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ABSTRACT

This research deals with the possibility of using the robust
methods, particularly the Huber-estimator, in a sequential
approach. The Kalman filter is a frequently used sequential
technique, which foresees the use of velocity filter in the
algorithm. The disadvantage, as in all non robust methods, is
that any possible errors , that are not removed in the original
dataset, could lead to an incorrect solution. There are
different methods in literature devoted to analyzing and
detecting of outliers, that can be applied the Kalman filter.
In robust statistics, the Huber estimator foresees three ways
of verifying the basic conditions in the objective function:
the first is to modify the normal matrix, the second is to
modify the weight matrix and the last is to modify the
observation vector. The last method has been applied to the
Kalman filter and a particular Robust Kalman Filter has been
generated. This method is based on sequential calculus using
the Kalman filter applied to robust statistics. This operation
makes the relative residual equal to the k parameter, for each
modified observation. In this situation the Least Squares
method can also be applied for these observations. The RKF
has also been applied to a dataset with different outlier and
the results obtained with other typical sequential techniques
(Sequential Least Squares) have been compared. The
method, using the robust statistics, suffers less from the
presence of outlier because it has a breakpoint of about 0,2.
This allows many errors to be present in the data, in the same

epoch, but a correct solution to be obtained. The technique
could play an important role in sequential applications, for
example in the control of area correction parameters,
calculated from a control center. which manages a GPS
stations permanent network. Another possible case is that of
real time deformation control. The implemented method
could therefore be a good solution for outlier detection or for
to calculate the estimated solution with a low dependence on
the outliers.

INTRODUCTION

The Kalman filter is satisfactorily used in different
disciplines (i.e. economy, engineering, etc) as it is a useful
tool for the recursive treatment of dynamic linear systems.
The value of an estimated parameter can usually change
epoch by epoch, but not in number. These models are called
“static systems”. In other cases, called dynamic, the
estimation of parameters [m] depends both on the
observations and on the motion model (usually when there
are deformations phenomena or estimation of the
positioning of the vehicles). In these case, the unknown of
motion model are added to the unknown parameters of
system. The solution is then calculated by applying the
Kalman Filter (KF). If there is a dynamic linear system, the
state vector estimation problem is solved using the Kalman
Filter through the linear observation model:

Xk = Fk Xk—1 + €k (1)

Yk = Ax Xk +€x (2

where:

Xy state vector at epoch k [m];

yi: observation vector at epoch k [n];

Fy.1: transition matrix [m, m];

Ay : design matrix [n, m];

g and ey system and observation noise, where E(akskT):Csk;
E(exex T):Cek; E(gy) = 0; E(ex) = 0. Assuming that the initial
values of X, and its cofactor matrix Q,qare known and g, and
e are equal to white noise, which are uncorrelated to x, and
to other values, the estimated Kalman Filter is given one



prediction step and one correction step, for the model
described in (1) and (2).
In the prediction step:

Xic k-1 = Fic /=1 Xk-1/k-1 3)

T
Qx /k-1 = Fi/k=1Qk-1/k=1Fi/k_ +Cuk 4)
in the correction step:

X7k = R /k-1
T T -1 5
+ Qi /k=1A (A Qr/k-1Ax +Cek)  (Yk = A Xk /k—-1)

Qk/k = Qu/k-1
T T -1
—Qu/ k1A (A Qu/k-1A +Cek ) AcQu/k-1

The classical KF foresees a normal distribution of the errors
e and e. The hypothesis of normalized residuals is not always
verified, as in the case where an outlier or other
contaminations of the data are present. The purpose of this
research is to have a correct estimation of parameters in
sequential way and a Robust Kalman Filter (RKF) is
therefore required. In literature there are several different
procedures to make the previous sequential technique robust.
Some of these are very hard to apply in practical cases for
example in geodetic problems. Some practical Robust
Kalman Filter are here described and after a brief description
of the Huber Estimator and the derived method, called
BIBER Estimator, a new approach is proposed.

®)

(6)

ROBUST KALMAN FILTER USING WEIGHTS

The first method that is here dealt was described by Kubik
and Wang [32] and it is used in kinematic GPS positioning.
This method is based on an algorithm which consider the
variance-inflation outlier modelling. An outlier often means
that the residual distribution ,v, has tails longer that those of
the normal Gaussian distribution. One of these distributions
is the variance-inflation model:

Vi ® 1Ny (0,Ceyp) + aa Ny (0,Cgi2) (7

where Ny(0, C.) defines the normal probability density
function (p.d.f) with zero-mean, variance matrix C,, 0<o;<<
1, oy + ap = 1, Cgp > Cgi. This model was opportunely
studied and modified by Kubik ¢ Wang, so that it could be
applied to geodetic problems.

