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ABSTRACT: Novel lagrangians are discussed in which (non-abelian) electric and magnetic
gauge fields appear on a par. To ensure that these lagrangians describe the correct number
of degrees of freedom, tensor gauge fields are included with corresponding gauge symme-
tries. Non-abelian gauge symmetries that involve both the electric and the magnetic gauge
fields can then be realized at the level of a single gauge invariant Lagrangian, without the
need of performing duality transformations prior to introducing the gauge couplings. The
approach adopted, which was initially developed for gaugings of maximal supergravity, is
particularly suited for the study of flux compactifications.
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1. Introduction

It is generally believed that electric and magnetic gauge fields cannot be described in terms
of a single local lagrangian. While electric and magnetic fields are defined by field strengths
which can be related in a local fashion, the underlying vector potentials, in general, do not
satisfy such a relation (this paper deals with four-dimensional gauge theories, so that both
electric and magnetic potentials are vector fields). In certain cases, for instance, when
describing magnetic monopoles in terms of the electric vector potential, the latter cannot
be single-valued. In the absence of charges, the Bianchi identities (which imply that the
field strengths can be expressed in terms of vector potentials) and the field equations for
these vector potentials take a similar form. Assuming that we are dealing with n vector
potentials, we have n Bianchi identities and n field equations. Upon rotating these 2n
equations (by a symplectic 2n-by-2n matrix) there is the option of selecting n independent
linear combinations of them to be interpreted as Bianchi identities whose solutions lead
to a different set of vector potentials. In terms of these vector potentials there exists a
different lagrangian which gives rise to field equations and Bianchi identities for the field
strengths that are linearly equivalent to the original ones. However, the two dual sets of
gauge fields are not locally related and therefore they cannot appear simultaneously in a
given local lagrangian. By the same token one cannot have a local coupling of the gauge
fields to magnetic charges as the latter couple locally to the dual magnetic gauge fields.
Hence different lagrangians can describe the same set of field equations and Bianchi
identities. The transformations governing these inequivalent lagrangians are known as elec-
tric/magnetic duality. Symmetries of the combined equations of motion and Bianchi iden-

tities are not necessarily realized at the level of the lagrangian and may involve a subgroup



of the electric/magnetic duality transformations. This poses a problem when switching
on (possibly nonabelian) gauge interactions, as the gauging must proceed through elec-
tric gauge fields. A coupling to the magnetic charges seems therefore only possible after
applying an appropriate electric/magnetic duality transformation by which all relevant
charges are converted to electric ones. In this paper we demonstrate in a rather general
framework how nevertheless one can have couplings to the magnetic charges without first
converting them to electric ones. Here we should stress that we restrict ourselves to elec-
tric/magnetic charges that are mutually local, so that problems of a more fundamental
nature are avoided.

The situation described above has an analogue in space-time dimensions other than
four, where electric/magnetic duality takes the form of a duality between vector and tensor
gauge fields. In d space-time dimensions, antisymmetric gauge fields of rank-p are dual to
antisymmetric gauge fields of rank d — 2 — p. So the dual gauge field of an electric vector
potential is an antisymmetric gauge field of rank d — 3. While the former couples naturally
to an electrically charged particle, the latter couples to a magnetically charged brane of
(d—4)-dimensional spatial extension. When attempting to switch on gauge interactions one
encounters the same problem as noted above in the four-dimensional context. Namely, one
has to convert all the gauge fields that are supposed to couple to the charges to (electric)
vector potentials. Furthermore, because the remaining vector gauge fields must be neutral,
one must convert the charged vector fields that do not belong to the adjoint representation
of the gauge group, to tensor fields. While this seems to pose no problem of principle, the
field content of the theory thus depends sensitively on the gauging, so that introducing a
gauge group is no longer a matter of simply switching on a corresponding gauge coupling
constant. This fact precludes any uniform treatment of the gaugings of these theories
and furthermore thoroughly obscures the symmetry structure of the underlying ungauged
theory.

Recently, in our study of gaugings of maximal supergravities in five space-time dimen-
sions [[[] we exploited a framework in which these conversions between vector and tensor
fields are no longer necessary. Gaugings are encoded in a so-called embedding tensor which
defines the embedding of the gauge group into the symmetry group of the ungauged theory.
The symmetry structure of the latter remains completely manifest (although the full sym-
metry is broken by the embedding tensor) because both vector and tensor fields are present
and assigned to representations of the symmetry group of the ungauged theory. The pres-
ence of an intricate set of vector-tensor gauge transformations ensures that the number of
physical degrees of freedom remains the same. In [[] it was already noted how this ap-
proach can be applied to gaugings of maximal supergravity in various possible space-time
dimensions. As was explained in [J], one is generically dealing with hierarchies of vector-
tensor gauge fields and there exists an intriguing interplay between the group-theoretical
assignment of the various tensor fields and their duality relation. Although this was pri-
marily explained in the context of the E) duality groups of maximal supergravity, the
mechanism is by no means restricted to supergravity and can be applied to generic gauge
theories. This paper explains how this is done in the context of four space-time dimensions,
where the precise implementation of the mechanism was yet unknown.



As discussed in [J], the gauge theory in four space-time dimensions is augmented by
rank-2 tensor fields transforming in the adjoint representation of the symmetry group of the
ungauged theory (in this case E7(7), as this is the symmetry group of the ungauged maximal
supergravity). The analysis was based on the group-theoretical properties of the embedding
tensor, which we will have to determine in the more general setting, as shall be discussed
in due course. The presence of these tensor fields is reminiscent of a similar situation
in the context of N = 2 supergravity. In [{] it was noted that flux compactifications of
type-1I theories on Calabi-Yau threefolds gave rise to a gauged N = 2 supergravity with
electric and magnetic charges, which was not of the ‘canonical type’. The presence of the
tensor field is by itself not surprising in the context of a compactification from higher-
dimensional supergravity. Because the gauging was abelian its effect was confined to the
interactions of the tensor field with the vector gauge fields (apart from a scalar potential
required by supersymmetry). In that particular case the fluxes are such that the theory
remains symplectically invariant. The term symplectic ‘invariance’ is perhaps somewhat
misleading. Rephrasing the latter result in the context of our work [[, ], it means that the
embedding tensor is parametrized in terms of 2n charges, which, when treated as spurionic
quantities, preserve the manifest symplectic invariance. This ‘spurionic’ approach was a
crucial ingredient of the group-theoretical analysis of [@, ] The symplectic invariance is
thus an equivalence relation between two theories, rather than an invariance.

