.2 Therefore we define a modified field strength,

Hµν
M = Fµν

M + g ZM,α Bµν α , (3.14)

where we introduce the tensor fields Bµν α, whose transformation rules will be defined such

that the Hµν
M transform covariantly,

δHµν
M = −g XPN

M ΛPHµν
N . (3.15)

This leads to the following result for the transformation rule of Bµν α,3

δBµν α = 2D[µΞν]α + 2 dα MNA[µ
MδAν]

N − 2 dα MNΛMHµν
N , (3.16)

up to terms that vanish under contraction with ZM,α. As it turns out, we do not need

these contributions as variations of the tensor field in the final lagrangian will always be

multiplied by ZΛ,α. The relevant variation is therefore,

ΘΛαδBµν α = 2ΘΛα
[

D[µΞν]α + dα MNA[µ
MδAν]

N
]

− 2ΛM
[

XΛ
MΣ Hµν

Σ − XΛ
M

Σ HµνΣ

]

,

(3.17)

where we made use of (3.9).

In passing we note that the covariant field strength of the tensor fields is known and

given by [2],

H(3)
µνρ α ≡ 3D[µBνρ] α + 6 dα MN A[µ

M (∂νAρ]
N +

1

3
gX[RS]

NAν
RAρ]

S) , (3.18)

up to terms that vanish when contracted with ZM,α. The vector and tensor field strengths

satisfy the generalized Bianchi identities (the tensor identity holds upon contraction with

ZM,α),

ZM,αD[µH
(3)
νρσ]α = 3g XPQ

M H[µν
P Hρσ]

Q , (3.19)

D[µHνρ]
M = −

1

3
g ZM,α H(3)

µνρ α , (3.20)

with the covariant derivatives DHM = ∂HM + g XPQ
MAP HQ and DHα = ∂Hα +

g ΘM
γfγα

β AMHβ.

1Here we modified the gauge field transformation rules as compared to earlier publications [1, 2], which

simply amounts to a redefinition, Ξµ α → Ξµ α − dαPQAµ
P ΛQ. This modification will lead to certain

simplifications later on.
2Observe that the covariant derivative is invariant under the tensor gauge transformations, so that the

field strengths contracted with XM are in fact covariant.
3This result is taken from [2], but it takes a different form due to the redefinition of Ξµ α, discussed in

footnote 1.
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The next steps are rather obvious. Namely one covariantizes the combined lagrangian

(2.5), (2.7) and adds a topological term that involves the tensor and vector fields. However,

in four space-time dimensions this will not directly lead to the correct solution and further

modifications will be required. This is related to the fact that the rigid invariance G was

not necessarily an invariance of the initial lagrangian, but of the combined equations of

motion and the Bianchi identities. In this section we will therefore carry out these first

steps and exhibit the problematic features of this intermediate result. In addition we will

show that the purely electric gaugings do not suffer from any of these problems. In section 4

we will then introduce the complete gauge invariant lagrangian and transformation rules.

In all of this the embedding tensor constraints play a crucial role.

Covariantizing the combined lagrangian (2.5), (2.7) leads to

L0 + Lm =
1

4
IΛΣ Hµν

ΛHµν Σ +
1

8
RΛΣ εµνρσHµν

ΛHρσ
Σ + Hµν

Λ Oµν
Λ . (3.21)

However, this lagrangian is not invariant for the same reason as the original lagrangian was

not invariant. To see this one makes use of the infinitesimal gauge transformations, which

for NΛΣ and O+
µν Λ take the form,

δNΛΣ = g ΛM
[

−XMΛΣ + 2XM(Λ
ΓNΣ)Γ + NΛΓ XM

ΓΞ NΞΣ

]

,

δO+
µν Λ = g ΛM O+

µν Σ

[

XMΛ
Σ + XM

ΣΓ NΓΛ

]

. (3.22)