The model expressed in (7) is considered and if we assume
the “a posteriori” density distribution, p(x;|Y;) which is the
conditioned probability of x; (the single parameter that has
to be estimated) Y, is known (the observations vector) and
this probability follows a Gaussian distribution, it is possible
to show that for each k >> 1, p(x¢|Yx.;) can be close to

Gaussian density measured in terms of the Kullback - Leiber
distance. Under this hypothesis, the foreseen y, distribution,
given Yy, is:

POk | Vi) = [ POV | X1 POGC | Vi )X

=Ny (AcXy k-1, Re) + @a Ny (A Xy k-1, Ri2)

- ®)
cla; (Ri]) 2 exp(=0.5v RV, )

1
+ay(Ria)) 2 exp(-0,5vf Rav, )]
where

c is a constant,

Rii = A Qi k-1 A|I +Coeyi )

And the expected residual is:
Vi = Yk — AXike 1 (10)

| Ryj| is the determinant of Ry

Equation (10) describes the term of innovation.
Thus

op(Yk [Yk—1)/0yg =
1

=l (|Rk1|) 2 exp(=0,5] RV, RV, (11)
1
+a2(|Rk2|) 2 exp(— 0,5v) RiaV, RV, |

Placing

1 -
g = {1 +(@2 /e MRl Real2 eXP(0~5VI (Rl;ll ~Ri2 )/k )}
12)

[(297%) =1—ak1 (13)
Considering what has been shown until now, equation (5)
and (6) can be redefined as follows:

Xk/k = Xk/k-1

T 1 1 .
+Qu/k—1 A (@R + RV = A Xy yk—1)  (14)

= aklx( ) + g XI((Z)

where
Xﬁ') =Xk /k-1 +Qk/k—1AI (R~ (yk - A KXk/k-1) (15)
The Covariance matrix is:

T
Qk/k =Quk/k-1 = Qk/k-1A, Gk (Vi ) Ak Qi /k-1 (16)
where



Gy 1s the score function matrix.

This Robust Kalman Filter can be defined applying
Masreliez’s theorem, with a score function derived from
variance-inflation model. In the previously mentioned
algorithm, the state vector is estimated from a weighted
summation of two standard KFs. The weights are described
by oy and oy, which are the “a posteriori” probability of
events that the observations noise come from N;(0, C,;) and
N,(0, Cex2) respectively. The score function estimate is a non
linear estimate of the observations as the weights o and o,
are non-linear functions of the observations like the
estimates values (14) and (16).

ROBUST KALMAN
ESTIMATOR

FILTER AND HUBER

There are different robust estimation and outlier detection
methods, where the purpose is both the definition and
detection of the outliers and an estimation without being
influenced by outlier effects. It is very important to have a
special tool that is able to define them effectiveness of the
method in relation to the different purposes. The Huber
Estimator is classified as an optimal robust procedure to
solve problems with outlier defined in the "y-direction". This
means outliers located in direction y, considering the
observation space (Fig. 1).

(s ervaficn space

Design sprce
Fig. 1: Least Squares fit with outlier in the obs. space

The estimation of unknown x parameters is usually solved
by the Least Squares, minimizing the sum of residual
squares. Huber, instead, proposes to minimize:

M=

n
ZP(_ @jjxj)—VYi)
Yo = (17)

where p is the convex function of the residual, which
increases less quickly than the squared function. The term o
represents the deviation standard of the observations.
Making the partial derivative of previous function with
respect to Xj,..., X, and defining y as the influence function,
it is possible to obtain the following system of equations:

n Vi
N
i=l \O

for j=1...,m (18)

The solution of system (18) is called “M-Estimate” from x;
to x,, of the Huber type, where the p function is an arbitrary
function that must be chosen. Huber proposes the following
function:

1,2
/2 for|v|<¢c 19)
PV = 1 5 for |v|> ¢ (
c|v|—Ec

The term c is called the tuning constant and its value
depends on the data dispersion. This function is identical to
the Least Squares objective function in the interval (-c; c)
and outside this interval corresponds to a linear function.
The estimator defined by functions p, y and equations (19)
is called the Huber Estimator. If ¢ = o the Huber estimators
coincides with the Classical Least Squares estimator. The p
and y functions of the Least Squares and Huber Estimator
are compared and drawn in (Fig. 2) and (Fig.3).

