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1. Introduction

Massive deformations of extended supergravity play an important role in the description of
superstring and M-theory compactifications in the presence of fluxes [[l]-[fj], either induced
by p-forms or by S-S generalized dimensional reduction [f].

In these compactifications to four dimensions one often encounters non-standard super-
gravities in that some of the scalars have been replaced by antisymmetric tensor fields [ffj—
[L1], which, when fluxes are turned on, may become massive vector fields [T, [2, [[3]. The
advantage of introducing antisymmetric tensor fields is that one can introduce two kinds
of mass-deformations, one of electric and the other of magnetic type. N =2 — N =1
reduction of Calabi-Yau compactifications of type-ITA and type-IIB theories [[[4], [L5, [L6],
corresponds to Calabi-Yau orientifolds [I7-[R3], and one encounters in this context such
kind on antisymmetric tensor couplings to gravity as coming from NSNS and RR 2-forms



or 4-forms. In the present paper we consider, in full detail, such reductions, for the case
of different N = 2 — N = 1 truncations which correspond to heterotic string or Calabi-
Yau orientifolds with different kind of orientifolding. The paper is organized as follows.
In section 1 we describe the N = 2 effective supergravity as coming from type-IIB com-
pactifications on a Calabi-Yau 3-fold P4-[R7]. In section 2 to 5 we discuss the different
truncations which give different NV = 1 theories, in the presence of general fluxes. In the
remaining sections we discuss the nature of the vacua, the supersymmetric configurations,
and the classification of vacua in the case of cubic prepotentials for a given set of electric
and magnetic charges.

2. D =4, N =2 supergravity from type-I1IB flux compactification

The general N = 2 supergravity theory coupled to tensor and vector multiplets has been
discussed in references [§, B, [[d]. We recall the field content of the effective theory which,
following the notations and conventions of [R§, [L(], is given by:

e the gravitational multiplet
(V/f7 qua w;?7 Ag) ;

where A =1, 2 is the SU(2) R-symmetry index of the gravitinos 1, lower and upper
index referring to their left or right chirality respectively, and V7', Ag are the vierbein
and the graviphoton;

e ny vector multiplets
(Aiu )\Ai7 )\i , Zi, gf)’

where the chirality convention for upper and lower R-symmetry indices A of the
gauginos A is reversed, and z°, i = 1...ny are the complex coordinates of the special
Kahler manifold Mgg;

e a scalar-tensor multiplet
(Con Caa qu’ Bl,uu) 3

where I = 1,...,np, label the tensor fields, (%, (, are the (anti)-chiral fermions
("hyperinos”) a = 1,...,2ny , transforming in the fundamental of Sp(2ny), and ¢“
are the coordinates of the manifold My associated to the scalar-tensor multiplets,
withu=1,...,4ng — nr.

If we think of this theory as coming from standard N = 2 supergravity, ny denotes the
number of hypermultiplets and ny the number of quaternionic coordinates which, being
axionic, have been dualized into antisymmetric tensors. In the following we shall consider
the particular case of a N = 2 theory resulting from compactification of type-IIB theory
on a Calabi-Yau 3-fold. Therefore the scalar-tensor multiplet will contain just two tensors
B, B2y, which in the ten dimensional interpretation come from the ten dimensional
NSNS and RR 2-forms respectively. Therefore in the following we set np = 2 so that



I =1, 2. Note that in our conventions the index I = 1 for the charges are related to RR
fluxes while the index I = 2 to NSNS fluxes:

e'a, m™ & RR fluxes,

e*a, m* < NS fluxes. (2.1)

The lagrangian and transformation laws of the theory have been given in reference [[L0].
The analysis of the truncation of such theory to N = 1 can be done by a careful
investigation of the supersymmetry transformation laws, which are given below (up to

3-fermion terms):

B

Sy = Vuea — MY Hywr aPep + [iSapnw + easT),] 7P, (2.2)
SAFA = iauzk'y“aA + Gﬁ;’y“l’sBeAB + WkABg (2.3)
0o = iPuAaﬁuquw’*eA - 'L'MIJﬁJ#u[Aa"}’MEA + NaAEA , (2.4)
oV = —i@AH'yaaA — iEﬁ'yaaA, (2.5)
AN = 2IAG e Peup + 20N e pe? +

+ (if,kaA'yueBeAB + ingZ’yuaBeAB) , (2.6)

5B = — 5 (EamuwCalli™ = #9uC Uraa) -
—wic? (?AV[MTb,,C] + E[HA%WC) ) (2.7)
o2k = XkAz-:A, (2.8)
575 = XA (2.9)
g = P4, (Z"‘sA + (CO‘BGABZBEB> . (2.10)

Here and in the following we give, for the sake of simplicity, the transformation laws for
the left-handed spinor fields only.
Notations are as follows:

e we have collected the ny + 1 vectors into A;} = (Ag, AL), with A =0,...,ny, and
we have defined:!

FIIM = €upo " ; Hrpwp = OuBirv) s (2.11)

e the covariant derivative on the € parameter is given by:

1 1
Vuea = Ouea — ZWZI’%WA +5@ueat W, A8, (2.12)
Qu = 5 (0K 0,2 = 0K 9,7, (2.13)
wil = %wz %P, (2.14)

'We use boldface indices for the N = 2 vector multiplets since we want to reserve the plain capital Greek
letters A, 3. .. to label the N = 1 vector multiplets.



where w?®, Q(z, %), wF(q") denote the Lorentz, U(1)-Kihler and SU(2) 1-form con-
nections, respectively. Here K is the special geometry Kéhler potential;

the transformation laws of the fermions (B.4), (R.3)), (B.4) also contain the further
structures Sap, W*4B N4 named “fermion shifts” (or generalized Fayet-Iliopoulos
terms) which are related to the presence of electric and magnetic charges (ef\ ,mIA),

and which give rise to a non trivial scalar potential. Their explicit form is:

]
Sap = §UﬁBW%(LA€ﬂ — Mam't), (2.15)
WhAB _ ig’“ﬁawa}”(ﬁA — hgam!™), (2.16)
NA = oS (LAh — NMam™) (2.17)

besides H 1, the transformation laws contain additional I-indexed structures (I =
1,2), namely U4 (q%), wra®(¢*) and Mr;(¢*) (M'/ will denote its inverse matrix),
which satisfy a number of relations that can be found in ref [f] . We observe that,
if one thinks of this theory as coming from the N = 2 standard supergravity [2g,
the previous I-indexed quantities can be interpreted as the remnants of the original
vielbein 2%, of the SU(2) 1-form connection w, £ and of the quaternionic metric
in the I, J directions, after dualization of the axionic ¢! coordinates (¢% = (¢%,q"))
parametrizing the original quaternionic manifold;

the quantity Pao = Pyaa(q")dg" appearing in equations (2.4), (B-10) is a “rectangular

vielbein” [§] related to the metric g, of My by the relation P,A*Pyaq = Guv, and

puAda = guw p Aa T is related to the original vielbein U2 by:
PAY =yl + Al upe (2.18)

where AL = M/ hj, and hg; is the original quaternionic metric. Since the quater-
nionic vielbein satisfies the reality condition Y4 = €aBCap UBB. C being the
Sp(2ny) invariant metric, an analogous reality condition holds for PA%;

all the other structures appearing in the transformation laws depend on the scalar
fields 2%, 2* of the special geometry of the vector multiplets. Here we just recall the
fundamental relations obeyed by the symplectic sections of the special manifold:

D,V =U;

DiUj = iCijig™ Uy,

D;U; = g;3V

D;V =0, (2.19)
where i, j = 1,...,ny, D; is the Kéhler and (generally) covariant derivative, and

V= (LA M), U=DV=_>>hn) A=0,....,ny; (2.20)
Mp = NasL*, hai = Nasft, (2.21)



and Mas is the kinetic vector matrix. Then the “dressed” field-strengths T' w and
G/’j; appearing in the transformation laws of the gravitino and gaugino fields are

given by:
T,, = 2i ImNpsL¥Fh (2.22)
Gl = —g" fIImNTAF . (2.23)

e Finally the scalar potential of the theory can be computed from the shifts (R.15)),
(B-16), (- 17)and is given by:

V =4 (Mrj—wiwT) (mIAMA - e{xf/\> (m”>Ms; — e, L*) +
mJZ
+wiwh (m el) S ( o ) : (2.24)
>
where the matrix § is a symplectic matrix given explicitly by:

1 <IA2 + (RIT'R)\5, —(RI), 2) ‘

S=-= C(FR) s R (2.25)

2

where Rp s and Ip s denote ReNj s and ImA/ 5y respectively . Furthermore the
electric and magnetic charges must satisfy the the “generalized tadpole condition”:

ehm’® —elm!t =0, (2.26)

as a consequence of the supersymmetry Ward identity of the scalar potential and/or
the invariance of the lagrangian under the tensor-gauge transformation:

0Bru =0 0AN = —2mMAg, . (2.27)
A, being an arbitrary vector.

