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ABSTRACT: The aim of this paper is to make progress in the understanding of the Scherk-
Schwarz dimensional reduction in terms of a compactification in the presence of background
fluxes and torsion. From the eleven dimensional supergravity point of view, we find that
a general Ege) S-S phase may be obtained by turning on an appropriate background tor-
sion, together with suitable fluxes, some of which can be directly identified with certain
components of the four-form field-strength. Furthermore, we introduce a novel (four dimen-
sional) approach to the study of dualities between flux/torsion compactifications of type
IT/M-theory. This approach defines the action that duality should have on the background
quantities, in order for the E;(7) invariance of the field equations and Bianchi identities
to be restored also in the presence of fluxes/torsion. This analysis further implies the
interpretation of the torsion flux as the T-dual of the NS three-form flux.
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1. Introduction

This note is intended to shed light on the interpretation of the Scherk-Schwarz mechanism
for generalized dimensional reduction [[ll] within the framework of string compactifications
in the presence of background fluxes and a non-trivial background torsion in the internal
manifold.

Recently there has been considerable interest in the construction of phenomenologically
viable string models. The role of a warped metric in generating a large hierarchy of scales,
fixed in terms of charges determined by RR and NS background fluxes, has been extensively
studied in the literature [B, f[]. A particular attention has been devoted to microscopic
settings leading to a low energy action with a zero vacuum energy. Models of this kind
are generalized no-scale models [f], [f] which are typically related to gaugings of suitable
non-semisimple global symmetry groups of the lagrangian (flat gaugings) [f] §. They
have been obtained from flux compactifications, mostly in type IIB theory by switching on
appropriate RR and NS three-form fluxes in the internal directions [[L0]-[2] (fewer examples
were obtained on the type IIA front [[J, [[4]), as well as from generalized dimensional
reduction & la Scherk-Schwarz (S-S) [[i], B, B B, fl, [[5, [[6] of eleven dimensional supergravity

(or any truncation thereof). This is a generalized type of dimensional reduction on tori,



which induces non abelian couplings and a positive definite scalar potential. Generally, it
yields to spontaneous supersymmetry breaking. The simplest example is a model describing
a single complex scalar field ¢(z,y) on R3! x S!, with lagrangian

1 ; .
L=5000"¢";  j=(n4);  p=0,....32" =y.

L is invariant under a global U(1): ¢ — e%@, and this allows a generalized compactification
ansatz:

+oo
O(a,y) =™ Y gn(x)emTE

n=—oo

We note that the multivaluedness of ¢(x,y) on S does not pose problems in the definition

2rmR o global symmetry of the

of the lower dimensional theory, since, being the phase e
original theory, it finally cancels in the lagrangian. The only effect of the phase is to shift
the four dimensional mass spectrum, so that the zero-mode has mass m. This mechanism
may be applied to the case of D = 5, N = 8 supergravity [P], whose scalars span the

manifold
Es(6) E7(7)
USp(8) ~ SU(R) *

The S-S dimensional reduction can be performed by using, as global symmetry, any sub-
group of the 78-dimensional global symmetry group Eg). We shall call S-S generator a
generator of the global symmetry transformation entering the S-S ansatz. It is known that
only if the S-S generators are compact, the resulting no-scale model admits a (Minkowski)
vacuum. For any other choice, it can be shown that the corresponding no-scale scalar
potential is of run-away type.

As the Eg(g) global symmetry of the N =8, D = 5 supergravity is manifest when the
theory is obtained by dimensional reduction on a torus of eleven dimensional supergravity,
this pattern should naturally be embedded in the framework of M-theory, or of type IIA
supergravity. There is an extensive literature on the subject, which includes refs. [[[4] [7]
iE]

However a precise interpretation of the S-S phases in terms of microscopic (stringy)
objects has not been completely understood, since it seems to include non perturbative
stringy degrees of freedom.

On the other hand, as mentioned above, the pattern of flux compactification has proven
to be successful in providing viable models with flat gaugings mostly for type IIB theory.
Some of these models have then been reinterpreted in terms of type IIA theory by ex-
ploiting T-duality, although the proper generalization of this correspondence to vacua in
which background fluxes are present is not yet thoroughly understood. For instance it
was soon apparent that the T-dual of the NS three-form flux in type II theory could
not, in general, be found among the fluxes associated to the ten-dimensional p-forms of
the string spectrum. There is strong evidence that a non-vanishing torsion in the back-
ground geometry of the internal manifold should play an important role in filling this
gap and thus completing the duality picture connecting different superstring flux-vacua



(the problem of generalizing mirror symmetry in the presence of fluxes was addressed
in [R0, [, R1] while for a general analysis of compactifications on manifolds with torsion
see [I9, P4, B3)).

The main purpose of the present paper is to show how theories originating from a
S-S reduction from one dimension higher, for a suitable choice of the S-S generator, can be
alternatively interpreted as the result of a toroidal dimensional reduction in the presence of
an internal torsion. In the case of maximal S-S supergravity in four dimensions we shall also
speculate, by using group theory techniques, on the possible M—theory flux interpretation
of (part of) the remaining parameters of the global symmetry group.

The paper is organized as follows: in section P| we shall anticipate our idea with a toy
model.

In section [ we shall consider a D 4 n dimensional pure gravity theory compactified on
a torus T™ and dimensionally reduced to D space-time dimensions. We are going to show
that, by switching on an appropriate constant background torsion in the internal n-torus
T™ (a torsion flux), we obtain the same D-dimensional theory than the one originated by
a S-S reduction from D + 1 dimensions. The S-S generators are chosen within the global
symmetry algebra sl(n — 1, R).

In section ¢ we shall extend this analysis to the D = 4 maximal supergravity theory
obtained from eleven dimensions by dimensional reduction. We show that the couplings
that would appear, if performing a S-S reduction from D = 5 with a SL(6,R) phase, can
be interpreted in terms of a standard dimensional reduction where the internal manifold is
given a torsion.

In section [, we will turn to analyze the microscopic interpretation of the N = 8, D = 4
supergravity obtained through a S-S reduction from D = 5. Since the global symmetry
group in 5 dimensions has 78 parameters, a general S-S phase can depend on all of them.
We shall face the problem of interpreting these parameters in terms of eleven dimensional
background fluxes and torsion. Besides the 36 parameters originating from the internal
torsion, and which correspond to the choice of the S-S generator within the gl(6,R) global
symmetry algebra in D = 5, we find, for 21 additional parameters, a direct and simple
interpretation in terms of the eleven dimensional 4-form field strength, corresponding to
the choice of the S-S generator in the remaining (nilpotent) part of the Borel subalgebra
of e6(6) .