=== Least Squares fit
= Hubher estimator ouiside the

imerval (-c. ¢

p(v)

—

C v

Fig. 2: objective function of Least Squares and Huber
estimator
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Fig. 3: influence function of Least Squares and Huber
estimator

The normal equation can be defined by differentiating (19)
from the unknown parameters and considering the partial
derivative equal to zero. A system composed of three
different cases: v < -c, -c <v < ¢ and v >c is made through
this operation. Initially it is not known in which of the
previous intervals the residual v will be. The problem is
numerically solved thanks to the help of some iterative
solution of calculus. The first solution is calculated through
an iterative process using the Least Squares estimator, but
the result might not be satisfactory. The process continues,
moving the value with an outlier towards the fixed values,
modifying the values continually until convergence is
obtained. Assuming ¢ equal to 1, the Huber estimator is
defined as the solution of (18). Studying this approach, the
authors understood that this method limits the influence of
the outliers to just in y-direction, but it does not consider the
outlier position, in observation space. Another approach was
developed from the Huber Estimator and M estimator to give
robustness to Kalman Filter. This method was described by
Cipra and Romera [9]. The relation (5) can derive, known
the values (3) and (4) and described the current values yy, by
the next minimizing procedure:

” . A T 1/

%1 = arg min(4O) (R ko = i)' Qicret) ™ Rieseat = %)
T ~-1

+ (Vi = Acxi) Cac (Vi = Axic )

(20)

where argmin is defined in the whole x, € R". Argmin

represents the value of the variable with which the function
value concerned reaches its minimum. This procedure can be
considered as the weighted Least Squares method, but in
reality it is equivalent to a non-weighted Least Squares in the
case of a linear regression model:

05 05
((Q_ko/l;_l) Xk/k—lJ:[(Q_ko/I;—l) }Xk/k +(Wk] 21
Cek Yk Cek ~ A Tk

where the residuals wy and ny are defined as:
Wy
E(wy) =0; E(my)=0; var =1 (22)
Mk

Furthermore, comparing (21) with (1) and (2), the following
equations are obtained:

wie = (Qusk1) ™ Rkt = FiXio1/kot — &)

(23)

e =Qy ?ksek

therefore a possible contamination of g, results in a
contamination of wy without affecting my. There is a similar
behaviour in the second equation, (23), because a probable
contamination of e, damages my without corrupting wy. The
model defined in (21), can now be rewritten distinguishing
for particular row as:

Qik = Nk Xk + Wiy, i=L...n
. (24)
Cik =TikXk +77jk, j=L...,m
where
Ak Cik
Qe Rt =| (Cey ) "y = )
Onk Cmk
Mk Mk
Qu/k1) ™ = . (Ce )™ A = i
Nnk Mk
Wik Mk
W = > M=
Wik TImk

The model described in (24) is comparable to the Gauss-
Markow model, where the system solution is:

n

R/ = argmin{d (G —Nik X )2
i

(25)
o 2
+ 2 leg -
=1
that can be robustifyied using (25) with:
R L 2
R/ = argmin{Y oy (A — N Xi )
= (26)

m )
+Z/J2j(0jk _rjkxk) }
=



where pjj and p,; are opportune robustness functions with
derivative equal to i (i =1,...,n) and yaj(j=1...,m) asit
is used in the M-estimator method.

The application of the robustness function in (26) leads to

the contamination effect of €, and e, being eliminated. The
normal function of X i , given by (26), is:

n
> v @i — iRk )
i=1 27)
+Zf,kl//2k( k_erXk/k) =0
j=1

which can only be solved explicitly in some special cases. In
general, it is possible to apply the following approximate
normal equation:

n
T . 2
ZWlik Nik (OIik —Nik Xk/k)
i=1
' (28)
il T o 2
+szjkrjk<cjk —rijk/k) =0
j=1
where the weights wiy (i = 1,..., n) and wy (i = 1,..., m) are
defined as:

w1i (ik = Nik Xk /k—1)
ik — Nik Xk /k-1
w2 (Cik =Tk Xk /k=1)

Wiik =

(29)

Wajk = >
! Cik —Tjk Xk /k-1

Equations (29) follow from (27) only if Xy is
approximated with X/, _;. This method can be considered

as a recursive variant of the normal equation of the IWLS
(Iterated Weighted Least Square).