As we pointed out previously, we will be dealing with charges that are mutually local
so that they can be converted to electric ones. In principle there is nothing wrong in
having to perform a series of field dualities prior to switching on the charges. However,
doing so will always obscure the symmetry structure that the theory has inherited from the
ungauged theory. Moreover, the lagrangian often contains terms that diverge in the limit
of vanishing gauge coupling constant, and there are also a number of practical drawbacks.
When performing a symplectic reparametrization on the charges in the compactification
discussed in [fJ], the theory can be brought in the more ‘canonical’ form that is known
for N = 2 supergravity [J—f]. However, the manifest symplectic invariance is lost in that
case. In the approach that we discuss in this paper, all of this is no longer necessary and
moreover one can also discuss non-abelian gauge groups. In the formulation that we will
present there is a topological term that takes a universal form encoded in terms of the
embedding tensor and depending only on the vector and tensor fields. The lagrangian is
fully gauge invariant, irrespective of whether the original rigid invariance was respected
by the initial lagrangian, or only by the combined field equations and Bianchi identities.
When imposing a gauge choice and integrating out certain fields (which originate from other
parts in the lagrangian) the universal features are lost and a large variety of lagrangians is
generated.

This paper is organized as follows. In section J| we briefly discuss the issue of elec-
tric/magnetic duality. The gaugings with both electric and magnetic vector potentials is
introduced in section ], where we present the constraints on the embedding tensor and
explain the connection with the tensor fields transforming in the adjoint representation of
the symmetry group of the ungauged theory. In section f] we derive the universal gauge
invariant interactions for the vector-tensor system, which are fully encoded in terms of the



embedding tensor. In section [J| we elucidate some of our results. We demonstrate how
all tensor fields can be integrated out from the lagrangian in the presence of non-abelian
gauge interactions, which amounts to effecting an electric/magnetic duality transformation
in the presence of charges at the lagrangian level. We also discuss some features relevant
to abelian gaugings and to the application of our formalism to gauged N = 2 supergravity.
Undoubtedly our result will have many other applications with or without supersymmetry,
but we refrain from presenting further explicit examples here.

2. Electric/magnetic duality

In the absence of charges, gauge invariant lagrangians in four space-time dimensions based
on abelian gauge fields AﬂA, labeled by the index A = 1,...,n, can be expressed in terms
of their abelian field strengths, ]:WA =2 O[MAV]A. The field equations for these fields and
the Bianchi identities for the field strengths constitute 2n equations,

OuFup™ = 0= 0G0 a - (2.1)
where or
gl/A:_ |g|6l/0'7' (22)
% V pvp afpaA

Here we use a metric with signature (—,+,+,+) and ep123 = 1. The discussion below is
valid for any space-time metric, and to simplify matters we will henceforth suppress g,
and restrict ourselves to flat Minkowski space. Obviously the set of equations (R.1) are

invariant under rotations of the 2n-component array (F»,Gy),

]:A U'AE ZAZ ]:Z
() = (e ) (&) =

Ga Was Vi Os
The new field strengths Gy can be written in the form (2.) with a new lagrangian, provided
that the matrix in (R.3) constitutes an element of the group Sp(2n,R). Obviously these
transformations are generalizations of the duality transformations known from Maxwell
theory, which rotate the electric and magnetic fields and inductions (for a review of elec-

tric/magnetic duality, see [[L]).

We will employ an Sp(2n,R) covariant notation for the 2n-dimensional symplectic
indices M, N, ..., such that ZM = (ZA,ZA). Likewise we use vectors with lower indices
according to Ya; = (Ya,Y™), transforming according to the conjugate representation so

that ZM Yy, is invariant. Our conventions are such that the Sp(2n,R) invariant skew-

symmetric tensor sy takes the form,

01
- (51) o

The conjugate matrix QMY is defined by QMNQnp = —6M p.
In the following we will be dealing with lagrangians that are at most quadratic in the
field strengths, although our methods can also be applied to more complicated lagrangians.



In addition the lagrangian may depend on other fields. Let us consider a generalization of
the kinetic term depending on a (possibly field-dependent) symmetric tensor Myy,

1 _
Lo=-7 i{NAg FLAF2 _ Nas }"’“”2}
1 1

= ;Tas Fu P 4 SRas P TN Foo™ (2.5)
where the fiy are complex selfdual combinations with eigenvalue Fi normalized such that
Fuw = .7:;; + F,; R and 7 denote the real and imaginary parts of N and play the role of
generalized theta angles and coupling constants, respectively.

Upon an electric/magnetic duality transformation (R.J) one finds an alternative la-

grangian of the same form but with a different expression for My,
Nag — (VN +W)ar [(U +2ZN) ' . (2.6)

This result follows from requiring consistency between (R.J) and (R.d). The symmetry of
the new A is ensured by the fact that (R.3) belongs to Sp(2n,R). Two lagrangians with
tensors Myyx related via (R.6)), are equivalent by electric/magnetic duality. However, if the
tensor My, depends on fields whose transformations induce precisely a change of My of
the form (P.6]), then we may be dealing with an invariance of the combined field equations
and Bianchi identities [[L]]]. Of course, this invariance is only realized provided that also the
field equations associated with fields other than the gauge fields, will respect the invariance.
For instance, the corresponding transformations of the scalar fields should leave the scalar
kinetic term invariant. Since this term takes the form of a non-linear sigma model, the
transformations must constitute isometries of the target space manifold.

