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ABSTRACT: We extend the analysis of N=2 extremal Black-Hole attractor equations to the
case of special geometries based on homogeneous coset spaces. For non-BPS critical points
(with non vanishing central charge) the (Bekenstein-Hawking) entropy formula is the same
as for symmetric spaces, namely four times the square of the central charge evaluated at
the critical point. For non homogeneous geometries the deviation from this formula is given
in terms of geometrical data of special geometry in presence of a background symplectic
charge vector.
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1. Introduction

A remarkable feature of extremal black-holes in supergravity is the attractor mechanism
which is at work for both BPS [l and non-BPS [J—[ solutions: Starting from generic
boundary values at radial infinity, the scalar fields coupled to the black-hole evolve towards
fixed values at the horizon which are functions of the quantized electric and magnetic
charges only. These fixed values are determined by the minimum of a certain effective
potential Vg which depends on the scalar fields and on the charges. Extremal black holes
in four dimensions feature a near-horizon geometry of the form AdSy x S2. The area of
the horizon, which is expressed in terms of the radius of S? in the throat of the solution,
is given by the value of Vpy at its minimum and is related via the Bekenstein-Hawking
(B-H) formula, to the entropy of the black hole

S T = 7T‘/BH\eattr. : (11)

Although the attractor mechanism was shown to be at work for BPS solutions also in the
presence of higher derivative corrections [Jf, we shall restrict our analysis to second order



derivative supergravity action. Extremal black holes play an important role in the micro-
scopic/statistical interpretation of the B-H expression for the entropy possibly corrected
by higher derivative contributions [I]—[lf] (for a recent review on black holes see [[7]).

Recently the critical points of the black-hole potential Vg in N = 2, D = 4 super-
gravity coupled to vector multiplets have been studied and classified for all homogeneous
symmetric special Kéhler geometries [[§. It is the goal of the present paper to extend the
analysis to homogeneous non-symmetric spaces whose general classification was given and
discussed in f@] The nature of these spaces is quite interesting from a physical point
of view since some of them naturally appear in brane dynamics, when the brane and bulk
degrees of freedom are unified in the four dimensional effective supergravity. Homogeneous
special geometries can be classified by coset spaces M = G/H where

G = [SO(1,1)0 x SO(2,2 4 )] x N,
H = S0(2) x SO(2+q), (1.2)

and N is a subgroup generated by a nilpotent graded subalgebra N of the isometry algebra:

N =exp(N),
N=wtbgwH? (1.3)

where the superscripts refer to the SO(1,1)g-grading. The generators T, of WD trans-
form in a real (in general reducible) d-dimensional spinorial representation of SO(2, g + 2)
while W(*2) is one-dimensional and its the generator T, is an SO(2,q + 2)-singlet. The
algebraic structure of N is defined by the following commutation relations:

[T Ts) = 2CasTa ; [T, To] =0, (1.4)

Cqp being the antisymmetric real matrix to be identified with the charge conjugation matrix
of the spinorial representation defined by T,, (see appendix [B). The number of complex
coordinates of the manifold is

d
n=dimeM=3+q+. (1.5)

Denoting by Ths = —Tsa (A, X =0,1,...,q + 3) the SO(2,2 4 ¢) generators and by hg
the SO(1,1)p generator, the following commutation relations hold:

1
[Tax, Tra] = 3 (naa Tsr + nsr Taa — nar Tsa — nsa Tar)

1
[TAEa Ta] = _Z (FAE)aﬁ Tﬁ 5 [ho, Ta] = Ta ) [ho, To] — 2T0a (16)

all the other commutators between the same generators being zero. The d/2 complex coor-
dinates parametrizing T, define an SO(2,2 + ¢) Clifford module. The compact isometries
are SO(2) x SO(24¢) x S, (P, P), and include the centralizer S, (P, P) of the Clifford algebra
representation [R(], which is not contained inside G. In the table below we summarize the

notations introduced in [R(] for the classification of homogeneous special Kiéhler manifolds.