Using the variations (3.15) and (3.22), one derives

δ(L0 + Lm + L′
m) = −

1

8
g ΛMXMΛΣ Hµν

ΛHρσ
Σ εµνρσ +

+
1

8
g ΛMXM

ΛΣ GµνΛ GρσΣ εµνρσ −

−
1

4
g ΛMXM

ΛΣ GµνΛ HρσΣ εµνρσ , (3.23)

where

Gµν Λ = RΛΓHµν
Γ −

1

2
εµνρλ IΛΓ HρλΓ − εµνρλ O

ρλ
Λ , (3.24)

is a covariant version of (2.12). Furthermore we note that the variation with respect to

Bµνα leads also to the tensor Gµν Λ,

δ(L0 + Lm + L′
m) =

1

8
g εµνρσ GµνΛ ΘΛα δBµν α . (3.25)

On the basis of the results found for maximal supergravity in five space-time dimen-

sions [1] and the more general considerations presented in [2], we introduce a topological

term, g ΘΛα εµνρσBµν α ∂ρAσ Λ, which only contains the magnetic potentials so that the

tensor field will decouple for purely electric gaugings (the need for this will be explained

below). The term ∂[ρAσ]Λ constitutes the first term of the field strength HρσΛ, which

suggests that its completion will at least involve the terms,

Ltop,B = −
1

8
gεµνρσ ΘΛα Bµν α

(

2 ∂ρAσ Λ + gXMN Λ Aρ
MAσ

N −
1

4
g ΘΛ

βBρσ β

)

, (3.26)
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so that its variation with respect to δBµνα is just proportional to HµνΛ,

δLtop,B = −
1

8
g εµνρσ HµνΛ ΘΛα δBρσ α . (3.27)

Note that the tensor ΘΛα ΘΛ
β that multiplies the term quadratic in BµνΛ is symmetric

in (α, β), by virtue of the constraint (3.4). General variations of (3.26) can be written as

follows,

δLtop,B = −
1

8
g εµνρσ

[

FµνΛ ΘΛα δBρσ α + δHµνΛ ΘΛα Bρσ α

]

. (3.28)

Substituting the various variations, one finds,

δLtop,B =
1

8
g ΛMXMΛΣ

[

Hµν
ΛHρσ

Σ −Fµν
ΛFρσ

Σ
]

εµνρσ +

+
1

8
g ΛMXM

ΛΣ
[

HµνΛHρσΣ −
1

2
FµνΛFρσΣ

]

εµνρσ +

+
1

8
g ΛMXΛ

MΣ FµνΛ Fρσ
Σ εµνρσ , (3.29)

up to terms of order g2 that contain noncovariant terms which depend explicitly on Aµ
M .

The constraints on the embedding tensor are crucial for deriving the above results.

Clearly at this stage the combined lagrangian is not invariant as the tensors GµνΛ and

HµνΛ are unrelated, although we note that the terms quadratic in Hµν
M cancel when GµνΛ

and HµνΛ are identified. This observation will be relevant later on. However, one is then

still left with the terms quadratic in Fµν
M . We will exhibit in the next section how these

variations are cancelled. To pave the way and to verify the consistency of the construction

up to this point, let us briefly consider purely electric gaugings, to appreciate the role of

the constraints and to establish that our formalism will remain in the more conventional

setting. For electric gaugings, ΘΛα = 0, so that the generators XΛ = 0. In that case the

constraint (3.6) reduces to

XΣ
ΛΓ = 0 , X(ΛΣ)

Γ = 0 , X(ΛΣΓ) = 0 . (3.30)

The remaining gauge generators, X[ΛΣ]
Γ = XΛ

Γ
Σ and XΛΣΓ satisfy the Jacobi identity,

because the right-hand side of (3.11) vanishes. Hence the generators have a block-triangular

form. The modified field strength (3.14) for the electric vector fields reduces to an ordinary

nonabelian field strength

Hµν
Λ = 2 ∂[µAν]

Λ + g XΣΓ
Λ Aµ

ΣAν
Γ , (3.31)

which contains neither magnetic vector fields nor tensor fields. The variation of the la-

grangian follows from (3.23), where only the first term contributes. It was observed long

ago in [6] that this variation can be cancelled by introducing the following Chern-Simons-

like term to the action,

Ltop,electric = −
1

3
g εµνρσXΩΞΣ Aµ

ΩAν
Ξ

(

∂ρAσ
Σ +

3

8
g XΛΓ

Σ Aρ
ΛAσ

Γ

)