In section [}, we introduce the embedding tensor approach to gauged maximal super-
gravities, which is based on the description of these models in terms of the so called T—
tensor, first introduced in the literature in ref. [R3]. In particular we use a four-dimensional
mathematical framework in which background fluxes and/or torsion are described as com-
ponents of the embedding matrix defining the corresponding gauged supergravity. This
identification, together with the characterization made in ref. [P4] of the embedding matrix
as an Eq(7) covariant tensor (transforming in the 912), will allow to describe, in maximal
four dimensional supergravities originating from type II or M—theory, internal background
fluxes and torsion as elements of a larger E7(7) representation. As a consequence of this
mathematical characterization, in gauged lower dimensional maximal supergravities orig-
inating from flux/torsion compactification, the duality symmetry of the ungauged field



equations and Bianchi identities can be restored if, besides the fields, the background
quantities are transformed under duality as well. A similar analysis was made in ref. [ in
the context of Heterotic theory compactifications. According to our assumptions, we shall
show that internal flux and/or torsion components can indeed be consistently identified
with elements of the larger Er(7) representation in which the embedding tensor transforms.
A rule for associating flux and torsion components with E7(7) weights is given. This analy-
sis provides a nice mathematical laboratory where to study the effects of dualities on flux—
vacua (including the presence of internal torsion as a flux of the metric moduli). As a
byproduct of this, we show that the torsion flux provides precisely the T-dual of the NS
three-form flux.

We refer the reader to the for a formal definition of torsion and most of the

technical details.

2. Coupling of torsion to gauge fields: an example

The crucial point in our investigation is the coupling of fields with non vanishing spin to
gravity, in the presence of a torsion background.

Let us consider, as an example, the case of a vector field Ajy;. The principle of general
covariance demands that the field strength is computed in terms of covariant derivatives

of the torsionfull affine connection V (see the for definitions and conventions):
Fun = VirAny = OAny + ThunAp . (2.1)
When T # 0 F' is not invariant under the usual gauge transformations
0AM(X) =0 A(X). (2.2)

However, it is possible 2] to give a generalized definition of gauge invariance which makes
the torsion compatible with the presence of gauge fields. The generalized gauge transfor-
mation of the field A,; has the form

SAM(X) = O (X)onA(X), (2.3)

where the point-dependent matrix C' ]\f[\f (X) has to be constrained by the request of gauge
invariance of the field strength
0FyN =0. (2.4)

This procedure will be reviewed in section B.9. The general result, found in ref. [PH], for a

gauge field in d dimensions coupled to torsion in d dimensions is’

Car =6me?,  Thyn =6 0no. (2.5)

Note that the torsion tensor in (R.F) appears to be of a restricted form. There is only one
torsion degree of freedom allowed, the scalar field ¢.

We use throughout the paper the notation qaB) = %(QAB + ¢Ba) to indicate symmetrization of the
indices, and correspondingly qap) = %(qAB — gpa) to indicate antisymmetrization.



As we will see, by combining this idea with the dimensional reduction procedure, we
can relax the stringent conditions (R.F). In fact, in the spirit of the dimensional reduction
from D +n to D dimensions it is enough to require gauge invariance of the D-dimensional
theory.

The main goal of this paper will be to show that this procedure reproduces the S-
S mechanism, thus providing a geometrical interpretation for it. This will be done in
section B2

For the time being, let us illustrate our idea with a toy model, where the metric,
together with the torsion, are non dynamical, background fields. The torsion is assumed
to satisfy (R.5), so it is given in terms of a scalar field ¢. We consider the five dimensional
space-time RY3 x S!, with coordinates 2™, M = 0,...4, which we split as XM = (z#,y)
with © =0,...,3 and the fifth dimension compactified on a circle. For the field ¢ we take

o= od(y) =my, m = constant . (2.6)
¢ is multivalued in the circle, but the torsion is not. With these premises we obtain
Fyun :a[MAN} +8[M¢AN] :a[MAN} —méf‘MAN}, (2.7)
with gauge transformations
0AN = €™y . (2.8)

We would like to make a dimensional reduction and assume Ap(X) = Aps(x). But given
the gauge transformations allowed for the field Ay; (R.§), this choice cannot be preserved
by a gauge transformation. The effect of the torsion on the circle is then to give effectively

to the gauge vector a dependence on y. This dependence can be chosen of the form,
Au(z,y) = ™ A) () (2.9)

which is preserved by gauge transformations.
If we want to include all the Kaluza-Klein modes, we have that the theory compactified

on the circle contains a tower of vectors

Au(a,y) = e S M Ak (@), (2.10)
k
and scalars
Ay(z,y) =™ Z ey AR () . (2.11)
k

We immediately see that the effect of the internal torsion has been to generate an ex-
ponential factor a la Scherk—Schwarz. Indeed, the field strength for the zero-mode splits
as

F = 0,4,

1

Fu == (0,As—mA,) = iemyDﬂAO, (2.12)

1
2
where D), denotes a covariant derivative with respect to the four dimensional gauge con-
nection Ag. Then, the four dimensional vector Ag gauges the translational isometry of the

action along the direction of the the axion AY.



3. Dimensional reduction in the presence of a torsion background

3.1 Dimensional reduction with a torsionless connection

Let us consider a gravity theory in D+n dimensions. We denote by XM M =0,1,---,D+
n — 1, the coordinates in the space-time manifold. We will split the indices as XM =
(xH,y™) where the coordinates x#, u = 0,1,... D — 1, parametrize non compact directions,
while y™, m = 1,...n, parametrize the n directions of some compact manifold M,,. Here
and in the following, we will take M, = T"™. The generalization to more general internal
manifolds will be discussed elsewhere. We will further split the index m = (D, m) with
m=1,...n—1.

The metric in the D + n-dimensional manifold can be conveniently written in terms of

the unconstrained fields

Q%QW + GmBumBg GmBl%

G =
o (T

) =Vyinas(V)5 . (3.1)

nap is the flat metric, defined with mostly + signs. V 4 = V]V’;‘dXM is an orthonormal
frame (vielbein). The flat (tangent space) indices A =1,---, D + n split also as

A=(a,i)=(a,D,i), a=0,...D—1, i=1...n—1.
After using partially the SO(1, D + n — 1) gauge freedom, the vielbein can be written as
e=D Vo VpP BP VB

Vit = 0 VpP ol |, (3.2)
0 0 Vi

and its inverse is

¢ DVt —e =D VM BP P R B
VM = 0 VP ~VpPvpivim . (3.3)
0 0 v;m

The vielbein of the compact manifold M,, and its inverse are GL(n, R) matrices

(VP vy Vy? V"
Vi= D D ). Vom = D D . 3.4
c= () e (W) (3.4)
They satisfy ,
Vi iV = Gn = €27, with  det (gmn) = 1. (3.5)

The SO(1,1) field e” corresponds to the volume of the internal manifold, and it has been

treated separately such as to have a canonical Einstein term in the lagrangian in D dimen-

sions.2

*Indeed, with this definition one has y/det(Gpin) = e(+atp)e det(gp) and

Rp = Ry Ve V,' G + - me3D sothat  /Aet(Gon)Rp+n = v/det(gn)Ro.