The above transformations can be realized for more general lagrangians. In particular

we can introduce a moment coupling of the form,
L= F O +F, O (2.7)

where Oi, A depends on matter fields and is usually bilinear in spinor fields. Equivalent
lagrangians are now defined in terms of tensors N related according to (R.6) and tensors
O7F related according to

ot . —oF

v A uv'y [(U + ZN)71]2A7 (28)

and likewise for O;V A» but with A replaced by its complex conjugate. In order to have
an invariance, the transformations (2.§) should be induced by the transformations of the
fields on which the tensors Oiy A depend. In the presence of the moment coupling B3, it
is advantageous to also include the following matter term into the lagrangian [L(],

1
le = 5[1_1]/\2 O;WA OMVE ) (29)

with Op = (97{ + O, . While this term is itself not invariant, it ensures that the unspecified
remaining terms in the total lagrangian will be separately invariant.



In this paper we will be dealing with the full group of invariances which we denote
by G. According to the above, the invariance transformations that act on the vector fields
should always comprise a subgroup of the electric/magnetic duality group. This implies
that a 2n-dimensional representation of G should exist with generators (t,)as, where the
indices « label the generators, satisfying

(ta) " Qnp =0. (2.10)

On a 2n-dimensional symplectic vector Z;s, such a transformation takes the form §Z;; =
A® (to) ™ Zn, where the matrix decomposes according to

%
A = (e o). (211)
with epyy = esp and d* = @A, The matrices b, ¢, d comprise at most n(2n+1) independent
parameters, which is consistent with the fact that we are dealing with a subgroup of
Sp(2n,R). Observe that the above conventions are such that the infinitesimal form of the
matrix in (R-3) reads as follows, U ~ 1 —b", Va1+b W~ —c, Z ~ —d.

For continuous invariances there is a simple way to determine the explicit form of
the submatrices b, ¢ and d. Namely one sandwiches () with the symplectic vectors
(.7-"WA, Guw n) and its dual (Gpo 5, —fpgz) and contracts over e#”??. The resulting expression
must vanish (see [0, eq. (12)]), which is a rather stringent condition on the generators.

We caution the reader that at this point the invariance applies to the combined equa-
tions of motion and the Bianchi identities, while the lagrangian is in general not invariant.
In principle there is nothing wrong with this and supergravity theories have provided many

examples of theories where this situation is realized.

The dual field strengths (R.J) derived from the combined lagrangian (P.§), (R.7) read

1
g/,l,l/A = RAF]:,LWF - §5uupa Iar ]_—poF — Euvpo Oy . (212)

The relation (R.19) is consistent with all the transformation rules given previously. So
far we only introduced electric gauge fields AHA, but at this stage one can also intro-
duce their magnetic duals A, s associated with these dual field strengths G, A, by writing
Guw A =20, Aya- The invariance group G mixes the two types of field strengths, as follows
from (.3). Therefore the generators should be viewed as generalized charges that contain
both electric and magnetic components. Switching on a gauge coupling constant may thus
require both electric and magnetic vector potentials.

3. Gauging with electric and magnetic potentials

We now introduce gauge couplings into the lagrangian without restricting ourselves to only
electric charges. Hence we introduce gauge fields AHM which decompose into electric gauge
fields AHA and magnetic gauge fields A, A. Of course, usually only a subset of these fields
will be involved in the gauging. Introducing magnetic gauge fields could lead to additional
propagating degrees of freedom. We will discuss in due course how to avoid this.



The gauge group must be embedded into the rigid invariance group. This is done
by means of an embedding tensor ©,,% which determines the decomposition of the gauge
group generators X s into the generators associated with the rigid invariance group G,

Xy =0u%t,. (3.1)

Not all the gauge fields have to be involved in the gauging, so generically the embedding
tensor projects out certain combinations of gauge fields; the rank of the tensor determines
the dimension of the gauge group, up to central extensions. Decomposing the embedding
tensor as O = (0%, ©1?), covariant derivatives take the form,

Dy =0, — gAM Xy =0, — gA 0Nt — gA A0 L, . (3.2)

As stressed in section [l, the embedding tensor is treated as a spurionic object, which can
then be assigned to a (not necessarily irreducible) representation of the rigid invariance
group G.

From our experience with supergravity, we know that a number of (G-covariant) con-
straints must be imposed on the embedding tensor. We introduce two such constraints
quadratic in the embedding tensor,

fap? O ONP + (ta) T OM*OpT = 0, (3.3)
OMN @08 = 0 = 0t =0,

where the f,37 are the structure constants associated with the group G. The first constraint
is required by the closure of the gauge group generators. Indeed, from (B.3) it follows that
the gauge algebra generators close according to

[(Xar, Xn] = —Xunt Xp, (3.5)

where the structure constants of the gauge group coincide with Xy n" = 03/ (to)n' up
to terms that vanish upon contraction with the embedding tensor © p®. We recall that the
XunT generate a subgroup of Sp(2n,R) in the (2n)-dimensional representation, so that
XuaZ = =Xu=a, Xuas = Xasa and XA = X 2. Note that (B-3) also establishes
the gauge invariance of the embedding tensor. The second quadratic constraint (B.4) implies
that the charges are mutually local, so that an electric/magnetic duality exists that will
convert all the charges to electric ones.
In addition, we impose the following (G-covariant) linear constraint on ©,;%,

X (AXST) — 0,
2X(FA)E _ XZAF
Xun? Qo =0 = ’ 3.6
(MN " AP)Q Xasr) =0, (3.6)

2Xrn)” = X”ar,

which implies that we suppress a number of independent irreducible representations that
are generically contained in the embedding tensor.