, (3.32)

provided X(ΛΣΓ) = 0, which is precisely the last equation of (3.30). This extends possible

gauge transformations to those with triangular embedding into the symplectic group (2.3),

the so-called Peccei-Quinn transformations.
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4. Tensor fields and the topological term

In this section we demonstrate that a general gauge invariant lagrangian exists with both

electric and magnetic vector potentials. This lagrangian is an extension of the lagrangian

discussed in the previous section, by Chern-Simons-like terms such as (3.32). The only

restriction will be that the embedding tensor ΘM
α is subject to the constraints (3.3), (3.4)

and (3.6).

The first observation is that the variations of the total lagrangian bilinear in HρσΣ

and GµνΛ combine into XM
ΛΣ(HµνΛ − GµνΛ)(HρσΣ − GρσΣ), which, according to (3.25)

and (3.27), can be removed by assigning an additional variation to δBµνα proportional to

(HµνΛ − GµνΛ). With this variation the modified transformation rule for Bµνα reads,

ΘΛαδBµν α = 2ΘΛα
[

D[µΞν]α + dα MNA[µ
MδAν]

N
]

− 2ΛM
[

XΛ
MΣ Hµν

Σ − XΛ
M

Σ GµνΣ

]

.

(4.1)

Apart from this modification the remaining transformation rules are left unchanged, but

one should be aware that (3.15) receives corrections induced by the modifications in (4.1).

With these transformation rules, the variation of the total lagrangian takes the form

δ(L0 + Lm + L′
m + Ltop,B) = −

1

8
g ΛMXMΛΣ Fµν

ΛFρσ
Σ εµνρσ −

−
1

16
g ΛMXM

ΛΣ Fµν ΛFρσ Σ εµνρσ +

+
1

8
g ΛMXΛ

MΣ Fµν ΛFρσ
Σ εµνρσ +

+ · · · , (4.2)

where the dots denote noncovariant terms of order g2 which depend explicitly on Aµ
M . In

order to finally cancel this variation, the topological lagrangian (3.26) must be extended to

Ltop = −
1

8
g εµνρσ ΘΛα Bµν α

(

2 ∂ρAσ Λ + gXMN Λ Aρ
MAσ

N −
1

4
gΘΛ

βBρσ β

)

−

−
1

3
g εµνρσXMN Λ Aµ

MAν
N

(

∂ρAσ
Λ +

1

4
gXPQ

ΛAρ
P Aσ

Q
)

−

−
1

6
g εµνρσXMN

Λ Aµ
MAν

N
(

∂ρAσΛ +
1

4
gXPQΛAρ

P Aσ
Q
)

. (4.3)

Straightforward but tedious computation then shows that the variation of the extra terms

precisely cancel the contributions (4.2) such that the sum

LVT = L0 + Lm + L′
m + Ltop , (4.4)

is invariant under both vector and tensor gauge transformations up to total derivatives.

The constraints (3.3), (3.4), and (3.6) are crucial in the derivation of this result. The

topological term (4.3) contains the first-order term (3.26) for the magnetic vector fields AΛ

and the tensor fields Bα and the Chern-Simons-like term (3.32). Indeed, for an electric

gauging (ΘΛα = 0) the Chern-Simons-like terms in (4.3) reduce to (3.32), while for a purely
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magnetic gauging (ΘΛ
α = 0), they take the form

Ltop, magnetic = −
1

8
g εµνρσ ΘΛα Bµν α

(

2 ∂ρAσΛ + g XΣ
MΛ AρΣAσ

M
)

−

−
1

6
g εµνρσXΩΞΣ Aµ ΩAν Ξ

(

∂ρAσΣ +
3

8
g XΛΓ

Σ AρΛAσΓ

)

−

−
1

4
g εµνρσXΩΞ

Σ Aµ ΩAν Ξ

(

∂ρAσ
Σ +

1

4
g XΛΓΣ AρΛAσΓ

)

. (4.5)