M d

L(0, P, P) 2P+ P)

L(q,P,P),q=4m >0 | 4D, (P + P)

L(q,P),q>0,qg#4m 4D, P
L(-1,P) 2P
L(-2,P) 2P

where the values for D, are:
D=1, Dy=2, Dy=D,=4, Ds=Dg=D; =Dg=28. (1.7)

Certain homogeneous (non-symmetric) spaces listed in table [l] naturally appear in brane
dynamics, for instance in Type IIB compactification on K3 x T2/Zy orientifold in the
presence of space-filling D3 and D7 branes [P24-P4. In this case the relevant space is
L(0, P,P)7 which is parametrized by the S, T, U moduli of the bulk as well as the P and
P (which may be different from P) complex moduli describing the positions of the D3
and D7 branes along T? respectively. The model has the additional global symmetry
So(P, P) = SO(P) x SO(P) which is not part of the isometry group G, whose compact
subgroup is SO(2) x SO(2) in this case. This state of affair is actually a particular case
of a more general feature of the L(g, P, P) spaces for which the rigid symmetry Sq(P, P)
depends in general on g as well as on the number of Clifford moduli.

The (rank three) symmetric spaces fall in the class L(0, P) (which is the same as L(g,0)
for ¢ = P) and L(q,1) with ¢ = 1,2,4,8 which correspond to the magic supergravities.
The spaces L(q,0) are obtained by setting T, = 0 and define the infinite series of manifolds
of the form
M= SU(1,1) " SO(2,2 + q)

U(1) SO(2) x SO(q+2)

(1.8)

In this context the STU model corresponds to L(0,0) and is the smallest rank three sym-
metric space. In the magic supergravity cases the real dimension of the Clifford module
is respectively given by: d = 4, 8, 16, 32, corresponding to the Freudenthal triple system
of the Jordan algebras on R, C, H, O respectively. For all the symmetric spaces the H-
connection Q1) actually coincides with the torsion-free Riemann connection w, while they
differ in the non-symmetric case. This will be explicitly shown in the next section.

The black-hole attractors for the S, T, U model are clearly connected to the N = 8
attractors studied in [f. On the other hand the black hole attractors for all symmetric
spaces were studied in [I§]. There it was found that such attractors fall into three classes
of orbits: One BPS and two non-BPS. The latter were further distinguished by the fact
that the N = 2 central charge Z is non-vanishing in one case and vanishing in the other. It
is the scope of the present paper to generalize this classification to the homogeneous spaces
which are not symmetric.

We actually find that for the non-BPS orbit with |Z] # 0 the same rule as for the

symmetric case applies, being

VBH‘E:L‘t?“. = 4 |Z||251;tr, * (19)



The paper is organized as follows. In section P we give the special geometry for homogeneous
spaces in rigid, namely tangent space, indices. We further compute the Riemann spin
connection and the H-connection for the cosets. In sections fJ and [ we analyze the attractor
equations for both Z # 0 and Z = 0 orbits. While in the case Z # 0 the situation is similar
to the symmetric case (in particular we get the same expression for the entropy in terms
of the central charge), the classification is more involved in the Z = 0 case, where many
orbits seem to exist. Finally some useful mathematical tools for special geometry describing
homogeneous spaces are collected in the appendices.

2. Special geometry in rigid indices

In the present section we shall explicitly construct the tensor quantities on a homogeneous
special Kéahler manifold, which will be relevant to our discussion in a rigid basis. In ap-
pendix [A] we review some basic facts and definitions about special geometry. The following
discussion however relies only on the isometry properties of these spaces, outlined in the
introduction, and will not make use of special Kéhler identities.