We make the Kaluza-Klein ansatz, and we truncate the Kaluza—Klein spectrum to the
0-modes, so that
Vit =V (). (3.6)

After substituting (B.6)), the components of the torsionless spin connection (A7) w4?

decompose as (we use flat indices)

o 2 _
Wape = € 270 m a[aa Mb]c + Wabye | >

wab&- =e 2-D 3[GB$ Vm,

Waib = Wab,i »

_ e 1
Waij = € 277 (sz,a i 3a‘7> = Wajiis

wf)i,a = _waﬁ,i’
Wpi; =0,
T .m __o_
Wija = —€ 2= Wz 8(1 me = —e 2D Qij,aa
wijk = 0, (3.7)

where we have used the definitions
O0q = V0, e = Vidz", (3.8)

for dual basis in the tangent and cotangent spaces, and

_ _ a 1
(vt av), =V 1 dV);;.¢" = Qi + Py + —mido, (3.9)
with
By = (V=tav) i) — %771‘1‘ tr(V-1dV)  so Pl-l»nil' =0,
Qu = (V7 dV)y - (3.10)

Finally, Wap,c = Dap, . Ve # is the torsionless spin connection of the D-dimensional space-time.

3.2 The role of torsion

We want to include now the effect of a torsion background.
Let QAB = wAB + AQAB be an antisymmetric spin-connection, with wAB its torsionless

part. The torsion tensor is (see the hppendiy)
T4 = dVA + QY% AVE = AQY AVE. (3.11)
We make the following ansatz for the dependence of the torsion on space-time:
T];\,/IN = TI?\/[NVAP = T];\,/IN(XD) ) (3.12)

that is, we ask that the torsion tensor depends only on the coordinate X P = y!.



As we discussed in section [}, in the presence of torsion the field strengths of fields with
non-zero spin get modified as in (R.1) (due to the principle of general covariance) because
of the antisymmetric part in the affine connection.

Let us consider, for instance, the case of a gauge vector A. When T # 0, its field-
strength F' is not gauge invariant. However, with the generalized prescription for gauge
transformations (P.J), that we introduced in section [, it is possible to achieve the gauge
invariance of the field strength

0Fyn =0, (3.13)

thus making the torsion compatible with the presence of gauge fields [R5
On the other hand, since we would like to make the Kaluza-Klein ansatz for all the
spectrum, for our purpose it is sufficient to assume, for the gauge parameter

A =A), (3.14)

while allowing for C ]\f[\f , which is associated to the presence of the torsion, a dependence on
the coordinate XP = y!
o,y =¥ xP). (3.15)

As proven in [P], the request of gauge invariance (in the generalized sense) of the field-
strength is achieved for the generalized gauge transformation (R.3), under the following

condition
0FyunN :C[]]\?aM]aPA+ (8[MCN]]D+T’}4NCRP) opA =0. (3.16)
With the given ansatz (), this condition corresponds to the equations
cFslisy) — oy Fssy) = o, (3.17)
(0o + ThanCE ) o = 0. (3.18)

They may be solved for tensors C 1\/]1V and T];\’/I n With the only non-zero entries

Cy : (). Cn R, (3.19)
Thn : <TMVD7T£MN) ’ (3.20)

with the constraints: 1
Cl =6y Thp=0050p0. (3.21)

We note that the other non-zero entries are not restricted.
In particular, we may consider a torsion tensor whose only non-zero components are

1 1
TH,p = 555 Op¢; T"p = _iaD(I)mna (3.22)

where ¢ = ¢(XP), @7 = & (XP). The tensor ® is taken to be a matrix of sl(n — 1,R).
The first contribution to the torsion, T¥, p, is in fact a warping factor, which can be
interpreted as an extra, y'-dependent contribution to the dilaton o. Indeed, it gives

AV 4w AV — %d¢ AV =0, (3.23)



that is
d <e%¢Va) + w% A <e%¢Vb) =0. (3.24)

We discard such contribution (setting ¢ = 0) because one can see that it induces non abelian
couplings for the vectors B™ which are not compatible with the definition of covariant
derivatives for the scalars. It would then introduce ghosts in the theory.

The ansatz that we make for the non zero components of the torsion is:

1
T"up = —50p®™, (3.25)

We are going to show that the given ansatz for the torsion, with ®™ € sl(n — 1), precisely
reproduces the Scherk-Schwarz mechanism with a phase M € sl(n — 1) (subalgebra of
¢,—1(n—1) When the theory is embedded in maximally extended supergravity).

Let us note that then eq. (R.J) becomes, for any choice of tensor Ci's

§A, =0,  GAyu=0,

which is compatible (differently from the toy model case) with the Kaluza-Klein ansatz
Ay = Apy(2). )

With our ansatz, any vector field strength Fpsn = V(3 Ay of the D + n-dimensional
theory decomposes into the D-dimensional fields:

Fu = 0, Ay,
1
FM@ - 53,“4@,
1
Fpu = 50p%" A (3.26)

Let us observe that, in order for these relations to be compatible with the Kaluza-Klein
ansatz, we have to further restrict the torsion to be a constant:

Ip®™ = M'" = constant ; (M™, =0). (3.27)

m

Then, in the model that we are considering the torsion T];\/[ N 1s a constant tensor.

In the rest of this section we will study the effects of the torsion (B.2§) on the D-
dimensional fields coming from the metric in (D + n) dimensions.

In the presence of torsion, the Riemann tensor has extra contributions

RA = d0% + QL A Q% = R + (dvAQ)Y, + AQYL A AQS, (3.28)

where the symbol dy means covariant differentiation with respect to the torsionless part
w of the spin connection, given in (B.7).

As it is shown in the pppendiy, one finds
A A

where
KABN = VPAVBMKI?\/[N = VPAVBM (TIX/IN - TM PN - TN PM) ) (3-30)



that is

Kapc = Vpa Ve Ve = VM Vpp Vel + ViR VM Vpo) T g
= M, (Via V" Ve = Via” V"™ Ve = Vinja V" Vo) (3.31)

where in the last expression we have used our ansatz (B.25) for the torsion. Let us use the
following short-hand notation:

- (3.32)
We get:
Kape =0,
Kup =0,
Kapi = —e ™2 M B B Vi,
Kipp =0,
ab.p =0
K _% ¢~ M™, (VP BI = BP V™) Vi,
Kaip = Kap,i,
Kuip = Kapi
Koij = ¢ 70 M™, BPV,,i Vjy",
Kpia = ~Kipi
Kpip =0,
Kpij = —M™, Vo Vin( Vi

Kij,a = eiﬁ an Vm[z ‘/j}nBaD,

Kijr = 0. (3.33)
We introduce now the structure constants fmng defined as

m m m
Dn — nD__M

no

and the rest zero, (3.34)

satisfying the Jacobi identity. We can then define the non abelian field-strengths