Using (26) and applying some algebraic operations, the next
robust relation is extracted from equations (5) and (6):

ik =Xk /k-1
05 \w-1q05 AT “140.5 AT
QWi Q) A (A QWi QA GO

0.5\p;-1~0.5y— ~
+Co Wy ) Ly = A Xy /k-1)

0.5 0.5 0.5
Qk/k :Qk/k 1 Q Qk/k 1 Q

k/k-1 k/k-1

A (AQY IW’IQOS Al +C05W’1C05)’ - (3D

(AQAWL'Q™ )

k/k-1

where Xy, k_; and Qy,k_jare given in (3) and (4) and Wy
and W, are respectively:

Wy = diag {Wiy ..., Wy |

W2k = dlag {W2k seeeees Wik }
The covariance matrix estimation by means of an non
approximate approach is much more complex, thus it is
usually better to use equation (6). The most frequent case of
contaminated data is called e-contaminated normal data,
where a normal distribution with an acceptable variance is
contaminated by a small value of ¢ (usually 0.05) with a
symmetrical distribution and heavy tails. For this kind of
data, with an e-contaminated distribution N(0, 1), Huber’s
function yy is:

(32)

for|v|<c
for|v| >c

\'
i (V) =< - san) (33)

The constant value ¢ depends on € (it is advisable to use
c=1.645, for £€=0.05). In the case without any errors, the
classical Least Squares approach is used, where:

(V) =V (34)

If the Huber Estimator is applied the following
considerations can be made. Relation (1) and (2) are
generally considered in the Kalman Filter. In the normal

equation, (24), yg; = wyu(i=1,...,n) and W, = wyy are
considered. A new recursive robust relation, applying to KF,
can be described,:

Xic/k = Xk k-1
0.5 .
Vi (Ve = A Xk k1) (35)
T
A Qi /k-1A¢ +Vk

+Qx /K- 1A Vk vy

;
ACA -

Qurk = Qi ——Lit A A (36)
A Qu/k-1Ax +Vi

With (30), relation (32) can be rewritten as:

;
Qu/k-1A¢

vp) (A

=
- - A 1A +V
Xic/k = Xk /k—1 + K Qi1 AV (37)

T,,-0.
Qk/k_lAkaOSC'Sgn(Vp) (”A)
where:
v, = expected residual = (Y — A, Xy /k 1)

(IA.37) is used when the following relation is verified:



Vo] < v (AQu it AT +Vi) (38)

In the other cases (IIA.37) is used. If we consider a general
function  instead to yy, in according with (27) and (28) the
solution can now be definied as:

.
Qu/k-1A¢

T, Vg
AQk k1A +—
Ok

Xic/k = Rk /k-1 +

Wp) (39)

.
Qi /k-1A¢ A Qk/k-1

Qk/k =Qk/k-1— (40)
A, Qp (AT + k.
Kk <k / k=17
Ok
where:
-0.5
WV “Vp)
g =——" (41)
Yk Vp

There is the recursive estimation of parameter x, in a linear
regression model (1) and (2), with observations y affected
by errors. The easiest case could have a transition matrix F,
equal to the unitary matrix.

ROBUST KALMAN FILTER WITH BIBER
ESTIMATOR

The proposal here is to give robustness to the Kalman filter
starting from BIBER estimator. This estimator belongs to M-
estimator family, in particular the Schweppe type.

The estimator is defined as the solution of the system:

n VI
Z'//(__]ﬂiai,j =0

i=1 \ Wi

for j=1,..,m (42)

where the deviation standard of residuals is employed as
additional weight p;. This weight is:

Ui =0y =0g/(Aw )i 43)

The functions p and y are represented by:

V.
> ! vP for—<c
Vi Ovi Ovi
P(—J = (44)
v Lvi ‘——cz for|—{>c
Ovij Ovj

Vi Vi
—_ for <cC
Vi Oyi Oyi
‘//[ i J: vi vi (45)
O\ji Vi
v sgn(v;j)-c for 0'_ >c
\"

there are three different cases, that depend on the
standardized residual:

Vi

@ <c
Ovi
v.
(I)—c<|——|<c (46)
Ovi
am | |se
Ovj

Case (II) coincides with the Least Squares method. The user
chooses the value of constant ¢, but the recommended value
in literature between 2,5 and 4 generally falls.
Equation (45) can only depend on the residual v;:
Vi for |Vi | < ki
Vi (Vi):{ (47)

Sgl’l(Vi)~ki for|vi| > ki

where k; = C-o;. This limit results to be different for each

residual, but it is unchanged during the process of
computational process, once o a priori” is estimated. The

solution is sought by minimizing function (47), in three
different intervals. The calculus procedure is composed of
three steps:

e  Least squares fit

. . . Vj
e Choice of the observation with the largest (—'J
Ovi
e Calculation of the unknown parameters and new
residuals

Assuming the number of outliers not too high, a first
compensation can be effected by Least Squares method,
which offers the chance of classifying all the observations
inside interval (II). In the second step, the observation with
the greatest absolute standardized residual value, is removed
from interval (II). When the residuals are correlated, it is
difficult to individualize the observation affected by outlier,
thus the one with the most elevated absolute residual value is
chosen. When this observation has been identified, it is
possible to estimate the unknown parameters and the new
residual, thus giving a reduced influence to the marked
observation. The different influence can be considered
through one of the following methods:

e Recalculation of some parts of the normal matrix;

e Correction observation y;;



e Decrease of the weight of observation y;.

These methods lead to the same result. In the case of
corrected observations, an attempt is made to modify the
observations which are outside the interval (I1.46). In this
way the residual of those observations correspond exactly to
- ki or +k;. The modified observation, Yimoq) has therefore
less influence on the calculation of the unknown parameters.
From an algebraic point of view, the problem is described
with the following equations. The residuals of y; can be
expressed as:

Vi ==@w)it Y1 == Zi¥i == (Aw)in Yn (48)
and for the modified observations, becomes:

sgn(Vi )Ki =—=(Aw)i1 Y1 == Zi Yi(mod) —+—(Aw in Yn
(49)

Placing d;:

di =Vj —Sgl’l(Vi )kl for |Vi| > ki (50)
and comparing (48) with (49), the modified observation
results to be equal to:

d:
Yi(mod) = Yi _—_zl- (51)
|

After the observation has been modified, the new parameter
X;0p and the respective residual can be estimated. In this way
it is not necessary to invert the normal matrix, because the
draw matrix and the weights matrix do not change.

The unknown parameters and the correspondent residuals
are:

0
—x_ (AT A1 aT| 9P 52
0
0
d;
Vik(roby = AX(roby — (Y — __Zi ) (53)
0

After this first calculation, it is necessary to establish
whether the new residual falls into the interval (11.46). This
procedure is applied iteratively to all observations with
residuals outside this interval. After this iterative process, the
parameters are estimated through a robust technique. The
residuals calculated for each observation y;, step by step, are:

1 s—1
Ad; =—Zdi (54)
~Zi j=1

where s is the number of iterations.
The total residual is:

lictoty = Ki —Ad; (55)
The a& estimation obtained from the Least Squares is:
ol = ! ivz (56)
nN=mig
In the same way the proposal with the BIBER estimator is:
o = mgwé ) 6D

where [ is a constant that is defined by:

B=(*+1+cH2D(C)-1)-2cp(c))  (58)
In (58), @ is the normal standard distribution, while ¢ is its
density. An attempt was made to apply the BIBER estimator
principle to the Kalman filter. Starting from the correct
solution of Kalman filter (5), it can be rewritten as:

o —1, AT T
Rk =N (AL PCIA AL PY ) (59)
equation (59) can also be reduced to:

Xk = Rkt + K (Ve = A X sk-1) (60)

where Ky is called gain matrix. The technique that needs to
be applied in the BIBER estimator is that of defining
solution (60) with a classical approach of estimating the
residuals (48) and classifying them according to (46). An
iterative process is followed which leads the observations to
be modified, solving the problem with Least Squares, at the
last step. Recalling (5) and using K term equal to:

Ky = Qu/ko1 A (AQi k1 Ad +Cer) ™! (61)

a solution is obtained that is described by:

ik = Ricrkat + K Cgmody = Ak rk—1) - (62)

The calculus of the covariance matrix can be developed
using (6), because no term is modified. Equations (56) and