We start from writing the connection and curvature in a real basis of the tangent space
of the manifold and then introduce the rigid metric and complex structure. We shall choose
as a basis for the tangent space of the symmetric submanifold SO(2,2+¢)/SO(2) xSO(g+2)
the 2 (2 + ¢) non-compact generators T,7, a = 0,1 and I = 2,...,q + 3, defined by the
Cartan decomposition of the s0(2,2 + ¢) algebra. The corresponding basis of the tangent
space of the whole homogeneous manifold will therefore consist of the following generators

{Ta} = {ho, Tur, Ta, Te} ; A=1,...,2n. (2.1)

The vielbeins dual to the isometry generators {T4} are {VA} = {V0 Vel Ve V*} which,
together with the SO(2) x SO(gq + 2)-connection 1-forms QU A = (QH) ab ) 1)y "gatisfy
the following set of Maurer-Cartan equations:

dv® =0,

dV“1+%Q(H)“bAV“Jr%Q(H”JAV“J =0,

1 1
dV® — = (Tap)s” QU ab A /8 _ 5 T1)s” QUDIT AYB LYo Ave =0,

AV® + Cog VEAVP £ 2V0 AV = 0. (2.2)

The metric gap on the tangent space at the origin is defined as follows:

Gee =1 = goo
9B : { 9albs = §0ab 017 . (2.3)
Gap = 6046

The metric connection w4 satisfies the property

wa% g0 = —wB goa, (2.4)



and is solution to the zero-torsion condition:
T4 = DVA =dvA + wp AVE =0. (2.5)

The explicit form for the spin connection is:

wiC = @pC + W) 5C |
W(H)BC — Q(H)AC)\BCa
- 1 ’ ’ ’ ’
wp¢ = 3 <CABC +9°% gan Corg™ + g% gpp CC’AB) VA, (2.6)

where w) 5€ is the H-connection which is expressed in terms of the QW) A-forms, deter-
mined by solving the second of eqs. (R.9), see egs. (C.9). In the symmetric case the isometry
group G is generated by a semisimple Lie algebra g which can be decomposed into its max-
imal compact subalgebra ) C g and the orthogonal complement t to § which is spanned by
non-compact generators (Cartan decomposition). Choosing the basis {74} for the tangent
space of the manifold in t, we have C4p® = 0, which in turn implies @ = 0 in egs. (-9).
Therefore in the symmetric case we can use the Cartan decomposition of the isometry
algebra to define a basis of generators with respect to which the spin connection coincides

(H)

with the H-connection: w = w'\*"). This is not the case for non-symmetric manifolds, for

which @ is always non-vanishing. The components of & are given in appendix [d.

In terms of w the curvature 2-form is defined as:
RAB = dwa® —wa® AwcP = —% RopABVEAVD, (2.7)
or in components:
RapcP = -2 @[B,|CE @A},ED + Cup* CrcP + Cap®op P . (2.8)

The explicit form of the components of the Riemann tensor in the chosen rigid basis is

given in eq. (Cj) of appendix [J.
Let us define on the tangent space the following complex structure:

1 1
V= — (v =iV V= — (Y 4ivY),
7 ( ) 7 ( )
A 1 A A d
V= —= (V2 +4iV"2) | a= (i1, i2), i1,02=1,...,=, 2.9
7 ( ) (i1, i2), i1, io 5 (2.9)
where in the indices 71 and iy the charge conjugation matrix reads:
Cirig = Oinig = —Cigiy - (2.10)

We shall use the indices 7, s, ... to label the complex vielbein basis: V7 = (V*, VI, V7).
In this basis the rigid metric has the following form:

1
9ss =13 g15= §51j i Giy = 0ij (2.11)



and the curvature tensor reads:
Ry = Rs 0V AV ®,
Resp? = grs 01+ gsp 61 — Crpp G5, (2.12)
where the non vanishing components of the symmetric tensor C,, are:
Csry = é&] ; Crij = % (T'r)ij (2.13)

and the (complex) gamma matrices (I'7);; are defined in (B.5). The C,g, is manifestly
SO(q + 2)-invariant and satisfies the relation:

_ _ 4 _
CT‘Sp Cp(Flfg Csfgﬂl) - g gT(Fl C?Q?gﬁ;) = ET‘ T1T27T3T4 » (214)
where the non-vanishing components of the tensor E are:
1 1 _

Esw = §Fm, Elfm:—g(l—‘[)llrm, (215)

q+3 q+3
Lijr = Z (T Ty = Z (Cm)i; Tty — 9¢ij Orry » (2.16)

1=2 m=3

In the symmetric case I';j5; = 0 and therefore also the tensor E vanishes identically.