Summarizing, we have shown that the total lagrangian,

LVT =
1

4
IΛΣ Hµν

ΛHµν Σ +
1

8
RΛΣ εµνρσHµν

ΛHρσ
Σ + Hµν

ΛOµν
Λ +

1

2
[I−1]ΛΣ Oµν ΛO

µν
Σ −

−
1

8
g εµνρσ ΘΛα Bµν α

(

2 ∂ρAσ Λ + gXMN Λ Aρ
MAσ

N −
1

4
gΘΛ

βBρσ β

)

−

−
1

3
g εµνρσXMN Λ Aµ

MAν
N

(

∂ρAσ
Λ +

1

4
gXPQ

ΛAρ
P Aσ

Q
)

−

−
1

6
g εµνρσXMN

Λ Aµ
MAν

N
(

∂ρAσΛ +
1

4
gXPQΛAρ

P Aσ
Q
)

, (4.6)

is invariant under the vector and tensor gauge transformations (3.12), (3.22) and (4.1).

It provides a unified description of electric and magnetic vector fields as well as of tensor

fields which encompasses all possible gaugings. The gauge group is characterized by the

embedding tensor ΘM
α subject to the constraints (3.3), (3.4), and (3.6). Apart from these

constraints the embedding of the gauge group into the symplectic group (2.3) is arbitrary.

Due to the presence of both electric and magnetic vector fields the gauge group is no longer

restricted to diagonal or triangular embeddings. The gaugings are thus not necessarily

restricted to subgroups of the invariance group of the initial ungauged lagrangian but may

include additional invariances of the combined set of Bianchi identities and field equations.

Upon partial gauge fixing and integrating out fields one recovers the vector/tensor couplings

previously presented in the literature as particular examples of (4.6). We will illustrate

this with a few examples in the next section.

The vector/tensor lagrangian (4.6) can be amended by additional matter couplings of

the vector fields to scalar and fermion fields

L = LVT + Lmatter . (4.7)

In these matter couplings the electric and magnetic vector fields enter exclusively via

the covariant derivatives (3.2) and therefore take a symplectically covariant form. It is

important to note that due to (3.10) the covariant derivatives are invariant under tensor

gauge transformations.

Under the variations Aµ
M → Aµ

M + δAµ
M , and Bµν α → Bµν α + δBµν α, the vec-

tor/tensor lagrangian (4.6) changes as

δLVT = −
1

8
gεµνρσ

(

ΘΛαδBµν α−2XΛ
M

ΣAµ
MδAν Σ − 2XΛ

MΣAµ
MδAν

Σ
)

(H− G)ρσ Λ −

−
1

12
gεµνρσ δAµ Λ

(

ΘΛα H(3)
νρσ α + 6XΛ

M
ΣAν

M (H− G)ρσ Σ

)

+

+
1

2
εµνρσδAµ

Λ
(

∂νGρσ Λ − gXMΛ
Σ Aν

MGρσΣ + gXMΣΛ Aν
MHρσ

Σ
)

, (4.8)
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with Gµν Λ defined in (3.24). From these variations one reads off the equations of motion

resulting from (4.7),

g ΘΛα (H− G)µν Λ = 0 , (4.9)

1

12
g εµνρσ

(

ΘΛα H
(3)
νρσ α + 6XΛ

M
ΣAν

M (H− G)ρσ Σ

)

= g jµ Λ , (4.10)

−
1

2
εµνρσ

(

∂νGρσ Λ − gXMΛ
Σ Aν

MGρσΣ + gXMΣΛ Aν
MHρσ

Σ
)

= g jµ
Λ , (4.11)

where (jµΛ, jµ
Λ) denote the magnetic and electric current densities associated with Lmatter,

which are defined by

g jµ Λ =
δLmatter

δAµ Λ
, g jµ

Λ =
δLmatter

δAµ
Λ

. (4.12)

Gauge invariance requires these currents to satisfy the following constraints (subject to the

matter field equations),

Dµ jµ
M = 0 , ΘΛα jµ Λ = ΘΛ

α jµ
Λ . (4.13)