(57) need to be recalculated for the 0'3 estimations.
In the sequential approach, relation (56) can be rewritten as:
. 1 AT I

Sv?= |:(VT Pv)OId + A(VT Pv)new} (63)

n-mi5 n-m

oh =



A(\7T P\?) new —

- T -
YVkmod) = Ak Xk=1)" T Yk (mod) — Ak Xk-1)
with T obtained from:
T=(P + AQuk 1A ) (65)
Rewriting (57), using (63) the following is obtained:

1
o :m{(zlvi_ﬁczZu Zi )+ (66)

- T -
+ Yk mod) = Ak Xk=1)" T YVk(mod) = Ak Xk—1)}

(64)

This method is very adapt in sequential calculations, in
particular with KF. Using the KF, the normal matrix is only
sequentially adjourned and not recalculated. Some
applications of this method, concerning problems of GPS
positioning, are now shown.

APPLICATION AND CASE STUDIES

The previously described algorithm has been developed in
MATLAB and applied to some sequential problems in
Geodesy, particularly when operating with measurements
GPS. The first problem concerns the parameter estimation of
differential corrections in a network of GPS permanent
stations. In recent, the number of GPS stations has increased,
leading to necessity to build a control network that can
manage and check the correctness of operations. It performs
a real time service, which offers different kinds of real time
positioning (VRS, FKP, MAX, etc), using the network
information. The main concept consists in using a correction
model to replace single corrections generated from each
station. The reliability of the data transmitted is very
significant because users are not able to decodify the
received message and there is not always the possibility of
obtaining raw data. The FKP method is an example, which
through a particular polynomial, all differential correction
generated by a single stations of the network are
interpolated. It is possible for various reasons, to have an
outlier to remove that has to be removed, so as not to have a
wrong real time positioning. The main cause of this incorrect
parameters estimation is the absence of one or several
measurements that arrive at the control center. This absence
can be caused both by the absence of differential correction
or high latency in the communication network. With this
problem the data cannot be used, because the control centre
receives the single differential correction when it is
unusable. Without spending too time to explain the
principles of this method, the interpolation model, using
FKP method, is represented in the following and the kind of
phenomenon that is obtained when the data are affected by
outlier is also given.

PR [l

P
Fig. 4: Interpolation model FKP (Flachen-Korrektur-
Parameter)

The interpolation model is composed of different parameters
which considers the signal GPS behaviour along the
satellite-receiver track.

The absence of one or several differential corrections leads
to a different interpolation model, thus the parameters, which
describe the model changes brusquely. Most users are not
able to understand what has happened. Let us simplify this
model and consider a bidimensional case, where a series of
GPS stations are lined up. Each station transmits the
differential corrections. In a normal situation there is a
regular model (blue) defined by all the corrections, while in
the case where a correction (ref2) is missing, the model is
again recalculated (red).

-
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*
P
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Fig. 5: FKP definition: with and without ref2

If one parameter is analysed which defines the model, it can
be observed that in the normal case, while there are in some
points some spikes, which are caused by phenomena
previously described.

This phenomenon can be seen in fig. 6.
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The parameters estimation can be defined by a sequential
method. The problem has been solved both with sequential
Least Squares and Robust Kalman Filter (RKF). Raw data
have been generated in order to have an "exact" solution
available and to be able to control the position and number
of the outliers. The raw data represent the trend of one of the
parameters of interpolation model, which is calculated using
the sequential approach. In the observations (around 100),
10% are outliers. The implemented RKF has a breakpoint
equal to 0,20. The same breakpoint is contained as the case
of the Huber Estimator. The entity and position of the
outliers change but these, considering the results, do not
influence the final solution. Let € be the value correlated to
the problem. A comparison has been made between Least
Squares solution, that it coincide with classical Kalman
Filter, and RKF method. The traditional Kalman Filter might
not be influenced by the presence of outliers if the outlier is
occurred many epochs before and, above all, if it is a rare
case. The problem becomes worse when the number of
outlier increases and the distribution is random, therefore
each solution could be contaminated by gross error.

Comparing the solutions, the following is obtained:
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Fig. 7: LS solution vs RKF solution

The estimated solution, epoch by epoch, using the Robust
Kalman Filter is almost perfectly overlapped by the raw data
trend, while the Least Squares solution results, during the
time, to be worse and leads to an incorrect solution.