In the following we shall be concerned with a theory coming from type-IIB compactification
on a Calabi-Yau 3-fold. In this case the first term is zero, due to the peculiar properties of
the special geometry derived from a cubic prepotential, so that the scalar potential contains
only the second term, namely:

JX
V = wiwy (mIA, ef\) S <TZ§] ) . (2.28)

3. Conditions for a consistent N =2 — N = 1 truncation

We know that in a special quaternionic manifold Mg we can always identify a universal
hypermultiplet which is uniquely selected by the isometries of Mg [BY]. In the dualized
theory we are considering, the universal hypermultiplet becomes a double tensor multiplet

(Bluw BQ,LWa Co, ‘;0)7



where Cj is the ten dimensional axion of type-1IB theory, ¢ is the four dimensional dilaton
and By, Ba,, are the the four dimensional 2-forms coming from the NSNS and RR two
forms of the type-I1IB theory.

The possible truncations to N = 1 can be obtained setting to zero a linear combination
of the supersymmetry parameters (e1, £2). It is easy to see that there are three essentially
different truncations, all the others being equivalent, modulo SU(2) rotations. Two of them
will be seen to correspond to Zs orientifold projections of type-I1B supergravity on a Calabi-
Yau 3-fold, while the third one corresponds to the same compactification of heterotic string.

To understand why we have three different truncations, let us start with the simplest
choice, following the guidelines of [[4], that is, let us set to zero the parameter eo:

E9 = wgu =0. (3.1)

Considering the surviving e currents in the supersymmetry transformation laws of the

tensors (R.7): .
i
5BI},LV = §w§3) (517[uw;£] + EI’Y[M/JV]O T+ (32>

we recognize that in order to truncate one or both of the two tensors By, we have to set
to zero the corresponding structure wgg). As we have six w7, with I = 1,2, z =1, 2, 3,
by means of an SU(2) transformation we can always set to zero three of them. A possible
choice is the one given in reference [RJ], that is in our notations:

1) _ Lo 0, @ _ (0Y. @ _ 1o, (1
wr 2¢ (Irm-)’ “r (0’ v 2\ Rer ) B3

where 7 = —Cy+41i e_‘P+KTQ, K¢ being the Kéhler potential of the special Kahler manifold
contained in the quaternionic-Kéhler manifold Mg, and ¢ — % is the ten-dimensional
dilaton.

If we want to consider other possible truncations we have to set to zero different
combinations of (g1, £2). For this purpose we can act with a rigid SU(2) transformation
on the theory and then set to zero the new £, parameter. There are essentially two more
different possibilities which fulfill our requirements, which are obtained by means of a
rotation of # = Z on the (z = 1,z = 3) and (z = 2,z = 3) planes in R? respectively. They
correspond to setting to zero £} or €5, namely:

, 1

€y = E(—isl +e2) =0, (3.4)
or ]

£y = E(—al +e2)=0. (3.5)
It will be seen that in these cases we obtain the N = 1 theory corresponding to the

0(5)/0(9) or O(3)/O(7) orientifold projection of type-IIB theory on a Calabi-Yau 3-fold,
respectively. The corresponding values of the rotated wf are given by:

0(5)/0(9) case:

m_ Lo 1), @ _ (0. @ _ Lo, O
“rT et (Re7'>’ “r _<0 e = e ) B0



0(3)/0(7) case:

W Lo, 0\, @ 1o, 1 Y, @ _ (0
“roT e (Im7'>’ “I =73 \Rer )t 9T T o) BT

Given the correspondence between the choice of the particular supersymmetry param-
eter to be set to zero and of the values of the corresponding structures w?, in order to

analyze the three cases (B.1)), (B.4), (B.3), we will set o = 19, = 0 in equations (R.9)-
(B-10) and then specify the connections w? according to the case (B.J), (B.6), (B.1) for an
explicit solution of the constraints.

3.1 Truncation of the gravitational multiplet

Let us first consider the gravitino transformation law (P.4) and analyze the consequences
of the truncation e3 = 0 which do not depend of the three different choices (B.1)), (B.4),
(B-H). Following the same steps as in [[4], setting eo = 1)5,, = 0 in equation (B.2) gives, for
A =1 the supersymmetry transformation law of the N = 1 gravitino:

(5@01# = v,u51 — MIJf{Juw1181 + Z'Sll’yusl s (3.8)
while for A = 2 we obtain the following consistency condition:
Sthop = wyger — MY Hywio'er + [iSomuw + enT),, ] v7e' =0, (3.9)

which implies:

Wya = Wyup Oug" =0, (3.10)

Sa1 = 5080 (LAeh — Mam®) = 0, (3.11)
MY Hywrs' =0, (3.12)

T~ =2ImNps LAF 2 = 0. (3.13)

The last condition can be solved as in reference [[[4] since, apart from the fermionic shift
related to the scalar potential, the vector multiplet sector is untouched by the dualization
in the hypermultiplet sector. A short account of the results given in [I4] is reported in the
next paragraph.

Conditions (B.12) and (B.11]) depend on the choice of one of the three aforementioned
cases and will be analyzed separately in the next sections. In this section we concentrate
on those conditions which do not depend on the choice of the structure of w;4Z. Condition
(B.10) differs from the one in reference [[[4] because here there appears the SU(2) connection
w”(q") of the reduced quaternionic manifold [, instead of the connection @®(q%) of the
quaternionic manifold of standard N = 2 supergravity [R§.2 In fact, using the expression
of the SU(2) curvature Q47 as given in [§], we have:

M2 = dwy' +wt Awt Fw? Awyt + V(AT Awpg) + Pog A P (3.14)

2We recall that the tensors of the scalar-tensor multiplet come from the axionic scalars of the N = 2
quaternionic manifold which have been dualized implying that the residual N = 2 manifold is no more
quaternionic.



The consistency condition Q;% = 0 gives:
v(AI/\w121) = 0, (315)
Py NP = 0. (3.16)

Since equation (B.15) depends on w;4® it will be dealt with later. To analyze the
consequences of (B.1(), we observe that the holonomy of the scalar manifold Mp for the
N = 2 tensor coupled theory is contained in SU(2) x Sp(2n ) ®SO(ny = 2) [{]. Performing
the truncation from N =2 to N = 1 the holonomy must reduce according to:

Hol(M=?) € SU(2) x Sp(2ny) ® SO(2) — Hol(MJ=") c U(1) x SU(ng).  (3.17)
We split therefore the symplectic index « of Py, as follows:
o = (@,a) € (0(1) x SU()) x (0(1) x SU()) (3.18)

The reality condition on the vielbein PA® becomes:

Pia = (P'%)" = C,PY, (3.19)
Pys = (P2Y)* = _chPw ) (3.20)
where the symplectic metric has been decomposed according to:
0 C.,
Cos = ap ) 3.21
; <<Cd@ ) (3:21)

with C;5 = —Cp; = 0,44 Therefore the constraint (B.16) can be rewritten as:
CagPS NPV +CysP8 APY =0, (3.22)
which can be solved setting, for instance:
Py =0& P43 =0. (323)

Equation (B.23), implies further constraints using the results of reference [f] for the covari-
ant derivatives of P4, namely:

APy +wy A Pia+wy> A Pog + A APy + A APy + FT Nlpas = 0, (3.24)
dPig 4w A Pig + w2 A Pog + Af AP+ Af AP+ FIAUpg =0. (3.25)
Taking into account equations (B.23), (B.10) we obtain the consistency constraints:
FlUpse = FlUps =0, (3.26)
Af=naf=0. (3.27)

Furthermore, considering the curvature associated to the vanishing connections (B.27) it is
not difficult to see, taking into account the previous constraints, that its vanishing implies:

0505 =0, (3.28)

aBy



where €,35 is the completely symmetric tensor entering the expression of the symplectic
curvature of the quaternionic manifold Mg as well in My [§, [[(]. Note that this same
constraint was obtained for the truncation N = 2 — N = 1 of the standard N = 2

supergravity [[L4].
From the supersymmetry transformation laws of the hypermultiplet scalars, namely:

Punadq” = Coen + Cogl B (3.29)

using equation (B.23), we obtain that the truncated spinors of the scalar-tensor multiplet

are:
(“=¢=0, (3.30)

and imposing 6¢% = ¢4 = 0, namely:
6¢CY = iPM%9,q ey — iMT H, jU} g1 + Nl = 0, (3.31)
0Ca = iPu1a0uq et — iM" H, jUnayme' + Nier =0, (3.32)

we obtain the following further conditions:

M"Y Hy U yo = MY Hyplh g4 = 0, (3.33)
N¥ =N} =0. (3.34)

Vice versa, the supersymmetry transformation laws of the retained spinors (4 (B.4) imply
that the vielbein on the reduced manifold must be related to Pj4 (and its complex conjugate
Pyg), for which the reduced torsion equation becomes:

Z' .
dPs + Ew(?’)Pla + Adﬂpm + FUpe =0,
)

/l: ~
dPag — §w(3)P2@ + APy + FlUpps =0, (3.35)

In the sequel we shall derive the precise relation between P'® and the vielbein of the N = 1
manifold.

3.2 Truncation of the vector multiplets

As far as condition (B.13) is concerned, it can be solved exactly as in reference [[[4], since
the vector multiplet sector is untouched by the dualization of the hypermultiplets. Some
differences arise just for the gauge terms and they are discussed in the following. Therefore,
in the sequel, we just give a short account of the derivation of the results given in [[[4].

We recall that the truncation in the vector multiplet sector (including the graviphoton)
depends on the way the constraint (B.13) is satisfied. Denoting by LA the symplectic section
of the special Kéahler manifold MgEQ of complex dimension ny of the N = 2 standard
theory, the most general solution of the constraint is obtained by splitting the index A of
LA as follows:

A=0,1,....,ny - (X =0,1,....,nc, A=1,...,n}), (3.36)



with nc +nj, = ny. If we set LA = 0 the remaining nc + 1 sections L¥ parametrize a
submanifold Mﬁzl of complex dimension ng of the N = 1 scalar manifold. If we further
set F ji = 0 we satisfy the constraint (B.13) and only n{, vectors Al‘} remain in the spectrum.
According to the structure of the N = 1 multiplets it is easy to see that n¢ is the number
of the N =1 chiral multiplets and n{, the number of the N =1 vector multiplets.

Consequently we also split the index £ = 1,...,ny which labels the coordinates
(1, 2%) = LA/LY of the Special Kihler manifold according to k — (k, k), where k =
1,...,n¢ refers to the scalars of the chiral multiplets which parametrize the Kéhler-Hodge
manifold Mgzl, while k =1, ..., ny, labels the scalars which must be truncated out.

According to the previous considerations the N = 2 gaugini A4 therefore decompose
as follows:

)\kA N ()\kl’ AkZ, )\1%1’ )\1%2) (337)

Defining
Ao =21 A (3.38)

where fé\ is the special geometry object with a world index in the (truncated) directions
dz", it turns out that A2 is the chiral gaugino of the N = 1 vector multiplet such that the
associated D-term is given by:

DA =i (TmA )™ (PL+ PY). (3.39)

The full analysis of reference [[L4] give furthermore a set of conditions on the special geom-

etry structures that are given by:

fﬁ/ =0Gxw =0, (3.40)

LY =My =f}=hy =0, (3.41)
fii( =hiy =0, (3.42)

. N{(A =0, (3.43)

Wk — kil — ¢, (3.44)

Chim = 95 =0, (3.45)

where Gy, is the dressed field-strength dual to fﬁ,,

of the three index tensor and of the Kahler metric of the special geometry with the given

and Cj;. and 9,5 are components

particular structure of indices.

4. The heterotic case

Let us consider now the constraints (B-12), (B.15), (B-26), (B-33)) for the case (B.1]) when

the w? are specified in equation (B.3). Let us first analyze the constraint (B.1g). Since

wra! = Lw¥o% ! using the connections (B.J), the constraint (B-12) implies

H:=0, (4.1)

,10,



being w§1:)2 the only non-vanishing component of wyy!. Equation (f]), explicitly reads:

0=Hp=M"Hy, + M*H,,. (4.2)
As shown in the M?2 # 0 and M'?  Rer, therefore the solution is given by:
Hy, =0; M2 =0 Rer=0. (4.3)
Since
V(AT wr)ot = d(ATwn?) +wel AAT w4+ w? A AT wpt =0, (4.4)

taking into account eq. (B.10) and the fact that wy,' # 0 only for I = 2, we see that the
constraint (B.15) is solved if we set:
A% =0. (4.5)

Using equation ([.1]) into equation (B.33) we obtain:

Ur=y1j2a = Ur=y1pa = 0. (4.6)

Equation ([.6]) together with the constraint ([[.3) satisfies equation (B.26).
The consistency condition:

_L
2
toB) = 1, =1

+§ Wo (517[uwy] +€ 7[u¢u]1) =0, (47)

8By = — 5 (E1mmCall(fsyy — E 1wl Un—yajia +

3)

implies again: wy"’ o< Rer = 0 and furthermore:

Call{fyy = CU(1=y2110 = 0, (4.8)

which thanks to equation (B-30)) gives the following constraints:

Ur=y2p1a = Ur=y212a = 0. (4.9)

We now consider the conditions on the fermionic shifts. Let us start with the gravitino
shift (B.11]), where we take into account condition Rer = 0 and equation (B.41)). Then we
have: )

Sig = %eQW(LXeﬁ( — Mxm**) =0 (4.10)

which implies:
ek =mX =0. (4.11)
The conditions on the hyperino shifts (B.34), are satisfied in virtue of condition Rer = 0

and equations ([.9), ([.11). Finally the condition from the gaugino shift (B.44)) is satisfied
if we set:

flei —hym® =0, (4.12)

which implies that
eX =m?* =0. (4.13)



The manifold MQIY =1 obtained from the reduction of the scalar-tensor multiplet has 2ny —1
dimensions and must be the product of a Kahler manifold parametrized by ny —1 complex
coordinates and a one dimensional manifold parametrized by the scalars sitting in the linear
multiplet.

In order to identify the vielbein of the Kéhler-Hodge manifold and the einbein of the
linear multiplet we consider the equation

Pua[Aug]I =0, (414)

which is one of the constraints defining the scalar tensor geometry of M7 [§]. We introduce
nyg — 1 complex coordinates w® (s =1,...,nyg — 1) and one real coordinate w® = w" and
proceed as in reference [[4] setting:

1 1 -
%Psdd’ws ; Pugddqu == ﬁpgdd’lbs (S == O7 oo ng — 1) (415)

Thanks to equations (f.15), the N = 2 relation []:

Pulo’quu =

Puaa P2 = guy (4.16)

reduces to:
Psdpyg = Gs7 (417)

gs being the metric of MY =1, In virtue of equations (B:23), ([.15), condition (f14) reduces

to:
PoUSdw® = P dw®, ;  s=0,...,ny —1, (4.18)

which implies

PosUy = Poslfy
P, = PsgU® =0; (s=1,...,ng —1). (4.19)

Taking also ¢ running from 0 to ny — 1 we can solve the orthogonality relation ([L.19) by
setting U Ild = 0 except the & = 0 component (see the for an explicit representation
of U), by taking Pss—0 = 0 for s = 1,...,nyg — 1 and requiring iPodZ/{fé to be real. Note
that with this position equation (B-3F) implies that the Kéhler-Hodge manifold ./\/lg =! has
a torsionless vielbein Py, & =1,...,ng — 1.

According to these considerations, the hyperini (s will be also split into one { =
{Ce, ¢*} which belongs to the linear multiplet and ny — 1 ¢* = {(J, (**} belonging to the
chiral multiplets.