Obviously one can impose additional constraints on the embedding tensor, but the
above set is probably the minimal one. The constraints (B.J) and (B.6]) are known from
maximal N = 8 supergravity [[l, [[3, [3], where (B.9) is required by the supersymmetry of
the action. These two constraints imply the validity of the third one (B.4). The relation
between the two quadratic constraints turns out to be a more generic feature, as we can
see by symmetrizing the constraint (B.3) in (M N) and by using the linear constraint (B.6)
and (R.I(). This leads to

QMN @ 20N (t5)p? =0, (3.7)

which shows that for nonvanishing (4) p@ the second quadratic constraint (B.4) is in fact a
consequence of the other constraints just as for the N = 8 theory. Only for those generators
t, that have a trivial action on the vector fields, does (B.4)) represent an independent
constraint. This happens only when the symmetry group of the ungauged theory factorizes
into a product of several groups. We will encounter this situation later in section [

As a further consequence of (B.6]) one finds that

Xoum" =2 daun (3.8)
with

doyin = (ta)m? Qnp,

1 ZA,O( == %@Aay
zMe = §QMN@N0‘ — 1 (3.9)
ZA’a = —§@Aa.

The tensor d, prny defines a G-invariant tensor symmetric in (M N). The gauge invariant
tensor ZM:® will serve as a projector on the tensor fields to be introduced in the following [g].
By virtue of the constraint (B.4), we have

zMaQuf =0. (3.10)

Let us return to the closure relation (B.H). Although the left-hand side is antisymmetric
in M and N, this does not imply that Xy;n' is antisymmetric as well, but only that its
symmetric part vanishes upon contraction with the embedding tensor. Indeed, this is
reflected by (B.§) and (B.1(). Consequently, the Jacobi identity holds only modulo terms
that vanish upon contraction with the embedding tensor, as is shown by

X" Xiop™ + Xioa” Xive)™ + Xivgl” Xup)™ = =27 do pio Xuwy” - (3.11)

To compensate for this lack of closure and, at the same time, to avoid unwanted degrees
of freedom, we introduce an extra gauge invariance for the gauge fields, in addition to the
usual nonabelian gauge transformations,

5AM = D AM — g ZMeE, (3.12)

where the AM are the gauge transformation parameters and the covariant derivative reads,
DﬂAM = OHAM +9 XpoM AHPAQ. The transformations proportional to 2, , enable one to
gauge away those vector fields that are in the sector of the gauge generators Xy n? where



the Jacobi identity is not satisfied (this sector is perpendicular to the embedding tensor).!

Because the Jacobi identity is not satisfied and because of the extra gauge transformations,
the usual field strength, which follows from the Ricci identity, [D,,, D,] = —gfw,M X,

Fu = 0,AM = 9,AM + g XivpM AN AT (3.13)
is not fully covariant.? Therefore we define a modified field strength,
Hu™ = Fu™ + g ZM° By a, (3.14)

where we introduce the tensor fields B,,, o, whose transformation rules will be defined such
that the HWM transform covariantly,

5H;,LVM =—g XPNM APHMVN . (315)
This leads to the following result for the transformation rule of BWO“3

5Buya = 2D[uEu}a + 2d,, MNA[MMéAV]N —2d, MNAM'HMVN s (3.16)

ZM.a - As it turns out, we do not need

up to terms that vanish under contraction with
these contributions as variations of the tensor field in the final lagrangian will always be

multiplied by Z*®. The relevant variation is therefore,

OBy o =201 [D,E,)0 + da unAp M 0A,N] = 2AM (XA s Hw ™ — X" Hyws)
(3.17)

where we made use of (B.9).
In passing we note that the covariant field strength of the tensor fields is known and

given by (g,

HB)

1
ppa = 3D[uBup]a 4+ 6do N AULM(&/AP}N + ggX[RS]NA,,RAP]S) , (3.18)

up to terms that vanish when contracted with Z*:®. The vector and tensor field strengths
satisfy the generalized Bianchi identities (the tensor identity holds upon contraction with
ZM’Q),

ZM7aD[MH1(/?’p)0]a =39 XPQM H[MVP HPU}Q ’ (3'19)
1 [0
Dy H, M = —39 zMen@ (3.20)

with the covariant derivatives DHM = oHM + gXpQM AP HQ and DH, = OH, +
9OM fro AMHg.

'Here we modified the gauge field transformation rules as compared to earlier publications [, E], which
simply amounts to a redefinition, Z,0 — ZEupa — dapQAuPAQ. This modification will lead to certain
simplifications later on.

2Observe that the covariant derivative is invariant under the tensor gauge transformations, so that the
field strengths contracted with X/ are in fact covariant.

3This result is taken from [E], but it takes a different form due to the redefinition of =, «, discussed in
footnote .



The next steps are rather obvious. Namely one covariantizes the combined lagrangian
(E.3), (B.7) and adds a topological term that involves the tensor and vector fields. However,
in four space-time dimensions this will not directly lead to the correct solution and further
modifications will be required. This is related to the fact that the rigid invariance G was
not necessarily an invariance of the initial lagrangian, but of the combined equations of
motion and the Bianchi identities. In this section we will therefore carry out these first
steps and exhibit the problematic features of this intermediate result. In addition we will
show that the purely electric gaugings do not suffer from any of these problems. In section [
we will then introduce the complete gauge invariant lagrangian and transformation rules.
In all of this the embedding tensor constraints play a crucial role.