Another possible application exists, which is also related to
real time GPS positioning, but which is in this case, applied
to deformation monitoring. This case considers a particular
approach developed at the Politecnico di Torino, which
foresees the use of a special phase combination, called triple
differences, to obtain a positioning and the identification of
movements in the first step. After, it is necessary to apply a
more precise method to control the deformation: the double
differences are used. Triple differences are more convenient
because they constitute an easy combination to use during
the data treatment. Triple differences, in fact, do not suffer
from phase ambiguity and they also have a more regular
trend, which permits eventually cycle slips phenomena to be
identified in the raw data. This phenomenon is described by
an high peak. The RKF method is also fundamental in this
case, because it allows the triple differences trend to be
redefined, without the influence of small noises or gross
error. In pre-analysis, where triple differences are used, the
real time correct position estimation of the monitored point
is very important, to avoid false alarm process or some panic
situations. The Kalman Filter is a good sequential tool, but it
is not sufficient. It is also necessary to have a good outlier
identification tool. In the raw data, in particular when the
triple differences are used, there is both cycle slips and some
errors caused by external phenomena. The triple differences
trend is the following:
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Fig. 8: Triple differences

The regularity is interrupted by the presence of outlier,
which if not preventively individualized, could cause an
incorrect position estimation.

CONCLUSION

Many different kinds of methods exist in literature to make a
Robust Kalman Filter. Not all approaches are easy to apply



in geodesy, in particular concerning real time GPS
positioning. It is clear that it is very important to have both a
sequential calculus and a robust method there are not
influenced by outliers or other effects in the measurements.
Frequently, many process are developed in real time,
therefore the main purpose is a good data analysis, to remove
all the gross error in the raw data or to have a good tool
which also works in a non perfect Gaussian distribution.
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Conditioned probability

A and B are events from random test with P(B)>0. The
conditioned probability of A, given B, is defined as:

P(A|B)=P(A " B)/P(B) (67)
This concept is based on the axiomatic definition of
probability. The conditioned probability concept is analyzed,
starting from the less formal notion and the most intuitive
relative frequency. In a particular event C, with Nn(C)
number of times, C has been verified in the first n test. If
Nn(B) is high, the conditioned probability that A will be
verified B having been verified, Nn(B) must be close to the
conditioned relative frequency of A given B. In other words,
the relative frequency of A, when B has been verified, is:

Nn(A 7 B) / Nn(B) (68)
However, another application of relative frequency concept
is considered:

Nn(A 7' B) / Nn(B)
=[Nn(A 7 B)/n]/[Nn(B)/n] —* (69)

P(ATB)/P(B)asn o,

This leads to the same definition.

Sometimes, the conditioned probability can be directly
calculated.

Kullback-Leibler distance

The Kullback-Leibler distance (KL-distance) is a natural

distance function from a "true" probability distribution, p, to
a "target" probability distribution, q. It can be interpreted as

the expected extra message-length per datum due to using a
code based on the wrong (target) distribution compared to
using a code based on the true distribution. For discrete (not
necessarily finite) probability distributions, p={pi, ..., Pa}
and g={qy, ..., qn}, the KL-distance is defined to be

KL(p, q) =Zipi - loga("i / i) (70)
For continuous probability densities, the sum is replaced by
an integral.

KL(p,p) =0 (71)
KL(p,q) =0

Note that the KL-distance is not, in general, symmetric.
Masreliez’s theorem

Assuming that p(x/Yy) is a Gaussian density, with the
mean equal to Xy, and covariance matrix Qyy.; and with
E(ekekT): Ce, the conditioned value of x, and its conditioned
covariance Qyy satisfy:

Ri/k = Risker + Qi Ap 9k (Vi) (72)

Qxk /k :Qk/k—l_Qk/k—lAIGk(Yk)Aka/k—l (73)

where gi(yy) is also called the “score function”, in vector
form, with components:

[ap(yk | Yi1)
o(Yk)i

and Gy is a matrix with elements:

; _
(Gk (Y )i {%}

if equation (69) and (72) are compared with (3) and (9), it
can be seen that this theorem preserves the recursive Kalman
filter structure, but it replaces the linear score function with a
non-linear score function g(yy). The density not Gaussian
observations can be manipulated by (71) and (72).

(9K (Y ))i = }[p(yk Y] (74)

(75)
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