3. The attractor equations and non-BPS solutions with Z # 0

Consider the SUSY and matter central charges, the latter written in rigid indices: Z, Z, =
(Zs, Z1, Z;). In the N = 2 theory the matter charges Z, are expressed as derivatives of
the SUSY central charge Z: Z, = D, Z. In terms of these charges the effective potential
VB has the following expression

Veu = 21>+ 9" 2, 2. (3.1)

Since the attractor point is defined by minimizing Vg1, the attractor equations are D,V =
0, which, by using the identity (JA.1]) of special geometry, can be recast in the form

27 7, +iChrgpg* PP Z5Z5 = 0. 3.2
D p

Equations (B.9) can then be grouped in the following way:

(a) : 27 Zs+8iY (Z;)? =0,
ST
— R 1 —
(0)1:2Z 21 +2iZ5Z; + ; (V1) Z: Z; = 0, (3.3)
(C)i : 27Zl-+4z'(1‘1)l-j7f7]—: 0.
From equations (c); and the property (B.6) we deduce, in the case Z # 0, the following
relations:
_ 7 —
(1) 275 = 5 22, (3.4)
23
(T1)ij 21 Z; = ; (Z1)?. (3.5)



Consider now the following combination of equations (b)s:

_ _ _ g o
O (Tp)ijZ; + 0=2T1)i ZZ1 Z5+2iZg(T1)ij Z1 Z5+ 1 (T1)ijCnw Z3 Zy, Z1

7 - = i —
=4iZ 7 ;(ZI)Q—ZSZZ¢+ZFUMZ] Zi Z;, (3.6)

where we have used the relations (B.4) and (B.5). Equation (a) can then be written in the
form

SN (2r)? = —izzg. (3.7)
1
Using (B.1), equation (B.6) yields
Ciju Z3 Zy, Z; = 0, (3.8)

which, in virtue of egs. (B:15), implies that:
Efnmram 7 " 7 " 7 " 7 ™= 0. (3.9)

Note that this result holds also in the Z = 0 case. On the other hand, from egs. (B.9)
and (R.14) we find the relation:

Errirarsra 22 2277, (3.10)

| =

_ 1 _ _
77 (\Z\Z -3 Z, ngm) = _

from which we deduce that for all solutions to eq. (B.2) with Z # 0 and Z; # 0 (non-BPS)
the following sum-rule holds!:

\Z1? +Z, Zsg™* = 4|Z?, (3.11)

namely that the non-BPS attractors with Z # 0 feature the same value of the invariant

which characterizes the corresponding orbit in the symmetric case and which is related to

the entropy by eq ([L.1)
S = 47|21} . (3.12)
For BPS solutions Z, = 0 and the entropy reduces to

S =T ’Z’?extr. : (313)

!This sum-rule was also found in [E] for a class of non-BPS solutions of special geometries based on
generic cubic prepotentials (d-geometries).



4. The Z = 0 non-BPS attractors
If Z = 0 the attractor equations in rigid indices (B.g) reduce to

Crspgsggpp s4p — 07 (41)

I
_ 1 _
(0)1: ZsZy+ 5 (T1)iy Z: Z; = 0, (4.2)
(c)s (Tr)ij 2125 =0

Recall that Z;, Z; are in general P + P copies of the SO(q + 2) spinorial representation
and there is a further Sy(P, P) global symmetry mixing the various copies. The compact
global symmetry group of the theory is therefore SO(2) x SO(2 + q) x S;(P, P).

Let us first give a general discussion of these attractors and then consider some explicit
cases.