Covariantizing the combined lagrangian (2.5), (£.7) leads to
1

£0+Em:4

1
Tax Hyw M 4 S Ras €7 Hy Mo ™ + M O (3.21)

However, this lagrangian is not invariant for the same reason as the original lagrangian was
not invariant. To see this one makes use of the infinitesimal gauge transformations, which
for Npsx and O:V , take the form,

SNz = g AM [=Xnas + 2 Xpra " Neyr + Nar X' Nes]

80, n = gAY OF o [Xaa™ + X" Nra] - (3.22)

Using the variations (B.15) and (B.29), one derives
1
O(Lo+ L+ L) = = g9 A Xaraw Hyu Hpo™ 77 +

1
+ gg AMXMAE gpl//\ gpoE ghP? —

1
- Zg A]MAXVMAE g,ul/A HpaE ghvpe s (323)

where

1
g;u/A = RAFHW/F - §5uup)\ Tar Hp)\r — Euvp OpAA ) (324)

is a covariant version of (R.19). Furthermore we note that the variation with respect to
B, leads also to the tensor G, A,

1
O(Lo + L + L'm) = 39" Guun 02 6B, o - (3.25)

On the basis of the results found for maximal supergravity in five space-time dimen-
sions [[l] and the more general considerations presented in [Jf], we introduce a topological
term, g@Ao‘s‘“’WBWaﬁpAoA, which only contains the magnetic potentials so that the
tensor field will decouple for purely electric gaugings (the need for this will be explained
below). The term 0j,Ag s constitutes the first term of the field strength H,,A, which
suggests that its completion will at least involve the terms,

1 1
ﬁtop,B = —ggs“”p" @Aa B;Wa (2 8pAaA + gXMNA ApMAUN — Zg @AﬁBp05> s (3.26)

,10,



so that its variation with respect to 0B, is just proportional to H,,,
1
OLiop,p = — 59" Hyuwn O 6Bpg s - (3.27)

Note that the tensor ©A* ©,7 that multiplies the term quadratic in B, A is symmetric

in (a, 3), by virtue of the constraint (B.4). General variations of (B.26) can be written as
follows,

1
OLuopsz = —59 " [fWA OM 6By + 0Hyun O By a] . (3.28)

Substituting the various variations, one finds,
1
0Ltop,B = gg AM X pras [HWAHPUE — }-WA}-MZ] ghvpo

1 1
+ ggAMXMAE [HMVAHpUE - 5‘7:,ule]:pUE} ghvro 4

1
+ ggAMXAME fuuA fpaﬁguupa s (329)

up to terms of order g that contain noncovariant terms which depend explicitly on AMM .
The constraints on the embedding tensor are crucial for deriving the above results.

Clearly at this stage the combined lagrangian is not invariant as the tensors G,,» and
H,vn are unrelated, although we note that the terms quadratic in HWM cancel when G, A
and H,, A are identified. This observation will be relevant later on. However, one is then
still left with the terms quadratic in ]:WM . We will exhibit in the next section how these
variations are cancelled. To pave the way and to verify the consistency of the construction
up to this point, let us briefly consider purely electric gaugings, to appreciate the role of
the constraints and to establish that our formalism will remain in the more conventional
setting. For electric gaugings, ©A = 0, so that the generators X* = 0. In that case the
constraint (B.6) reduces to

XA =0, Xas)' =0, Xasr) =0. (3.30)

The remaining gauge generators, X[AE]F = X'y and Xjsr satisfy the Jacobi identity,
because the right-hand side of (B.11]) vanishes. Hence the generators have a block-triangular
form. The modified field strength (B.14) for the electric vector fields reduces to an ordinary
nonabelian field strength

Hu™ = 20,4, + g Xsr™ 4,74, (3.31)

which contains neither magnetic vector fields nor tensor fields. The variation of the la-
grangian follows from (B.23), where only the first term contributes. It was observed long
ago in [f] that this variation can be cancelled by introducing the following Chern-Simons-

like term to the action,
1 = 3
Etop,electric = _gg 5MVpOXQEE A,uQAl/H <ap14<7Z + gg ‘XVAFZ ApAAUF> ) (332)

provided X sy = 0, which is precisely the last equation of (B.30). This extends possible
gauge transformations to those with triangular embedding into the symplectic group (B.9),
the so-called Peccei-Quinn transformations.
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4. Tensor fields and the topological term

In this section we demonstrate that a general gauge invariant lagrangian exists with both
electric and magnetic vector potentials. This lagrangian is an extension of the lagrangian
discussed in the previous section, by Chern-Simons-like terms such as (B.33). The only
restriction will be that the embedding tensor ©,* is subject to the constraints (B.3), (B4)

and (B.0).

The first observation is that the variations of the total lagrangian bilinear in Hy,x
and G4 combine into XMAZ(HWA — Guwn)(Hpoxs — Gpox), which, according to (B.29)
and (B.27), can be removed by assigning an additional variation to 0Bva proportional to
('HWA — QWA). With this variation the modified transformation rule for B, reads,

0MB,, o = 204 [DULE,,]Q + dg MNA[“MéAl,}N] _9AM [XAMZ Hyw™ — X" g,wz} .
(4.1)

Apart from this modification the remaining transformation rules are left unchanged, but
one should be aware that (B.15) receives corrections induced by the modifications in ([.])).

With these transformation rules, the variation of the total lagrangian takes the form

1
(5(£0 + ﬁm + Elm + EtOI%B) = — gg AMXMAZ fMVAJ:pUE 8;u/po' .

1
- Eg A]\/[‘XVMAZ ]:,ul/A]:poE ghvPo 4

1
+ gg AMXAMZ f,uuA]:poz ghvPo 4

where the dots denote noncovariant terms of order g? which depend explicitly on AMM . In
order to finally cancel this variation, the topological lagrangian (B.26) must be extended to

1 1
Liop = — 596177 02 B, 4 (2 OpAon+9Xan 2 A M A = 29047 By ﬁ> _
1 1
_ gg EMVPUXMNA AMMAVN <apAUA + ZgXPQAApPAO'Q) _
1 1
- 29 Xt AM AN (95400 + ZgXpQAApPAUQ) . (4.3)

Straightforward but tedious computation then shows that the variation of the extra terms
precisely cancel the contributions (f:3) such that the sum

ACVT = E(] + Em + le + Ltop s (44)

is invariant under both vector and tensor gauge transformations up to total derivatives.
The constraints (B.3), (B4), and (B.6) are crucial in the derivation of this result. The
topological term ([.3) contains the first-order term (B.26) for the magnetic vector fields Az
and the tensor fields B, and the Chern-Simons-like term (B.32). Indeed, for an electric
gauging (02 = 0) the Chern-Simons-like terms in ({.3) reduce to (B.33), while for a purely
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magnetic gauging (©A“ = 0), they take the form