In summary the reduced N = 1 theory has a o-model given by the manifold:

N=1 N=1
MP oMYV @R, (4.20)
where M&N:U is the Kahler-Hodge manifold of complex dimension n¢ obtained from the

reduction of the vector multiplet sector, parametrized by the coordinates P , MSVZI) is
again a Kéhler-Hodge manifold of complex dimension ny — 1 obtained by the truncation
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in the scalar-tensor sector and parametrized by the coordinates w®, and R is the one
dimensional real manifold parametrized by the scalar ¢ of the residual linear multiplet.

We can derive the supersymmetry transformation laws for N = 1 supergravity coupled
to one linear multiplet performing the following identifications:

You = 15 e =¢1, (4.21)
B = Biw (4.22)
Pasw® = V2Pu1a0q" | pyxr (4.23)
dop = —Pra—o (4.24)
= AR b = a2 (4.25)

S =V2P%Cy: (= —Camo; s=1,...,ng —1, (4.26)

N® =V2P%N};  N=-N}_,, (4.27)

NF =Wk pA =i phyk (4.28)

L =5, (4.29)

where for the N = 1 theory we denote left and right-handed spinors with a lower and upper
dot e respectively. We these identifications the supersymmetry transformation laws for the
N =1 theory are:

Vi = —itheuy?e® + huc.,
ey = Vyce +1i e 2% ﬁua. +iLy,e*,

sAN = %Xfyug the.,

5)\ﬁ\ = ]:ls;)Afy“”s. +iD%, ,

ot = i0,2Fytey + NFe, 4.34
5% = xhe, 4.36
ow® = ZSE., 4.37

8¢ = (, €e + hoc.,

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

0¢" = 0wy 'eq + Ne,, (4.35)
(4.36)

(4.37)

(4.38)

0B, = i *? Eo Yy Co — % ¥ e iy + hoe, (4.39)
dCe = 10 pYHe® + 2¢ 29 H,y"e® + Ne, . (4.40)

the last three transformation laws referring to the linear multiplet fields

{Buv, o, ¢*, 0}

The term M’/ H;,, appearing in equations (2-3), (2:4) has been reduced using the explicit

form of M?7 and Uy, given in the pppendiy. The covariant derivative in ([.31]) is defined
as follows: . ,
i

Vice = Ouce — Zw“bfyabé‘. + QQME. (4.41)

,13,



where
Qu=Qu+w), (4.42)
is the U(1) connection on the N = 1 Kiihler-Hodge manifold MY=! x MHF=1,
The superpotential L, the spin 1/2 fermion shifts and the D-term turn out to be:

L = —ie?ts (LXe2 — Mxm®Y), (4.43)
N* = igkée¢+% (fZXe%( - EXEmQX) = QQMVEZ, (4.44)
N® = 2V2P* U o5 (L* €% — Mxm®™) = 29 V5L, (4.45)

B B 9 _
N = 2ie?t s (LXe2 — Myxm®X) = 25-L. (4.46)
v
1
DA = —iew(hnj\/‘l)/‘z(elE — Nerm!D). (4.47)

Let us observe that the electric and magnetic charges entering the superpotential L satisfy
the equation (P.2§) identically.
The scalar potential can be deduced from the above fermion shifts and reads:

1 R
vV — 7§€4¢[166—2¢+KQ (6,%( 7NXYm2Y)(Im~N‘—1)YZ(6QZ *NZszw) +

+ (eh = Nagm'™) (ImA A (e — Npam!2)| . (4.48)

5. The 05/09 case

The reduction corresponding to the case (B.5]) is completely analogous to the heterotic case
provided we perform in all the equations the substitution I = 1 « I = 2 . Thus, for
example, equation (B.19), when equations (B.6]) are considered, gives the constraints:

H,=0 ¢ Byy=0  Rer=0 (5.1)

replacing the conditions ([.1)), (.3). Proceeding as in previous section we now find that in

the O5/09 case we obtain that the equations ({.6), (1.7), (£.8),(E9), (E11), (E12) are valid

provided we perform the replacement I = 1 <» I = 2. In particular all the considerations
of the previous section after (|1.19) for the identification of the fields of the N = 1 theory
remain the same provided we set B,,, = By, and replace in the fermion shifts, (E43),
(E49), (E439), (E46), (E47), €3 — ek, m% — mk, e} — €%, mj — m3. In particular,
the transformation laws of the NV = 1 theory are the same except for the gravitino and the

spinor (e of the linear multiplet. Indeed the term M!/H Ju appearing in equations (P.2),
(B4) gives a different contribution due to the fact that now we have Hi, = 0 instead of
_f{QM = 0. Using the expression of M/ in the we now obtain:

5"/’0# = v,u,go —2i 7100 e SD+KQ/2FI“€. (52)
1 ~
5(. = i@mﬁ’y“&' + _’ZTK]OH'U’/}/ME. —+ NZ':. . (53)

As in the Heterotic case the electric and magnetic charges entering the superpotential L

3

satisfy the equation (R.2¢) identically.
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Finally the scalar potential for the O5/09 case is:

V = —é et? [(e}( — Nxym™)(ImN 1 (el — Ngwm'™) +

+16e7297KQ (2 — Npsm®)(ImN 1AL (2 — NFATI’LQA)] . (5.4)

6. The 03/07 case

Let us consider the truncation corresponding to set to zero €5 as given in (B.4) and with
the connections w? given in equation (B.7).
We analyze first the constraint (B.19), which, thanks to the expression (B.7), gives the
conditions:
H,=H=0— Hy, = Hy, =0. (6.1)

The same consideration holds for equations (B.15), which is solved setting:
Fl=al=0, 1=1,2. (6.2)

In virtue of equation (f.3) also the constraint (B.26) is satisfied and thus the constraint

(B-29) is consistent. Equations (B:31)), (B:32) do not give any constraint on the U;\* be-
cause of equation (p.I). All the conditions on the L{f‘“ come from the supersymmetry

transformation law of the tensors:

i a = a 4 — =
0By = =5 (E1vuwCaldt™ = & Unia + §w§3) Evpty) +E ) =0, (6.3)
Since in this case w§3) = ( identically, we have to impose:
Una =Ura =0. (6.4)

Finally the torsion equation (B.3F) for the vielbeins P4, taking equations ([l.19) and (B.2§)

into account, becomes: )
dPig + wllpld + Ao’cﬁplﬁ' =0, (6.5)

ensuring the absence of torsion of the Kéhler Hodge manifold.
As far as the fermion shifts are concerned from the gravitino shift we have the condition

(B11):

?
512 = §w§3)(LX6§( - MXmIX) =0 (66)

which is satisfied since w§3) = 0. Furthermore equation (B.34) is satisfied in virtue of (f.4).
Finally the constraint (B.44) imposes:

fi?eA — hAl;mA =0

er = e,l\ + Te%, mh =m! frm?h.
which implies that the A-indexed charges must be zero:
el=e =m™ =m? =0. (6.9)



The N = 1 theory has in this case a o-model given by the product of two Kéhler-Hodge
manifolds
MPTD @ M= (6.10)

of complex dimension no and ny respectively.
Performing the identifications:

Yo = Y15 e =c¢1, (6.11)
Pisow® = V2P0 pxcn (6.12)
=R N = a2 (6.13)

¢ = V2PY(y s=1,....,ng—1, (6.14)

N°® = V2P%N}:  N=-N}_, (6.15)

NF = Wik, pA =ik (6.16)

L =51, (6.17)

the supersymmetry transformation laws of the NV = 1 theory are given by:

(5V/f = —ii/?.,[y“a' +h.c.
OVey = Vo +iLy,e*

(6.18)

(6.19)
AN = %Af e+ hee. (6.20)
AN = flg;)Ayu”s. +iD%e, (6.21)
6xk = iaﬂzk’yue. + Nke, (6.22)
0C° = iPss 0wy eq + Nuco (6.23)
08 = Yhes (6.24)
dw® = (e (6.25)

where the fermion shifts are given by:

1

L= —Ze2¢(LXeX — Mxm®) (6.26)

. 1 Pt _ N . o
Nk = figkzemp(fzxex - hXEmX) = ngeVEL (6.27)
N® = 2V2P*Up o (L5 e — Mxm!™) = 2¢°°VsL (6.28)
DA =0, (6.29)

and we have defined:

ex = ey + 71k ; mX =m!¥ 4 rm?X . (6.30)