Z1 # 0 case. Consider first the case in which Z; are not all vanishing. Equation (a) can
be solved by taking as only non-vanishing charges Z;, Z5 and Z3 and further requiring that
Zy = —ieZs3, where € = £1. The group SO(q + 2) is now broken to SO(q). Equations (c);
impose then a “chirality” constraint on the spinorial charges Z;

(V3)ij 25 = €Z3, (4.3)

while equations (b); can be solved in Zg to give

€

75 = _873 2(71)2 . (4'4)

i

If the non-vanishing Z;, Z; consist of just one copy of the spinorial representation, the
SO(q) is further broken to the stability group of the SO(q) spinorial representations and
S,(P, P) is broken either to Sy(P — 1, P) or to S,(P, P — 1). If more independent copies
of the spinorial representation are non-vanishing then the stability group will in general be

smaller.

Zr =0 case. The symmetry group SO(q + 2) is only broken by the spinorial charges to
their stability subgroup. The only non trivial equations are the (b); which read

(Tp)ij Z7Z7=0. (4.5)

These equations have in general solutions if more copies of the spinorial representation
are present, namely if (P + P) > 1. For ¢ > 1, we can also have solutions of ([£§) if
P+ P = 1. The general solution may therefore involve one or more copies of the spinorial
representation, thus breaking SO(q + 2) to the stabilizer of the spinorial representation or
to a smaller group respectively. Below we shall work out three explicit examples of non
symmetric manifolds.



4.1 The L(0, P, P) space

If ¢ = 0 the spinor charges Z; split into two sets which we shall denote by Xm, X, where
m=1,...,P and h = 1,..., P. The compact global symmetry group of the theory is
SO(2) x SO(2) x SO(P) x SO(P). The attractor equations (f£J) read:

(a) (Z3)* + (Z3)* = 0,
(b2 Z5 Z5 + é (Z (Rn)* + > %)2) =0,
4.6
(b)s : 7573+é (Z (Xm)* = Z(mF) =0, o
(©)m (ZQ - iZE)Ym =0,
() : (Z3+1iZ3)Xm =0

Let us consider the various orbits of solutions.

The Zg # 0, Z; # 0 case. If Z5 =i Z5 # 0 equation (a) and equations (c),, are satisfied
while equations (¢),;, imply x.» = 0. Equations (b); imply

Zg == (Xa)- (4.7)

These solutions define an orbit with stability group SO(P — 1) x SO(P).

The Zg =0, Z; # 0 case. If Z5 = iZ3 # 0 we still have y,; = 0 while from equations
(b); we have Y, (X;5)? = 0, which may have a trivial solution Y,;, = 0 with stability group
SO(P) x SO(P) and a non-trivial solution

Xi=4iXs#0 Xmr12=0, (4.8)
with stability group SO(P — 2) x SO(P).
The Zg #0, Z; = 0 case. Equations (b); imply
> )’ =Y Xa)=0, (4.9)
which can have the following solutions with the corresponding stability groups
X = X =0 stability group: SO(2) x SO(P) x SO(P),
Xi=%iXz #0
Xm#1,2 = 0= Xz

X1 ==+iX2 #0 Xgmz12="0
X;i =%iX5;  Xpz12 =0

} stability group: SO(P — 2) x SO(P),

} stability group: SO(P — 2) x SO(P —2),

(4.10)



4.2 The L(1,2) space

The global symmetry group in this case is SO(2) x SO(3) x SO(2), SO(2) being S;(2) for this
manifold. Here we shall denote by X, = (Xa,m) the spinorial central charges Z; = Z, ,,
where o = 1,2 is the spinorial index while m = 1,2 runs over the number of copies. The
vector charges are Z; = (Z2, Z3,Z4). We can choose the relevant gamma matrices to have
the form:

FQZi]lQX]lQ;1-‘3:0'3X]12;F4:0'1X]12. (4.11)

If we choose Z; = 0 and Zy = —ieZ3 # 0 equation ([.3) has the following solutions

—

e=+1: Xm = (Xm,0)
e=—1: Xm = (0, Xm) - (4.12)

A non-vanishing spinor breaks SO(3) x SO(2) completely. Equation ({.4) reads

2
Zg = 57 g(im)Q- (4.13)

m=1

In the case Zg = 0 we need to have either x,, = 0 or x1 = i y2 # 0. In the first case the
group SO(2) acting on the m index is restored.
If Zr = 0 a solution of (.§) must involve both copies ¥, and moreover \; = =i Xa.