Equation (4.9) is the duality equation that relates the field strengths Hρσ Λ of the magnetic

vector fields to the electric field strengths via (3.24), at least for the components projected

by ΘΛα. Equation (4.10) relates the relevant tensor field strengths (remember that the

components of the tensor field other than ΘΛαBµν α are not present in the lagrangian and

thus do not lead to independent field equations) to the gauge fields and the magnetic matter

current.4 Equations (4.9) and (4.10) thus determine the field strengths of the magnetic

vectors and of the tensor fields, respectively, in terms of the other fields. They do not play

the role of dynamical field equations, but together with the combined vector and tensor

gauge invariances they ensure that the number of propagating degrees of freedom has not

changed upon the introduction of tensor and magnetic vector fields in the gauged theory.

We will present a more explicit analysis of the degrees of freedom after proper gauge fixing

in the next section. At g = 0 both (3.24) and (4.10) are identically satisfied which is

consistent with the fact that in the ungauged theory the tensor and magnetic vector fields

drop from the lagrangian. Finally, (4.11) via (3.24) constitutes the dynamical equations of

motion for n vector fields.

5. Applications

In this section we will illustrate a number of features of the general results presented

above. The universal lagrangian (4.6) presented in the last section combines tensor fields

with electric and magnetic vector fields. We argued above that the total number of de-

grees of freedom is independent of the embedding tensor, i.e. it remains unchanged with

respect to the ungauged theory owing to the fact that magnetic vector and tensor fields

appear with their own gauge invariances and couple with a topological first-order kinetic

4In the presence of scalar fields, (4.10) takes the form of the duality equation that relates scalar and

tensor fields. We shall return to this feature in the next section.
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term. In concrete applications it is often useful to fix most of the gauge invariances and

eliminate the auxiliary fields in order to arrive at a formulation in terms of only physi-

cal fields. The universal lagrangian (4.6) offers various possibilities of gauge fixing which

lead to different effective lagrangians that are related by nonlocal field redefinitions and/or

electric/magnetic duality.

Below, in subsection 5.1, we present a general way of gauge fixing by integrating out

all the tensor fields from the lagrangian. This leads to an effective lagrangian in terms of

n physical vector fields and confirms the analysis of degrees of freedom given above. The

result can be interpreted as effecting an electric/magnetic duality transformation directly

at the level of the lagrangian. In the next subsection 5.2 we consider a particular class

of abelian gaugings generated by translational isometries which are often relevant for the

effective field theories that describe flux compactifications. We show that for these gaugings

there is an alternative way of gauge fixing which instead leads to a lagrangian in terms

of electric vector fields and tensors upon eliminating some of the scalar fields. Finally, in

subsection 5.3 we briefly comment on the general results of this paper in the context of

N = 2 supergravity.

5.1 Gauge fixing

In this subsection we exhibit how the tensor fields can be integrated out from the universal

lagrangian (4.6) by choosing a convenient basis for the embedding tensor. Upon further

gauge fixing of the remaining tensor gauge transformations this yields a lagrangian con-

taining precisely n physical vector fields. We choose a basis of the magnetic vector fields

Aµ
Λ and the generators tα such that the rectangular matrix ΘΛα decomposes into a square

invertible submatrix ΘIi (with inverse (Θ−1)iI), with all other submatrices ΘIm, ΘUi and

ΘUm vanishing. Hence we decomposed the G-generators according to tα → (ti, tm) and the

magnetic vector fields AµΛ → (AµI , AµU ). Note that the decomposition of the generators

and fields is not yet completely fixed, as one can, for instance, redefine the ti by adding

terms linear in the tm. From (3.4) we deduce the following constraints on the remaining

components of the embedding tensor,

ΘI
m = 0 , ΘIi ΘI

j = ΘIj ΘI
i . (5.1)

In this basis, equation (4.9) takes the form

(

ΘI
i + ΘJiRIJ

)

Bµν
I −

1

2
εµνρσΘJiIIJ Bρσ I = 2ΘIi Jµν I , (5.2)

with

Bµν
I = g ΘIjBµν j ,

Jµν I = Fµν I −RIΛFµν
Λ +

1

2
εµνρσIIΛF

ρσ Λ + εµνρσO
ρσ

I . (5.3)