In the present case both the NSNS and RR electric and magnetic charges enter the definition
of the superpotential (f.26). We see that the charges {el, €%} and {m!'X m2?X} are
constrained by the tadpole condition:

m!¥ e

2X€1 1A 2 2A 1

—m“Tex =m ey —mtey=0. (6.31)
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For e x m = 0 the scalar potential is given by [J:
1 .
V= 3 6490(6)( — nymy)(IHL/\[il)XZ(EZ - J\/’ZWmW) . (6.32)

On the other hand, if e x m # 0, N = 2 supersymmetry is broken but still the theory can
have an unbroken N = 1 sector. Indeed for e x m # 0 the scalar potential is given by [R1]:

V= —é e*?lex — Nxym¥ ) (ImN H*2 (e — Ngwm™V) + 364“’ Imrm xe. (6.33)
The potential (5.33) can be written in a manifestly N = 1 fashion:
V = K@ D+K (@ )+Kp (w,0) [Gi3 D;W D;W + G™" D.W D:W | 4500 %) i xe - (6.34)
where the superpotential W has the form:
W = XXex — Fxm?™, (6.35)

which is consistent with the general expression given in [fl]. Note that since the first term
in ) is separately N = 1 supersymmetric, the last term should be supersymmetric as
well. In fact it is a F.I. term. A similar term arise from a U(1) gauge field on a D7 brane
world volume with magnetic fluxes [B0]. This term explicitly breaks N = 2 supersymmetry.
Indeed for mxe # 0, the N = 2 Ward identity for the scalar potential acquires an additional
contribution from the square of the gaugino shifts, which is not proportional to § E and has
the form:

€V wi WY m el o4 P = i e’ Imr (m x e) o5 B . (6.36)
From a microscopic point of view, the potential in the form () does not take into
account the contributions due to O3/O7 planes. These, as discussed in [R1], have the effect
of canceling the last term, according to generalized tadpole cancellation condition. The
resulting potential will have the form in (p.32) with m x e # 0 and will in general have non
trivial vacua, as discussed in section 9.

7. Comparison with the orientifold projection

Let us now recover from the previous analysis the results of [[§]. For this purpose let
us write down the relations between our notations given in the and those of
reference [[g].

ga — Pa; EO - q2 ) (71)
£ = Lb" —c*; & =Co— 4,
Re(w®) — b%; Im(w®) — v%; a=1,..., ALY (7.3)

where ¢* and b are the scalars coming from the RR and NSNS two-form respectively, v
are the scalars coming from the deformations of the Kéhler class of the metric, while p?
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are the scalars coming from the RR four-form. The scalars (¢!, ¢?) in this context appear
dualized into rank two tensors (B}w, Bfw) B as they come from the NSNS and RR 2- form
respectively.

According to the Zo orientifold projection, the quaternionic scalars may appear as

)
complex dilaton Cy and the NSNS and RR two forms Bj, By may be even or not under the

the coefficients of the expansion in HJ(rl’1 or HMY forms. Moreover the real part of the
Zo projection. With the previous considerations, we can see, analyzing the truncation of
the scalar-tensor multiplet, that the second truncation corresponds to the O5/09 planes
case, since Cp = B = 0, while the last corresponds to the O3/0O7 planes case, since
B; = By = 0. Further analyzing the condition (B.10) using the explicit parametrization
of [29] one can also check the consistency of the truncation for the remaining scalars in the
hypermultiplet sector.

The first truncation we considered corresponds instead to the orientifold projection of
the Heterotic string on a Calabi-Yau 3-fold. Nevertheless from the condition (B.10) we can
identify which are the two sets of scalars whose indices must be orthogonal. Furthermore,
considering that if the NSNS two forms survive then the scalars b* may be thought as the
coefficients of the HJ(rl’l) expansion.

The results are summarized in the following table:

05/09 03/07 heterotic
bd p(z c H(Ll) bd C(z c H(Ll) CéL p[z c H(_l,l)

A i e HJ(FLI) v pa c H(+1,1) be, vl € H(+1,1)
Co=0,B1=0 B1=0,By=0 Cyp=0, B,=0

where a =1, ... ,h(,l’l), a=1,... ,h(j’”.
As far as the vector multiplets are concerned, before the truncation we had k(2D +1
vector multiplets labeled by A =0, 1,..., (2D We split A — (A, X) and retained the

vectors FZLXV and the symplectic sections (LX, Mx). It is now clear that for the O5/09 case
A=1,... ,h(_2’1), in order to have h(_2’1) vector multiplets [[[§], while X = 0,1, .. .,hf’l)
such that L~ /L° describe the scalars of hf’l) chiral multiplets, while for the O3/O7 planes
case A = 1,... ,hf’l), labels the hf’l) vector multiplets, while X = 0,1,... ,h(_z’l) such
that LX /L% are the scalars of h® chiral multiplets.

Let us now consider the terms coming from the flux G = Hy + T7H1.

For the O5/09 case we have that
e, men® (7.5)
therefore consistently we have the following fluxes:
(e, m™), x=01,...03Y (& m*), A=1,.. 25 (7.6)

For the O3/O7 case we have that

HeH®,  Hyen® (7.7)

,18,



therefore consistently we have the following fluxes:
(ek, m*Y), X:O,l,...,h(_2’1); (€%, m*Y), X:O,l,...,h(2’1). (7.8)

As far as the heterotic truncation is concerned, we can rephrase equation (1)) in the
Calabi-Yau language, as the condition:

Hed?,  Hyen® (7.9)

therefore consistently with ([[.11), (.12) one obtains the following fluxes:

(e, m') P (& m), X =o0,1,..., Y (7.10)

)

(2,1)

vector multiplets and hf’l) hypermultiplets. Let us

which also means that we have h
finally observe that equations (6.39), (b.4) coincide respectively with the scalar potentials
obtained in reference [[[§ for the O3/07 and 05/09 planes truncations, and that equation

(b.26) gives the superpotential of reference [f.

8. Supersymmetric configurations

In the N = 2 theory we the following fluxes are present:

G003 = e_%LA(eA — Nasm®), (8.1)

G = e fMea — Nasm®), (8.2)

GGBO) = e_ng(eA — Nasm®), (8.3)

G(;,l) — e_%ff(e,\ — Nazm®), (8.4)

where we recall that K = K (z, z) is the Kahler potential of the complex structure moduli
and

e = en +1ea; mh =m frm?A (8.5)

and the flux parameters satisfy the tadpole cancellation condition:
ehm —eAm!r =0. (8.6)
The N = 1 scalar potential can be always written in the following form:
V= —ée‘lv(% — Magm®)(ImN YA (@ — Npam®)

= L (GOOGED 4 GG (8.7)

even in the case in which e x m # 0, as discussed at the end of section 6. The Minkowski
minimum corresponds to:

a0 =g =g (8.8)

nevertheless the solutions of (B.§) are not consistent with the constraint (B.4).
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If we perform an N =2 — N = 1 truncation the fluxes, according to equations (B.41)),

(B-42), (B.43) reduce to:

G03) — e_%LX(eX — NXme) , (8.9)
GS’2) = e_gf,é\(e/x — Nagm™), (8.10)
G;('cm) — e—%f;f(ex — NxymY), (8.11)
G300 — e_%fx(ex —nymy), (8.12)
G2 = ¢ [Men — Nyzm™), (813)
G(;’l) = efgféx(ex — Nxym™) (8.14)

Consider now the case (B.4) corresponding to the O3/07 truncation. We report here the
scalar potential and the superpotential are given by equation (p.32), (.26).

V= —%64“0(6)( — Ny m? ) (ImN Y (&) — Ny

_ Loaeik (030660 4 o1 GTR)
G ¢ (G GBO + g% G TG (8.15)
L= _%e2¢(LXeX — Mxm¥). (8.16)

We recall also the condition (.7) for a consistent truncation:
flea —hym® = flex = Nazm™) =0. (8.17)
Therefore one can observe that the condition for a Minkowski vacuum requires:
(3,0 _ ~(1,2) _
G =G , =0, (8.18)
while the vacuum is supersymmetric if also the gravitino shift vanishes:
L=0<G0) =0, (8.19)
The condition (B.17) for a consistent truncation requires:
G =0, (8.20)

Therefore the theory admits a supersymmetric N = 1 Minkowski vacuum, just for (2, 1)
fluxes, according to the previous analysis [B], [L7. Note that the minimum condition of the
N =1 theory, can not impose any constraint on the component of the (1,2) flux along the
truncated scalars £ (B-1(). The absence of such a component comes from the constraint
(B:20) for a consistent truncation.