4.3 The L(2,2) space

The global symmetry group in this case is SO(2) x SO(4) x U(2). the spinorial charges Z;
will be denoted as usual by X = (Xxa,m), where o = 1,...,4 is the spinorial index and
m = 1,2. The gamma matrices can be chosen of the form

FQZi]lQX]lQX]lQ; I‘3:O'1XO'1><112;
F4:O'3><O'1><112, ]__‘5:][2XO'3><112. (414)

If Zy = —ieZs # 0 and Zy = Z5 = 0, SO(4) is broken to SO(2). In this case the solution
to (f.3) has the form

Xm = (€ X1,m: € X2,m> X2,m> X1,m) - (4.15)

If just one copy of the spinorial charge is non-vanishing, U(2) is broken to U(1). Equa-
tion ([.4) then reads

2
Zs = —15 2 [ + ()] (4.16)

If Zg = 0 the above equation can be satisfied in three possible ways: All vanishing spinorial
charges, in which case the residual group is SO(2) x U(2); Just one non vanishing spinorial
charge, in which case the residual group is U(1); Two independent copies of spinorial
charges in which case there is no residual symmetry.

,10,



In the Z; = 0 case, the SO(4) is broken by the spinorial charges only. Equation ([£§),
as opposed to the ¢ = 1 case, can have non-vanishing solutions with just one copy of the
spinorial charges, in which case U(2) is broken to U(1). The possible solutions are

l

m = (Xl,ma :|:Z'X17m,0,0),
m — (0707X3,m7 iiX?},m)a

—

m — (Xl,m’ iin,m,X?;,m, :FZ'X?;,m),

—

X1 = tiXz- (4.17)

!

If just one copy of the spinorial charges is non vanishing SO(4) is broken to SO(3)diag-

5. Conclusions

In the present paper we have extended the analysis of the attractor equations to N = 2
models featuring a generic homogeneous space. In particular we have found that no devia-
tion with respect to the symmetric case occurs in the Z # 0 analysis of non-BPS solutions,
namely the Bertotti-Robinson mass Mpr = 2 |Z|cztr.. We leave for future work the study
of the mass spectra at the critical points and a detailed analysis of higher curvature cor-
rections which encode possible deviations from Einstein supergravity.
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A. Some useful properties of special Kahler manifolds

A special Kahler manifold M of complex dimension n is a Kahler-Hodge manifold which
can be characterized in the following way (see for example [RJ] and references therein). Let
us introduce a (2n + 2)-dimensional section V'(z,Z) of a symplectic U(1) bundle over M.
The manifold is special Kahler if V' satisfies the following differential conditions

D,D;V = iChsp g"?D;V , (A1)

DTDEV = 97"577 (Az)

D,V =0, (A.3)

where the indices r, s,... = 1,...,n are flat indices and the covariant derivative D,. contains

the U(1) and Levi-Civita connections. In particular integrability of the above identities
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require the Riemann tensor to have the following form

Ry = Rp5 iV AV,

R, E,pq = Ors 5; + gsp 5? — Crpk égkp . (A4)
If we write
LA
= ; ALY =0,... A.
V < ME > I Y 07 bl n bl ( 5)

the SUSY central charge Z is defined as follows in terms of V' and of the quantized electric
and magnetic charges qa, p” as follows

Z = Myp™ — L g, (A.6)
while the matter central charges Z,, in rigid indices, are given by Z, = D, Z.
B. Clifford module