1
£t0p7 magnetic — _gg ghvpe @Aa Blwa (2 aPAO'A +g XZMA APEA0M> -

1 = 3
— 29X A 04,2 (9 Ans + 9 X s ApnAor) —

6
1 = 1
- de“””"XQ“z AHQAys@pAoE + 19 XAE A,,AAUF) . (45)

Summarizing, we have shown that the total lagrangian,
1 1 |- v
1 1
- ggeuvpa @Aa B,uua (2 ap140A + gXMNA ApMAUN - ZLq@AﬂBpaﬁ> -

1 1
= 59" X a AN AN (9,450 + $9Xpg" 4,7 4,9) —
1
4

is invariant under the vector and tensor gauge transformations (B.13), (B.29) and ([.1)).
It provides a unified description of electric and magnetic vector fields as well as of tensor

1
-9 ero Xy AM AN (8,,/10 A+ 9XpPo AA,,PAUQ) , (4.6)

fields which encompasses all possible gaugings. The gauge group is characterized by the
embedding tensor © ;% subject to the constraints (8.3), (B.4), and (B.6). Apart from these
constraints the embedding of the gauge group into the symplectic group (R.) is arbitrary.
Due to the presence of both electric and magnetic vector fields the gauge group is no longer
restricted to diagonal or triangular embeddings. The gaugings are thus not necessarily
restricted to subgroups of the invariance group of the initial ungauged lagrangian but may
include additional invariances of the combined set of Bianchi identities and field equations.
Upon partial gauge fixing and integrating out fields one recovers the vector /tensor couplings
previously presented in the literature as particular examples of ({.6). We will illustrate
this with a few examples in the next section.

The vector/tensor lagrangian ([.6) can be amended by additional matter couplings of
the vector fields to scalar and fermion fields

L= ﬁVT + ﬁmatter . (47)

In these matter couplings the electric and magnetic vector fields enter exclusively via
the covariant derivatives (B.9) and therefore take a symplectically covariant form. It is
important to note that due to (B.1() the covariant derivatives are invariant under tensor
gauge transformations.

Under the variations AMM — AMM + 5AMM, and B,y o — Buva + 0Buq, the vec-
tor/tensor lagrangian ([L.§) changes as

1
Lyt = —ggsﬂm (@AO‘(SBH,,Q—QXAMEAHMcSA,,E —2 XAMgAﬂM6AVE) (H—G)ponr —
1
- Ege“””" 0AuA <@A“ HS?L)M +6 XM 7 AM(H - g)poz) +

1
=+ §€,uup05AMA (aygpaA - gXMAE AVMngZ + gXMEA AVMHPO'E) ’ (48)
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with G, o defined in (B.24). From these variations one reads off the equations of motion
resulting from ([L.7),

g @Aoz (H - g);,LVA = 07 (49)
1 .
Egs“”po <@Aa Hl(,i)oa +6 XM TAM(H - Q)paz) = gj*t,  (4.10)
1

- 58‘“’”” <8ygp0'/\ — 9Xua" AMG oo + 9 XA AVMH/)O'Z) =gj's, (411)

where ( j“A, j*a) denote the magnetic and electric current densities associated with L atter,

which are defined by

A 6Ematter 5£matter

ji\ = ——matter 4.12
gJ R LA Sy (4.12)

Gauge invariance requires these currents to satisfy the following constraints (subject to the
matter field equations),

Dy j*a =0, 0% j, A =0, . (4.13)

Equation ([.9) is the duality equation that relates the field strengths Hpo A of the magnetic
vector fields to the electric field strengths via (8.24), at least for the components projected
by ©A%. Equation (10) relates the relevant tensor field strengths (remember that the
components of the tensor field other than @AO‘BWQ are not present in the lagrangian and
thus do not lead to independent field equations) to the gauge fields and the magnetic matter
current.* Equations [#.9) and ({.10) thus determine the field strengths of the magnetic
vectors and of the tensor fields, respectively, in terms of the other fields. They do not play
the role of dynamical field equations, but together with the combined vector and tensor
gauge invariances they ensure that the number of propagating degrees of freedom has not
changed upon the introduction of tensor and magnetic vector fields in the gauged theory.
We will present a more explicit analysis of the degrees of freedom after proper gauge fixing
in the next section. At g = 0 both (B.24) and (jl.1(J) are identically satisfied which is
consistent with the fact that in the ungauged theory the tensor and magnetic vector fields
drop from the lagrangian. Finally, (f.11) via (B.24) constitutes the dynamical equations of
motion for n vector fields.

5. Applications

In this section we will illustrate a number of features of the general results presented
above. The universal lagrangian ([.6) presented in the last section combines tensor fields
with electric and magnetic vector fields. We argued above that the total number of de-
grees of freedom is independent of the embedding tensor, i.e. it remains unchanged with
respect to the ungauged theory owing to the fact that magnetic vector and tensor fields
appear with their own gauge invariances and couple with a topological first-order kinetic

4In the presence of scalar fields, () takes the form of the duality equation that relates scalar and
tensor fields. We shall return to this feature in the next section.
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term. In concrete applications it is often useful to fix most of the gauge invariances and
eliminate the auxiliary fields in order to arrive at a formulation in terms of only physi-
cal fields. The universal lagrangian ([.§) offers various possibilities of gauge fixing which
lead to different effective lagrangians that are related by nonlocal field redefinitions and/or
electric/magnetic duality.

Below, in subsection .1, we present a general way of gauge fixing by integrating out
all the tensor fields from the lagrangian. This leads to an effective lagrangian in terms of
n physical vector fields and confirms the analysis of degrees of freedom given above. The
result can be interpreted as effecting an electric/magnetic duality transformation directly
at the level of the lagrangian. In the next subsection f.2 we consider a particular class
of abelian gaugings generated by translational isometries which are often relevant for the
effective field theories that describe flux compactifications. We show that for these gaugings
there is an alternative way of gauge fixing which instead leads to a lagrangian in terms
of electric vector fields and tensors upon eliminating some of the scalar fields. Finally, in
subsection we briefly comment on the general results of this paper in the context of
N = 2 supergravity.