In the next section, we will show that conditions (B.1§), (B.19), (B.20) do not admit
a non trivial solution in the charges if (8.6) holds. The only case in which e x m can be
different from zero after truncation to N = 1 is the O3/O7 case, in which condition (B.6)
is indeed relaxed according to the discussion at the end of section 6. In virtue of this in
the O3/O7 truncation conditions (B.1§)), (B.19), (B.20) do admit a non-trivial solution.
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9. Vacua of I1IB on CYj; orientifolds

Let us now study the vacua of type-IIB string theory compactified on a CYj3 orientifold.
We start by recalling some general properties of the scalar potential which hold in all the
three truncations considered earlier. To this end we shall write the potential in a general
N =1 form which will yield the expressions in eqgs. (f:4§), (b-4), (6-39) upon performing
the corresponding truncation on the fields and charges. The complex 3-form flux across a
3-cycle of the C'Y3 can be expanded in a basis of the corresponding cohomology group:

G(3) :H2+TH1:€A/BA+szé2,

exn = eh FTer; m® =m! frm? (9.1)

Let

- (5)

be the holomorphic section on the Special K&hler manifold depending only on the complex
structure moduli z* (i = 1,...,h(2Y). According to our previous analysis, the above
quantities can be specialized to the three truncations as follows:

e Heterotic case: set Re(7) =0, XA =F, =0, (A=1,..., h2’1), el =mlX =¢% =
m*N =0, (X =0,...,h%".

e 05/09 case: set Re(r) = 0, XA = Fy =0, (A =1,...,h*"), et =m?X = ¢} =
mbA =0, (X =0,...,h5".

e 03/07 case: set XA =Fy =0,ep=m* =0, (A=1,.. .,hi’l).
The general form of the GVW superpotential in the low-energy N = 1 theory [[I] is
W(r,2") = epn X2 —m® Py, (9.3)
and the potential has the form:
V = KD+ D) +EKp(w,) [ if D;W D;W + G DWW D;W} : (9.4)

where K(z,z), K(7,7), Kp(w,w) are the contributions to the Kéhler potential of the N =
1 manifold related to the submanifolds parametrized by the complex structure moduli z¢,
the ten dimensional axion/dilaton 7 and the Kéhler moduli in the ten dimensional Einstein
frame w®. By comparing the expression of the potential (D.4) with the results obtained in
the previous sections we find the following identification:

KT P+ED _ lew _ 164¢+2 Ko _ le¢>+KD’

1
K(1,7) = —In[—i (7 — T)] 4 const. ; Kp(w, w) =—21In <§ dabcvavbvc> , (9.5)
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where v* = Im(w®) are Kéahler moduli in the Einstein frame. To understand the identifi-
cations in (P.H), recall that from type-II string theory point of view Kg is related to the
volume of the C'Y5 expressed in the ten dimensional string frame:

1
Kg=—In (5 dabcvgu’;vg) : (9.6)

where v§ are Kahler moduli in the string frame. Since the Kéhler moduli v in the two
. . ¢ .
frames are related in the following way v% = v*e?z, if we define:

1
Kp(w, w) = =2 1n <§ dabcv“vbvc> , (9.7)

we have
2Kg=Kp—3¢. (9.8)

The potential V is extremized if D.W = D;W = 0. However if in addition we also require
supersymmetry, we have to impose that 0 = D,«W. This implies W = 0, since W is
w?-independent and thus D« W oc W.
We further note that, being K (7,7) = —In(—i(7 — 7)) + const.:
1 —-

DW= — W VAV:eAYA—mZFg, (9.9)
=)

the minimum conditions can then be written in the following form:

D,W =D;W =0 & ey — Nasm™ =0. (9.10)

The above equation clearly has solutions only if m x e > 0. This is a consequence of the
following relation which holds at the minimum:

1 1
m x e =m'e3 —m*el = T Im(me) = “Tm(r) T ImN ' m > 0. (9.11)

Note that in both the heterotic and the O5/09 truncations m x e = 0 and thus the potential
has no non-trivial vacua. Only in the O3/07 case we can have m x e > 0. In what follows
we shall focus on this latter case and, with an abuse of notation, we shall use the index A
to label the surviving charges: A =0, ... 2t

Supersymmetry further requires W = 0, namely:
(en — Nasm®) XA =0. (9.12)

According to Michelson’s analysis [[] the vector of electric/magnetic charges can always be
reduced to a form defined by the following non-vanishing entries (Michelson’s basis):
eoze(l)—i-Te%; elze%; m® =m!°

mxe=m%2>0, (9.13)
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which we shall refer to as Michelson’s charge basis Q. From egs. (9.10) the minimum
conditions read:

6(2)’7' + 6(1) ) el

Noo = ; Wo,lz./\/’(nzm—%o; No,kzo k#0,1. (9.14)

)

mlo

If we also look for supersymmetric vacua should require eq. (P.13), namely
(eo — Noom®) X + (e — Ny om®) X' =0 = X" =0, (9.15)

where we have used the reality of Ny and the fact that (eg — ./\/'o,omo) # 0 (since (eg —
N gyomo) = 0 and being the imaginary part of N always non-vanishing). This minimum,
having X? = 0 cannot be described in the ordinary special coordinate patch in which
X0 -£0.

In [PI] supersymmetric vacua of an STU model (corresponding in the O3/07 case
to 2! = 3) have been studied in the special coordinate frame, making for the elec-
tric/magnetic charges, which are eight complex in general, the following choice:

Qr={m", es} ={-1,0,0,7, -7, 0,0, —1}, mxe=2. (9.16)

The scalar fields of this model, denoted by s, t, u, in the special coordinate basis are given by:

X! X2 X3

D TR TR O

X940, (9.17)

We can also define a Michelson’s basis Qs for the STU model in which the non vanishing
electric and magnetic charges correspond to A = 0, 3. The symplectic bases Q1 and Qs
(in which m!? = 2/e? if we require m x e = 2) are related by a symplectic matrix &/ given
in eq. (B.T) in appendix [B}
2 1 2 1
QM:%QL:{%, 0,0,0, e+ Tef, 0,0, 61}. (9.18)

In appendix [, eq. (B.2), the reader may also find the explicit form of the period matrix
N for the STU model in the special coordinate frame. In the special coordinate basis, with
the choice of charges Qr,, conditions (P.10)) and (p.12) have the following solution [R1]:

T=—u; s=——. (9.19)

Upon application of .27 to Q we obtain the holomorphic section € in Michelson’s basis as
function of s, ¢, u:

1+ st 1 — st)(e} — e
V=0 = {— +28 , 8, 1, (1-s )(2601 eou)7 st(—e(l) + e%u), tu, su, —e%st} . (9.20)
€o €0¢1

Conditions (P.1() and (P.19) are clearly satisfied by the same values of the moduli (§.19)).
On this vacuum in the new basis X’® = 0. It seems that if, in Michelson’s basis, we have
both electric and magnetic charges in the direction of X" # 0 (graviphoton) supersym-
metry is broken. Therefore in the symplectic basis 2 we can use special coordinates to

— 23 —



describe the supersymmetric vacuum (0.19), in a patch X’* # 0 only if i # 0. In what
follows we shall consider the patch X' # 0. We refer the reader to appendix B, eq. (B.3)),
for the explicit form of the period matrix in Michelson’s basis at s = —1/t and 7 = —u.
Note that the expression of the components Ny and Np 3 in eq. (B.J) are consistent with
conditions (P-14), recalling that in this case m!? = 2/e3.