1
F™ =dB™ + ifﬂmgBﬂ N BE, (3.35)
or more explicitly
F£ = a[aB£7
Fiy = 0By + f"ba B B - (3.36)

Furthermore let us define the gauge covariant derivative of a generic scalar s,, with a
covariant internal index m as

Do 8m = Oasm + fntBaBSny (3.37)

,10,



which then allows the definitions
® m 1 m
Pijva = V(iiDanu) — Em‘l tr (V@*Davmu)) ,
Qija = Vi™ DaVinjj) - (3.38)
Let us finally introduce the definitions
_ m D n ij

Qip =M™ VE Vi Vi (3.39)

From (B.33) and (B.7) it is now immediate to write down the torsionfull spin connection,
whose non-zero components read

Qube = Wape =€ 2D (wab,c + % 0a0 77b]c> ;

Qapg = € 20 F2 V|

Qaip = Qapi

Qaij = e D (Pg,a + %7711 3a0> ,

Qij.a = —e D Qija s

Qpij =~ Pyb

Qip=—Qipn- (3.40)

Eq. (B:40), for @™, € sl(n — 1), may be compared with [[[ eq. (35)] with a perfect
agreement. We have then shown that the dimensional reduction of gravity in the presence
of a torsion background of the form (B.25) is completely equivalent to a Scherk-Schwarz
model with phase M € sl(n — 1).

Equation (B.40) contains all the ingredients to write down the D-dimensional la-
grangian in the presence of the torsion background, as we are going to see in section
The component €);; does not appear in the D-dimensional gravity lagrangian. However,
if we consider this model as part of the bosonic sector of a supergravity theory in D + n
dimensions, it plays a role in the supersymmetrization of the model, since it contributes to
the covariant derivative of fermion fields (it is in fact the gauged R-symmetry connection
of the (D + 1)-dimensional theory). Its components Qij, p give a mass to the gravitino and
then it is responsible for the supersymmetry breaking.

3.3 The D dimensional lagrangian in the presence of torsion

The D-dimensional gravity lagrangian is given in terms of the Einstein term modified by
the presence of torsion. With our conventions we have

L=-2R/gpdPz=-2 ]?ABMNVA[MVBN] Vap dPx

which is expressed in terms of

~ 1 p 1
R = 8AQAB|B + 5QAC|AQCB| _ §QAB|CQBC|A ]

— 11 —



Let us introduce
20

Im Ny = —€ 2-0 Gy (3.41)

which defines the kinetic coupling of the gauge field-strengths and
_ oD iiD 4
L=e>DPP, pP >0, (3.42)

for the scalar potential. It can be verified, from inspection of the above formula, that the
potential can have an absolute minimum only if M™,, € so(n — 1).
From (B.4(}) we find the D-dimensional lagrangian

_ D 1 A Lo )
- p.[ o5 1 o (p L ok
£ vond x[ 2R ((2_‘ D>2+n>a“aaa (P”“ n”ﬂpka> '

+ Tm N, FipF2Iab — m} : (3.43)

where R is the D-dimensional curvature scalar.

As we are going to see in the next section, in order to obtain the complete lagrangian
of S-S we have to fix D = 4, n = 7, and to supplement the torsion flux with non trivial
fluxes for the four-form field-strength.?

4. Other couplings in maximal S-S supergravity from internal torsion.

So far, we have been considering the effect of an internal torsion background on the dimen-
sional reduction of the (D + n)-dimensional metric.

Let us now look at this from a slightly different point of view, in the spirit of the toy
model of Section P In particular, let us study the coupling of a gauge field Ay to an
internal torsion of the form (B.25). As discussed in section the presence of torsion will
contribute with a term of the form

1

The same contribution to the field strength could be obtained in the absence of torsion
by assuming an effective dependence of the vector Ay on the coordinate X = y!, of the
form (in matrix notation)

Az, y) =Uly") - A(z), (4.2)
with U(y!) given by
5, 0 0
U(y") 0o 1 0 |, @h=y'M}, (4.3)
0 0 ()

since it would give a contribution

1 1

3Evidence for completion of the S-S phase with the 4-form flux may also be found in ref. [B]
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The gauge transformations that preserve the form (f.J) of the gauge field are of the gen-
eralized class (R.J), with the tensor CY, = U(y')",, even if, from the D dimensional point

of view, the gauge transformation of the vector flu = A, is the usual one,
Ay — Ay +0,A(x).

This is in fact the case for any tensor C ]\J/\[, which has non-trivial entries in the components
with upper index M # pu. The matrix U(y') is precisely of this form.

The same point of view may be applied to another field with spin, the vielbein. We
have found in section B.3 that the effect of an internal torsion background (B.25) is to
induce non abelian couplings for the four dimensional gauge vectors and scalars coming
from the metric, as in (B.40). Just as above, we observe that the same result (B.40) might
have been obtained in the presence of a torsionless spin connection, if we had assumed
for the (D + n)-dimensional vielbein an effective dependence on the internal coordinate
XP =41 of the form

Vit (@,y) = Uy )i Va' (@), (4.4)

with U(y') given by (), which is precisely the spirit of Scherk-Schwarz dimensional
reduction (for an XP-dependent SL(6) phase).

We observe that we can now then reinterpret the S-S phase as the back-reaction on
the (D + n)-dimensional space-time geometry of the presence of the torsion flux.*

The interplay between generalized gauge invariance in the presence of internal torsion
and S-S phases may be further studied by considering generalized gauge invariance, in the
presence of torsion, for p-forms. Let us take, for the remaining part of this section, D = 4,
n = 7, and consider the case of the bosonic sector of eleven dimensional supergravity.
Besides the metric gpsn, this theory contains a three-form Ap;yp. In the presence of a
torsion of type (B.2), its electric field strength Fasypg gets a non vanishing contribution
due to the torsion, namely

1
FDmnp = ZquAnp}q )

(4.5)

with M = dp® € SL(6,R). It would then appear, in the four dimensional theory, as an
effective flux, induced by the presence of torsion.

We have seen that the effect of an internal torsion on spinfull fields may be equivalently
taken into account by multiplying the corresponding gauge field by an appropriate matrix
U™(y) such that T7, = (U1)"9,U",. This can be understood as a consequence of the
presence of torsion, which forces the generalized rule (R.3)) for gauge invariance. In a general
gauge the (D +1) dimensional gauge potential, corresponding to the zero-mode in the K-K
expansion, has effectively a dependence on the coordinate y. This leads to the identification
of the tensor C, needed to re-establish the gauge invariance, with the S-S phase U as in
.

However, when considering gauge potentials corresponding to p-forms, the generalized
gauge invariance of the four dimensional reduced theory (further restricted by the request
of having also a five dimensional interpretation) still leaves room for introducing a more

4We thank J.F. Morales for an enlightening discussion on this point.
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general tensor C' like

NN,
3AM ..M, = Cor i ()0 Ay vy (2) (4.6)

having non trivial entries only in the internal directions.