Observe that no other tensor fields will appear in the lagrangian by virtue of (5.1). After

some manipulation (5.2) gives rise to

(I + r I−1r)IJ Bµν
J = εµνρσ J ρσ

I + 2 (r I−1)I
J Jµν J , (5.4)

– 15 –



J
H
E
P
0
9
(
2
0
0
5
)
0
1
6

with rIJ ≡ RIJ + (Θ−1)iIΘJ
i a symmetric matrix and IIK(I−1)KJ = δJ

I . Substitution of

this expression for Bµν
I into the lagrangian (4.6) leads to the following terms,

LB =
1

4

[

(I + r I−1r)−1
]IJ

[

JµνI J
µν

J −
1

2
εµνρσ(r I−1)I

K JµνK JρσJ

]

, (5.5)

which should be added to the B-independent terms of the lagrangian (4.6), so that we are

dealing with a lagrangian that depends on 2n vector fields. However, the magnetic vector

fields Aµ U are actually absent whereas the tensor gauge transformations can be used to

eliminate the electric vector fields Aµ
I from the lagrangian, Eventually one thus arrives at

a lagrangian LV formulated in terms of n vector fields (Aµ
U , Aµ I) carrying the 2n degrees

of freedom.

To see that the lagrangian does not depend on the fields Aµ U , we first observe that

neither Jµν I nor the B-independent terms in (4.6) contain the field strengths Fµν U . Hence

in the abelian case the absence of Aµ U is obvious. In the non-abelian case this is less

obvious. Although we know that XU = 0 = X(MN)
U , this does not exclude that no upper

indices U will appear on the generators. Fortunately the absence of Aµ U can be directly

inferred from the fact that (4.10) is proportional to ΘΛα which vanishes for Λ = U (in

particular, the matter current jU = 0), so that we conclude that δLV/δAµ U = 0 . Here it

is important to realize that the tensor field equations (4.9) are identically satisfied, so that

the variations from Bµν
I as defined by (5.4) will not contribute. Note that we are only

dealing with the matter currents jµ U and jµ
I as jµ

U = 0 and jµ I = (Θ−1)iIΘJ
i jµ

J .

We now combine (4.6) and (5.5) to find the new lagrangian LV. For simplicity we

evaluate this lagrangian in the abelian case without moment couplings, so that the only

quantities involved are the abelian field strengths FµνI and Fµν
U . The result takes the

following form,

LV =
1

4

[

ÎIJ FµνI F
µν

J + ÎUV Fµν
U FµνV + 2 ÎI

U FµνI F
µνU

]

+

+
1

8
εµνρσ

[

R̂IJ FµνI FρσJ + R̂UV Fµν
U Fρσ

V + 2 R̂I
U FµνI Fρσ

U
]

, (5.6)

where

ÎIJ = [(I + r I−1r)−1]IJ ,

ÎUV = IUV + [(I + r I−1r)−1]IJ
[

RUI RJV − IUI IJV − 2 (rI−1)J
K RI(U IV )K

]

,

ÎI
U = [(I + r I−1r)−1]IJ

[

−RJU + (rI−1)J
K IKU

]

,

R̂IJ = − [(I + r I−1r)−1]IK (rI−1)K
J ,

R̂UV = RUV + [(I + r I−1r)−1]IJ
[

(−RIU RV K + IIU IV K)(rI−1)J
K − 2RI(U IV )J

]

,

R̂I
U = [(I + r I−1r)−1]IJ

[

− IJU + (rI−1)J
K RKU

]

. (5.7)

We note that (in contrast to the situation in odd dimensions) this gauge-fixed lagrangian

allows a smooth limit g → 0. At g = 0, however, this does not bring back the original

lagrangian (2.5) but rather one related to it by electric/magnetic duality. To see this one
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first performs a shift of the generalized theta angle, RIJ → RIJ + (Θ−1)iIΘJ
i = rIJ ,

followed by a second duality transformation where (2.3) is the unit matrix in the subspace

carrying indices U, V , whereas in the subspace carrying the indices I, J it is an off-diagonal

transformation with W = −Z = 1 (in other words, the typical strong-weak coupling

duality). Hence in this formalism one is able to perform duality transformations at the

level of the local lagrangian.