Let us write the prepotential in Michelson’s basis as a function of s, t, u:

1 t [edt 1
F = §X’AF/’\ =3 (ee(’2+ <St) u> (9.21)
0

We may express the above prepotential in terms of new special coordinates s’,t', 4 in the

patch X't = 1:
X/2 XIO X/3
I . I __ . [

We refer the reader to eq. (B.4) of appendix [§ for the explicit form of these coordinates

S

as functions of the old ones s,t,u. The prepotential in these variables is:

1. /4o 2\2 12,1
g8 ety ely/=ar () . (9.23)
e 2 2

One may check that:

F,=0p7; Fy =047 ; Fy, =047,

Fl =2 —t0p.F -5 0g.F — 0y F . (9.24)
10. Cubic prepotentials

Let us consider a special Kahler geometry with a generic cubic prepotential:

1 o
F = G ik P (10.1)

Let us denote the real components of z* as 2* = x + i A\’. The metric has the form:

3 [ Kii 3KiK;
G.= -2 J _ 2 J 10.2
" 2 < k2 K? ) ’ (10.2)
where
R = Rijk )\i /\j )\k N Ri = Rijk /\j )\k N KRij = Kijk )\k . (10.3)

The real and imaginary components of the period matrix Ny, are then computed to be:

1 gk L1 gk
Kiik ' x) T Kiik ) x
) = (Bt ety
—5 Kijk 7 X Kijk T
1 14+4G;2'x? —4Gy;ad
Im(N) = ~ I J . 10.4
Hl( ) 6’£< —4Gijx3 4G7,] > ( )

The positivity domain of the lagrangian requires x < 0.
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As we have seen for Michelson’s basis of charges where e, m® # 0, the existence of
supersymmetric vacua implies X? = 0. Consider the case of a cubic prepotential and
charges in Michelson’s basis, but with no charge along the 0-direction:

1' _ 1. . . . . .
ig ) ej_eja /LO)]#Oa ZO#])

mo = mlio, (10.5)

L2
€y = €, T ¢

The minimum conditions (P.14) becomes:

1 2 1
—_ e +Te; _ € _ o
Nigio = =51 Nigj =1 Nigg=0  k#io, j. (10.6)

mLio mYio ’

(]

Using egs. ([[0.4) we can write the minimum conditions ([[0.6) as follows:

2

—_3 4
it N Gigio = 25 mits 72
conditions on Im(N) : Gigk =0 k #ig (10.7)
Giok $k =0 )
2 1
ok Sig T
K'/’Lolokx - 1m1i0 9
o k_ _
conditions on Re(N) : { Rigjk T" = 17 » (10.8)

l _ . N
Rigkl T =0 k%l()?.]a
Kiokl bzl =0.

From eqgs. ([[0.7), ([[0-§) it follows that, if e;,, e; # 0:
20 =3;=0. (10.9)
If we further require supersymmetry we need to impose:
X =90. (10.10)

In the special coordinate basis there are components X which can vanish, their imaginary
part should not correspond to Cartan isometries, e.g. brane coordinates.

Let us specialize to cubic prepotentials defining homogeneous spaces. The general form
of Z is given in [BY:

(2! (2%)% = 21 (") — 22 (2%)% + Yy 2H 2% 27] (10.11)

| =

F =

where 2z = {23,2%} is a vector in the fundamental of SO(1 + q), 2% = {z", 2"} (u =
1,...,2dy) transforms in the spinorial representation of SO(1 + q), 2", 2" being the chiral
components with respect to SO(g), and v, are the generators of the corresponding Clifford
algebra. The expression ([[0.11]) can be recast in the following form:

F = stu — g (2")? —

a=1,...,q; n ooy dg; r=1,...,ds, (10.12)

if we identify s = 22 + 23, u =22 — 23 and t = 22'.
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Since s, t, u are moduli whose imaginary parts are related to Cartan isometries, namely
Im(s) = —e?s, Im(t) = —e?, Im(u) = —e®*, they cannot be set to zero. Only the remain-
ing moduli z¢, 2", 2" can be set to zero, and thus, in the study of supersymmetric vacua,
we shall consider three different cases in which the charges e;,, m® are chosen along the
directions X* = 2z, X" = 2", X" = 2".

Case ig = a. Let us start from the conditions ([L0.§). The first equation gives

Kaat &' = —=(eq T +€3). (10.13)

The remaining conditions depend of the choice of the index j of the additional electric

charge e;. Choosing j = 8 # & or j = s,t,u, conditions ([l0.§) imply e; = 0. The only
cases in which e; can be non-vanishing correspond to:

1
j=n= {’ianrﬂfr = nfind Onan 7
Karnx" =0
el
J _
j=7F = Rarn®" = ia Orr (1014)
Kanrx' =0

The last of conditions (|L0.§)) does not imply any new constraint.
Let us now consider the implications of conditions ([0.7). From eq. ([0.2) we can
write:

3 [ kar 3 Kakk
Y (T, 10.1
Gak 2 < K 2 K2 )’ (10.15)

we may distinguish two cases: kg = 0 and k5 # 0. In the former case vanishing of Gg = 0,
which is satisfied if ka: = kaat A* = 0 which in turn implies A% = 0. This latter condition,
together with 2® = 0 from egs. ([[0.7)), fixes X* = 0 and thus the vacuum is supersymmetric.
The remaining conditions in eqs. ([[0.7) imply:

e2

t o

Raat A= mla T2, (1016)
0= KRan = Ranr )\T, (1017)
0= Rar = Ranr )\n . (1018)

Egs. ([0.13), ([[0-16]) imply that the complex scalar ¢ is fixed to the complex value:

€a
t=tgy=———. 10.19
*7 Kamma ( )
The scalars 2%, 3 # & are moduli in this supersymmetric vacuum.
Relaxing condition k5 = 0 which imply unbroken supersymmetry, we obtain involved
non-linear equations to be solved. We shall not discuss here the most general solution of
these equations.
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Case ig = n. The first of egs. ([0.§) gives

1
s 7 = —5z (en T+ €q) - (10.20)

Let us discuss the remaining conditions for various choices of the electric charge e;. For
j=mn#norj= st u, conditions (10.§) imply e; = 0. The only cases allowing non-
vanishing e; correspond to:
e
= {ﬁnarx = 5 daa 7
Knr g 28 =0

[
I
Qi

.
I
=3I

el
s Farpa? = iw (10.21)
Krgsw® =0

The last of conditions ([[0.§) does not imply any new constraint.
As far as conditions ([[0.7) are concerned, the relevant components of the metric are:

Gy = 3 (”—" _ 3k ””) . (10.22)

2\ & 2 K2

We start discussing the k; = 0 case. The vanishing of Ggs = 0, which is satisfied if kg5 = 0
implies A" = 0. This condition, together with 2™ = 0 from eqs. ([[0.7), fixes X™ = 0 and
thus ensures supersymmetry of the vacuum. The remaining conditions in egs. ([[0.7) imply:

2
(=
Kans A° = m?ﬁ T2, (10.23)
0= Rpoa = Rnar )\T y (1024)
0= Rpr = Kara )\Oc . (1025)
Egs. ([L0.20), ([L0.23)) imply that the complex scalar s is fixed to the complex value:
€n
=5=—7-. 10.26
T Knns M ( )

The scalars 2™, n # n are moduli in this supersymmetric vacuum.

Also in this case relaxing condition k7 = 0, which imply unbroken supersymmetry, we
have to solve involved non-linear conditions. We shall not discuss here the existence of a
non-trivial solution.

Case ip = 7. This case is analogous to the previous one upon substituting r» < n and
S <> U.

We now show that in the spacial cases ofL(0, P, P), L(q,0) manifolds, all vacua are
supersymmetric. Consider first the ¢ = 0 case defining the L(0, P, P) manifold. If we take
io = k from eqs. ([[0.7) we derive
9 RRATAY

S =0k, =0= \N=0, (10.27)
K

Gy
the last condition, together with 2% = 0 ensures supersymmetry of the vacuum.
Similarly if we take ig = 7, from G = 0 we derive A" = 0 and thus that the vacuum
is supersymmetric.
The same arguments apply to the L(g,0).
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Sp(6)/U(3) example. The coordinates of the six-dimensional special K&hler manifold
are given by the independent entries of a symmetric U(3) complex tensor Z¥, 1,7 = 1,2, 3.
Choosing:

=z 2= 72, B = 73, A=z, S =73, S—_z12
(10.28)
the prepotential .# has the form of the following U(3)-invariant polynomial

1 .
F = g Cik€imn zhzim zhn = 21228 2 (M) =22 (%) = 22 (20)2 — 22125 20 (10.29)

Equation ([L0.29) is consistent with the general form of the cubic polynomial for homoge-
neous manifolds given in @], which, for the present L(1,1) case, reads:

k(h) = 6[h' (K2 +h3) (W2 —h3)—(h*—h*)(h°)?— (h*+h%) (h®)?—h' (h*)2—2 h* B° h5]. (10.30)