This corresponds to a freedom left to choose the fluxes in a more general way than ({L5).
As we are going to see in the next section, they will complete the phase ([.3) to generate
a phase in the adjoint representation 78 of ¢4 . Here, appropriate fluxes, which include a
generalization of (JL.F]), provide the components needed to complete an ¢6(6) Phase from the
one in s[(6,R). The analysis will be performed with a solvable algebra approach, in order to
make a precise identification of the four-dimensional fields in terms of eleven-dimensional
degrees of freedom.

This will complete the proof of the equivalence of the S-S model with a flux plus torsion
compactification.

5. Completion of the S-S phase

Consider the four dimensional maximal supergravity obtained through a S-S reduction from
D = 5. As anticipated in the introduction, the five dimensional lagrangian has an Egg)
global symmetry. If this theory is thought of as originating from a toroidal compactification
of eleven dimensional supergravity, then all its fields transform manifestly with respect to
the subgroup SL(6, R) x SL(2, R) C Eg(s), where SL(6,R) is the group acting on the metric
moduli (except the volume) of the internal torus 7%, while the dilatation modulus of the
TC volume, &, is contained inside SL(2,R). The five dimensional scalars originating from
the eleven dimensional fields Gy and Ay np are:

Gons  Amnp, A, (5.1)

where m,n,p = 5,...,10;> M,N,P = 0,...,10. A denotes the scalar dual to Apjop
(ft,0,p = 0,...,4). All together, they span the coset manifold M5 = Eg) /USp(8), of
dimension 42 = 21 4+ 20 + 1. M35 can be thought of as parametrized by the scalar fields
listed above, and it has the structure of a solvable Lie group, inherited from the Iwasawa
decomposition of the non compact group Eg). We will denote by solvs the solvable Lie
algebra associated to Msj [RG]. It is a Borel subalgebra consisting of the non compact
Cartan elements (in this case all the Cartan elements can be chosen non compact) semidi-
rect product with a nilpotent algebra formed by the shift generators associated to the
positive (restricted) roots. With respect to the subgroup SL(6,R) x SL(2,R), the adjoint
representation (78) of Eg) branches as follows:

& SL(6,R)xSL(2,R) (35,1) +(1,3) +(20,2), (5.2)
being 35 the adjoint representation of SL(6,R). Let us denote by t™,, the s[(6, R) generators
in the (35,1), t*™"P the nilpotent generators in the (20,2) (o = 1,2 being the doublet
index) and by s%g the s[(2,R) generators in the (1,3). A generic ¢ generator M will be

SFor later convenience we adopt here a slight change of notation, and the indices in the internal dimen-
sions will now run from 5 to 10.
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a linear combination
M=0",t", —i—{ﬁa 5%3 + Oqmnpt®""P . (5.3)

The solvable algebra solvs is generated by ", (m > n), t!™" and s%g (B > ). We can
choose a coset representative L € Eg) of M5 as

L = exp (Amnp t! m”p) exp (fl 512) exp Z At | exp (6t11) , (5.4)

m>n

4™, being the infinitesimal moduli defining the internal metric (with volume normalized
to 1). In fact, the vielbein of the internal 6-torus, Vi = V, i{dx™, is a coset representative
of GL(6)/SO(6), and we have

V =exp Z Yt | exp (6t11) . (5.5)

m>n

The eleven dimensional origin of the fields appearing in the solvable parametrization of the
scalar manifold in 5 dimensions was disclosed in ref. [R4].

Consider now taking M in (f.J) as a S-S generator for a S-S dimensional reduction to
D = 4. Let us denote by = = (z*) the four dimensional coordinates and by y = X* the
fifth direction. Let S be a generic scalar field of the set {~Vmn,, Amnp, 121}. Then we have

LIS(x,y)] = U(y) LIS (x)] h[S(2), U], (5.6)

where the compensator h, which is an element of USp(8), has to be introduced to keep the
form (5.4). Let M be a generator of eg(6) of the form (6.3). Since it belongs to the isometry
algebra of M, it has associated a Killing vector denoted by k(7). In terms of the solvable
parametrization, it can be written as

kan) = KOs - (5.7)
A generic scalar field S in the S-S ansatz is thus expressed in the following way:
S(z,y) = S(x) +6S(z,y) = S(x) + y ki + OW). (5.8)
The contributions to the lagrangian will appear in the sigma model term for the scalars,
(L™ 'dL)ne, (L™ 'dL)ne) , (5.9)

(“nc” stands for the projection on the non compact part). One can convince himself that
the only possible contributions come for the first order term in y, the one proportional
to the Killing vector himself in (p.§). This is because k(ary is a global symmetry of the
lagrangian.

The key point in order to interpret these parameters in terms of background fluxes/tor-
sion, is to control the higher dimensional origin of each scalar field. This is possible thanks
to the solvable Lie algebra parametrization of the scalar manifold which we have adopted.
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Indeed, the correspondence to be considered is:
background fluxes/torsion = 9,5(x,y)|y—0 = k) (), (5.10)

being k(5 isometries that could in principle be gauged by the vectors in the theory.

Let us consider a S-S generator (f.3) with only the parameters 0™, # 0, and let us
consider a particular L with A,,,, = A = 0. Then the internal vielbein introduced in (E4)
reads, in this formalism, as:

V' (2,) = [U(y) L(7(2), 6())]m’ - (5.11)
The parameters 6", will enter the lower dimensional lagrangian through the quantity:
TBm = ‘/;n(ma y)ayvml(x, y)|y:0 = anm, (512)

which coincides with the internal torsion introduced in section 3.
Similarly we can switch on only the scalar fields A, A and take a S-S phase with
parameters 01 ppp, 0", and £2,. We have:

Amnp(x, y) = Amnp(x) + y91 mnp + yer[m Anp]r(m) + O(y2) ’
Aley) = A(x) +y €. (5.13)

Using eq. (5.10) we can write the following correspondence between M-theory fluxes and
S-S parameters, which generalizes ([L.H):

Fymnp = ayAmnp(xv y)\yzO =t mnp T Hr[m Anp]r(x) ) (5'14)

6! ymi...me — ay*’Zl(Ly)Ly:O = 521- (5.15)

The second term on the right hand side of eq. (p.14)) is required by the definition of field
strength in the presence of internal torsion. So far we have been considering the microscopic
interpretation of the S-S parameters corresponding to the choice of M either inside the
full s[(6,R) or in the remaining part of the eg) Borel subalgebra, namely among the
nilpotent generators t!™, sl,. Switching on 6 mnp and €2, would introduce in the Killing
vector k), and thus on the right hand side of egs. (b.14), (b.15), more involved scalar—
dependent terms. Nevertheless, also in this case, the general eq. (5.10), plus the microscopic
interpretation of the scalar fields S, would provide the relation between fluxes and S-S
parameters. This is work in progress, which will be presented elsewhere.