We use the following 2 d-dimensional (reducible) representation for the SO(2, ¢+ 2) Clifford
algebra:

{IFAa IFE} == 277AZ ) Ay = dlag(_17 _17+17 v 7+1)7
T, — 07 (FA)as ’
(FA)aa 0,
AYX=0,....,q+3; a,a=1,...,d. (B.1)

The explicit matrix form for 'y that we shall use is, for ¢ > 0, the following:
Iy =y XoeXxoa; m=3,...,9q+3,
IFQZ]lg X]12><0'1,
2

]Fl:]lg XiJ3XO’2,
2

]Foz]lg Xi01X02, (B2)
2
where the % X % matrices v, generate the SO(q+1)-Clifford algebra. The charge conjugation
matrix is:
C 0
=) = ; - af d \ . AT _ _. 2 _ _
C H%XZO'QXO';J, ( 0, CQ5> ) C C7 C 1. (B.?))

We also define the (complex) SO(q + 2) gamma matrices

= <_0 PI) , (B.4)

r'r o
where the off-diagonal blocks I';, T'; are defined as follows:
(T2)ij =165 5 (Tm)ij = (ym)ij »
;= ()" (B.5)
and satisfy the relation:

F(ITJ)Z(SIJ. (BG)
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C. Spin connection and the curvature tensor in components

From the Maurer-Cartan equations (@) we may deduce the structure constants:

Cab,cIdJ = 6}] 6?51 Mbjc = _5}] 5{2 5b]c )

Cryar’™ = 8 5[11' Nk = s 5[L1 Ok s
Carps™ = =054 nry = =053 611,
Carps™" = =615 1ab = 615" Sab .
Cazo” = —i (Tan)a”
Cap® = 2Cup;
Coa” = 65
Cou® = 2. (C.1)

The non-zero constant components w4, BC of the spin connection are:

- g _ 1 . 88

We, o' = 5 Cﬁ’a g Jee = =L,
) 1 v sy

Wa,oﬁ = 5 Cﬁ’a gﬁﬁ Jee = =L,
Wapg = Ca,@7

1

wab,aﬁ _Z (Fab)a )

- 1

Drra” = —Z(FIJ)aB,

We o' = —2;

w..O = 2900900 = 2,
a)a,OB = _55 ;
Jja,ﬁ = JBa 900 = Oaf

- 1
Wa,alﬁ = Z (Fal)aﬁ;

- 1 / IRdi
waﬁal =1 (ra,l,)aﬁ g@'T'al gsp = —2 (pal)aﬁ_ (C.2)

For completeness, let us give the explicit form of the components of the H-connection Q)
in (R.6), obtained by solving the second of eqs. (2.2)

2
Q(H)al,cb _ (_) (VE;JU Var® 8[1‘%}0] + Vo yelo 8[u‘/v} by — yedu Vips" a[uvv] al) ’

q+2
Q(H)aI,KJ = Vs Va® a[uvv]bK + VY 174 a[qu] by — oK Vis" a[qu] ol s (C3)
u, v = 1,...,2n are curved indices on the scalar manifold and V ;% denotes the inverse
vielbein:
Vart Vit =6t 6. (C.4)
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From eq. (R.§) we deduce the components of the Riemann tensor:

1 1
Rarpsex™ = —3 81t e 1 O — 3 81 11K Thab 62

1 1
_ 55[@55,}05”55+§5[L,5J]K5ab5§

1 !/ ! 7! 1 ! !/ 7/
Ruopar® = 3 Tap)a” 010 9”7 9pp + 3 Tr)a” nay 677 9pp

= Twp)a” 615 — (Trs)a” dup

Raraps’ = —%G(Fal)oﬂ (T),"
Rop0® = —2C,3,
Raar® = =5 (Tar)a” Cop 877 oo = 1 (Tar)a Oy
Raeo? = —Cop ¢?P = —Cuyp,
Rara0” = %(Fal)aﬁy
Rya,ar” = %(Fal)aﬁ,
Roa,o” = —65,
Rpe0® = —4,
Rarpro” = é(rab)aﬁ 51]‘%(F1J)aﬁ ab

o 1
Ra[ a,f = _Z (Fal)a’y C’yﬁ )