5.2 Abelian gaugings

In many situations one is dealing with a group G of symmetries of the ungauged theory

that factorizes into two groups, one of which acts exclusively on the matter fields. This

situation is, for instance, relevant for abelian gaugings, where the vector fields transform

in a trivial representation and the matter fields transform in a non-trivial representation

of the (abelian) gauge group. In that case the gauge group can be embedded into a group

that acts exclusively on the matter fields. Many supersymmetric models show this feature.

Assuming that the gauge group will be embedded into a rigid invariance group that is

decomposable into GV×GM, where GM acts exclusively on the matter fields, we decompose

the generators accordingly into two mutually commuting sets: {tα} = {tA} ⊕ {ta}, where

only the generators tA induce a nontrivial action on the vector fields. The latter implies that

the (ta)M
N vanish as these generators act exclusively in the matter sector. Obviously we are

dealing with two sets of structure constants, fAB
C and fab

c. The embedding tensor ΘM
α

decomposes into ΘM
A and ΘM

a, which define the gauge group generators XM = ΘM
AtA +

ΘM
ata. The quadratic constraint (3.3) then decomposes into two separate equations,

fAB
C ΘM

A ΘN
B + (tA)N

P ΘM
AΘP

C = 0 , (5.8)

fab
c ΘM

a ΘN
b + (tA)N

P ΘM
AΘP

c = 0 . (5.9)

The second quadratic constraint (3.7) leads to an additional condition (see also, the com-

ment below (3.7)),

ΘΛ[aΘΛ
b] = 0 . (5.10)

For abelian gaugings we have ΘM
A = 0 and the commutativity of the matter charges is

ensured by (5.9). The vector/tensor lagrangian for abelian gaugings takes a rather simple

form,

LVT =
1

4
IΛΣ Hµν

ΛHµν Σ +
1

8
RΛΣ εµνρσHµν

ΛHρσ
Σ + Hµν

ΛOµν
Λ + (5.11)

+
1

2
[I−1]ΛΣOµν ΛO

µν
Σ−

1

4
gεµνρσΘΛa Bµν a ∂ρAσΛ+

1

32
g2ΘΛaΘΛ

b εµνρσ Bµν a Bρσ b ,

where

Hµν
Λ = 2 ∂[µAν]

Λ +
1

2
g ΘΛaBµν a . (5.12)

A particular example of abelian gaugings concerns the case of a nonlinear sigma model

with gauged translational isometries of its scalar target space. Such gaugings for instance

appear in Calabi-Yau (or half-flat manifold) compactifications in the presence of back-

ground fluxes [3, 14 – 18]. Let us thus consider a scalar target space parametrized by scalar
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fields {φa, qi} whose metric Gmn does not depend on the subset {qi} of scalar fields such

that the shifts qi → qi + ci constitute a set of abelian isometries. A gauging of these isome-

tries is encoded in an embedding tensor ΘM
i = (ΘΛ

i,ΘΛ i) subject to (5.10). It induces

the covariant derivatives

Dµqi = ∂µqi − gAµ
ΛΘΛ

i − gAµ ΛΘΛ i . (5.13)

The magnetic vector fields ΘΛ IAµ Λ can then be integrated out using the equations of

motion (4.10),

εµνρσ ∂νBρσ i ∝ Gia(φ) ∂µφa + Gij(φ)
(

∂µqj − gAµΛΘΛ
j − gAµ

ΛΘΛ j
)

. (5.14)

This shows that the topological term (4.3) eventually gives rise to a topological coupling

εµνρσ ΘΛ
iBρσ i ∂µAν

Λ between tensor and electric vector fields as well as to a kinetic term

(G−1)ij(φ) ∂[µBνρ] i ∂[µBνρ]
j for the tensor fields. This leads to a lagrangian whose physical

fields comprise tensor and electric vector fields, which reproduces the results of [3, 19, 20]

Alternatively, following the gauge fixing procedure described in the previous subsection,

leads instead to a lagrangian expressed exclusively in terms of (electric and magnetic) vector

fields. The general formalism presented here allows rather straightforward generalizations

involving the gauging of nonabelian isometries in the presence of tensor fields. Integrating

out scalar and magnetic vector fields in the nonabelian case will presumably lead to the

non-polynomial interactions of tensor fields captured by (extensions of) the Freedman-

Townsend models [21 – 23]. Other applications or generalizations may, for instance, involve

M-theory compactifications on twisted tori [24, 25].