6. A four dimensional analysis

In this section we shall adopt a four dimensional viewpoint and analyze the gauging of
maximal supergravity originating from a S-S reduction using a group theoretical framework
which allows to interpret the parameters in terms of ten or eleven dimensional quantities.
This mathematical method will also prove particularly useful in the study of the action of
dualities (e.g. T—duality) on the fields or background flux/torsion.
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The field equations and Bianchi identities of D = 4, N = 8 supergravity are invariant
under the global symmetry group Er(7) 7], which is the isometry group of the scalar man-
ifold My = Ey(7)/SU(8) spanned by the scalars of the theory. The electric and magnetic
charges Qr (I =1,...,56) transform in the representation 56 of E(7). Gauging the theory
means to promote a suitable global symmetry group G C Er(7) of the lagrangian to be
a local symmetry. To this end, besides introducing minimal couplings which involve the
vector fields of the model, the lagrangian should be further deformed by the addition of
fermionic mass terms and a scalar potential, which are required by consistency of the new
local symmetry with N = 8 supersymmetry.

Let {t¢}e=1,..,133 be a basis of e7(7). The most general gauging of this theory is defined
by an embedding tensor ©r° [P4]. This tensor defines the embedding of the gauge group G
inside Er(7), since it expresses the generators {17} as combinations of the e;(7) generators
te:

Tr=0:. (6.1)

In this formulation the 28 vector fields of the theory are labelled by a subset of values of
I, and since any gauging can involve only elementary vector fields and not their magnetic
duals, © has necessarily rank r» < 28, so that the 77 may be interpreted as gauge generators.
The gauged field equations and Bianchi identities are not Ez7)-invariant anymore, since
the original duality symmetry is explicitlytly broken by ©. This global symmetry can be
formally restored if © is thought of as an E7(7)-covariant tensor in the 56 x 133 and thus
made to transform under the original duality symmetry as well. Supersymmetry further
constrains © to transform in the 912 of E(7) contained in 56 x 133 [B4]. However different
choices of © define different theories and therefore a transformation of © should not be
understood as a symmetry of the theory but rather as a duality mapping between different
gauged models. Since compactifications in the presence of internal fluxes and/or torsion
(in the limit in which these background v.e.v. are “small enough”) typically give rise to a
gauged lower-dimensional supergravity, this mathematical approach is particularly suitable
for the study of dualities between different flux/torsion vacua.

In all known gauged supergravities originating from flux compactifications, the back-
ground fluxes enter the low energy gauged supergravity through the embedding tensor of
the gauge group [@] Our previous analysis, which identifies components of an internal
torsion as coupling constants in the corresponding S-S gauged supergravity, provides strong
evidence in favor of the following correspondence:

Background fluxes/torsion = ©;°. (6.2)

The above identification tells us that background fluxes and torsion are part of an Er)
representation (namely the 912) and thus can be associated with suitable weights. In what
follows we shall study this correspondence for the background quantities which are relevant
to the S-S supergravity.

The higher dimensional origin of the four dimensional scalar fields, vectors and cou-
pling constants can be understood by branching the adjoint representation of E7(7)6, the 56

5The scalar fields parametrize the manifold M4, a solvable group with Lie algebra solos C e7(7)
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and the 912 respectively, with respect to some mazimal subgroup of Er(7) which charac-
terizes the dimensional reduction. Indeed, if the four dimensional theory originates from
dimensional reduction of the five dimensional maximal supergravity, then the relevant sub-
group of Ez(7) is Egg) x SO(1,1) and we have [[, p4]:

solby — solos +s0(1,1) + 27,42,
56 — 27 1 +1 3+27,; 4+ 1,3,
912 — 351 1 +351,1+27 1 +27,1+ 78,3+ 78 3, (6.3)

where in the first branching solvs is parametrized by the five dimensional scalar fields,
s0(1,1) by the radius of the fifth dimension and 27 ;5 by the axions A%} originating from
the 27 five dimensional vector fields A;{} (A =1,...,27). In the branching of the 56, the
27_1 and 1_3 represent the vectors Aﬁ coming from the five dimensional vectors and the
Kaluza-Klein vector B,,, while the remaining representations correspond to their magnetic
duals. Each representation in the branching of the 912 describes a different gauging of the
four dimensional theory [P4]. In particular the 78,3 defines the S-S gauging. Indeed the
corresponding embedding matrix © can be expressed in terms of an element Mp> of 78
(the S-S generator) with grading +3 with respect to SO(1,1) and the gauge generators are

given, from (p.1]), by:
Ty = MpyZ ts Th = Mp ™ty (6.4)

where tx® form a basis of e6(6) While iy are the e7(7) generators in the 27,5 of Ee(s)- They
thus close the algebra [fI],

[Ty, Ta] = MA® Tk ; [Th, Ts] = 0. (6.5)

If the four dimensional theory is interpreted, along the lines of the analysis followed through-
out our paper, as resulting from a two-step dimensional reduction D = 11 - D =5 —
D = 4, then we should consider branchings with respect to the following subgroups of
E7(7):

SL(6, R) x SL(2, R) x O(1,1) C Eg() x SO(1,1) C Ez(7) - (6.6)

With respect to SL(6, R) x SL(2, R) x SO(1,1) the S-S embedding tensor in the 783
branches as in (f.7), namely

78+3 - (357 1)+3 + (17 3)+3 + (207 2)+3 . (67)

Note that all the representations on the right hand side have SO(1, 1)-grading +3 and this
is a stringent condition in identifying the corresponding fluxes/torsion.
In order to associate explicit e7(7) weights to the various fields and background fluxes

and torsion, let us now consider the four dimensional theory as deriving from a type II
theory in D = 10.
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We shall express the er;) weights in terms of a certain orthonormal basis Cartan
subalgebra {e,}"
€n " €m = Onm n=4,...10. (6.8)

This basis is chosen in such a way that the positive simple roots a1, ... a7 are expressed as

Op-3 = €, —€pt1 (forn=4,...,8);

Qg = €8+ €9 ;

ay =a (IIB); ay = a+e (IIA), (6.9)
with a defined as
1< 1
a=—— €+ —=¢€10. 6.10

The two choices (IIA) and (IIB) give isomorphic algebras e7 7, and they will be justified by
the interpretation of the fields in the higher dimensional theory.

The scalar fields parametrize the solvable group My, whose Lie algebra solvy is gener-
ated by the seven (non compact) Cartan generators of e7(7) (corresponding to the moduli
o, of the six internal radii R,, r =4,...,9, and the dilaton ¢), and by 63 shift generators
associated with the positive roots and corresponding to the axionic scalar fields. In the
basis {e,} the correspondence between axionic scalar fields and positive roots reads [R4]:

Arlrz...rk — a+ €+ (S

Aoy > G4 €5y o €so_y s (€ TRELS0—k 2£ ()
Bys < € +¢s,
By, < V2e,
Vs > €5 — €, (r>s). (6.11)

By A we have denoted generically the RR ten dimensional forms in either type ITA (k even)
or type IIB (k odd) theories, and the corresponding choices (B.9) must be understood;
B denotes the ten dimensional Kalb-Ramond field and v, as usual, are the moduli of
the internal metric. The symbols with a tilde “~” denote the scalars dual to the four
dimensional 2—forms.