RO. aﬁ = _2Coz'y gPYﬁ = _2Ca,(37
ROa,ﬁ. = Caﬁ,
Rapr’ = =2Ch5 Capg”’ + 20400 Cai °°
! 1 / 17’
~204(0 985 9" = 5 Twr)a” (Tar)g)” gy 6" 7!
= =2 C’yé Caﬁ + 2 C»y[a Cﬁ]é - 29'\/[04 9p1s — (Fal)[afy (Fal)ﬁ}(s

R, O,B. = —GaB = _6045 . (C5)

D. The SO(1,q + 1)-covariant rigid basis

With the exception of the minimal coupling case L(—2, P) = U(1,1+P)/U(1)xU(1+P), all
the other homogeneous special Kéhler manifolds have a five dimensional “parent” manifold
which is a real special manifold. This manifold always admits an SO(1,1 + ¢) group of
isometries, which, in most of the cases, can be extended to global symmetry group of
the whole theory. We may keep track of the five dimensional origin of a special Kéhler
manifold, by choosing a basis for the tangent space of the four dimensional manifold which
is SO(1,1 + g)-covariant. To this end we decompose the s0(2,2 + ¢) algebra as follows
50(2,2+¢q) = 0(1,1)1 ®so(l,1+q) ®(2+q)

@ (2+q) (D.1)

N
=
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where the subscripts refer to the o(1,1);-grading, and choose as a basis for the tangent
space of the SO(2,2+¢)/SO(2) x SO(2+ ¢) sub-manifold the following isometry generators

T; = {T12,T0m} s I=2,...,q+3; m=3,...,q+3,
Tyr = {To + T20, Tim + Tom} (D.2)

where T}9 is the 0(1, 1)1 generator and is parametrized by the radial modulus of the internal
circle in the reduction from five to four dimensions, 73, generate the coset SO(1,1 +
q)/SO(1 4 q) and T are the generators of the (¢ + 2)-dimensional abelian subalgebra
(translations) (2 + q)
now

. The new basis {T"} for the tangent space of the total manifold is

1
2

{Th} = {ho, Tr, Ty1, To, To}, (D.3)

and we shall denote by {VA} = {VO, VI V+ Ve V*} the dual vielbein basis. We then

define the complex vielbein as follows

1 1
VS = E(V'—z'vo); VI:E(V”+Z'VI),

1
V2
namely the abelian subalgebra (2 + q)1 is parametrized by the real parts of the complex

scalars which span the submanifold SO(%, 24q)/SO(2) xSO(2+q). If we write the curvature
in this new basis we find the following non-vanishing components

& (VA 4iV®2) | a= (i, i9), i1,i2=1,...,

g , (D.4)

Rys,p? = grs 0% + 9sp 0f — Cppye O™, (D.5)
where the new symmetric tensor C,/;, has the form
/ 1 / 1 /
Cgry = ng ; an = 1 (I‘I)ij’ (D.6)

nry = diag(—1,+1,...,+1) being the SO(1,1 + ¢)-invariant tensor of the q + 2 represen-
tation and I'}, fll, defined as

(Lo)ij =i 5 (T)ig = (Ym)ij » (D.7)

are blocks of SO(1,1 + ¢) gamma-matrices

r/ 0 F,I n/ T/
I~ fl] 0 s AT Tyl =201 (D.8)

Note that the curvature and the C'’ tensors are now SO(1,1 + g)-invariant and that the
change from the SO(2+¢)-covariant vielbein basis to the SO(1, 14¢)-covariant one amounts
to the action of the following U(n) transformation:

vI=2 _ pi=2 , VI#2 _,Vl?é? , VA7H —)VA#I. (D,Q)
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