5.1 Gauge fixing

In this subsection we exhibit how the tensor fields can be integrated out from the universal
lagrangian (@) by choosing a convenient basis for the embedding tensor. Upon further
gauge fixing of the remaining tensor gauge transformations this yields a lagrangian con-
taining precisely n physical vector fields. We choose a basis of the magnetic vector fields
AHA and the generators t, such that the rectangular matrix ©A® decomposes into a square
invertible submatrix ©1% (with inverse (©7!);;), with all other submatrices ©/™, V¢ and
OY™ vanishing. Hence we decomposed the G-generators according to to — (t;,t,,) and the
magnetic vector fields A,n — (Aur, Auv). Note that the decomposition of the generators
and fields is not yet completely fixed, as one can, for instance, redefine the ¢; by adding
terms linear in the ¢,,. From (B.4) we deduce the following constraints on the remaining
components of the embedding tensor,

0™ =0, oo =elie;. (5.1)

In this basis, equation ([1.9) takes the form

(01" +07"Rr;) B’ — %euupo@‘]ifu B =20" Jur, (5:2)
with

Buw' =g0"B;,

Tt = Fowt = RirFu 4 Spr T 4 €1y O (5.3)

Observe that no other tensor fields will appear in the lagrangian by virtue of (5.J). After
some manipulation (f.d) gives rise to

Z+rZT ") Buw’ = cupe T 1 +200 T T, (5.4)
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with 7y = Ry + (@‘1)i1@Ji a symmetric matrix and Z;x(Z~1)%/ = §/. Substitution of
this expression for BH,,I into the lagrangian ({.6) leads to the following terms,

Lp = i [(I—i- rIflr)fl]U Tuwr T 5 — %gwpg(rzil)lK Twi Tpo7| (5.5)
which should be added to the B-independent terms of the lagrangian ([.g), so that we are
dealing with a lagrangian that depends on 2n vector fields. However, the magnetic vector
fields A, v are actually absent whereas the tensor gauge transformations can be used to
eliminate the electric vector fields AMI from the lagrangian, Eventually one thus arrives at
a lagrangian Ly formulated in terms of n vector fields (AMU, A, 1) carrying the 2n degrees
of freedom.

To see that the lagrangian does not depend on the fields A, 7, we first observe that
neither 7, r nor the B-independent terms in ([L.g) contain the field strengths F,, ;7. Hence
in the abelian case the absence of A,y is obvious. In the non-abelian case this is less
obvious. Although we know that XV =0 = X(MN)U, this does not exclude that no upper
indices U will appear on the generators. Fortunately the absence of A,y can be directly
inferred from the fact that (f.10]) is proportional to ©*® which vanishes for A = U (in
particular, the matter current j¥ = 0), so that we conclude that §Lv/ 0A,u = 0. Here it
is important to realize that the tensor field equations ([[.9) are identically satisfied, so that
the variations from BWI as defined by (5.4) will not contribute. Note that we are only
dealing with the matter currents j, ¢ and j,/ as jMU =0and j,; = O 1H;10, juJ-

We now combine ({.6) and (B.§) to find the new lagrangian Ly. For simplicity we
evaluate this lagrangian in the abelian case without moment couplings, so that the only
quantities involved are the abelian field strengths F,,; and .7-"“,,U. The result takes the
following form,

Ly = % [fuf,w[ FM 5+ Tyy FuV Y 42T Fur }"‘“’U} +
+ ée““pa [7%” Funt Foos + Rov Fuu¥ FooV + 2Ry Fur }",)UU] . (5.6)
where

T = (T+rT )Y,

Tov = Tyy + (T +rT-r) [RU[ Ryv — TurTyv — 2 (rT 1), K RI(UIV)K} ,

Ty = (T+rT7n) | = Ry + 0T  Txw

7?/[‘] - [(I+TZ_1V")_1]1K (TI_l)KJ,
Rov = Ruy + (T +rT- )~ [(—RIU Rk +To Tvk)rT )5 — 2Ry IV)J] :

7%,[[] = [(I + TI_l’I“)_l]IJ [ —Tju+ (TI_l)JK RKU] . (57)

We note that (in contrast to the situation in odd dimensions) this gauge-fixed lagrangian
allows a smooth limit g — 0. At g = 0, however, this does not bring back the original
lagrangian (R.§) but rather one related to it by electric/magnetic duality. To see this one
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first performs a shift of the generalized theta angle, R;;y — Rrj + (@_1)@'1@Ji = TI7,
followed by a second duality transformation where (R.J) is the unit matrix in the subspace
carrying indices U, V', whereas in the subspace carrying the indices I, J it is an off-diagonal
transformation with W = —Z = 1 (in other words, the typical strong-weak coupling
duality). Hence in this formalism one is able to perform duality transformations at the
level of the local lagrangian.

5.2 Abelian gaugings

In many situations one is dealing with a group G of symmetries of the ungauged theory
that factorizes into two groups, one of which acts exclusively on the matter fields. This
situation is, for instance, relevant for abelian gaugings, where the vector fields transform
in a trivial representation and the matter fields transform in a non-trivial representation
of the (abelian) gauge group. In that case the gauge group can be embedded into a group
that acts exclusively on the matter fields. Many supersymmetric models show this feature.
Assuming that the gauge group will be embedded into a rigid invariance group that is
decomposable into Gy x Gy, where Gy acts exclusively on the matter fields, we decompose
the generators accordingly into two mutually commuting sets: {t,} = {ta} @ {to.}, where
only the generators ¢ 4 induce a nontrivial action on the vector fields. The latter implies that
the (t,) /" vanish as these generators act exclusively in the matter sector. Obviously we are
dealing with two sets of structure constants, f4g" and fu;¢. The embedding tensor ©
decomposes into © ;4 and © %, which define the gauge group generators X, = O34+
©1r%,. The quadratic constraint (B.3) then decomposes into two separate equations,

fa® Ot ONT + (ta) v OM0pY =0,
far“ Om* ON" + (ta)v" OntOp° = 0.
The second quadratic constraint (B.7]) leads to an additional condition (see also, the com-

ment below (B.7)),
Al = 0. (5.10)