For the vectors and their corresponding duals, since they are in the representation 56,
they must be in one-to-one correspondence with the weights W of the 56 of E7(7):

Arl---rkﬂ — w+ €ry + - €y

"For the sake of clarity let us summarize the conventions on internal indices which will be followed
in the present section. Unless explicitly stated, we shall assume M, N = 0,...,10 (labelling the eleven
dimensional space-time); n,m = 4,...,10 (the internal indices when reducing from D = 11 to D = 4, used
in view of the interpretation of D = 4 quantities in terms of M-theory); n,m = 5,...,10 (the internal
indices when reducing from D = 11 to D = 5, used in view of the interpretation of D = 5 quantities in
terms of M—theory); r,s = 4,...,9 (the internal indices when reducing from D = 10 to D = 4, used in view
of type ITA/IIB interpretations of D = 4 quantities); u,v = 5,...,9 (the internal indices when reducing
from D =10 to D = 5, used in view of type IIA/IIB interpretations of D = 5 quantities).
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Yy, >~ — —= (6.12)

where

9
1
w = —52 e (6.13)

and the opportune choice (p.9) must be understood. The dual potentials correspond to the
opposite weights —W.

The above field-weight correspondence can be deduced by considering the kinetic terms
in the lagrangian of the various fields as they arise from a reduction of the ten dimensional
theory on a straight torus. They have the form:

dilatonic scalars: —0d,,h - 0"h, (6.14)
axionic scalars: —% e 2oh (9,0 - 01p), (6.15)
vector fields: —i e 2Whp, P (6.16)
where o
h = h(o, ¢) = Z orér—V2hser, (6.17)
r=4

and o and W are the positive root and the weight associated with the generic axion ¢ and
vector field A, respectively. For the internal metric (in the ten dimensional string frame)
we have chosen G,s = €27 6, and ¢4 is the four dimensional dilaton, which is related to
the ten dimensional one by

1 9
¢4:¢—§;ar- (6.18)

To understand the field-weight correspondence, consider for instance the kinetic term of
Amrg...rk; it reads:

detG(lO) Gélluo) Gﬁg)l s G?fg)k auATng...T‘k al/ATlT‘Q...T’k =
= (\ / detg(4) 622:4 UT+4¢4) 672 $a—2 Zf:l Iri auArlrg...rk a“Arlm...Tk =

= \/detguy e 2" (0 Ariry.n)? (6.19)

where we have used G(19) , = e2 b4 9(4) w- Using the above recipe we can associate a weight
with any flux (either of RR or NS origin) or torsion, by inspection of the corresponding
quadratic term in the four dimensional lagrangian. We thus have®
1 9
Fﬂl---ﬂp ri.rg 7 _5 Z;E
r=

k
2—p
+) e+ = e,
T — T4 \/i 10

8A similar correspondence between components of ten dimensional field strengths and weights of the
lower-dimensional duality group was used in [@] in connection to the study of the cosmological billiard
phenomenon.
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€10
Hygp & € +es+ 6+ —=

\/5 )
€10

\/5 )
where F' = dA, H = dB are the RR and NS field-strengths and T is the internal torsion.

After this formal treatment, we can now make contact with the analysis made in

T! & €+ €5 — € + (6.20)

the previous section about S-S reduction from five dimensions. We had interpreted the
five dimensional scalar fields from an 11 dimensional (M-theory) point of view. They
correspond to Ay, A and 4",,,. When we perform a reduction from 11 to 10 dimensions,
and then to 4, they can be interpreted in a type ITA language as Aypw, Buw = Auwv10, A,
Yy (u > v), Ay = 4%, where u,v,w = 5,...,9 and the corresponding positive roots

are (p.11)):

Avow S at €yt €yt €y

9
[1<—>a+z €
r=>

Ay = a+ey,
Byy < €y + €y,

’Yuv — —€y + €y - (621)

The SO(1,1) parametrizing the radius of the fifth (X*) dimension is generated by the
Cartan generator H) associated to the weight A = 2e4 + v/2¢€19 (which is the highest
weight of the 56 of E7(7)). The M—theory fluxes which we have associated with (part of
the) S-S parameters are Fypyy and Fyp,, . mq. They are interpreted from type IIA point of
view as the fluxes Fyypw, Hawy = Faun10 and F uwpo and are associated with the weights:

9
1
Fppw < —5 Z€T+€4+6u+ey+€w+\/§€107
27":4
€10

V2’
9

. 1
Fuvpr < 5 2467‘ +V2e0, (6.22)
r=

Hyyp < €4+ €y + 6y +

where FWPU is the 7-form flux dual in eleven dimensions to Fj,,,, and its weight is thus
the opposite to the corresponding one which can be read off from eqs. (b.20). As far as the
internal torsion T} is concerned, it corresponds, from the type IIA point of view, to the
ten-dimensional internal torsion 7)), and to a component of the RR two-form field strength,
Fy = T413 . They are associated with the weights:

€10
Ti}uH64+€u_€v+%7
1 9
Fy, — —5 2467, + €4+ €y + \/5610. (6.23)
r=

— 21 —



Using the weight representation (p.29), (f.23) of the relevant fluxes and torsion involved
in the S-S gauging, one may check that their identification with components of the S-S
embedding tensor in the 78,3 is indeed consistent. Here we shall only give some evidence
based on grading arguments. The SO(1,1) weight associated with the above fluxes is given
by the scalar product of A times the related weight. As it can be easily verified this product
gives +3 for all the above fluxes. Indeed these weights can all be expressed as

A
W(S—S flux/torsion) = 5 T B (6.24)

where (3 is a root of eg() such that A- 3 =0.

This is consistent with our interpretation of these flux/torsion components as belonging
to the 78,3.

Let us now comment on the transformation properties of the fluxes/torsion in (f.29),
(6:23) with respect to the SL(2,R) group in (p.6). We find that the fluxes Fiyyw, Hiuw
belong to a doublet (the (20,2)_ 5 in (B3)), Fjupo to a triplet (the (1,3) 5 in (67)) while
Ty, (v > u), Fy, are singlets (in the (35,1), 4 in (.7)). To show this it suffices to check
the grading relative to the Cartan generator Hg of the corresponding sl(2,R) algebra. The
positive root & of s[(2,R) is

9
dza%—Zeh (6.25)
r=>5
and it is the one corresponding to the scalar /Lm,,. The Hgs grading of any field or
flux/torsion is given by the scalar product of & by the corresponding weight. It is nor-
malized +1 for the highest weight component of a doublet, +2 for the highest weight
component of a triplet and 0 for a singlet. One can easily check that:

Fupor © G- W =42,
Fruow, Haup - a-W=+1,
TV Fa:  a-W=0,

This proves the above statement.