5.3 N = 2 supersymmetry

As a final topic we briefly discuss gaugings of N = 2 supergravity, where the scalar target

space is a direct product of a special-Kähler and a quaternion-Kähler manifold whose

coordinates we denote by complex fields zi and real qu, respectively. The isometry group

factors into the direct product GSK × GQ. Only the generators of GSK induce a nontrivial

action on the vector fields. This is a special case of the situation described in the beginning

of the previous subsection. Accordingly, we label the generators of the isometry groups as

{tα} = {tA} ⊕ {ta}. A gauging is encoded in an embedding tensor ΘM
α = (ΘM

A,ΘM
a),

subject to the constraints (5.9) and (5.10). The kinetic term for the scalar fields is described

by a nonlinear sigma-model

Lkin = −
1

2
gi̄ Dµzi Dµz ̄ −

1

2
huv Dµqu Dµqv , (5.15)

where gi̄ and huv denote the metrics on the special-Kähler and the quaternion-Kähler

manifold, respectively, and the covariant derivatives,

Dµzi = ∂µzi − g ΘM
AAµ

Mki
A ,

Dµqu = ∂µqu − g ΘM
aAµ

Mku
a , (5.16)
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are written in terms of the embedding tensor and the corresponding Killing vector fields

ki
A and ku

a. For gaugings that involve only electric vector fields N = 2 supersymmetry

requires a scalar potential [7 – 9], which can be written as follows,

V = LΛL̄Σ
(

ΘΛ
AΘΣ

B gi̄ ki
A k̄

B + 4ΘΛ
aΘΣ

b huv ku
a kv

b

)

+

+ ~Pa · ~Pb ΘΛ
aΘΣ

b
(

gi̄fi
Λf̄̄

Σ − 3LΛL̄Σ
)

. (5.17)

Here, LΛ denotes the upper half of the symplectic section LM = (LΛ,MΛ) ≡ eK/2(XΛ, FΛ)

on the special Kähler manifold with Kähler potential K, and fi
Λ ≡ (∂i+

1
2∂iK)LΛ denotes

its Kähler covariant derivative; the Sp(1) vectors ~Pa are the quaternion-Kähler moment

maps associated with the Killing vectors ku
a.

It is now straightforward to generalize this expression to a situation where both electric

and magnetic vector fields are involved in the gauging. Here we recall that the potential

arises as a supersymmetric completion associated with the gauging. However, the electric-

magnetic duality plays only an ancillary role in this sector, as is known, for instance,

from the gaugings in maximal supergravity theories. There it was demonstrated that the

so-called T -tensors are directly expressible in terms of the embedding tensor without the

necessity of making a distinction between magnetic and electric components. In fact electric

and magnetic components of the embedding tensor can only be identified by referring to

the kinetic terms of the vector fields. Hence, the embedding tensor and the T -tensor, and

thus the potential (which is quadratic in the T -tensor) is insensitive to these features and

does not change under vector-tensor and vector-vector dualities [1, 4, 13].

With the above observations in mind, we may thus write the full scalar potential

as a symplectically covariant expression (treating the embedding tensors as a spurionic

quantity),

V = LM L̄N
(

ΘM
AΘN

B gi̄ ki
Ak̄

B + 4ΘM
aΘN

b huv ku
ak

v
b

)

+

+ ~Pa · ~Pb ΘM
aΘN

b
(

gi̄fi
M f̄̄

N − 3LM L̄N
)

. (5.18)

For the abelian case, where ΘM
A = 0, this expression coincides with the one presented

long ago in [26]. Of course, a full supersymmetric derivation requires to cast the results of

this paper in a supersymmetric context.
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