In this case we may identify the coordinates s,t,u parametrizing the [SU(1,1)/U(1)]? sub-

manifold, with 2!, 22, 23 respectively, and 2® = 25, 2F = 2% 27 = 25. Consider taking

eio, m™ along the direction k = 4. Conditions ([L0.7) imply:

18
18

Gyt = ) (AsAu +A23) (M As + X6 A5) =0,
G = g O A+ 23 (A ks 25 43) =0,
Gus = §(2>\1)\2)\4)\5+>\1>\2)\3>\6+)\1)\42)\6+)\2)\52)\6—)\3)\63) =0,
G = %()\IAQ)\S)\5+)\1)\42)\5_)\2)\53+2>\1)\3)\4>\6+)\3)\5)\62) =0,
Gy = i—f (A2 X2 A3 4+ M2 A% = M X M52 + 200 A ds Ag — AL Az 62 + 2052 X6?)
= —% nj’igo 7. (10.31)

According to our general analysis condition
Ky = —4 ()\2 A+ s /\6) =0, (10.32)

characterizes the supersymmetric vacuum which always exists. In this case there are no
other solutions.
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A. Quaternionic geometry

In the present appendix we recall our notations. The metric of the original quaternionic
manifold is [29]:

R _ 4 2¢p
ds® = hap dq” = K o3 0w 0"’ + (9)* + 6’7 (Da—V x V)% - 67 OV MMV, (A1)

where Kq ,; = 0,05 K and we have denoted the scalar fields by {0, a, w*, &, EA},3 V in
(A1) is the symplectic vector defined as:

V={h &, (A.2)
and “ x 7 denotes the symplectic invariant scalar product:
Vx W =VA W, — Vawh. (A.3)
The matrix .# in (A.1]) is negative definite and has the following form:

RI'R+ZI RI?
M = < IR 7-1 > : (A.-4)
where R and 7 are the real and imaginary parts R = Re(M), Z = Im(M) of the “period
matrix” My associated to the special Kéhler submanifold parametrized by z®.

The scalar fields dual to the NSNS and RR tensors B,,, C,, are a, éo respectively
while €% and &,, a =1,.. ., hi,1, are the remaining RR scalars originating from the 2-form
and the 4-form respectively. Finally &9 corresponds to the ten dimensional axion, ¢ is the
four dimensional dilaton and w® are the Kéhler moduli. The metric M;; = hyy, where the
values I, J = 1, 2 label the scalars a, 50 respectively, and its inverse M7 have the following

e44p 1 _¢0
M]J:—< g >>

form:

1 \ g (€92 —2e2eg-1l00
9 0 272 —2(pz‘—1|00 0
IV e <(€ ) 650 51 > , (A.5)

3In the present paper we have chosen to denote the axions deriving from the RR forms by the letter &
instead of ¢, which is more often used in the literature, in order not to create confusion with the hyperinos.
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Note that the expression of M7, coincides with that of wfw? given by:

T, X 6430 1 750 (A 6)
wiwG = — .
T4 g (€07 16 )
only in the case of cubic quaternionic geometries for which the following relation holds:

o~ Lo an

Using the explicit metric (A.1]) and eqs. (A.F) we can now compute the quantities AZ:

Aldg® = M7 by, dg* (A.8)

1 _7-1[00 ay 0 7-1|0a B 7100 ¢ + O (RT1H,0
~ 7100 [( ;—1\05 )dﬁa + +< %in)(/\o " ) d&A] .

If we redefine a — a — £ €x the metric will no more depend on & and AL will have the
form:

u 1 —27 H00 ga 4 90 7—1[0aN 9 €0 (RT-1),0
Audg" = 7-1]00 [( §—1\0a£ > d£a+( g(R(I_l)Az)A ) dgA] . (A9)

Let us define the following forms:
1 . -
V=g 2?27 2% dp — i (da + €1 de — €1 d€)],
K _ -
w=ie?t = 2T (Mg + df),

K . ~
E=ie?~ 3 PN~' (Mde + df),
e=PdZ, (A.10)

where Z* = {1,w*} and the matrices P and N are defined as follows:

Py = —ebQZb; PYYy = 2 (bya=1,...,h21), (A.11)
1 829@
Ny = = — =), A.12

Zq being the prepotential of the special Kéhler manifold embedded in the quaternionic
manifold, e,? being the corresponding vielbein (the underlined indices are the rigid ones).
One can check that in terms of the forms in (A.10), the metric (A.Q]) has the simple

expression:
ds* =vRT+uu+E®E+e®e. (A.13)

Let us now give the expression for the vielbein /. In the heterotic case we have:

yle = (;) LU= <E“Q> . (A.14)

For the O5/09 case we simply exchange U'® < U?®. In particular we can compute the
components of Z/lf‘d where I = 1 is the component along da and I = 2 along dzig, a, &

— 30 —



being the scalars dual to By, and Bj,, respectively. We obtain in the heterotic case:

. i 1 . i ¢°
Ui, = ——e“< >; u}%z—e“( )
2 0y —1) 2 Oy —1)

2¢ 0 24 . @+K_Q 1
u]:l = 0( ; Z/{I=2 =€ 2 e_KQ PQA N—I‘AO s (A15)

TLHfl)
where the first entry of the above vectors corresponds to & = 0. We note that in the
heterotic case £ = 0 so that U }22 = U?i‘l = 0, consistently with equations ([.6]), (.9). In
the 05/09 case, exchanging U'Y « U?* we obtain the corresponding conditions.

B. Special Kahler geometry in two different symplectic bases

The matrix @7 relating the two relevant symplectic bases Qs and Q7 is:

- 00 0 0 00 —%
o' 10 0 0 00 0
0 01 0 0 00 0
@00 -4 -1 00 -5
o = €€ €y eé € ;1 (B,l)
0 00 0 —¢ 00 —¢
0 00 0 0 10 0
0 00 0 0 01 0
0 00 O 0 0 0 —el

The period matrix in the special coordinate basis is

sz(fu — tﬂ)2+ 32(tu —Zﬂ)z— 255 <t2 Wi+ P ut+tE (u2 — 4uﬁ—|—ﬂ2)>

0= 2(s—3) (t—1) (u—m) ’
. Stu—Tsu—uts+ 5

o = stu ;t(ts _ug)s—ks u?

. Stu—Tsu+Tts —5ta

No,gzsu ést(ts—l—_ug)s su7

N073 _ Sty + t;t(ts—_ﬂgt)s —stu 7

— t—t)(u—1u

Nz =22,

Mg =21

— s—35)(u—u

R = 2(t>(—t) g

Nag =212,

/T/3,3_—(82_(z>£tlt_)t) (B.2)
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The period matrix in the new basis Q' at s = —1/t and 7 = —u reads:

— 1
Noo = 5 € (g — ueg)
70,1:07
N02_07
1
07325636%7
o 2t2f2(u—ﬂ)(e(1)—egﬂ)
LT N2 2 (12, 07 7 o)
eg (t—1)" — €k <t u+t u+2tt(u—2u)>
o egﬂ(t2u+52u—2t%ﬂ>—eé(—Qt%u+t2a+i2ﬂ)
Nz = 1 7)2 2 (42 72 7 = ’
—ef (t—1)"+¢€} (t u+t u+2tt(u—2u))
Voo efertt (t+1) (u—n)
. 1 N2 .2 (2 72 7 =)
—ef (t—1)" +¢€} (t u+1 u+2tt(u—2u))
e 2 (u—1) (e} —eju)
227 N2 _ 2 (42 72 i _—
eg (t—1)" — el <t u+t u+2tt(u72u))
. edei (t+1) (u—7)
N273: D) 2 _ )
—ef (t—7)"+¢€} (t2u+t u+2tt(u—2ﬂ))
2/ 1)\2 o\ 2
. —eg(e1) (t—t
Nigg = 01 ( ) (B.3)

2 (—e(l) (t-7)%+¢e3 (t2u+i2u+2t% (u—2ﬂ)>> '

In this basis we can define special coordinates referred to the patch in which X'1 # 0 (we
have rescaled Q' by s):

,_xr o xv o xo
S_Xll’ oxn u_Xll
— (Bt) & \/—4s + ()¢ — (B¥) & /=45 + () 2
§ 2 ’ 2 ’
1,,/
u = av (B.4)

1
EE ,
Ot () e
we shall use the first solution (with the“+” sign).
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