Fluxes, torsion and T—duality. An important advantage of the above mathematical
setting is that we can make a simple characterization of the action of T—duality on either
fields or fluxes/torsion [P9]. Let us consider for the sake of simplicity the dimensional
reduction of a type II theory on a straight torus. The effect of T-duality along the internal
direction X" is to transform the corresponding radius R, and the dilaton ¢ as follows

(o = 1) [BO:

b — ¢ =¢—o0, r=4,...9. (6.26)

As aresult the h(o, ¢) vector, defined in (p.17), transforms into a new vector b’ = h(o’, ¢')
and this in turn can be absorbed in a transformation of the various E7(7) weights which

— 22 —



contract h in the reduced lagrangian: W - h(o’, ¢') = W’ - h(o, ¢). Therefore the effect of
T—duality along a number of directions X" is to change the sign of ¢, inside the expression
of Er(7y weights:

T—duality along X" = ¢, — —¢,. (6.27)

This action is consistent with the characterization of T—duality as an automorphism of
the group SO(6,6) which acts on the ¥"5, B,s moduli [B1, BJ]. In particular a T-duality
transformation along an odd number of internal directions, which maps type IIA and type
IIB theories into each other, corresponds to an outer automorphism of the algebra so0(6, 6).

Given the description of fields, fluxes and torsion in terms of E;;) weights as in
eqs. (B.11]), (6.12), (b.2d), we can now establish (at a linearized level) the action on them
of T-duality. From this framework it follows naturally (see (p.20))) that the flux H,s and
the torsion T, are mapped into each other by a T—duality along the direction X*:

T-duality along X*: H.y — TV, (6.28)

This motivates, at the level of maximal supergravity or of truncations of it,? the duality
correspondence between a vacuum with H-flux in type IT B(A) and a background with
internal torsion in type II A(B).

It should be stressed that the above treatment does not immediately give an interpre-

tation in terms of flux or torsion of all the weights of 912.

7. Conclusions

In this paper we have studied the interpretation of the coupling parameters entering the
four-dimensional N = 8 S-S supergravity in terms of internal background torsion and form-
fluxes in a dimensional reduction from ten or eleven dimensions. Some of these parameters
have an immediate interpretation from a higher dimensional point of view, for some of the
others this interpretation is more subtle as they correspond to non-perturbative symmetries
of the microscopic theory.

There are various directions for future investigations, which include a similar analysis
of theories corresponding to compactifications on more general manifolds with reduced
holonomy, the construction of a D = 4 gauged supergravity deriving from a general torsion
background and the effects of a dynamical torsion on this setting. Finally it would be
interesting to use our analysis to develop a solution generating technique, in the spirit
of [B2, which uses the full E7(7) duality group to connect different supergravity solutions.

A. Some useful relations and definitions about the torsion

We consider a rienmannian manifold with metric gp;ny. We want to consider an affine
connection I' on this manifold, and we require the compatibility of the connection with the
metric,

Vpgun =0. (A.1)

9For example in the toroidal orientifold models studied in [@, E]
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If we assume the torsionless condition I‘f/[ N = I’ﬁ A this equation determines, as unique
solution, the Levi-Civita connection, given by

1
(VuX)" =0 X + T X", Ty = §9PR(9RM,N +9rN.M — 9uN,R), (A2)

for the covariant derivative of a vector field X.

The torsionlessness condition can be relaxed so the connection coefficients I' for V are
not uniquely determined in general. Nevertheless, if we insist on the request of a metric
connection, equation ([A.I]) determines the connection coefficients in terms of the torsion

tensor )
TPMN = fﬁ\4N] 9 (fJ\PdN - fﬁM)
as 1
v =Thw + 2 (TN —Tor n = TN mr) » (A.3)

where I‘ﬂ ~ are the coefficients of the Levi-Civita connection. The indices are raised and
lowered with the metric. We notice that the two last terms in (A.3) give a contribution to

the symmetric part of the connection. We will denote
1
P P P P
K MN:§(T MN_TM N_TN M)

Note that K 13\/[ n has not definite symmetry in its last two indices, but it is instead anti-
symmetric in its first two:
P P
K yn=—-Ky n-

We will use the formulation of orthonormal frames. The affine connection, defined by

I’ﬁ ~» transforms from the curved frame to the orthonormal one as
Oy = TRunVVE + Viou vy, (A.4)

where QBA = QBA|MdXM is the spin connection. If T is a metric connection, then the spin
connection satisfies

Qap = —OpBa,

where the flat indices are raised and lowered by the flat metric n4p. The torsion two form
is the covariant differential of the identity 1 = 0y ® dzM, so

TV = dg(dX™M) = ddX™ + TN A XY =T ydX " ndxN.

In the orthonormal frame we have 0y = Vﬁe A, where e4 are the orthonormal vectors. In
this basis the torsion tensor is

T4 =dv* + QB A VP,

If T4 = 0 the spin connection is related through ([4) to the Levi-Civita connection (A.9).
It can be written in terms of the vielbein as

wif = VCNVDRUADHBC (QR\MN —4M|NR T QN\RM) . (A.5)
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with
qrRIMN = ﬁABVRAa[MVN? ) (A.6)

(for a derivation, see, e.g. [B3]). We denote the difference between Q and w as AQ. Since
the difference between two connections is a tensor we have

AQAB\M = QAB\M —wif = Vg K vy Vp' = K%W )
and it is related to the torsion form as
T4 = dVv* + Q% A VP = AQY VP dXM A dX N = KAy pdX Y A dX Y

A.1 Decomposition of wAB in terms of D-dimensional fields

Equation (A.F) can be written in the following equivalent form:

WAB,C = qA|cB T 4c|AB T 4BjAC
aciap = VM Vg™ ounVne

In our case, given (B.9), with all the corresponding fields only depending on z*, we
have

qR\m = 03
1 i j
An|pm = 57711]}@’8#])@_7

1 . j
QVWm = _Ugvylauvm_,

2
i J
Goalywr = Mig Vim0V, »
ol = niivpia[uvu]l + nabvpaa[uvuf : (A.8)

A.2 D-dimensional Kaluza-Klein vectors

Consider a diffeomorphism on the ™ coordinates which is local with respect to the D-
dimensional space-time: z” — 2™ 4 ¢m(x#), Under such transformation, with the Kaluza—
Klein assumption, we have:

VA = 0,8mV,1,
V=0, (A.9)
which gives
SBI = 9,™. (A.10)

The diffeomorphisms in the y™ directions appear therefore as gauge transformations for
the abelian vector By*, and, in absence of torsion, the B™ behave as good abelian vectors
in D dimensions.
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