For abelian gaugings we have © ;4 = 0 and the commutativity of the matter charges is
ensured by (B.9). The vector/tensor lagrangian for abelian gaugings takes a rather simple

form,
1 1
Lyr = 7 Iay Hy N HAE 4 3 Az 7 Hyuy " Hpo™ + Hyu  OFy + (5.11)
1. R 1 ,
+5Z ARO,,, A\ OMs — i P7OMN B, GpA(,A—i—?)—QgQ@Aa@Abg“ P Biva Bpob
where 1
Hu™ = 20,4, + 59 0% B,,.. (5.12)

A particular example of abelian gaugings concerns the case of a nonlinear sigma model
with gauged translational isometries of its scalar target space. Such gaugings for instance
appear in Calabi-Yau (or half-flat manifold) compactifications in the presence of back-
ground fluxes [B], [4-[[§. Let us thus consider a scalar target space parametrized by scalar
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fields {¢%,¢'} whose metric G,,,, does not depend on the subset {¢'} of scalar fields such
that the shifts ¢' — ¢* + ¢’ constitute a set of abelian isometries. A gauging of these isome-
tries is encoded in an embedding tensor ©y," = (©,%, ©A%) subject to (F.1(). Tt induces
the covariant derivatives

Dﬂqi = @Lqi - gAﬂA@Ai - gAﬂAGM . (5.13)

The magnetic vector fields @471 A, a can then be integrated out using the equations of

motion ({.10),
107 9, Broi o Gial) 0" + Gij () <8“qj _ gArhE,T gA“AG)Aj) . (5.14)

This shows that the topological term ([.J) eventually gives rise to a topological coupling
etvPo O Ainai BMAVA between tensor and electric vector fields as well as to a kinetic term
(G™1)(¢) 0,,Byy) o BYPl; for the tensor fields. This leads to a lagrangian whose physical
fields comprise tensor and electric vector fields, which reproduces the results of , g,
Alternatively, following the gauge fixing procedure described in the previous subsection,
leads instead to a lagrangian expressed exclusively in terms of (electric and magnetic) vector
fields. The general formalism presented here allows rather straightforward generalizations
involving the gauging of nonabelian isometries in the presence of tensor fields. Integrating
out scalar and magnetic vector fields in the nonabelian case will presumably lead to the
non-polynomial interactions of tensor fields captured by (extensions of) the Freedman-
Townsend models [21-RJ. Other applications or generalizations may, for instance, involve
M-theory compactifications on twisted tori [24, P5].

5.3 N =2 supersymmetry

As a final topic we briefly discuss gaugings of N = 2 supergravity, where the scalar target
space is a direct product of a special-Kahler and a quaternion-K&hler manifold whose
coordinates we denote by complex fields 2% and real ¢%, respectively. The isometry group
factors into the direct product Gsk x Gq. Only the generators of Ggk induce a nontrivial
action on the vector fields. This is a special case of the situation described in the beginning
of the previous subsection. Accordingly, we label the generators of the isometry groups as
{ta} = {ta} @ {t.}. A gauging is encoded in an embedding tensor ©,* = (O34, 0,
subject to the constraints (f.9) and (f.10). The kinetic term for the scalar fields is described

by a nonlinear sigma-model
1 4 =7 1 u v
Liin = —3 giy Dpz' DVZ — 3 huw Dyg" DHq" (5.15)

where g;; and hy, denote the metrics on the special-Kahler and the quaternion-Kahler

manifold, respectively, and the covariant derivatives,

D,z =09, —g @MAAMMki ,
D,q" = 0uq" — g @MaAﬂMkJ“a , (5.16)
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are written in terms of the embedding tensor and the corresponding Killing vector fields
k's and k%,. For gaugings that involve only electric vector fields N = 2 supersymmetry
requires a scalar potential []—[], which can be written as follows,

V = L1 (00405" gig ki kg + 4005 huy K 1) +

LB, P, 0,°05 (gi]’fﬁfjZ _ 3LAEZ> . (5.17)

Here, L* denotes the upper half of the symplectic section LM = (LA, My) = ek/2 (XA Fy)
on the special Kihler manifold with Kéhler potential K, and f;* = (@'—i—%@ilC) LA denotes
its Kéhler covariant derivative; the Sp(1) vectors 73,1 are the quaternion-Kahler moment
maps associated with the Killing vectors k%,.

It is now straightforward to generalize this expression to a situation where both electric
and magnetic vector fields are involved in the gauging. Here we recall that the potential
arises as a supersymmetric completion associated with the gauging. However, the electric-
magnetic duality plays only an ancillary role in this sector, as is known, for instance,
from the gaugings in maximal supergravity theories. There it was demonstrated that the
so-called T-tensors are directly expressible in terms of the embedding tensor without the
necessity of making a distinction between magnetic and electric components. In fact electric
and magnetic components of the embedding tensor can only be identified by referring to
the kinetic terms of the vector fields. Hence, the embedding tensor and the T-tensor, and
thus the potential (which is quadratic in the T-tensor) is insensitive to these features and
does not change under vector-tensor and vector-vector dualities [, |, [[3].

With the above observations in mind, we may thus write the full scalar potential
as a symplectically covariant expression (treating the embedding tensors as a spurionic
quantity),

V = LMIN (@14 ON" gikiaklp + 40 ON" huy K'ak's) +

+P, Py, 040" (gijfiijN _ 3LMEN) . (5.18)

For the abelian case, where ©,;4 = 0, this expression coincides with the one presented
long ago in [2d]. Of course, a full supersymmetric derivation requires to cast the results of
this paper in a supersymmetric context.
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